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RESIDUALLY FINITE PROPERTIES OF GROUPS

ABSTRACT

In this thesis, we shall study two stronger forms of residual finiteness, namely cyclic
subgroup separability and weak potency in various generalized free products and HNN
extensions. Among our results, we shall show that the generalized free products and HNN
extensions where the amalgamated or associated subgroups are finite, or central, or infinite
cyclic, or they are direct products of an infinite cyclic subgroup with a finite subgroup,
or they are finite extensions of central subgroups, are again cyclic subgroup separable or
weakly potent respectively. In order to prove our results, we shall prove a criterion each
for the weak potency of generalized free products and HNN extensions, but we shall use
previously established criterions for cyclic subgroup separability. Finally, we shall extend

our results to tree products and fundamental groups of graphs of groups.

Keywords: Residually Finite, Weak Potency, Generalized Free Products, HNN Extensions,

Fundamental Groups of Graphs of Groups.
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SIFAT-SIFAT SISA TERHINGGA BAGI KUMPULAN

ABSTRAK

Di dalam tesis ini, kami mengkaji sifat-sifat yang lebih kuat dari sisa terhingga, yang
dikenali sebagai kebolehpisahan subkumpulan kitaran dan poten lemah dalam pelbagai
hasil darab teritlak dan perluasan HNN. Antara hasil kami, kami akan menunjukkan
bahawa hasil darab teritlak dan perluasan HNN yang mana subkumpulan-subkumpulan
gabungan atau berkait adalah terhingga, atau pusat, atau kitaran takterhingga, atau hasil
darab langsung antara subkumpulan kitaran takterhingga dan subkumpulan terhingga,
atau pemanjangan terhingga bagi subkumpulan pusat, adalah masing-masing sekali lagi
subkumpulan kitaran terpisahkan atau poten lemah. Untuk membuktikan hasil kami,
kami akan membuktikan kriteria bagi poten lemah untuk hasil darab bebas teritlak dan
perluasan HNN, dan kami akan menggunakan kriteria yang telah dibina sebelum ini bagi
subkumpulan kitaran terpisahkan. Akhir sekali, kami akan memanjangkan hasil kami ke

hasil darab pokok dan kumpulan asasi bagi graf kumpulan.

Kata Kunci: Sisa Terhingga, Poten Lemah, Hasil Darab Bebas Teritlak, Perluasan HNN,

Kumpulan Asasi Bagi Graf Kumpulan..
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CHAPTER 1: INTRODUCTION

1.1 General Introduction

The aim of this thesis is to study two stronger residually finite properties, namely
cyclic subgroup separability and weak potency in generalized free products, tree products,
HNN extensions and fundamental groups of graphs of groups. These two properties,
though interesting by themselves, had played important roles in the determination of the
residual finiteness and conjugacy separability of certain generalized free products and
HNN extensions where the amalgamated or associated subgroups are cyclic (Baumslag &
Solitar 1962; Kim 1993a, 1993b, 2004; Kim & Tang 1995; Wong et al. 2010; Zhou &
Kim 2013)

Briefly, we say that a group G is cyclic subgroup separable if for any element g not in a
cyclic subgroup H, there exists a finite image G of G such that g is not in H, where g and
H are the images of g and H in G respectively. We call a group G weakly potent if for any
element g of infinite order and for any positive integer n, we can find an integer r and a
finite image G of G such that g has order exactly rn in G.

Residually finite groups was first introduced by Philip Hall in 1955. Then at Philip
Hall’s suggestion, Baumslag began the first systematic study of these groups. In one of his
early papers, Baumslag (1963) studied the residual finiteness of generalized free products
of two finitely generated nilpotent groups amalgamating various subgroups (Baumslag,
1963). One of the main tools in his proofs was the concept of compatible filters. When the
amalgamated subgroups are cyclic, these compatible filters contain ideas which will lead

to the concept of cyclic subgroup separability and potency.



The weak potency concept was introduced by Evans (1974) with the name of regular
quotient to show that there exists a class of residually finite groups which is closed
under the operation of forming generalized free products with single cyclic subgroup
amalgamated (Evans, 1974). Potency was defined by Allenby and Tang (1981) in their
investigation of the residual finiteness of some one-relator groups with torsion (Allenby
& Tang, 1981). Realising that only a weaker form of potency is needed in the proofs,
Tang (1995) independently introduced the concept of weak potency and used it in the
proof of conjugacy separability of generalized free products with cyclic amalgamation
of free-by-finite or nilpotent-by-finite groups with unique root property for elements of
infinite order (Tang, 1995).

Now we give a brief outline of our chapters.

In this chapter (Chapter 1), a general introduction on generalized free products, tree
products, HNN extensions and fundamental groups of graphs of groups will be given. All
the definitions of the various group properties which are studied in this thesis are also
included.

Next, in Chapter 2, we study the cyclic subgroup separability of generalized free products
of cyclic subgroup separable groups and subgroup separable groups. First, we state a
criterion by which we will use to prove the cyclic subgroup separability of generalized
free products amalgamating various types of subgroups. Some of our results shall also be
extended to tree products of finitely many groups.

In Chapter 3, we study the cyclic subgroup separability of certain HNN extensions.
Again we state a criterion for the cyclic subgroup separability of HNN extensions, then we

apply it to certain HNN extensions with various associated subgroups.



In Chapter 4, we investigate the weak potency of generalized free products of weakly
potent groups. Here, we first prove a criterion for the weak potency of certain generalized
free products. Then we apply it to certain generalized free products amalgamating various
subgroups. Finally, as in Chapter 2, some of our results shall be extended to tree products
of finitely many groups.

We continue to study about weak potency in Chapter 5. We study the weak potency
of certain HNN extensions of weakly potent groups. Again we first prove a criterion for
the weak potency of HNN extensions of weakly potent group. Then we apply it to certain
HNN extensions of weakly potent groups with various associated subgroups.

Finally, in Chapter 6, we will extend some of our results in the preceding chapters by

proving that certain fundamental groups of graphs of groups are cyclic subgroup separable.

1.2 Generalized Free Products

Now we describe the generalized free products of groups. The concept of generalized
free product (or sometimes called as free product with amalgamations) was introduced by
Schreier in 1926 (Lyndon & Schupp, 2001).

Let A and B be groups given by presentations, say A = (S| D) and B = (T | E). Here we
assume that S N T = ¢. Also suppose that M = (P |Q). Letoc: M — Aand6: M — B
be monomorphisms. Conveniently, we let H = o(M) C A and K = (M) C B. Then
these subgroups are isomorphic via ¢ = § o 0! : H — K. Thus we have the following

presentation, which is commonly used:

G=(SUT|DUE,h=@(h),VheP)=A+ysx B=Ax*yB.

Let g € G. The element g is called reduced if g = a1bjaxb; ... a,b, where each

a; € A\H and each b; € B\H for alli = 1,...,n. We denote the length of the reduced



element g by ||g|| and defined it as:

0, if geH.

lgll=9 1, ifgeAUB.

n, otherwise.

If each cyclic permutation of g is reduced, then g is said to be cyclically reduced. Note
also that if g is not cyclically reduced, then it is conjugate to a cyclically reduced element

of G or to an element of A or of B (Lyndon & Schupp, 2001, Chapter 4.2, p. 178).

1.3 Tree Products

Now suppose that we extend the generalized free product of two groups to finitely many
groups. This type of generalized free products are called tree products. Tree products were
first introduced by Karras and Solitar (1970).

A description of tree products was given by Kim and Tang (1998) as follows:

“Let T be a tree. To each vertex v of T, assign a group G,. To each edge e
of T, assign a group G, together with monomorphisms «,, 8. embedding
G, into the two vertex groups at the end of the edge e. Then the tree product
G is defined to be the group generated by the generators and relations of
the vertex groups together with the additional relations @,(g.) = B.(g.) for

each g, € G,.” (Kim & Tang, 1998, p. 323)

For simplicity, we can say that G is a tree products of the (vertex) groups Gy, -, Gy,

for n > 2, amalgamating the (edge) subgroups H;; < G; and Hj; < G; and denoted by

G =(Gy,--,G, | Hijj = Hji).



14 HNN Extensions

The next group structure is called the Higman-Neumann-Neumann extension or HNN
extension for short and was introduced by Graham Higman, Bernhard Neumann, and
Hanna Neumann in 1949. The construction of HNN extensions with the generalized
free product are quite similar and parallel. But instead of constructing from two groups,
HNN extensions are constructed from one group such that, the group contains isomorphic
associated subgroups (Higman, Neumann, & Neuman, 1949). In very loose language,
generalized free product might be called the “disconnected case”, while HNN extension is
called the “connected case”.

Let A be a group with presentation A = (S| D) and a pair of isomorphic subgroups
H and K. HNN extensions can be regarded as a larger group containing A in which the
subgroups H and K are isomorphic via conjugation. Thus, the HNN extension G of a
group A with a stable letter 7, and with associated subgroups H, K which are isomorphic

via ¢ : H — K that is defined such that ="t = ¢(h) for all h € H, has presentation

G =(S,t|D,t ' ht = ¢(h),¥h € H).

Conveniently, we shall use the following presentation, which is also commonly used.

G=(At|t""Ht =K, ¢)

where A is called the base group and ¢ : H — K is the isomorphism.
Let g € G. The element g is said to be reduced if g = apt®' a2 . ..t°"a, with g = +1

such that there is no consecutive terms ¢~ 'a;t if a; € H, or ta;t ™ if a; € K. We denote the



reduced length of g as ||g|| and defined it as follows:

0, if g =ap € A.
lgll =

n, otherwise.

Similar to as the generalized free products of group, if each cyclic permutations of g is
also reduced, then g is said to be cyclically reduced . If g is not cyclically reduced, then it
is conjugate to a cyclically reduced element of G or to an element of A (Lyndon & Schupp,

2001, Chapter 4.2, p. 178).

1.5 Fundamental Group of Graphs of Groups

Kim (2004) had described the fundamental group of a graph I' of groups as follows:

“LetI' = (V,E) be a graph where V is a set of vertices and E is a set
of edges. To each vertex v in V, we assign a group G,. To each edge
e in E, we assign a group G, together with monomorphisms «, and S,
embedding G, into the two vertex groups at the end of the edge e. Then for
a maximal tree 7" of I', the fundamental group of the graph I' of groups G,
amalgamating the edge subgroups G, is defined to be the group generated by
the generators and relations of the vertex groups and additional generators
t, for each e € E together with additional relations 7, l(geoze)te = g¢f. for
each g, € G, where t, = 1 if e is an edge of 7. Each of the subgroups
G.a, and G,.f, is called edge subgroup in its containing vertex group. It is
well-known that the fundamental group of a graph of groups is independent
from the choice of the maximal tree (Serre, 1980). In particular, if the
graph I is a tree, then the fundamental group of I' of groups G, is called a

tree product of the G,.” (Kim, 2004, p. 914)



Let I be a finite graph. The fundamental group G of the graph I' of groups G, can be
obtained by first successively performing a free product with amalgamation for each edge
in the maximal tree 7. That is by taking tree product A of the G, groups according to T
and then taking HNN extensions G = (A, t;,..., 1, | ti‘lHiti =K, ¢i,i = 1,...,n), where
H; and K; are in the vertex groups G,. Thus, fundamental groups of graphs of groups are

generalizations of amalgamated free products and HNN extensions of groups (Kim, 2004).

1.6 Cyclic Subgroup Separability

We shall give a brief history of cyclic subgroup separability of groups.

In 1968, Stebe introduced the concept of cyclic subgroup separability and used it
to prove that the class of knot groups are residually finite (Stebe, 1968). In that same
year, Dyer (1968) showed the residual finiteness of generalized free products of two
polycyclic-by-finite groups amalgamating a cyclic subgroup. In that paper, she extended
the result of Baumslag (1967) to cyclic subgroup separability (Dyer, 1968). In 1992,
Kim has shown the cyclic subgroup separability, and hence the residual finiteness, of
polygonal products of polycyclic-by-finite groups amalgamating central subgroups (Kim,
1992). Then, Kim (1993b), and Kim and Tang (1999) gave characterizations for the cyclic
subgroup separability of HNN extensions of cyclic subgroup separable groups with cyclic
associated subgroups.

In a paper published in 2004, Kim showed the cyclic subgroup separability and residual
finiteness of fundamental groups of graphs of groups amalgamating infinite cyclic edge
subgroups (Kim, 2004). Next, Wong and Wong (2007) proved the cyclic subgroup
separability of polygonal products of certain subgroup separable groups amalgamating
finitely generated normal subgroups (Wong & Wong, 2007). Recently, they showed the
cyclic subgroup separability of HNN extensions of a non-cyclic and subgroup separable

base group associating normal infinite cyclic subgroups (Wong & Wong, 2012).



1.7 Weak Potency

As we have stated above, Evans (1974) had established the concept of weak potency
with the name regular quotient and showed the weak potency of free groups and finitely
generated torsion-free nilpotent groups. Evans also used weak potency to show the cyclic
subgroup separability of certain generalized free products. In 1981, Allenby and Tang
introduced the concept of potency, to derive the residual finiteness of the generalized free
product amalgamating a cyclic subgroup (Allenby & Tang, 1981). Later, weak potency
was properly and independently defined by Tang (Tang, 1995).

Weak potency is a strong form of residual finiteness in the sense that a weakly potent
torsion-free group is residually finite. Tang (1995), and Kim and Tang (1995) used weak
potency to determine the conjugacy separability of certain generalized free products
of conjugacy separable groups (Kim & Tang, 1995; Tang, 1995). Since then, weak
potency has been used in establishing the residual finiteness and conjugacy separability
in generalized free products, tree products, polygonal products, one-relator groups and
fundamental groups of graphs of groups (see (Allenby, 1981; Allenby & Tang, 1981; Kim

& Tang, 1995; Tang, 1995; Wong & Tang, 1998; Wong & Wong, 2014)).

1.8 Definitions and Notations
Standard notations will be used in this thesis. In addition, we shall use the following,

for any group G:

* N <y G means N is a normal subgroup of finite index in G.

* Z(G) denotes the centre of G.

e If G is a generalized free product or HNN extension and g € G, then ||g|| denotes

the usual reduced length of g.
* For h, k € G, h ~g k means h is conjugate to k in G.

e The term 7. will denote cyclic subgroup separable.



Definition 1.1. Let G be a group and H be a subgroup of G. G is called H-separable if,
for each g € G\H, there exists N <ly G such that g ¢ HN (orgH NN = ¢). If H = {1},
then G is called residually finite. If G is H—separable for every finitely generated subgroup
H, then G is called subgroup separable. It G is H—separable for every finitely generated
subgroup H of Z(G), then G is called central subgroup separable. If G is (x)—separable

for every cyclic subgroup (x) of G, then G is called cyclic subgroup separable.

Definition 1.2. (Tang, 1995) A group G is called weakly (x)—potent, briefly, (x)-wpot, if
for an element x of infinite order in G, we can find a positive integer  with the property
that, for each positive integer n, there exists M,, </ ¢ G such that xM,, has order exactly rn in
the finite group G/M,,.. A group G is called weakly potent if G is (x)—wpot for all elements
of infinite order x € G. G is called potent if for any element of infinite order x € G and

every positive integer n, there exists M,, <y G such that xM,, has order exactly n in G/M,,.

Remark 1.3. We note here that the subgroup M,, in Definition 1.2 depends on n. For

simplicity, when there is no confusion, we shall write M instead of M,,.

From the above definitions, finitely generated torsion-free weakly potent groups are
residually finite. Furthermore, every subgroup separable group is also cyclic subgroup
separable and residually finite. Free groups, polycyclic groups, finitely generated nilpotent
groups and their finite extensions are known to be weakly potent for elements of infinite
order and subgroup separable (hence cyclic subgroup separable and residually finite) (see
Evans, 1974; Tang, 1995; Wong & Wong, 2014). On the other hand, there are infinite
groups with elements of finite order that are weakly potent but not residually finite. For
example, let G = Z(p™) x (h) where (h) is an infinite cyclic group and Z(p®) is the Priifer

group. Then G is weakly potent for elements of infinite order but G is not residually finite.



CHAPTER 2: CYCLIC SUBGROUP SEPARABILITY OF GENERALIZED
FREE PRODUCTS
2.1 Introduction

In this chapter, we shall investigate the cyclic subgroup separability of certain generalized
free products of cyclic subgroup separable groups and subgroup separable groups.

First, we state a criterion (Theorem 2.1) for generalized free products of cyclic subgroup
separable groups to be again cyclic subgroup separable. We then apply the criterion to
generalized free products G = A g B where (i) H < Z(A) N Z(B) is finitely generated
(Theorem 2.4), (ii) H = (h) x D where (h) is infinite cyclic and D is finite (Theorem 2.9)
and finally, (iii) H is a finite extension of a central subgroup (Theorem 2.14). Furthermore,

we shall extend Theorem 2.9 to tree products of finitely many groups in Theorem 2.18.

2.2 Preliminaries
Kim (1993a) has proved a criterion (Theorem 2.1 below) for the cyclic subgroup
separability of generalized free products. In this thesis, we shall use this criterion to prove

our results.

Theorem 2.1. Let G = A xy B be a generalized free product. Suppose that,
(a) A and B are both n. and H-separable; and
(b) foreach R<\yH, there exist My <\y A and Mg <y B suchthat MyNH = MpNH C R,

Then G is 7.

The following lemma is known by many researchers in this area.

Lemma 2.2. Let G = A*yB be a generalized free product where A and B are finite groups.
Then G is free-by-finite, and hence is weakly potent and subgroup separable (Karras &

Solitar, 1970; Evans, 1974; Tang, 1995).

10



23 Generalized Free Products Amalgamating Various Subgroups

For this section, we prove that certain generalized free products amalgamating various
subgroups are 7. Note that Kim has proved the cyclic subgroup separability of generalized
free products amalgamating finite subgroup and amalgamating infinite cyclic subgroup
(see (Kim, 1993a)).

The following result on generalized free products amalgamating central subgroup

(Theorem 2.4 below) has been proved by Wong and Tang (1998).

Lemma 2.3. (Wong & Tang 1998) Let A be subgroup separable and let H < Z(A) be

finitely generated. Then, for each R <y H, there exists N <y A such that NN H = R.

Theorem 2.4. Let G = A *y B where A and B are subgroup separable. Suppose that

H < Z(A) N Z(B) is finitely generated. Then G is 7.

Proof. Since subgroup separable groups are . and H—separable, we just need to show (b)
in Theorem 2.1. By Lemma 2.3, for each R <y H, there exist M <\ A and N < B such

that M N H = R = N N H. Therefore G is n. by Theorem 2.1. |

Corollary 2.5. Suppose that A and B are finitely generated abelian groups. Then

G=AxyBisn,.

Kim and Tang (2013) have shown the conjugacy separability of certain generalized free
products amalgamating a subgroup of the form (&) X D where D is a central subgroup of
the factor groups. Recently, Zhou and Kim (2013), showed the subgroup separability of
certain generalized free products amalgamating this type of subgroup.

In this thesis, we shall use the criterion (Theorem 2.1 above) to show that certain

generalized free products amalgamating this type of subgroup, where D is finite, are r..

11



Lemma 2.6. (Kim & Tang, 2013) Let A be a group with subgroup H = (h) X D such that

|h| = oo and D is finite. If A is {h)—separable, then A is H—separable.

Proof. Let x € A\H. Then x # h™d for all d € D and for all m € Z. Thus we have
xd™' ¢ (h) for all d € D. Since A is (h)—separable, there exists Ny < f A such that

xd~' ¢ (WYN, foreach d € D. Let

N:ﬂNd.

Then N <If A and, for all d € D, we have xd~! ¢ (h)N. Suppose that x € HN. Let
x = h"dn, where m € Z, d € D and n € N. Then x = h"dnd~'d = h™nod where
no = dnd™' € N for N <y A. Hence xd~!' = h"ng € (h)N, a contradiction. Therefore

x ¢ HN and A is H-separable. |

Remark 2.7. Let A and B be groups such that (/) is an infinite cyclic subgroup of A and of
B. If A and B are both (h)—wpot, then there exist positive integers ry, r, with the property
that for each positive integer n, we have P, <\y A and Q,, <y B such that P, N (h) = (h"'")

and Q,, N (h) = (h"™").

Lemma 2.8. Let G = A xg B where H = (h) X D such that |h| = oo and D is finite.
Suppose that A and B are {h)—separable and (h)—wpot. Then for each R <y H, there exist

Nj <y Aand N <y B such that NN H = NpNH CR.

Proof. Suppose we are given an R <\y H = (h) X D. Since A and B are (h)—separable,

(h) "D =1 and D is finite, there exist M; </y A and N; <y B such that

M ND=1=N(h)nD.

12



Let RN My n(h)y = (h*') and R N Ny N (h) = (h*?) for some integers sy, s, > 0.
By Remark 2.7, let M, <iy A and N, <y B be such that M N (h) = (h""**?) and
Ny N (hy = (h"72%152)  Let M = MiN My and N = NyNN,. Then M <y Aand N <y B
such that M N (h) = (W"1"25152) = N N (h). Furthermore, M{h) N D =1 = N{(h) N D.

Hence we have,

MNH=Mn((hyxD)=Mn{hy=Nn{h)y=Nn ((hyxD)=NnNH.

Thus, wehave M NH=NNH CR. [ |

Theorem 2.9. Let G = A xy B, where H = (h) X D such that |h| = oo and D is finite.

Suppose that A and B are nt. and (h)-wpot. Then G is r..

Proof. Since A and B are 7., hence they are (h)—separable. Thus, A and B are H—separable
by Lemma 2.6. By Lemma 2.8, for each R <1y H, we have Ny <1y A and N <y B where

NoaNH=NpnH C R. Therefore, G is n, by Theorem 2.1. [ |

Corollary 2.10. Let G = A *y B, where H = (h) X D such that |h| = co and D is finite.

Suppose A and B are finite extensions of a finitely generated nilpotent group. Then G is n..

Zhou et al. (2010) have shown the conjugacy separability of generalized free products
of polycyclic-by-finite groups amalgamating finite extensions of central subgroups. Here,
we shall show that certain generalized free products amalgamating finite extensions of

central subgroup is 7.

Lemma 2.11. (Lim, 2012) Let A be a group and N < A. If A is N—separable, then A/ N is

residually finite.
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Lemma 2.12. Let A be a group and H be a subgroup of A. Suppose that there exists
C < H such that C < A is finitely generated with |H : C| < co. If A is C—separable, then

A is H-separable.

Proof. Let x € A\H. Now we form A = A/C. Thus x ¢ H = H/C. Since A is
C—separable, then A is residually finite by Lemma 2.11. Since H is finite, there exists
L <y A such that L N XH = ¢. Let L be the preimage of L in A, then L <iy A and

x ¢ HL. [ |

Lemma 2.13. Let A be a group and H be a subgroup of A. Suppose that there exists
R < H such that R <1 A is finitely generated with |H : R| < co. If A is R—separable, then

there exists N <y A such that NN H = R.

Proof. Suppose we are given such R. Since A is R—separable, then by Lemma 2.11,
A = A/R is residually finite. Since H = H/R is finite, there is an N <iy A such that

NN H =1. Let N be the preimage of N in A. Then N <y Aand NN H = R. |

Theorem 2.14. Let G = A *y B where A and B are ©t, and central subgroup separable.
Suppose that there exists C < H such that C C Z(A) N Z(B) is finitely generated with

|H : C| < co. Then G is m,.

Proof. We shall use Theorem 2.1. Note that A and B are C—separable for A, B are central
subgroup separable. By Lemma 2.12, A and B are H—separable. Now let R <y H be given.
Let Rc = RN C. Then R¢ <1y C and since C is finitely generated, we have Rc is finitely
generated. Also note that |H : R¢| < oo. Since Re € C C Z(A) N Z(B), then Rc < A
and R¢ <1 B. Furthermore, A and B are Rc—separable. Thus, by Lemma 2.13, there exist
M <y Aand N <y Bsuchthat M NH = NN H = Rc C R. Therefore, by Theorem 2.1, G

is m.. [ |

14



Corollary 2.15. Let G = A =g B where A, B are free-by-finite or polycyclic-by-finite
groups. Suppose that there exists C < H such that C C Z(A) N Z(B) is finitely generated

with |H : C| < oo. Then G is 7.

24 Tree Products

We shall extend Theorem 2.9 to tree products of finitely many groups.

Lemma 2.16. Let G = A sy B where H = (h) X D such that |h| = co and D is finite.
Suppose that A and B are both {h)—separable and {h)—wpot. Let (k) be any infinite cyclic

subgroup of B such that B is (k)-wpot. Then G is (k)—wpot.

Proof. Since A and B are (h)—separable, (h)ND = 1 and D is finite, there exist M <y A and
N1 <y Bsuchthat Mi(h)ND =1 = Ni{(hyND.Let MiN(h) = (h®') and N1 N (h) = (h*?)
for some integers a1, a; > 0. By Remark 2.7, there exist positive integer ry, r, such that for
each positive integer n, there exist M, <y A and N, <l B such that M> N (h) = (h"")
and Ny N (h) = (W), Let N N N> N (k) = (k*) for some s > 0. Since B is (k)—wpot,
there exists a positive integer » with the property that for each positive integer n, we have
N3 <f B such that N3 N (k) = (K"*"). Let Ny N Na N N3 N (h) = (h""9) for some g > 0.

Now we choose ng = rnajasq for M, and ng = riaja; for Ny (we can choose ng because
for each ny, there always exists a normal subgroup of finite index that depends on which ng
we chose). Let M = My N My and N = Ny NN, N N3. Then M <1y A, N <1y B and we have
M N (hy = (hM1®@1724)y = N 0 (hy and N N (k) = (kK""). Since M N ((h) X D) = M N (h)

and N N ((hy x D) = NN (h), wehave MNH=NNH.
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Now we form G = A/M %z B/N, where H = (h) x D (since (h) N D = 1). Clearly G
is a homomorphic image of G. Note that in G, |k| = rsn. Since G is residually finite by
Lemma 2.2, there exists L <Iy G such that k, k2, ..., k""! ¢ L. Clearly G/L is a finite
group in which kL has order exactly rsn. Let L be the preimage of L in G. Then L <y G

such that |kL| = rsn in the finite group G/L. Therefore G is (k)—wpot. |

We need an additional condition that G is {h;;)—separable for each , j in order to extend

Lemma 2.16 to tree products.

Lemma2.17. LetG = (Gy,...,G, | H;j = Hj;) be a tree product of the groups Gy, . . ., G,
amalgamating the subgroups H;; < G; and H;; < G; where H;; N\ Hy, = 1 for j # k.
Suppose that each H;; = (h;j) X D;; such that |h;j| = oo and D;j is finite. Suppose,
furthermore, G is (h;j)—separable and each G; is {h;;)—wpot for each i, j. Let (k) be any

infinite cyclic subgroup of G, such that G, is (k)-wpot, where 1 < r < n. Then G is

(k)-wpot.

Proof. First, note that each G; is (h;;)—separable for each i, j since we assume G to be
(hij)—separable for each 7, j. Now we prove by induction on n. The case n = 2 will follow
from Lemma 2.16. Now for the case n > 3, we can find an extremal vertex, say G, of the
tree product G, which is joined to a unique vertex, say G,-1. The subgroup of G that is
generated by Gy, . .., G, is just their tree product. Let this subgroup be denoted by G’.
Then we write

G = <Gl’ Gy | H(n—l)n = Hn(n—1)> =G xg Gp,

where H = H,_1), = Hy(,—1). This implies that G is a generalized free product of two
groups G’ and G, with amalgamated subgroup H = (h) X D. Thus, by induction, G’ is
(h(z-1)n)—wpot. By our assumption, G, is {/,(,—1))—wpot. Furthermore, since G is (h;;)—

separable for each i, j, this implies G’ is (h(,—1),)—separable and G, is {hy(,1))—separable.
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Suppose (k) < G’. By induction, G’ is (k)-wpot. Then by Lemma 2.16, G is (k)—wpot.
Suppose (k) < G,. By our assumption, G, is (k)—wpot. Then again, by Lemma 2.16,

G is (k)—wpot. |
Now, we can extend Theorem 2.9 to tree product as follows.

Theorem 2.18. Let G = (Gy,...,G, | Hjj = Hj;) be a tree product of the groups
Gy, ..., G, amalgamating the subgroups H;; < G; and Hj; < G where H;; N H;; = 1 for
J # k. Suppose that each H;;j = {h;;) X D;; where |h;;| = co and Dj; is finite. Furthermore,

suppose that each G; is ni. and {h;j)—wpot. Then G is .

Proof. The proof is by induction on n. For the case n = 2, our result follows from Theorem
2.9. Forn > 3, let G = G’ *y G, as in the proof of Lemma 2.17. By induction, G’ is 7.
By our assumption, G; is {(h;;)—wpot for each i # n. In particular, G,_ is {(A(,—1),)—Wpot.
Hence, by Lemma 2.17, G” is {h,-1),)—wpot. On the other hand, by our assumption, G,

is 7. and (hy(,-1))-wpot. Therefore, G is . by Theorem 2.9. |

Corollary 2.19. Let G = (G, ...,G, | H;j = Hj;) be a tree product of finite extensions
of finitely generated nilpotent groups Gy, . . ., G, amalgamating the subgroups H;; < G;
and Hj; < Gj where H;j N\ Hy, = 1 for j # k. Suppose that each H;j = (h;;) X D;; where

|hij| = oo and D;; is finite. Then G is r..
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CHAPTER 3: CYCLIC SUBGROUP SEPARABILITY OF HNN EXTENSIONS

3.1 Introduction

In this chapter, we shall study the cyclic subgroup separability of HNN extensions of
cyclic subgroup separable group and subgroup separable group. It has been shown by
Kim and Tang (1999) that the HNN extension G = (A, ¢ |t"'Ht = K, ¢) where A is cyclic
subgroup separable and H = (h), K = (k) are infinite cyclic, is again cyclic subgroup
separable if and only if A is quasi-regular at {4, k} (Kim & Tang, 1999). We note that the
Baumslag-Solitar group BS(2,3) = {(a,t|t~'a’t = a’) is an example of an HNN extension
which is not cyclic subgroup separable (Baumslag & Solitar, 1962).

First, we state a criterion (Theorem 3.1 below) for the cyclic subgroup separability
of HNN extensions of cyclic subgroup separable group. We then apply the criterion to
HNN extensions G = (A, 1|t 'Ht = K, ¢) where (i) H = (h), K = (k) or H = (h) X D,
K = (k) x E where (h), (k) are infinite cyclic and D, E are finite (Theorem 3.3, Theorem
3.4, Theorem 3.7 and Theorem 3.8), (ii) H, K are finite extensions of central subgroups
(Theorem 3.11 and Theorem 3.14) and finally (iii) H, K are finitely generated normal
subgroups (Theorem 3.19).

As in the previous chapter, the term . shall be used in place of cyclic subgroup

separable.

3.2 Preliminaries

The following theorem (Theorem 3.1) has been proved by Wong and Gan (1999).

Theorem 3.1. Let G = (A, t |t Ht = K, ) where A is nt.. Suppose that
(a) A is H-separable and K—separable; and
(b) for each M <y A, there exists N <y A such that N C M and (N N H) = N N K.

Then G is 7.
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33 HNN Extensions with Various Associated Subgroups
Note that Kim has proved that the HNN extensions of cyclic subgroup separable base
group having finite associated subgroups are . (Kim, 1993b). Here, we start by applying

the criterion to HNN extensions with infinite cyclic associated subgroups.

Lemma 3.2. Let A be a group and {h), (k) be isomorphic infinite cyclic subgroups of A.
Suppose that ¢ : {(h) — (k) is an isomorphism such that ¢(h) = k. If

(i) h ~4 k; or

(i) h™ = k*™ for some m > 0 and A is {h)-wpot, {k)-wpor,

then for each M <17 A, there exists N <\y A such that N C M and (N N (h)) = N N (k).

Proof. Let M <1y A be given.
(i) Suppose that M N (h) = (h€) for some integer € > 0. Since h = aka™' for some a € A,

we have,

M n (k) =M n{a " ha)

a'Mana'(ha

a” (M 0 (h))a

=a " (ha

((a™" ha))

= (k°).

Let N = M. Then we will have N <y A and ¢(N N (h)) = N N (k).
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(ii) Suppose that M N (h) = (h*') and M N (k) = (k*2) for some integers s, s2 > 0. By
Remark 2.7, for A is (h)-wpot and (k)—wpot, there exist positive integers ry, r such that for
each positive integer n, there exist M| <Iy A and M, <1y A such that M| N (h) = (h"") and
M, N (k) = (k"™"). Choose n = rys;spym for M| and n = rysysom for M, for some m > 0.
Thus we have M| N (h) = (W"1725152) and M, N (k) = (K725 et N = M N My N\ M.

Then N <y A and we have

NNk =M 0 M, N M0 (h
— M2 m <hr1r2slszm>

— M2 m <kr]r2s1szm>

— <kr1r2s1szm> o <hr1r2slszm>

and
Nn{k)y=Mn M nNM,N{k)
=M, N <kr1r2s1s2m>
— Ml m <h}"1}’2S|S2m>
— <hr1r2s1szm> — <kr1r2s1szm>'
Hence, we have (N N (h)) = N N (k). |

Theorem 3.3. Let G = (A, t|t"'Ht = K, ¢) where H = (h), K = (k) are infinite cyclic

subgroups of A. Suppose that A is nt.. If h ~4 k, then G is n,.

Proof. We shall prove by using Theorem 3.1. Note that A is (h)—separable and (k)—
separable for A is .. By Lemma 3.2(i), for each M <1y A, we have N <1y A such that

N € M and ¢(N N (h)) = N N (k). Thus G is nr, by Theorem 3.1. |
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Theorem 3.4. Let G = (A, t|t™'ht = k, ¢) where H = (h), K = (k) are infinite cyclic
subgroups such that (h) N (k) # 1. Suppose that A is n., {h)—wpot and {k)—wpot. Then

G is ni. if and only if ™ = k™ for some m > 0.

Proof. Suppose that G is 7. Since (h) N (k) # 1, let A" = k*, for some m, s > 0. Since
G is m., there exists L <y G such that h ¢ L(W™) forall 1 <i <m. Let LN {h)=(h")
for some € > 0. By the definition of ¢, we have L N (k) = (k). Hence we have
he™ = k€ € LN (k) = (k"). Thus, m|s. Similarly we can show that s|m. Therefore,
W™ = k*™ for some m > 0.

For the converse, we shall use Theorem 3.1. Note that A is (h)—separable and (k)—
separable for A is r.. By Lemma 3.2(ii), for any given M <1y A, there exists N <1y A such

that N € M and ¢(N N (h)) = N N (k). Hence G is . by Theorem 3.1. |
Next we consider the following HNN extensions.

Remark 3.5. Let G = (A,t|t"'Ht = K, ). Suppose that H = (h) x D, K = (k) X E
such that || = oo, |k| = co and D, E are finite subgroups. Suppose that ¢ : H — K is
defined such that ¢((h)) = (k) and ¢(D) = E. Hence note that

* (h) and (k) are isomorphic via ¢; and

* D and E are isomorphic via ¢.
Hence if x € H, x = h®*d where @ € Z, d € D and ¢(d) = e, for some ¢ € E, then

o(x) = e(h®d) = t 1 (h®d)t = (7' ht) (' dt) = k%e.
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Lemma 3.6. Let A be a group with subgroups H = (h) X D, K = (k) X E such that
|h| = oo, |k| = o0 and D, E are finite subgroups. Suppose that A is (h)—separable,
(k)—separable and ¢ : H — K is an isomorphism where ¢({h)) = (k) and ¢(D) = E. If
(i) h ~4 k; or
(ii) W™ = k*™ for some m > 0 and A is {h)—wpot, {k)—wpot,

then for each M <y A, there exists N <y A such that N C M and o(N N H) = NN K.

Proof. Let M <y A be given.

(i) Note that A is (h)—separable, (k)—separable, (h) "D =1 = (k) N E and D, E are finite.
Thus, there is an My <1y A such that Mo(h) "D = 1 = Mok) N E. Let N = M N M.
Then N <y Aand N(h) "D = 1 = N(k) N E. Thus we have N N ({(h) X D) = N N (h) and
NN (¢ky x E) = N n (k). Suppose that N N (h) = (h€) for some integer € > 0. As we
have shown in the proof of Lemma 3.2(i), since & ~4 k, we have N N (k) = (k€). Hence

(N n(h)) = NN (k) and

o(N N H) = o(N N ((h) xD)) = o(NN{h)) =Nn(ky=Nn(kyx E)=NNK.

Clearly N C M and o(NNH)=NNK.

(ii) Again since A is (h)—separable, (k)—separable, (h) N D =1 = (k) N E and D, E are
finite, we have My <1 A such that Mo(h) "D =1 = Mo<k)y NE. Let M N MoN (h)y = (h*')
and M N My N (k) = (k*2) for some integers s1, so > 0. By Remark 2.7, there exist positive
integers r1, r, such that for each positive integer n, there exist M1 <y A and M <1y A such
that M N{h) = (W) and MyN (k) = (k™"). Choose n = rysisom for My and n = rysisoym
for M, for some m > 0. Thus we have M| N (h) = (K"1"2512™) and M, N (k) = (k"725152m),
Let N = M N Myn My N M, Then N <ty A. As shown in the proof of Lemma

3.2(ii), we will have N N (h) = (h"7"25152") and N N (k) = (K"1725152™)  This implies that
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©(N N {hy) = Nn{k). Since NN ((h) x D) = NN (hyand N N ((k) X E) = N N (k),

we have (N N H) = NNK. |

Theorem 3.7. Let G = (A, t |t Ht = K, @) be as in Remark 3.5. Suppose that A is r.. If

h ~4 k, then G is m..

Proof. We shall use Theorem 3.1. Note that A is (h)—separable and (k)—separable for A
is m.. Hence, by Lemma 2.6, A is H—separable and K—separable. By Lemma 3.6(i), for
any given M <l A, there exists N <y A suchthat N C M and ¢(N N H) = NN K. Thus

by Theorem 3.1, G is 7. [ |

Theorem 3.8. Let G = (A, t|t"'Ht = K, ¢) be as in Remark 3.5. Suppose that A is
e, {hYy—wpot and (k)—wpot and (h) N (k) # 1. Then G is . if and only if " = k*" for

some m > Q.

Proof. The first part of the proof is similar to Theorem 3.4. Now, suppose that 2 = k* for
some m > (. We shall use Theorem 3.1. Note that A is (h)—separable and (k)—separable.
Hence A is H—separable and K—separable by Lemma 2.6. By Lemma 3.6(ii), for any given
M <y A, there exists N <y A such that N € M and (N N H) = N N K. Therefore G is 7.

by Theorem 3.1. |

Corollary 3.9. Let G = (A, t|t"'Ht = K, ¢) be as in Remark 3.5. Suppose that A is a
polycyclic-by-finite or a free-by-finite or a finite extension of a finitely generated nilpotent
group.

(i) If h ~4 k, then G is mt¢;

(ii) Then G is ni. if and only if K" = k=" for some m > 0 whenever (h) N (k) # 1.
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Wong and Gan(1999) have shown that the HNN extensions of subgroup separable
groups with central associated subgroups are 7. (Wong & Gan, 1999). Here we show that
the HNN extensions of polycyclic-by-finite (or free-by-finite) groups and finite extensions
of finitely generated nilpotent groups where the associated subgroups are finite extensions
of central subgroups, are 7.

First, we examine the case where H N K = 1.

Lemma 3.10. Let A be a group with subgroups H, K such that H N K = 1. Suppose that
there exist R < H and S < K suchthat R, S C Z(A) are finitely generated with |H : R| < oo
and |K : S| < co. If A'is central subgroup separable, then there exists N <y A such that

NNH=Rand NNK =S§.

Proof. Suppose such R and S are given. Note that RS C Z(A) is finitely generated for
R, S C Z(A) are finitely generated. Thus, A is RS—separable for A is central subgroup
separable. Hence, by Lemma 2.11, A = A/RS is residually finite. Note that H = HS/RS
and K = KR/RS are finite. Thus, there exists N =y Asuchthat NNH=1and NNK = 1.

Let N be the preimage of N in A. Then N <if Awith NNH =Rand NNK =S. |

Theorem 3.11. Let G = (A, t |t~ 'Ht = K, @) where A is . and central subgroup separable
with subgroups H, K such that H N K = 1. Suppose that there exist C < H, D < K such
that C, D C Z(A) are finitely generated with |H : C| < oo, |K : D| < o0 and ¢(C) = D.

Then G is m..

Proof. We shall prove this by using Theorem 3.1. Note that A is C—separable and D—
separable. Then by Lemma 2.12, A is H—separable and K—separable. Suppose that we are
given M <y A. LetR=MNCNg ' (MND)and S = (M NC)NM N D. Then R <I¢ C,
S <y Dand ¢(R) = S. Since |[H : C| < coand |K : D| < oo, this implies R <y H, S <r K.

Furthermore, R, S € Z(A) are finitely generated. Then by Lemma 3.10, there exists P <y A
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suchthat PNH=Rand PNK =S. Let N=MNP. Then N <y A, N C M and

oNNH) =oMNPNH) =pMNR)=p(R)=S=MNnS=MnPNK=NnK.

Therefore G is n,. |

Corollary 3.12. Let G = (A, t|t"'Ht = K, @) where A is a polycyclic-by-finite group or
a free-by-finite group or a finite extension of a finitely generated nilpotent group with
subgroups H, K such that H N K = 1. Suppose that there exist C < H, D < K such that
C,D C Z(A) are finitely generated with |H : C| < oo, |K : D| < o0 and ¢(C) = D. Then

G is m,.

Next we examine the case when H N K # 1.

Lemma 3.13. Let A be central subgroup separable with subgroups H, K where HNK # 1.
Let ¢ : H — K be an isomorphism from H onto K. Suppose that there exists Q < HN K
such that Q C Z(A) is finitely generated with |H : Q| < oo, |K : Q| < o0 and ¢(Q) = Q.

Then for any M <1y A, there exists N <y A such that N € M and (NN H) = NNK.

Proof. Let R = M N Q. Then R <1y Q. Suppose that R has index k in Q. Since Q is
finitely generated, there exist only a finite number of subgroups of index k in Q. Let
Ry be the intersection of all these subgroups. Then Ry C R and Ry is a characteristic
subgroup of finite index in Q. Since ¢(Q) = Q, we have ¢(Ry) = Ry. Note that Ry <1y H
and Ry <Iy K. Note also that A is Ry—separable for Ry € Z(A) is finitely generated and
A is central subgroup separable. Thus, by Lemma 2.13, we have M| <y A and M> <y A
where M\ "H = Ry = M, N K. Let N = M N M NM,. Then N<fAand N C M.
Furthermore, wehave NN H=MNnM NM,NH=Ry=MnM NnM;yNnK=NnNK.

Hence (N N H) = ¢(Ry) = Ry = NN K. |
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Theorem 3.14. Let G = (A, t|t"'Ht = K, ¢) where A is n. and central subgroup
separable with subgroups H, K where H N K # 1. Suppose there exists Q < H N K such
that Q C Z(A) is finitely generated with |H : Q| < oo, |[K : Q| < 00 and ¢(Q) = Q. Then

G is .

Proof. Note that A is Q—separable for Q C Z(A) is finitely generated and A is central
subgroup separable. Hence, by Lemma 2.12, A is H-separable and K—separable. By
Lemma 3.13, for any M <1y A, there exists N <\f Asuchthat N € M and o(NNH) = NNK.

Therefore, by Theorem 3.1, G is 7. [ |

Corollary 3.15. Let G = (A, t|t"'Ht = K, @) where A is a polycyclic-by-finite group or
a free-by-finite group or a finite extension of a finitely generated nilpotent group with
subgroups H,K where H N K # 1. Suppose that there exist C < H, D < K such that
C,D C Z(A) are finitely generated with |H : C| < oo and |K : D| < co. Suppose that

(i) CD<f HNK with |[H : CD| < oo, |K : CD| < o0 and ¢(CD) = CD; or

(ii) CND <y H, CND <y K and p(CND)=CnND.

Then G is 7.

Proof. (i) If CD <y HN K and ¢(CD) = CD, welet Q = CD. (i) If CN D <y H,
CND<yKand o(CND)=CnD,weletQ =CnND. Then the result follows from

Theorem 3.14. [ |

Suppose that we let C = H and D = K in Theorems 3.11 and Corollary 3.15(b). Thus
we will have the same result as in Theorems 2 and 3 of Wong and Gan (1999). Furthermore,
if A is a finitely generated abelian group, then we have the following which are actually the

result of Wong and Gan (1999).
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Corollary 3.16. Let G = (A,t |t~ 'Ht = K, @) where A is a finitely generated abelian
group. Suppose that

(a) HNK =1; or

(b) H=K; or

(c) HNK <y H, HNK <y K and o(HNK) = HNK.

Then G is n,.

Wong and Wong (2007) have shown that certain generalized free products amalgamating
finitely generated normal subgroups are m.. Here, we shall show that certain HNN
extensions associating finitely generated normal subgroups are m.. We need the following

two lemmas of Wong and Wong (2007).

Lemma 3.17. Let H be a finitely generated group and R<\y H. Then there exists fg(R) € R

such that fy(R) is a characteristic subgroup of finite index in H.

Lemma 3.18. Let A be subgroup separable with H,K <1 A are finitely generated and
HNK = 1. Then for each R<\y H and S <7 K, there exist fy(R) C R, fx(S) € S such that
fu(R), fx(S) are characteristic subgroups of finite index in H, K respectively. Furthermore,

there exists N <y A suchthat NN H = fy(R), NNK = fx(S)and NHNNK = N.

Theorem 3.19. Let G = (A,t |t~'Ht = K, ¢) where A is subgroup separable with H, K <| A

are finitely generated and H N K = 1. Then G is n..

Proof. We shall use Theorem 3.1. First, note that A is 7., H-separable, and K—separable
for A is subgroup separable. Next, let M <1y A be given. Let R= M N H N o (M NK).
Then R <y H. By Lemma 3.17, there exists fg(R) C R such that fy(R) is a characteristic
subgroup of finite index in H. Since ¢ is an isomorphism, then S = ¢(fu(R)) € ¢(R) is a

characteristic subgroup of finite index in K. Now by Lemma 3.18, there exists Ny <y A
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such that Ny N H = fy(R), NyN K = Sand NJH N N K = N;. We also have

o(Ni NH) = ¢(fyg(R)) =S =N NK.

Let N = M N Nj. Then N <y A. Finally, we need to show that o(N N H) = N N K. Now
NNH=MNN NH=NNHforNNNnHCRCM.AlsoNNK=MNN NK =N NK

for Ny N K C ¢(R) ¢ M. Hence (N N H) = N N K. Therefore G is r.. |
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CHAPTER 4: WEAK POTENCY OF GENERALIZED FREE PRODUCTS

4.1 Introduction

In this chapter, we shall investigate the weak potency of certain generalized free products.
First, we shall prove a criterion (Theorem 4.1 below) for generalized free products of
weakly potent groups to be weakly potent. Then our criterion will be applied to the
generalized free products G = A gy B where (i) H is finite (Theorem 4.3), (ii) H = (h)
or H = (h) x D where (h) is infinite cyclic and D is a finite subgroup (Theorem 4.4 and
Theorem 4.5), and finally (iii) H is a finite extension of a central subgroup (Theorem 4.8).
Furthermore, we shall extend Theorem 4.5 to tree products of finitely many groups in

Theorem 4.14.

4.2 The Criterion

In this section, we prove the following criterion.

Theorem 4.1. Let G = A xy B. Suppose that
(a) A and B are H—separable;
(b) foreach R <1y H, there exist Py <\y A and Pg <y B such that PANH = PgNH C R;
and
(c) for any infinite order element x € A (or x € B), there is a positive integer r,
such that for each positive integer n, there exist M <y A and N <y B such that
MNH=NNHand M N {(x) = (x") (or NN {x) = (x"") if x € B).

Then G is weakly potent.

Proof. Let x € G such that |x| = co.
Case 1. Suppose that ||x|| < 1, that is x € AU B. We may assume without loss of
generality that x € A. Now by (c), there is a positive integer r, such that for each positive

integer n, there exist M <\ Aand N <y B suchthat M N H = NN H and M N (x) = (x"").
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Now we form G = A sz B such that A = A/M, B = B/N and H = HM/M = HN/N.
Clearly |%| = rn in the homomorphic image G of G. Since A and B are finite, then by
Lemma 2.2, G is residually finite. Thus, there is an L <y G such that %, ¥%, ..., %" ' ¢ L
but ¥ € L. Let L be the preimage of L in G. Thus, L <y G and |xL| = rn in the finite
group G/L.
Cask 2. Suppose that ||x|| > 1, thatis x ¢ A U B and x is reduced.

SuBcask 2.1. Suppose that x is cyclically reduced. Without loss of generality, let
x = aibyayby, ...,a,b, where a; € A\H and b; € B\H for alli = 1,...,n. By (a),
there exist P; <y A and Q| <y B such that a; ¢ P1H and b; ¢ QH for all i. Let
R = Py N Qy. This implies R <y H. By assumption (b), we have P, <1y A and O, <y B
where P, NH=0>NH CR. Let M =P NPyandN = Q1 NQ>. Then M <A, N B
and a; ¢ MH and b; ¢ NH for all i. Now we show that M N H = N N H. First, note that

PPNHCRCPiandQrNH CRC Q1. So we have

MAH=P NP,NnH
- P,NH
=0>NH
=01NOxNH

=NNH.

Now we form G as in Case 1. Note that ||%|| = ||x|| in G and hence, |%| = co. Since A and
B are finite, then by Lemma 2.2, G is weakly potent. Then we can find a positive integer r
with the property that for each positive integer n, there exists L < f G such that |XL| = rn
in G/L. Let L be the preimage of L in G. Then L <y G and xL has order exactly rn in

the finite group G/L.
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SuBcask 2.2. Suppose that x is not cyclically reduced. Then x is conjugate to a
cyclically reduced element x” of G. By Cask 1 or SuBcask 2.1, there exists L <y G such
that x’L has order exactly rn in the finite group G/L. Note that |xL| = rn in the finite

group G/L. Thus, the proof is now complete. |

4.3 Generalized Free Products Amalgamating Various Subgroups
In this section, we shall apply our criterion to certain generalized free products. Theorem
4.3 is a known and useful result. For completeness, we give a proof. We begin with the

following obvious lemma.

Lemma 4.2. Let A be a residually finite group with a finite subgroup H. Then A is

H-separable.

Theorem 4.3. (Lim, 2012) Let G = A xy B where A and B are residually finite and weakly

potent. Suppose that H is finite. Then G is weakly potent.

Proof. We shall prove by using Theorem 4.1. Note that A and B are H—separable by
Lemma 4.2. This proves (a) in Theorem 4.1.

Next, suppose that we are given any R <\y H. For A, B are residually finite and
H is finite, we have P4 <y A and Pp <y B such that PANH =1 = Pg N H. Thus,
PosNH=PpNH=1C R. This proves (b) in Theorem 4.1.

Now we show (c) in Theorem 4.1. Let x € A such that |x| = co. Again since
A, B are residually finite and H is finite, we have M; <y A and N; <1y B such that
MyNnH=1=NNH. Let M; N {x) = (x*) for some integer s > 0. By the weak potency
of A, there is a positive integer r such that for each positive integer n, there exists M, <1y A
such that M> N (x) = (x"*"). Let M = My N M> and N = N;. Then M <y A, N < B and
M N (x) = (x"*"). Furthermore, M N H =M N"M,NH =1=N,NH=NnNH. Thus,

the proof is now complete. |
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Next we prove the weak potency of generalized free products amalgamating an infinite
cyclic subgroup. The following theorem appeared in (Wong et al. 2010) but there are

some overlooked cases in the proof. Here we prove the theorem using Theorem 4.1.

Theorem 4.4. Let G = A xg B where H = (h) is an infinite cyclic group. Suppose that A

and B are weakly potent and (h)—separable. Then G is weakly potent.

Proof. Suppose that we are given any R <\y H. Then R = (h*) for some k > 0. Since A
and B are weakly potent, by Remark 2.7, there exists a positive integer r; such that for
each positive integer n, there exists P4 <y A such that P4 N (h) = (h"'"). For this case,
we choose n = k. Hence we have P4 N (h) = (h""2F). By Remark 2.7 also, we can find
a positive integer r, such that for each positive integer n, there exists Pg < B such that
P N (h) = (K""). For this case, we choose n = r1k. Hence we have Pg N (h) = (h"172k).
Therefore, P4 N (h) = Pg N (h) = (W"1"2*)y C R.

Next, let x € A such that [x| = co. By Remark 2.7, we let M| <1y A be such that
My N (hy = (W""2). Suppose that M| N (x) = (x*) for some integer s > 0. By weak
potency of A, there is a positive integer r such that for each positive integer n, there exists
M> <1y A such that M N (x) = (x""). Let M = MiNM>. Then M <y A, M N {x) = (x"*")
and

M N (B = (B

for some integer 7 > 0. By weak potency of B, again by Remark 2.7, we let N < B be
such that

N N (h) = (h71.

Thus, we have M N (h) = N N (h). Therefore, by Theorem 4.1, G is weakly potent. 1
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Now we apply our criterion to generalized free products of weakly potent groups

amalgamating the subgroup of the form (k) X D, where D is finite.

Theorem 4.5. Let G = A xy B, where H = (h) X D such that |h| = co and D is finite.

Suppose that A and B are weakly potent and (h)—separable. Then G is weakly potent.

Proof. By Lemma 2.6, A and B are H—separable. By Lemma 2.8, for each R <r H, we
have Py <y A and Pp <\y B where PANH = PpNH CR.

Now we show the following. Let x € A such that |x| = co. Since A, B are (h)—
separable, (h) N D = 1 and D is finite, we have M; <Iy A and N; <y B such that
Mi(hynD =1 = Ni(h) N D. Let My N (h) = (h*') and N; N (h) = (h*?) for some
integers 51,52 > 0. By Remark 2.7, let M> <1y A be such that M> N (h) = (A"1"2%1°2),
Suppose that M} N M, N (x) = (x*) for some integer s > 0. For A is weakly potent, there
is a positive integer r such that for each positive integer n, we have M3 <y A such that

M3 N (x) = (x""). Let M = My " M, N M3. Then M <y A, M N (x) = (x"*") and

M N <I’l> — <hl‘1r25‘15‘2t>

for some integer ¢ > 0. By weak potency of B, again by Remark 2.7, we let N, <\y B be

such that N, N (h) = (h1">*1%2") Let N = N; N N>. Then N <iy B and

N O () = (B9,

Thus, we have M N (h) = N N (h) and also M{(h) " D = 1 = N(h) n D. Since
M N ((hy x D) = M N {hyand N N ((h) x D) = N N (h), we thenhave M N H = NN H.

Therefore, by Theorem 4.1, G is weakly potent. |
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Corollary 4.6. Let G = A« B where H = (h) X D such that D is finite. Suppose that
A and B are finite extensions of a finitely generated nilpotent groups. Then G is weakly

potent.

Proof. If |h| < oo and since D is finite, then H is finite. Thus, by Theorem 4.3, G is

weakly potent. If || = oo, then G is weakly potent by Theorem 4.5. |

Finally, we shall apply our criterion (Theorem 4.1) to certain generalized free products
of weakly potent groups amalgamating finite extensions of a central subgroup. We begin

with the following lemma of Wong and Wong (2014).

Lemma 4.7. Let C be a finitely generated abelian group and c € C where |c| = co. Then
for any positive integer n, there exists a characteristic subgroup R.j, of finite index in C

such that R.;, N {c) = {c").

Theorem 4.8. Let G = Ay B. Suppose there exists C < H such that C C Z(A) N Z(B) is
finitely generated with |H : C| < oo. Suppose that A and B are central subgroup separable

and A/C, B/C are weakly potent. Then G is weakly potent.

Proof. We shall use Theorem 4.1. Note that A and B are C—separable for A and B are
central subgroup separable. Thus, by Lemma 2.12, A and B are H—separable. Now
suppose that we are given any R <\y H. Let Rc = RN C. Then Rc <1y C. Note that
Rc <A and R¢ < B is finitely generated for Rc is a subgroup of finite index in the finitely
generated subgroup C. Furthermore, |H : R¢| < oo since |H : C| < co. Then by Lemma
2.13, there exist Py <\y A and Pg <1y B suchthat PANH =PgNH=Rc CR.

Next we show the following. Let x € A such that |x| = co. Note that C is a finitely

generated abelian group.
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Cask 1. Suppose that C N (x) = 1. Then |xC| = co. Now form G = A/C =y,c B/C.
Clearly, G is a homomorphic image of G. Note that A = A/C and B = B/C are residually
finite by Lemma 2.11. Furthermore, since they are weakly potent and H/C is finite, then
by Theorem 4.3, G is weakly potent. Denote ¥ = xC. Thus, we can find a positive
integer r such that for each positive integer n, there exists L < f G such that [¥L| = rn
in G/L. Let L be the preimage of L in G. Then L <y G and |xL| = rn in G/L. This
implies L N (x) = (x""). Nowlet M = LN Aand N = L N B. This implies M <1y A
and N <y B. Furthermore, we have M N (x) = LN AN {x) = LN (x) = (x™) and
MNH=LNANH=LNH=LNBNH=NNH.

Cask 2. Suppose that C N (x) = (x") for some integer r > 0. By Lemma 4.7, there
exists a characteristic subgroup R, of finite index in C such that R., N (x") = (x"") for

any positive integer n. Hence

Rep N {(x) = Rep NCN(x) = Rep N(x") = (xX').

Note that R, is a finitely generated normal subgroup of A and of B. Furthermore, R.;, <1y H.
Now we form G = A *HE where A = A/R.;, B = B/R., and H = H/R,),. Note that, in
G, |%| = rnand A, B are R.,—separable for A and B are central subgroup separable and
R.;, € Z(A)NZ(B) is finitely generated. Then by Lemma 2.11, A and B are residually finite.
Then, for H is finite, G is residually finite by Theorem 3 of Baumslag (1963). Thus, there
exists L <1y G such that %, ¥%,..., %! ¢ L but ¥ € L. This implies L N (¥) = (¥"™).
Let L be the preimage of L in G. Then L <r Gand L N {x) = (x""). Now as in Case 1,
welet M = LNAand N = LN B. Thus, we willhave M <y A, N <y B, M N {x) = (x"")

and M N H = N N H. Therefore our result now follows from Theorem 4.1. [ ]
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Remark 4.9. Let A be a finite extension of a finitely generated nilpotent group. Then
there exists T <1y A where T is a finitely generated nilpotent group. If there exists N <1 A,
then TN/N = T /(T N N) is finitely generated nilpotent and 7N is a normal subgroup of

finite index in A. Hence, A/N is weakly potent and subgroup separable.

Thus, by Theorem 4.8, we have the following.

Corollary 4.10. Let G = A« B where A and B are finite extensions of a finitely generated
nilpotent groups. Suppose there exists C < H such that C C Z(A) N Z(B) is finitely

generated with |H : C| < co. Then G is weakly potent.

4.4 Tree Products

Note that Lim (2012) and Wong et al. (2010) have proved the weak potency of the
tree products of weakly potent groups amalgamating finite subgroups and amalgamating
infinite cyclic subgroups respectively. In this section, we shall extend Theorem 4.5 to tree

products of finitely many groups. We need the following lemma of Kim (1992).

Lemma 4.11. Let G = A gy B, where A and B are H—separable. Suppose that for each
R <y H, there exist M <y Aand N <y B suchthat M N H =N NH C R. Let K be any

subgroup of B such that B is K—separable. Then G is K—separable.

From Lemma 4.11, we can obtain the following lemma.

Lemma 4.12. Let G = A xyg B where H = (h) X D such that |h| = co and D is finite.
Suppose that A and B are weakly potent and (h)—separable. Let K be any subgroup of B

such that B is K—separable. Then G is K—separable.

Proof. By Lemma 2.6, A and B are H-separable. Since A and B are (h)—separable and
(h)—wpot, by Lemma 2.8, for each R <1y H, there exist M <{y A and N <y B such that

M NH=NnNH C R. Thus, our result follows from Lemma 4.11. [ |
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We need an additional assumption that G is weakly potent in order to extend Lemma

4.12 to a tree product.

Lemma 4.13. Let G = (Gy,...,G, | H;j = Hj;) be a tree product of Gy,...,G,
amalgamating the subgroups H;; < G; and H;; < G; where H;; " Hy, = 1 for j # k.
Suppose that each H;; = (h;j) X D;j such that |h;j| = oo and D;; is finite. Suppose
furthermore that each G; is (h;;)—separable and G is weakly potent. Let K be any subgroup

of G, such that G, is K—separable where 1 < r < n. Then G is K—separable.

Proof. First, note that each G; is weakly potent since we assume G to be weakly potent.
Now we prove by induction on n. The case n = 2 follows from Lemma 4.12. For the case
n>3,let G = G’ i G, as in Lemma 2.17. Now by induction, G” is {(h,-1),)—separable.
Note that G, is {/(,—1))—separable by our assumption. Furthermore, G’ and G,, are weakly
potent since G is weakly potent.

Suppose K < G’. By induction, G’ is K-separable. Then by Lemma 4.12, G is
K—separable.

Suppose K < G,. By our assumption, G, is K—separable. Then again, by Lemma 4.12,

G is K—separable. |
Now we can extend Theorem 4.5 to tree products as follows.

Theorem 4.14. Let G = (Gy,...,G,|H;; = Hj;) be a tree product of Gy, ...,G,
amalgamating the subgroups H;; < G; and Hj; < G; where H;; N Hy. = 1 for j # k.
Suppose that each H;j = (h;;) X D;; such that each |h;;| = co and D;; is finite. Furthermore,

suppose that each G; is (h;j)—separable and weakly potent. Then G is weakly potent.

Proof. We shall proof by using induction on n. For the case n = 2, our result will follows
from Theorem 4.5. For the case n > 3, let G = G’ gy G, as in Lemma 2.17. By induction

hypothesis, G” is weakly potent. By assumption, each G; is (h;;)—separable. In particular,
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Gy-1 i8 (h(,—1)n)—separable. Then by Lemma 4.13, G’ is (h(,-1),)—separable. Next, by our
assumption, G, is (hn(n_1)>—separable and weakly potent. Therefore, by Theorem 4.5, G is

weakly potent. |
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CHAPTER 5: WEAK POTENCY OF HNN EXTENSIONS

5.1 Introduction

In this chapter, we shall investigate the weak potency of HNN extensions of weakly
potent groups. It has been shown by Wong et al. (2010) that the HNN extension G =
(A, t|t™'Ht = K, ¢) where the base group A is weakly potent and H = (h), K = (k) are
infinite cyclic with 2™ = k*" for some m > 0 is again weakly potent. We will expand on
this theorem.

As in the previous chapter, we first prove a criterion (Theorem 5.2 below) for the weak
potency of HNN extensions of weakly potent group. Then we apply our criterion to the
HNN extension G = (A, t |t 'Ht = K, ¢) where (i) H, K are finite (Theorem 5.3), (ii)
H = (h),K = (k) or H=(h) x D, K = (k) X E where (h), (k) are infinite cyclic and
D, E are finite (Theorem 5.4, Theorem 5.5, Theorem 5.6 and Theorem 5.7) and finally (iii)

H, K are finite extensions of central subgroups (Theorem 5.10).

5.2 The Criterion
In this section, we prove Theorem 5.2, which is similar to Theorem 3.2 of Wong and
Wong (2014). The following lemma is known to many researchers in this area (see (Karras

& Solitar, 1970; Evans, 1974; Wong, 1993).

Lemma 5.1. Let G = (A, t|t"'Ht = K, ¢) where A is a finite group. Then G is free-by-

finite, and hence, weakly potent and subgroup separable .
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Theorem 5.2. Let G = (A, t | t"'Ht = K, ¢). Suppose that

(a) A is residually finite, H—separable and K—separable; and

(b) for each M <y A, there exists P <y A such that P € M and (PN H) = PN K.

Then G is weakly potent if and only if, for any a € A of infinite order, we can find a positive
integer r such that for each positive integer n, there exists N <y A such that NN {a) = {a"")

and (N N H) = NNK.

Proof. Suppose that G is weakly potent. Let a € A such that |a| = co. Then, we can find
a positive integer r such that for each positive integer n, there exists L <y G such that
LN(a) = (a™). LetN = LNA. Then N<fAand NN{a) = LNAN{a) = LN{a) = (a"").
Furthermore, wehave NN H = LNANH = LN H and hence o NNH) =t (LN H)t =

t'Ltnt'Ht=LNnK=LNANK=NnNK.
Conversely, let x € G such that |x| = oco.

Cask 1. Suppose that ||x|| = 0, that is x € A. By our assumption, there is a positive integer
r such that for each positive integer n, there exists N <y A such that N N (x) = (x"") and
o(NNH)=NNK. NowweformG = (A, t|t"'Ht = K, ) where A = A/N, H = HN/N,
K = KN/N and ¢ is the induced homomorphism of ¢. Clearly, |X| = rn in the
homomorphic image G of G. Now since A is finite, by Lemma 5.1, G is residually finite.
Hence there exists L < f G such that x, x%, ..., %" ' ¢ Lbut ¥ € L. Clearly, G/Lisa

finite group in which |¥L| = rn. Let L be the preimage of L in G. Then L <y G and the

order of xL is exactly rn in the finite group G/L.

Cask 2. Suppose that ||x|| > 1.
SuBcask 2.1. Suppose that x is cyclically reduced. We may assume without loss of
generality that x = aot®' a1t ...t°a,, where a; € A and n > 1. By (a), there exists

M<1fAsuchthata,~ ¢ HM ifa; ¢ H,a; ¢ KM ifa; ¢ K and a; ¢ M if a; € HN K\{1}
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for all i = 1,...,n. By assumption (b), there exists P <1y A such that P € M and
e(PNH)=PNK.Let N=MnNP. Then N <y Aanda; ¢ HN ifa; ¢ H, a; ¢ KN if

ai¢ Kanda; ¢ Nifa; €e HN K\{1} foralli = 1,..., n. Furthermore, we have

oNNH) =p(MNPNH)=p(PNH)=PNK=MNPNK=NnK.

Now as in Case 1, we form G. Then ¥ € G is cyclically reduced, ||X|| = ||x|| with |X| = .
Since A is finite, G is weakly potent by Lemma 5.1. Thus, we can find a positive integer r
such that for each positive integer n, there exists L <y G such that |¥L| = rnin G/L. Let
L be the preimage of L in G. Then L <iy G and xL has order exactly rn in the finite group
G/L.

SuBcask 2.2. Suppose that x is not cyclically reduced. Then x is conjugate to a
cyclically reduced element x” of G. By Cask 1 or SuBcask 2.1, there exists L <\y G such
that x” L has order exactly rrn in the finite group G /L. Note that the order of xL is exactly

rn in the finite group G /L. Thus, the proof is now complete. |

5.3 HNN Extensions with Various Associated Subgroups
We begin by proving the following useful and known result (Theorem 5.3). For

completeness, we give a proof here.

Theorem 5.3. (Lim, 2012) Let G = (A, t | t"'Ht = K, @) where A is residually finite and

weakly potent. Suppose that H and K are finite. Then G is weakly potent.

Proof. Note that A is H—separable and K—separable by Lemma 4.2. Let M < A be
given. Since H, K are finite and A is residually finite, there exists My <y A such that
MonH=1=MyNnK.Let P=MNMy. Then Py A,PC Mand PNH=1=PnNK.

Hence (PN H) = PNK.
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Now let a € A such that |a| = co. Again, since H and K are finite, we have Ny <1y A
suchthat NoN H =1 = Ny N K. Let Ny N {(a) = (a®) for some integer s > 0. Since A
is weakly potent, we can find a positive integer r with the property that for each positive
integer n, there exists Ni <y A such that Ny N {a) = (a""). Let N = No N N;. Then
N<yA,Nn{a) ={a""yand NNH = 1= NnNK. Hence (N N H) = NN K. Therefore

G is weakly potent by Theorem 5.2. |

We now consider the HNN extensions G = (A, t |t 'Ht = K, ¢), where H = (h),

K = (k) are infinite cyclic.

Theorem 5.4. Let G = (A, t |t~ 'Ht = K, ¢) where H = (h), K = (k) are infinite cyclic.
Suppose that A is residually finite, weakly potent, {h)—separable and {k)—separable. If

h ~4 k, then G is weakly potent.

Proof. We shall prove by using Theorem 5.2. By Lemma 3.2(i), for each M <11 A, there
exists P <y A such that P C M and ¢(P N (h)) = P N (k).

Now let any a € A such that |a| = co. Since A is weakly potent, there is a positive
integer r such that for each positive integer n, there exists N <Ir A such that N N {a) = (a"™").
Suppose that N N (h) = (h€) for some € > 0. Since i = bkb~! for some b € A, as we have
shown in the proof of Lemma 3.2(i), we have N N (k) = (k€). Thus, (N N{h)) = N N{k).

Therefore, by Theorem 5.2, G is weakly potent. |

Wong et al. (2010) have proved that HNN extensions of weakly potent groups with
cyclic associated subgroups having non-trivial intersection are weakly potent (see Theorem
3.1 of Wong et al., 2010). But there are some overlooked cases in the proof. In this thesis,

we shall prove the theorem using the criterion.
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Theorem 5.5. (Wong et al., 2010) Let G = (A, t |t 'Ht = K, ) where H = (h), K = (k)
are infinite cyclic with (h) N (k) # 1. Suppose that A is residually finite, weakly potent,
(h)—separable and {k)—separable. Then G is weakly potent if and only if ™ = k=" for

some m > Q.

Proof. Suppose that G is weakly potent. Since (h) N (k) # 1, let " = kP for some
non-zero integers m, p. Then, there is a positive integer r such that for each positive
integer n, we have L <1y G such that h = hL has order exactly rn in G = G/L. Choose
n = |p|lm|. Then || = (r|p||m|)/|m| = r|p| and |h”| = r|m|. Since hP” is conjugate to
h™ in G = G/L, we have r|m| = r|p|, and therefore, |m| = |p|.

For the converse, we shall use Theorem 5.2. By Lemma 3.2(ii), for each M <1y A, there
exists P <y A such that P € M and (P N (h)) = P N (k).

Next, we show the following. Let a € A such that |a| = co. By Remark 2.7, there exist
positive integers ry, r» such that for each positive integer n, there exist M1 <1y A and M, <1y A
such that M; N (h) = (KW' and M, N (k) = (k""). Choose n = rym for M; and n = rym
for M, for some m > 0. Thus, we have M| N (h) = (W""?2™) and M, N (k) = (k""2™).
Suppose that My N M, N {a) = (a*) for some integer s > 0. Since A is weakly potent,
there is a positive integer r such that for each positive integer 7, there exists M3 <y A such
that M3 N (a) = (a™"). Let N = M N M, N M3. Then N <y A and N N {(a) = (a"").

Furthermore, we have

NN {h)y = My N M, M;n (h)
= M, N M3 N (A7)
= My N Mz N (K"

= M50 (K"
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= M3 N (R,

and

NN (k) =M NnM,NM;n (k)
= M; N Mz N (kMM
= M; N Mz N (WM""M

= My 0 (R,

This implies N N (h) = N N (k). Now suppose that N N (h) = (h""2""9) for some g > O.
Then, N N (k) = (W24}, Hence, ¢(N N (h)) = N N (k). Therefore, by Theorem 5.2, G

is weakly potent. |
We now consider HNN extensions G = (A, t |t~ Ht = K, ¢) as defined in Remark 3.5.

Theorem 5.6. Let G = (A, t|t"'Ht = K, ¢) be as in Remark 3.5. Suppose that A is
residually finite, weakly potent, (h)—separable and {k)—separable. If h ~4 k, then G is

weakly potent.

Proof. We shall prove by using Theorem 5.2. By Lemma 2.6, A is H-separable and
K—separable. By Lemma 3.6(i), for each M <1 A, there exists P <1y A such that P C M
and (PN H)=PNK.

Next, we show the following. Let a € A such that |a| = co. Since A is (h)—separable
and (k)—separable, D, E are finite and (h) N D = 1 = (k) N E, there exists M’ <1y A such
that M’(h) "D =1 = M’{k) N E. Suppose that M’ N (a) = (a®) for some integer s > 0.
Since A is weakly potent, we can find a positive integer r such that for each positive integer

n, there exists My <1y A such that My N (a) = (a"*"). Let N = M’ N Mp. Then N < A,
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Nn{a)=(a"")and N(hy "D =1 = N(k) N E. Suppose that N N (h) = (h¢) for some
€ > 0. Then, as shown in the proof of Lemma 3.2(i), we have N N (k) = (k€). Hence,
©(N N (h)) = N N (k). Since N N ({(h) x D) = NN {h)yand N N (k) X E) = N N (k),

we have (N N H) = N N K. Therefore G is weakly potent by Theorem 5.2. |

Theorem 5.7. Let G = (A, t|t"'Ht = K, ¢) be as in Remark 3.5. Suppose that A is
residually finite, weakly potent, (h)—separable, {k)—separable and (h) N (k) # 1. Then G

is weakly potent if and only if K" = k*™ for some m > 0.

Proof. The first part of the proof is similar to that in the proof of Theorem 5.5. Now
suppose that A" = k*™ for some m > 0. We shall use Theorem 5.2. By Lemma 2.6, A is
H-separable and K—separable. By Lemma 3.6(ii), for each M <1y A, there exists P <y A
suchthat P C M and (PN H) = PNK.

Next, we show the following. Let a € A such that |a| = co. Since A is (h)—separable and
(k)—separable, D, E are finite and (h) N D =1 = (k) N E, there exists M’ <y A such that
M'{hynD =1=M'{k) NE. Now, let M’ N (h) = (h*') and M’ N (k) = (k*?) for some
integers s1, 52 > 0. As noted in Remark 2.7, there exist positive integers ry, r» such that
for each positive integer n, there exist M <1y A and M, < A such that M; N (h) = (h"")
and M, N (k) = (k""). Choose n = rys;sym for My and n = rysysom for M, for some
m > 0. This, we have M| N (h) = (K721 and M, N (k) = (kK"1725152™)  Suppose that
M’ N M; N M, N {a) = (a®) for some integer s > 0. By weak potency of A, there is a
positive integer r such that for each positive integer n, there exists M3 <1y A such that
M3 N {a) =(a""). Let N = M" 0N My N M> N Ms. Then N <y A, NN {a) = (a"") and

N{(h)yND =1= N(k)nE. Now we show ¢o(N N H) = N N K. Note that we have,

NN<(h)y =M N M N M,NM;nN {h)

— M2 m M3 m <hr1r2S152)7l>
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— M2 m M3 m <kr1}’2S152m>
— M3 N <kr1r2s|szm>

— M3 n <hr1r2s1szm>

and

Nn<ky =M n M N Myn Msn (k)
— M] n ]‘43 m (kr1r2s1s2m>
= M N Mz N (R85

— M3 m <hr1r25152m>'

This implies N N (h) = N N (k). Now suppose that N N (h) = (h"1725152Mq) for some
integer ¢ > 0. Then, N N (k) = (K""2*1%2"4) Hence, ¢(N N (h)) = N N (k). Since
NN ((hyx D) = Nn<(hyand N N (k) X E) = N N {k), we have (N N H) = NN K.

Therefore G is weakly potent by Theorem 5.2. |

Corollary 5.8. Let G = (A,t |t 'Ht = K, ¢) be as in Remark 3.5. Suppose that A is a
finitely generated nilpotent group. Then G is weakly potent if h ~4 k, or if and only if

h" = k=" for some m > 0 whenever (h) N (k) # 1.

Next, we shall show the weak potency of HNN extensions G = (A, |t ' Ht = K, ¢)
where H and K are finite extensions of a central subgroup of A. We only consider the case

HNK #1.
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Lemma 5.9. Let A be a finite extension of a finitely generated nilpotent group T with
subgroups H, K such that HN K # 1. Let ¢ : H — K be an isomorphism from H onto K.
Suppose there exists Q < HN K such that Q C Z(A) is finitely generated with |H : Q| < oo,
|K : Q| < o0 and ¢(Q) = Q. Then, for any element a € A of infinite order, there exists
a positive integer r such that for each positive integer n, there exists N <\y A such that

Nn{a)=(a™")and (N NH)=NnNK.

Proof. First, note that Q is finitely generated abelian. Let a € A such that |a| = co. We

divide our proof into two cases.

Case 1. Suppose that Q N (a) = (a") for some integer r > 0. By Lemma 4.7, for
any integer n > 0, there exists a characteristic subgroup R, of finite index in Q such
that R., N {(a") = (a"). Hence R., N {a) = Ry N QO N{a) = Ry N {a") = (@) and
@(Rcn) = Rep since ¢(Q) = Q. Note that R.;, < A is finitely generated and R., <y H,
Rcp <y K. Now we form A = A/R.p,. Then H = H/Ri, K = K /R, are finite and |a| = rn
in A. Furthermore, A is R.,—separable for A is subgroup separable. Hence, by Lemma
2.11, A is residually finite. Thus, there exists N </¢ A such that @, a> ...,a™ ' ¢ N but
a" e N,and NnH =1=NnK. Let N be the preimage of N in A. Then N < A,

Nn{a)=(a"yand NN H =R.,;, = NNK. Hence o(N N H) = ¢(R.;) = R, = NN K.

CasE 2. Suppose that Q N {(a) = 1. We form A = A/Q. Then H = H/Q, K = K/Q are
finite and @ = aQ is of infinite order in A. Note that A is Q—separable since Q is finitely
generated and A is subgroup separable. Hence, by Lemma 2.11, A is residually finite.

=MnNK. Let

—|

Thus, for finite subgroups H, K, there exists M <1 A such that M N H =
M n{a) = (a*) for some integer s > 0. Note that A is weakly potent since A is a finite
extension of the finitely generated nilpotent group T = TQ/Q (see Remark 4.9). Thus,

there exists a positive integer r with the property that for each positive integer n, there exists
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My <1y A such that Mo {a) = (@"*"). Let N = MNMy. Then N<i;A, NnH =1=NnK
and N N (a) = (@"*"). Let N be the preimage of N in A. Then N <df A, Nn{a) = {(a"")

and NNH =0 =NnK. Hence o(NNH) =¢(Q)=0=NnK. ]

Theorem 5.10. Let G = (A,t|t~'Ht = K, ) where A is a finite extension of a finitely
generated nilpotent group with subgroups H, K such that H N K # 1. Suppose that there
exists Q < HN K such that Q C Z(A) is finitely generated with |H : Q| < oo, |[K : Q| < o0

and ¢(Q) = Q. Then G is weakly potent.

Proof. Leta € A\ H. Now, we form the group A = A/Q. Then, H = H/Q, K = K/Q
are finite and @ = aQ ¢ H. Note that A is residually finite for A is a finite extension of the
finitely generated nilpotent group T = TQ/Q (see Remark 4.9). Therefore, there exists
N <y A such that N N @H = 1. Let N be the preimage of N in A. Then a ¢ NH. Hence,
A is H—separable. Similarly, A is K—separable. The theorem now follows from Theorem

5.2 and Lemmas 3.13 and 5.9. [ ]

Corollary 5.11. Let G = (A, t|t"'Ht = K, @) where A is a finite extension of a finitely
generated nilpotent group with subgroups H, K where H N K # 1. Suppose there exists
C < Hand D < K such that C,D C Z(A) are finitely generated with |H : C| < oo,
|K : D| < co. Suppose that

(i) CD < HNK with |H : CD| < oo, |K : CD| < o0 and ¢(CD) = CD; or

(ii) CND <y C,CND <y Dand p(CND)=CnND.

Then G is weakly potent.

Proof. (i) If CD < HN K and ¢(CD) = CD, we let Q = CD. (ii)If Cn D <y C,
CND<yDand o(CND)=CnND,weletQ=Cn D. Thus, the corollary follows from

Theorem 5.10. [ |
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CHAPTER 6: FUNDAMENTAL GROUPS OF GRAPHS OF GROUPS

6.1 Introduction

It has been shown by Kim (2004) that the fundamental group of graphs of groups
G = (A, tl,...,t,,|tl.‘1H,-t,- = K;,¢;,i = 1,...,n) where each H; = (h;), K; = (k;) are
infinite cyclic with & = k™ for some m; > 0 are cyclic subgroup separable (see Kim
(2004)). In this chapter, we shall prove the cyclic subgroup separability of fundamental
groups of graphs of groups G = (A, t1,...,1,| ti‘lHiti = K;, ¢;,i = 1,...,n) where each
H; = (h;) X D;, K; = (k;) X E; and each (h;), (k;) are infinite cyclic and D;, E; are finite

(Theorem 6.6).

6.2 Cyclic Subgroup Separability

We shall begin with the following remark.

Remark 6.1. Let G = (A ty,....1,|t7 ' Hit; = K, ¢;,i = 1,...,n) where each H; =
(h;) X D; and K; = (k;) X E; such that |h;| = oo, |k;| = oo, D;, E; are finite subgroups and
@i : Hi — K; is an isomorphism such that ¢;({%;)) = (k;) and ¢;(D;) = E;.

We define G; = (A, t1,....t; |7 ' Hit; = K, gi,i = 1,...,j) foreach 1 < j < n. In
particular, we have G| = (A, 1 | tl_lHl t1 = Ky, ¢1) and G,, = G. Furthermore, we note that

foreach1 < j < n,

Gj = <A,t1,...,tj|l‘l-_1H,‘t,' :K,‘,(pi,iZ 1,...,j>

= <Gj—1,tj |l‘j_lHjtj = Kj, ()0]>

Hence G, = (G—1, 1, | 1, 'H,t, = K,, ¢,). For ease of exposition, we shall write G as

Gn=(At,... .ty |67 Hit; = Ki, i = 1,...,n).
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First, we extend Theorem 3.7 to G,,.

Theorem 6.2. Let G, = (A, 1y,...,1, | ti_lHiti =K, ¢;,i = 1,...,n) be as in Remark 6.1.

Suppose that A is we. If hy ~4 k; foreachi = 1,...,n, then G, is 7.

Proof. We shall prove by induction on n. The case n = 1, that is, G| = (A, 11 | 1y YHit =
K1, ¢1) follows from Theorem 3.7. Thus, G is .. For n > 2, by the induction hypothesis,
G- is m.. Since h; ~4 k; foreachi =1,...,n, we have h, ~g, , k,. Therefore, G, is 7,

by Theorem 3.7. u
Before we extend Theorem 3.8 to G,,, we need Lemmas 6.3 and 6.4.

Lemma 6.3. Let G = (A t|t"'Ht = K, ¢) be as in Remark 3.5. Suppose that A is
(h)—separable, {k)—separable, (h)—wpot, {k)—wpot and '™ = k*™ for some m > 0. Let

any element a € A be of infinite order such that A is {a)-wpot. Then G is {a)—wpot.

Proof. Since A is (h)—separable, (k)-separable, (h) "D =1 = (k) N E and D, E are both
finite, there exists M <1y A such that Mi(h) "D =1 = M{k) NE. Let My N (h) = (h°")
and M| N (k) = (k*2) for some integers sy, sp > 0. Since A is (h)-wpot and (k)—wpot, by
Remark 2.7, there exist positive integers ry, r» such that for each positive integer n, there
exist My <y A and M3 <1y A such that M, N (h) = (h"'"*) and M3 N (k) = (k""). Choose
n = rysysomfor My and n = rys1som for M5 for somem > 0. Let My = MiNMyNMs5. Then,
My <1y A and similarly as in the the proof of Lemma 3.2(ii), we have Mo N (h) = (h"1725152™)
and My N (k) = (K"72552M et My N (a) = (a®) for some s > 0. Since A is (a)-wpot,
we can find a positive integer r such that for each positive integer n, there exists My <1y A
such that My N (a) = (a""). Let N = My N My. Then N <1y A with N N (a) = (a"™").

Furthermore, we have

NN <I’l> = M() N M4 N <h> - M4 N <hr1r2slA92m>
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and

NN(ky=MyNnMsn<{k)y=MynN <kr1r2s1s2m> = MyN <hr1r2s1s2m>.

Hence N N (h) = N N (k). Suppose that N N (h) = (h""25152"9) for some g > 0. Then
N N (k) = (kK"'"2$152m4) - Thus, we have (N N (h)) = N N (k). Since N N ((h) x D) =
NN <(h)y and N N ((k) x E) = N n k), we have (N N H) = NN K. Now we form
G = (t,A|t7'ht = k, @), where A = A/N, H = (h) x D, K = (k) x E and note that
|a| = rsn. By Lemma 5.1, G is residually finite since A is finite. Thus, there exists L <1 f G
such that @, a2, ...,a" "' ¢ L but @*" € L. Let L be the preimage of L in G. Then we

have L <y G and |aL| = rsn in G/L. Therefore G is {a)-wpot. |
We need an additional assumption that G, is 7. in order to extend Lemma 6.3 to G,

Lemma 6.4. Let G, = (A, t1,....t, |7 'Hit; = K;, ;i = 1,...,n) be as in Remark 6.1.

Suppose that A is (h;)-wpot, {k;)—wpot and h:."i = kiimi for some m; > 0, for each
i =1,...,n. Further suppose that G, is n.. Let a € A be any element of infinite order

such that A is {a)—wpot. Then G, is {a)—wpot.

Proof. First, note that A is 7, since we assume G, is 7.. Hence A is (h;)—separable and
(k;)—separable for each i = 1,...,n. We shall prove by induction on n. For the case
n =1, thatis, G; = (A, 1 |t1‘1H1t1 = K1, ¢1), the result follows from Lemma 6.3. Then
G is {a)-wpot. Furthermore, since A is (h;)-wpot and (k;)—wpot foreachi = 1,...,n,
by Lemma 6.3, G is (h;)—wpot and (k;)—wpot for eachi = 1,...,n. Forn > 2, by the
induction hypothesis, G, is {(a)-wpot, (h;)-wpot and (k;)—wpot foreachi = 1,...,n. In
particular, G,_1 is (h,)-wpot and (k,)—wpot. Note that G,_; is 7. since G,_; is a subgroup
of G,, and we assume G, is 7r.. In particular, G, is (h,)—separable and (k,)—separable.

Thus, by Lemma 6.3, G, in {a)-wpot. [ |
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Now we are ready to extend Theorem 3.8 to G,, in the following theorem.

Theorem 6.5. Let G, = (A, 1y,...,1, | ti_lHiti =K, ¢;,i = 1,...,n) be as in Remark 6.1.
Suppose that A is ., (h;)-wpot, (k;)—wpot and (h;) N\ {(k;) # 1 foreachi =1,...,n. Then

G, is nt. if and only ifh;"i = kl.im" for some m; > 0, foreachi=1,...,n.

Proof. Suppose that G, is 7. Sinceeach G; = (A, t,...,t; |tl.‘1Hit,~ =K,p,i=1,...,])
for each 1 < j < nis a subgroup of G, then each of them must be .. Then by Theorem
3.8, h" = k™ for some m; > 0.

For the converse, we prove by induction on n. For n = 1, thatis, G| = (A, t; | 1y YHit =
K1, ¢1), the result follows from Theorem 3.8. Therefore, G| is n.. For n > 2, by the
induction hypothesis, we assume G, is .. Since A is ., (h;)—wpot and (k;)—wpot
for each i = 1,...,n, then by Lemma 6.4, G,_; is (h;)-wpot and (k;)—wpot for each
i = 1,...n. In particular, G, is (h,)—wpot and (k, )—wpot. Therefore, by Theorem 3.8,

G, is .. [ |
Now from Theorem 2.18 with Theorems 6.2 and 6.5, we have the following main result.

Theorem 6.6. Let G be a fundamental group of a graph of groups G,, amalgamat-
ing direct product of infinite cyclic and finite edge subgroups, presented by G =
(At ..., 1| tl._lHit,- = K, ;i = 1,...,n) where A is a tree product of groups G,
according to a maximal tree of the graph, such that H; = (h;) X D;, K; = (k;) X E;, |h;| = oo,
|ki| = o0, and D;, E; are finite for eachi = 1, ..., n,. Suppose that each G, is nt. and weakly
potent. Then G is n,

(i) if hi ~4 ki foreachi=1,...,n; or

(ii) if and only if bj" = k™ for some m; > 0 for eachi =1,...,n.
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CHAPTER 7: CONCLUSION

71 Conclusion

In conclusion, we have obtained several results on cyclic subgroup separability and
weak potency throughout this research. First, we used previously proved criterion of cyclic
subgroup separability for both generalized free products and HNN extensions to proved the
cyclic subgroup separability and weak potency of generalized free products amalgamating
certain subgroups and HNN extensions associating certain subgroups. We also have
extended our results to cyclic subgroup separability of tree products and fundamental
groups of graphs of groups.

Next, we have established several criterion in Theorems 4.1 and 5.2 which are useful
for determining the weak potency of generalized free products and HNN extensions
respectively. With these criterion, we have proved the weak potency of generalized
free products amalgamating certain subgroups and HNN extensions associating certain

subgroups.

7.2 Further Research

Note that recently Zhou and Kim have shown the abelian subgroup separability of
certain generalized free products and HNN extensions (Zhou & Kim, 2017, 2018). Hence
some of our results, especially Theorems 2.9, 2.14, 3.7, 3.8, 4.4, 4.5, 5.6 and 5.7 can serve
as useful starting points for extension to abelian subgroup separability.

The results of cyclic subgroup separability and weak potency of tree products (Theorems
2.18 and 4.14 respectively) can be further extended to polygonal products. Finally, some
further research can be done to fundamental groups of graphs of groups to be weakly

potent.
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