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CONVECTIVE HEAT TRANSFER OF CATTANEO-CHRISTOV HEAT FLUX

MODEL OVER AWEDGE

ABSTRACT

The convective boundary layer flow, heat and mass transfer of Cattaneo-Christov heat

flux model over a wedge is investigated. The heat transfer of two-dimensional, steady,

incompressible laminar flow of upper-convected Maxwell fluid and Carreau fluid past a

horizontal plate and a horizontal wedge are studied by using Cattaneo-Christov heat flux

model. The mathematical formulation of the governed equation is presented. Similarity

transformation for local similarity solution is used to reduce the partial differential equations

to nonlinear ordinary differential equations. The resulting nonlinear ordinary differential

equations are solved numerically using second-order and third-order finite difference

method. Comparisons of present result with previously published results are done and they

are found to be in good agreement. The numerical values of local skin friction coefficient,

local Nusselt number and local Sherwood number are tabulated. The effects of local

Deborah number, Weissenberg number, wedge angle parameter, power-law index, Prandtl

number, Schmidt number, suction parameter, heat generation/absorption parameter, heat

radiation parameter and chemical reaction parameter on the fluid velocity, temperature

and concentration profiles are presented graphically and discussed in details. Several

dimensional forms of the system are provided and the heat map of the thermal boundary

layer with different parameters are analysed.

Keywords: Cattaneo-Christov heat flux model, finite difference method, upper-convected

Maxwell fluid, Carreau fluid, horizontal wedge.

iii

Univ
ers

ity
 of

 M
ala

ya



PEMINDAHAN HABA BEROLAK DENGAN MODEL FLUKS HABA

CATTANEO-CHRISTOV KE ATAS BAJI

ABSTRAK

Aliran lapisan sempadan berolak, pemindahan haba dan jisim dengan model fluks haba

Cattaneo-Christov ke atas baji mendatar telah dikaji. Pemindahan haba bagi aliran dua

matra, mantap, tak termampat, bendalir lamina berolak atas Maxwell dan bendalir Carreau

melepasi satu permukaan mendatar dan satu baji mendatar dikaji dengan menggunakan

model fluks haba Cattaneo-Christov. Perumusan matematik bagi persamaan menakluk

dipaparkan. Transformasi keserupaan untuk penyelesaian keserupaan setempat digunakan

untuk menurunkan persamaan pembezaan separa kepada persamaan pembezaan biasa

tak linear. Persamaan pembezaan biasa tak linear yang terhasil diselesaikan secara

berangka dengan menggunakan kaedah beza terhingga bagi peringkat kedua dan ketiga.

Perbandingan keputusan sekarang dengan keputusan terdahulu yang telah diterbitkan

dilakukan dan didapati sangat memuaskan. Nilai berangka pekali geseran kulit setempat,

nombor Nusselt setempat dan nombor Sherwood setempat dipaparkan dalam bentuk jadual.

Kesan nombor Deborah setempat, nombor Weissenberg, parameter sudut baji, indeks

hukum kuasa, nombor Prandtl, nombor Schmidt, parameter sedutan, parameter penjanaan

haba/penyerapan, parameter radiasi haba dan parameter reaksi kimia pada profil halaju,

suhu dan kepekatan bendalir dibentangkan secara grafik dan dibincangkan secara terperinci.

Beberapa bentuk dimensi sistem disediakan dan peta haba lapisan sempadan haba dengan

parameter yang berbeza dianalisis.

Kata Kunci: model fluks haba Cattaneo-Christov, kaedah beza terhingga, bendalir

berolak atas Maxwell, bendalir Carreau, baji mendatar.
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CHAPTER 1: INTRODUCTION

1.1 Fluid Dynamics

Fluid mechanics is a branch of physics that takes into account the mechanics of fluids

(such as plasmas, liquids and gases) and the forces on that medium. Fluid mechanics

has two seemingly compelling fields of study; fluid statics and fluid dynamics. Fluid

statics deals with fluids at rest, while fluid dynamics deals with the forces on the motion of

fluids. The aim in fluid dynamics is to construct a mathematical model that can represent

the motion of fluid under certain conditions. The motion of the fluid is governed by the

following principles:

1. Conservation of mass.

2. Conservation of momentum (Newton’s second law of motion).

3. Conservation of energy (first law of thermodynamics).

Some examples of applications of fluid dynamics include air-conditioning system in a

room, water heater and air flow around an aeroplane.

1.2 Boundary Layer

The term boundary layer was coined by Ludwig Prandtl (1904), who bridged the idea of

ideal and real fluids. At that time, the classical theory of inviscid flow stated that viscous

forces in a fluid are relatively negligible compared to the inertial forces of the fluid. This

statement is considered true as the viscosity of many fluids are extremely low. But in many

cases, Prandtl noticed that viscous forces are still important in some local regions of fluids

flow. He found that there is a thin layer between surface and fluid where the fluid sticks to

the surface, most probably due to the friction force exerted to the fluid. This thin layer is

called boundary layer.
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In this region, the viscous forces and inertial forces are comparable in magnitude. In

direction of normal to the surface, the flow accelerates from zero velocity at the surface

to a relatively high free stream value away from the surface. Based on this observation,

Prandtl classified two regions in the fluid; the boundary layer and outside the boundary

layer. In the boundary layer, the viscosity of the fluid and skin friction are dominant, while

outside the boundary layer, the flow is inviscid.

This observation greatly reduced the complexity of Navier-Stokes equations. The

equations which modelled the boundary layer can be solved numerically using existing

numerical method.

1.3 Upper-Convected Maxwell Fluid Model

The power-law model is a general model to describe the thinning and thickening

behaviour of fluids. The law is also called as Ostwald-de Waele power law, named after

Wilhelm Ostwald and Armand de Waele, the scientists who developed it. The power-law

for generalised Newtonian fluid states that:

σ = K f

(
∂u
∂y

)n

, (1.1)

where σ is the shear stress of the fluid, K f is the flow consistency parameter and n is the

power-law index. This model has some drawbacks, to which it cannot be used to describe

the viscoelastic characteristics of the fluid. In addition, the model cannot describe the

behaviour of the real non-Newtonian fluid. Maxwell (1867) proposed a fluid model based

on the power-law model. His model captures the viscoelastic characteristic that lacks from

the power-law model. The model is useful because it shows both elasticity and viscosity

properties of a material. The generalisation of Maxwell material for large deformations

is proposed by Oldroyd (1950), and it is called upper-convected Maxwell (UCM) model,

named after James Maxwell using upper-convected time derivative. The UCM model
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states that,

Ts + λ1Tu
s = 2µDr, (1.2)

where Ts is the stress tensor, λ1 is the relaxation time of the material, µ is the material

viscosity, Dr is the deformation rate tensor and Tu
s is the upper-convected time derivative

of stress tensor in the form of,

Tu
s =

∂

∂t
Ts + V · ∇Ts −

[
(∇V)T · T + Tu

s · (∇V)
]
, (1.3)

where V is the fluid velocity vector.

1.4 Carreau Fluid Model

The power-law model for generalised Newtonian fluid from Eq.(1.1) cannot describe

the flow of a fluid for a very small or a very large shear rates. This is due to the model

can only describe the fluid behaviour for a range of shear rates which fit the coefficients

used. To overcome this problem, Pierre Carreau (1972) proposed a model which captures

the above missing characteristics from the power-law model. Carreau fluid is a model of

generalised Newtonian fluid with the viscosity of the fluid depends on the shear rate of the

fluid. The general Carreau fluid model is as follows,

Ts = −PI + µA1, (1.4)

with the viscosity of the fluid µ to be,

µ = µ∞ + (µ0 − µ∞)
[
1 + (Γ Ûγ)2

] n−1
2 , (1.5)

where µ0 is the viscosity of the fluid at zero shear rate, µ∞ is the viscosity at the infinite

3
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shear rate, Γ is the relaxation time of Carreau fluid, Ûγ is the shear rate of the fluid, n is

the power-index law, P is the pressure of the fluid, Ts is the stress tensor, I is the identity

tensor and A1 is the Rivlin-Ericksen tensor.

This model is suitable for free surface flows such as suspensions of polymer behaviour

in some problems. This is because the situation requires the viscosity of the fluid to be

finite as the deformation rate becomes zero. For most practical cases, µ0 >> µ∞ (Boger,

1977). When µ∞ approaches zero, Eq.(1.4) becomes,

Ts = −PI + µ0
[
1 + (Γ Ûγ)2

] n−1
2 A1. (1.6)

1.5 Heat Transfer

The concept of heat transfer refers to the exchange of thermal energy due to a temperature

difference. The energy flows from a higher temperature region to a lower temperature

region. According to the first law of thermodynamics, the internal energy of the medium

involved is changed by heat transfer. Since energy is neither created nor destroyed, energy in

a system must flow. There are three main methods of heat transfer; conduction, convection

and radiation.

1.5.1 Conduction

Conduction describes the energy transfer when two mediums are in a physical contact.

It occurs when any two combinations of solid and liquid such as solid-solid, solid-liquid

or liquid-liquid are in contact. The energy is transferred by collisions and vibrations of

particles of the medium involved. Some examples of conduction are:

1. A thumbtack are glued with some candles to one end of a metal rod. Then the other

end of the rod is heated with flames. Eventually, the heat transferred to the candled

thumbtack and melt the candle.
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2. Ice cubes are put into a hot cup of tea. The ice will melt and the hot tea will become

cold.

3. A candle is lighted and the flame makes the candle melt.

1.5.2 Convection

Convection occurs through collective movement of particles in fluids (such as liquids

and gases). Contrary to conduction, the molecules that are undergoing convection carry

energy itself and moves from a higher temperature region to a lower temperature region.

The direction of movement of the energy depends on the position where heat is applied.

Some examples of the application of convection are:

1. A metal pot containing water at room temperature is heated at the bottom of the pot

by a gas burner. This creates a circular pattern of the heat distribution.

2. The cold air from air conditioning system comes from an air conditioner located at

the top of a room. The interaction of cold and hot air particles creates a circular

motion of air inside the room.

1.5.3 Radiation

Radiation occurs when thermal energy is transmitted using electromagnetic waves. This

method does not require particles to transfer the heat. Random movement of particles in a

medium creates a radiation. All matter with temperature above absolute zero temperature

(0 K) emit thermal radiation. Some of the examples of thermal radiation are:

1. A microwave oven heats up food by emitting thermal radiation.

2. A person’s body emits heat after heavy exercise to the surroundings in the form of

radiation. The effect is more visible in a cold weather.

3. The sun radiates heat waves in outer space, eventually reach the Earth which keeps

the Earth warm and habitable.
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1.6 Types of Convection

There are three types of convection:

1. Natural convection.

2. Forced convection.

3. Mixed convection.

1.6.1 Natural Convection

Natural convection is a mechanism of heat transfer where the fluid motion is not

generated by any external force. It depends only on density difference in fluids due to

temperature gradients. Examples of natural convection are:

1. Hot potato that laid down on a table will eventually be cooled down by surrounding

air at room temperature.

2. Warm seawater around the equator circulate towards the poles and the cold seawater

from the poles moves towards the equator.

1.6.2 Forced Convection

As a contrary to natural convection, forced convection is a heat convection which

facilitated by external forces such as a pump, a suction and a fan. Some of the examples

are air conditioning system, car radiator using coolant and a convection oven.

When natural and forced convections are combined to transfer the heat, mixed convection

phenomenon occurs. It is a situation where both pressure and buoyant forces interact with

each other. Examples of this phenomenon are electric cooling, nuclear reactor, and typical

refrigerator.
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1.7 Cattaneo-Christov Heat Flux Model

Heat transfer in a fluid has gained a considerable attention due to its application in

industries such as heat dissipation in mobile phones and water heater. Fourier (1822)

proposed a heat conduction model in a medium and it has been the best model to give a

comprehensive knowledge on heat exchange mechanism in various situations. This Fourier

law of heat conduction is used to describe heat transfer in simple problems, which the idea

of heat transfer is revolved back then. Fourier law states that,

q = −k∇T, (1.7)

where q is the heat flux of the fluid, k is the thermal conductivity of the fluid and ∇T is the

local temperature gradient.

The primary downside of the law is any initial disturbance to the system will affect

the fluid instantly, which is not a representative to many complex cases. Cattaneo (1948)

overcome this problem by including a thermal relaxation time parameter to present the

thermal inertia into the equation. The law is known as Maxwell-Cattaneo law. The law

is further refined by Christov (2009) by obtaining the material-invariant properties. He

changed the time derivative in Maxwell-Cattaneo model with the Oldroyd upper convected

derivative to obtain the material-invariant properties. The law from Eq.(1.7) becomes,

q + λ2

(
∂q
∂t
+ V.∇q − q.∇V + (∇.V)q

)
= −k∇T, (1.8)

where V is the velocity vector and λ2 is the relaxation time for heat flux. Note that for

λ2 = 0, the model in Eq.(1.8) reduces to the classical Fourier law of Eq.(1.7).
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1.8 Mass Transfer

Mass transfer occurs when there is a difference in the concentration of some types of

chemicals present in a mixture. It commonly involves diffusion which occurs in solids,

liquids and gases. Mass transfer is stronger in gases than in liquids and stronger in liquids

than solids, since it depends on the molecular spacing of the medium. Some of the

examples of mass transfer are:

1. Distillation of pure water from tap water.

2. Evaporation of seawater to the atmosphere to form clouds on a hot day.

3. Purification of blood in kidneys.

In year 1855, Fick (1855) proposed a simple model to describe diffusion of particles

in matter. The law is called the Fick’s law of diffusion which is useful to describe the

behaviour of mass transfer in a medium. Fick’s first law of diffusion states that,

J = −D∇C, (1.9)

where J is the diffusion flux vector, D is the diffusion coefficient or diffusivity of the fluid,

and ∇C is the local concentration gradient of the fluid.

1.9 Research Objectives

The followings are the research objectives to be achieved at the end of the candidature:

1. To extend a mathematical model of convective heat transfer of Cattaneo-Christov

heat flux model over a horizontal plate with

a) Sakiadis and Blasius flow upper-convected Maxwell (UCM) fluid,

b) Sakiadis magnetohydrodynamics (MHD) Carreau fluid.
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2. To construct a mathematical model of convective heat transfer of Cattaneo-Christov

heat flux model over a horizontal wedge with

a) UCM fluid with suction and heat generation/absorption,

b) UCMfluid in the presence of suction, heat generation/absorption, heat radiation,

and chemical reaction.

3. To develop an algorithm for solution of Cattaneo-Christov heat flux model as stated

in Objective 1 numerically.

4. To analyse the numerical solutions of heat transfer obtained as stated in Objective 1.

1.10 Problem Statement

The followings are the problem statements to be answered during candidature:

1. What are the effect of Cattaneo-Christov heat flux model to the heat transfer for

Sakiadis and Blasius flow of upper-convected Maxwell (UCM) over a horizontal

plate?

2. Is there any effect of magnetic field to the heat and mass transfer for Sakiadis flow

of Carreau fluid over a horizontal plate if Cattaneo-Christov heat flux model are

applied?

3. Is the boundary layer of UCM fluid over a horizontal wedge affected in the presence

of suction and heat generation/absorption for Cattaneo-Christov heat flux model?

4. How does the heat and mass transfer of UCM fluid over a horizontal wedge with

Cattaneo-Christov heat flux model varies if heat generation/absorption, chemical

reaction, suction and heat radiation are present?

1.11 Significane of research

The direct beneficiaries of the researchwill be the scientific and engineering communities,

as well as the industries. The following are the importance of the research:
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1. The scientific community will gain better understanding in terms of the fundamental

scientific knowledge of the phenomena-related subjects,

2. The research provides some theoretical results in the form of correlation so that

the related group of people have better comparison with their physical experimental

data, and

3. The existing labs and experiment facilities in the industry will be improved and

better calibrated by this theoretical experiment and will eventually increase the

efficiency.

1.12 Thesis Organisation

This thesis consists of seven chapters. The general introduction to fluid dynamics,

upper-convected Maxwell (UCM) fluid, Carreau fluid, Cattaneo-Christov heat flux model

and heat and mass transfer are presented in Chapter 1. The objectives of this study are also

stated in this chapter.

Chapter 2 gives a comprehensive literature review regarding past research works on

UCM and Carreau fluid, Cattaneo-Christov heat flux model and boundary layer flow past a

horizontal plate and a horizontal wedge. Based on the literature background, it is found

that there exist some important parts in boundary layer problems that to be covered in this

study.

The detail of mathematical formulations are given in Chapter 3. In this chapter,

derivation of the governing equations is provided. From the governed equations, a

similarity transformation is done to transform the equations into a set of ordinary differential

equations, which to be computed using some numerical methods. The numerical methods

are then transformed into a mathematical programming code, which is also presented

in this chapter. The comparisons between the present results with previously published

results are performed to validate the methods and the programming code.
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The next four chapters deal with the problems for this study. In Chapter 4, the numerical

analysis of Sakiadis and Blasius flow of UCM fluid over a horizontal plate by using

Cattaneo-Christov heat flux model are shown. Next, the numerical study of mass and

heat transfer for Sakiadis flow of MHD Carreau fluid over a horizontal plate by using

Cattaneo-Christov heat flux model is presented in Chapter 5. Chapter 6 deals with the

convective boundary layer of UCM fluid over a horizontal wedge with suction and heat

generation using Cattaneo-Christov heat flux model. Meanwhile, Chapter 7 presented the

analysis of the heat and mass transfer of UCM fluid over a horizontal wedge in the presence

of heat generation, suction, chemical reaction and heat radiation using Cattaneo-Christov

heat flux model.

Chapter 8 presents the conclusions of this study and some recommendations for future

work.
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CHAPTER 2: LITERATURE REVIEW

Studies on various convective boundary layer flow past different types of geometries

have been conducted extensively. The most frequent study has been the wedge flow. Wedge

flow or Falkner-Skan flow has been associated with a horizontal wedge with wedge angle

Ω = βwπ where βw is the Hartree pressure gradient as shown in Figure 2.1(a). For βw = 0

corresponds to the horizontal plate as in Figure 2.1(b). Some examples of boundary layer

flow over a horizontal flat plate and horizontal wedge are:

1. Horizontal wedge

a) Bow of a ship (The foremost part of the hull of a ship or a boat).

b) Wingtip of an aeroplane.

c) The overall shape of a Formula One car.

2. Horizontal flat plate

a) Blades of a wind turbine.

b) Spoiler at the back of a car.

c) Rudder of a ship (a part of steering apparatus of a ship that is submerged in the

water).

𝛀 = 𝜷𝒘𝝅 

𝑼∞  

 

(a) A horizontal wedge

𝑼∞  

 

(b) A horizontal plate when βw = 0

Figure 2.1: Several boundary layer geometries
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2.1 Boundary Layer Flow over a Horizontal Plate

The study of boundary layer flow past a horizontal plate has been going for a long

time. Prandtl (1904) proposed that for the region in boundary layer flows, as many as

half of the terms in the Navier-Stokes equations can be reduced by using some scaling

techniques. To achieve this, he did a theoretical study of boundary layer flow by setting

a flat plate to be in the x-direction in the Cartesian plane. This work is becoming the

basis of boundary layer flow over a plate. Blasius (1908) extended the work by Prandtl

(1904) by introducing a similarity solution for a steady, two-dimensional laminar boundary

layer over a semi-infinite plate. This solution is valid if a certain transformation applied to

the governed equation where the boundary conditions are invariant. This transformation

produced an equation in third-order nonlinear ordinary differential equation (ODE). Later,

this is known as Blasius flow. Howarth (1949) generalised the Blasius flow by expanding

the solution in series form for the velocity distribution for a particular pressure distribution.

He suggested that to arrive at the point of flow separation, more terms of the series

expansion are required and it was a quite tedious work. So he used approximation theory to

overcome this problem and he successfully determined the point of separation. Utz (1977)

proved the existence of the uniqueness of the Blasius flow equation and some special cases

such as Falkner-Skan flow and Homann flow. Sakiadis (1961) studied on the boundary

layer flow of static fluid with two cases; moving continuous flat plate and moving finite

length plate. This is known as Sakiadis flow. Crane (1970) manipulated the work of

Sakiadis (1961) by varying the velocity of which the infinite plate moves in the static fluid.

He provided the theoretical analysis which becomes the basis work for boundary layer flow

over a stretching or shrinking sheet or plate.

Lock (1951) studied the velocity distribution in the laminar boundary layer between

two parallel streams. He showed that the solution of the momentum equation depends

only on the ratio of the velocities of the two parallel flows. Carragher and Crane (1982)
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presented a theoretical investigation on a continuous stretching sheet. The temperature

gradient of the fluid is observed for moderate and large Prandtl numbers. Magyari and

Keller (2000) investigated on the exact solutions for self-similar boundary layer flows

induced by permeable stretching walls. Hayat et al. (2008) studied on slip flow and heat

transfer of a second-grade fluid past a stretching sheet through a porous space by using

homotopy analysis method (HAM). They observed that as the value of the second-grade

parameter increases, the velocity of the fluid increases. An exact solution for slip MHD

viscous flow over a stretching sheet was found by Fang et al. (2009). They found that as

the wall slip velocity parameter increases, the fluid velocity increases under suction.

Hayat et al. (2009) published on a three-dimensional rotating flow induced by a

shrinking sheet in the presence of suction by using HAM. They investigated the series

solutions of MHD and rotating flow past a porous shrinking sheet. For a fixed value of

magnetic field parameter, as suction parameter increases, it is found that the velocity of the

fluid increases. Aziz (2009) studied on the similarity solution for laminar thermal boundary

layer past a flat plate by using Runge-Kutta-Fehlberg fourth-fifth order method. It can be

observed that as Prandtl number increases from 0.1 to 20, the value of −θ′(0) increases.

Rashidi and Mohimanian (2010) reported on the analytic approximation solutions for

heat transfer on unsteady boundary layer flow over a stretching sheet. Yao et al. (2011)

investigated on the heat transfer of a generalised stretching wall with convective boundary

conditions. They found that for Prandtl number from 0.7 to 10, the temperature gradient of

the fluid decreases with suction applied to both upper and lower solution branches. Heat

transfer over a stretching porous sheet subjected to power law heat flux in presence of heat

source is studied by Kumar (2011). It is found that as the permeable parameter increases,

the temperature profile of the fluid increases. Mukhopadhyay (2012) investigated on heat

transfer of an unsteady flow of Maxwell fluid over a stretching surface in presence of heat

source and sink. Mushtaq et al. (2016) obtained the numerical solutions for Sakiadis flow
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of upper-convected Maxwell (UCM) fluid using Cattaneo-Christov heat flux model by

employing Keller-Box and shooting methods. They found that as Prandtl number increases,

the temperature of the fluid decreases.

2.2 Boundary Layer Flow over a Horizontal Wedge

Boundary layer flow past a wedge has been studied since the early years when Prandtl

(1904) proposed his boundary layer theory. Falkner and Skan (1931, November) analysed

the steady laminar flow over two flat plates with one end meets at a point, forming a

wedge shape. They showed the extension of the application of boundary layer theory

which is suggested by Prandtl (1904). They introduced the velocity gradient over a wedge

by considering the free stream velocity in the form of U∞xm in the x−direction of the

Cartesian plane, where U∞ and m are constants. The wedge angle parameter, m is defined

as m =
βw

2 − βw
, where βw is a wedge parameter. Hartree (1937) continued to study Falker

and Skan’s work by doing some approximate treatments to the problem when βw < 2. For

the case of βw > 2, the problems are unlikely to be used in practice. He found that the

limiting value for negative βw is when βw ' −0.199, the point in which the laminar flow

of the boundary layer breaks away. He also coined the term βw to be the wedge pressure

gradient, which became Hartree pressure gradient for the following works.

Stewartson (1954) did some in-depth investigation on Falkner-Skan flow. He tried to

find the solutions for outside the range of βw found by Hartree (1937). He found that the

boundary layer flow separation occurs at βw = −0.1988 and that there exists a reversed

flow or backflow for the region when βw < −0.1988. This reversed flow region has a

displacement thickness tends to infinity as βw approaches to zero from the negative side.

Libby and Liu (1967) carried an extensive study on the reversed flow region by not ruling

out the solution of the Falkner-Skan equation for βw < β0, where β0 is the fluid separation

point. Later, Chen and Libby (1968) presented their work which they consider a boundary
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layer flow close to Falkner-Skan flow. They found that for βw > β0, the upper branch

solution for the eigenvalues are all positive, which denotes the flow is stable.

The investigation of boundary layer flow past a wedge has been extensively studied with

different conditions and fluids. Rajagopal et al. (1983) studied on the boundary layer flow

of laminar incompressible second-grade fluid past a wedge by using perturbation method.

They found that as βw increases, the value of f ′′(0) for 0.05 < βw < 1.60 also increases

accordingly. Brodie and Banks (1986) obtained the analytical solution of Falkner-Skan

equation by using perturbation analysis for 2 < βw < ∞ and confirmed its spatial stability.

Pantokratoras (2006) reported on the Falkner-Skan flow with constant wall temperature

and variable viscosity where the wall shear stress and wall heat transfer are tabulated for

Prandtl number from 1 to 10000. The exact solution of the Falkner-Skan equation with

mass transfer and wall stretching is investigated by Fang and Zhang (2008). They observed

that the velocity overshoots and reversal flows occur in the presence of mass transfer and

wall stretching at βw = −1.

Alizadeh et al. (2009) used Adomian decomposition method in the form of infinite

series to solve the Falkner-Skan equation for the case of accelerated flow and decelerated

flow with separation with 0 < βw < 1. Abbasbandy and Hayat (2009) conducted a study

about boundary layer flow of an MHD fluid over a wedge. They used three different

methods to solve the problem; HAM, Crocco’s transformation and Runge-Kutta method.

It is shown that as magnetic field parameter increases, the value of f ′′(0) increases. The

study of Falkner-Skan flow for static and moving wedge in nanofluid has been done by

Yacob et al. (2011). They used three different types of nanofluid; copper (Cu), alumina

(Al2O3) and titania (TiO2) and employed Keller-Box method to solve it numerically. They

observed that as the wedge angle parameter increases, the skin friction coefficient of the

nanofluid also increases. Hayat et al. (2012) published on mixed convection Falkner-Skan

flow of a Maxwell fluid. They analysed the effect of Newtonian heating on the fluid
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by employing HAM. Khan and Pop (2013) reported on the steady boundary layer flow

past a stretching wedge in a nanofluid by using Keller-Box method. They found that the

velocity of the fluid increases as the stretching parameter increases and the momentum

layer thickness of the fluid decreases with the increasing of wedge angle parameter. Later,

convective heat transfer of a nanofluid past a wedge with heat generation/absorption and

suction was published by Kasmani et al. (2014). They found that as the wedge angle

parameter increases, the fluid velocity, temperature and concentration increase.

2.3 Boundary Layer Flow of Upper-Convected Maxwell Fluid

The power-law model is a general fluid model which describes the thinning and

thickening behaviour of fluids. Since it cannot describe the viscoelastic behaviour of the

fluid, there are many types of viscoelastic fluid model are studied to take into account

different characteristics for a different model. Maxwell (1867) proposed the first and

simplest viscoelastic rate type model based on gases. Christensen (1982) documented

Maxwell’s earliest work regarding this type of viscoelastic fluid, which is known asMaxwell

fluid. He described Maxwell fluid as the type of material or fluid which is having dual

properties of elasticity and viscosity, two of the most investigated type of characteristics

in fluids. Oldroyd later generalised Maxwell material by using upper-convected time

derivative. At this time, the viscoelastic fluid model is known as upper-convected Maxwell

(UCM) fluid. The details about UCM can be found in Macosco (1994) and Chhabra

(2010).

To this day, interest is still growing in the study of UCM fluid flow past different

geometries in many situations. Coward and Renardy (1997) studied on the thin film

core-annular flow of UCM fluid. Choi et al. (1999) investigated on the UCM fluid suction

flow past through a porous surface channel. They solved the governed equations by using

fourth order Runge-Kutta method and power series method. Results produced by both
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methods agreed that for a fixed value of Deborah number, the pressure gradient is dominated

when Reynolds number is relatively small. Evans and Hagen (2008) published on UCM

sink fluid flow over a wedge. They observed that the local asymptotic structure of the

fluid consists of two regions; outside boundary layer region and a thin film boundary layer

region near the wedge. This observation is in an excellent agreement as what similarity

solution produced from the governed equations. Vieru et al. (2008) reported on the flow

of fractional Maxwell fluid between two side walls perpendicular to a plate. They used

Fourier and Laplace transformations to find the exact solutions and they investigated special

cases of fractional Maxwell fluid. Fetecau et al. (2009) extended the work by Vieru et al.

(2008) with a different situation, which is an unsteady flow of generalised Maxwell fluid

with fractional derivative due to constantly accelerating plate.

Casanellas and Ortin (2011) reported on the laminar oscillatory flow of UCM fluid

inside a tube. It is found that for a large Deborah number, the fluid flow has an increasing

number of cylindrical layers inside the annulus with opposite velocity. Shehzad (2012)

investigated on the boundary layer flow of UCM fluid with power-law heat flux and heat

source by using HAM. It is found that as the Deborah number increases from 0.0 to 1.2,

the fluid velocity and the temperature of the fluid decrease. The MHD flow of UCM fluid

past a vertical stretching Darcian porous sheet with thermophoresis and chemical reaction

was studied by Shateyi (2013). The problem is solved by using spectral relaxation method

with Chebyshev pseudo-spectral collocation method. It is observed that for increasing

Deborah number, the skin friction coefficient of the fluid increases but both mass and

heat flux decrease. Qasim and Noreen (2013) employed HAM to solve the Falkner-Skan

flow of UCM fluid with heat transfer and magnetic field. It is found that as the Deborah

number increases, the fluid velocity increases. Singh and Agarwal (2013) published on the

flow and heat transfer of UCM fluid with variable viscosity and thermal conductivity past

through an exponentially stretching sheet by using Keller-Box method. It is found that
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for the Maxwell parameter increases from 0.0 to 0.8, the fluid velocity decreases but the

temperature of the fluid increases. Later, Ramesh and Gireesha (2014) reported on the

influence of heat source on UCM nanofluid over a stretching. It is observed that the heat

flux for UCM nanofluid is smaller than the Newtonian nanofluid but the mass flux is vice

versa.

2.4 Boundary Layer Flow of Carreau Fluid

Other than viscosity and elasticity, other important characteristics of the viscoelastic

fluid are the normal and shear stress of the fluid. In his paper, Carreau (1972) mentioned

that there are many researchers had studied other rheological models in the past to make

a prediction of the normal stress of the fluid such as Spriggs et al. (1966) and Bogue

and Doughty (1966), but the models were inadequate. Carreau proposed two rheological

models; model A is based on work done by Meister and Biggs (1969) and model B is a

compromised Bird-Carreau model. The latter predicts too large stress growth overshoot

while the former predicts too small overshoot for stress growth. He deduced that model

A is failed to predict the fluid behaviour for suddenly changing flow. However, model

B is able to capture simple shear, complex viscosity, stress growth and stress relaxation

functions simultaneously. Thus, model B has become the basis for boundary layer flow

analysis for fluid which has characteristic of shear stress to be analysed. Boger (1977)

extended the work done by Carreau by making an assumption that the infinite shear rate

viscosity of the fluid is negligible as compared to the zero shear rate viscosity. This means

that the shear rate of the fluid outside the boundary layer region can be cancelled out from

the model. This, in turn, simplifies Carreau’s rheological model and make it easier to be

used and applied to boundary layer problem.

There are many studies done for the investigation of boundary layer flow of Carreau

fluid past many geometries. Bush and Phan-Thien (1984) studied on drag force on a sphere
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in creeping motion through a Carreau model fluid. They used boundary element method to

solve the problem numerically and the results are compared with the theoretical prediction.

Olajuwon (2011) reported on the heat and mass transfer in hydromagnetic Carreau fluid

past a vertical porous plate in the presence of thermal radiation and thermal diffusion by

using Runge-Kutta and shooting method. He found that as the power-law index increases,

the fluid velocity increases accordingly. Nadeem et al. (2013) investigated the effect

of heat and mass transfer on peristaltic flow of Carreau fluid in a vertical annulus by

considering a long wavelength. Amoura et al. (2014) published on mixed convection flow

of a non-Newtonian Carreau fluid with the effect of viscous dissipation in an annular space

between two rotating cylinders coaxially. They observed that for a fixed power-law index,

as Eckert number increases from 0.0 to 0.5, the temperature profile of the fluid increases.

Boundary layer flow and heat transfer of Carreau fluid over a nonlinearly stretching sheet

have been studied by Khan and Hashim (2015). It is shown that as Weissenberg number

increases from 1 to 5, the fluid velocity decreases for power-law index less than 1, but

increases for power-law index more than 1.

Ali and Masood (2016) investigated on the impact of heat transfer analysis of Carreau

fluid flow past a static and moving wedge. By using the fifth order Runge-Kutta Method, the

problem was solved numerically and they stated that for a fixed wedge angle parameter, as

the velocity ratio parameter increases, the fluid velocity increases but the fluid temperature

decreases. Later, Khan et al. (2016) reported on heat transfer of squeezed flow of Carreau

fluid over a sensor surface with a variable thermal conductivity by employing Runge-Kutta

and shooting methods. As power-law index increases from 1.2 to 5.0, the fluid velocity

decreases, and for a fixed value of the power-law index, the fluid velocity decreases as

Weissenberg number increases from 0.1 to 5.0. The effect of the power-law index on the

stretched flow of Carreau nanofluid with convective boundary condition is presented by

Hayat et al. (2016b).

20

Univ
ers

ity
 of

 M
ala

ya



2.5 Boundary Layer Flow with Cattaneo-Christov Heat Flux Model

Fourier law of heat conduction has been used for a long time to describe heat transfer

in boundary layer flow problem. Cattaneo (1948) stated that Fourier law, although it

was simple to use, it is not enough to describe in a detailed way of the heat transfer

phenomenon in fluid flow. He decided to include a thermal relaxation time to the Fourier’s

law to overcome the drawback of the model which affected the whole system if any initial

disturbance is applied to the system. Later, Christov (2009) stated that Maxwell-Cattaneo

law was intended to overcome the paradox of heat conduction, but not that successful.

Although it was not successful, the law has led the path to the generalisation of Fourier’s law.

Christov modified the Maxwell-Cattaneo law by obtaining material invariant formulation

and frame indifferent by using Oldroyd-B upper convected derivatives. This modification

has become the basis for the study of heat transfer in fluid flow.

The investigation on the heat transfer of boundary layer flow by using Cattaneo-Christov

heat flux model has been expanding. Han et al. (2014) studied on the coupled flow and

heat transfer in a viscoelastic fluid with Cattaneo-Christov heat flux model by using HAM.

It is shown that as Deborah number increases, the temperature of the fluid decreases.

They also noted that if Deborah number is equal to zero, the heat transfer of the fluid

behaves according to Fourier law. Abbasi et al. (2015) reported on the analytical study of

Cattaneo-Christov heat flux model for boundary layer of Oldroyd-B fluid. They observed

that as Deborah number increases, the fluid temperature decreases. They also noted that the

fluid temperature decreases when Prandtl number increases with a fixed Deborah number.

The investigation on boundary layer heat and mass transfer with Cattaneo-Christov heat

flux model in UCM nanofluid past a stretching sheet was done by Sui et al. (2016).

Shehzad et al. (2016) reported on the Cattaneo-Christov heat flux model for third-grade

fluid flow towards an exponentially stretching sheet. Later, Hayat et al. (2016a) published

on Darcy-Forchheimer flow with variable thermal conductivity and Cattaneo-Christov
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heat flux model. Waqas et al. (2016) studied on Cattaneo-Christov heat flux model for

generalised Burgers’ fluid flow of variable thermal conductivity by using HAM. Later,

Khan et al. (2017) investigated the UCM fluid flow with Cattaneo-Christov heat flux model

and chemical reaction.

2.6 Boundary Layer Flow with Magnetohydrodynamic

Magnetohydrodynamic (MHD) is when the fluid flow is immersed in a magnetic field.

Hartmann and Lazarus (1937) were the first person to arise with the idea of combination

between electromagnetic and hydrodynamic. Alfvén (1942) expanded the work done

by Hartmann and Lazarus (1937). He stated that for a conducting fluid placed in a

constant magnetic field, every movement of the fluid produces electric currents. He

suggested that the existence of this waves may be important in solar physics field. The

word magnetohydrodynamic is the combination of three words; magneto means magnetic

field, hydro means water and dynamic means movement or flow. Due to his excellent work

on MHD, Alfvén received Nobel Prize in Physics in 1970. Some extensions of Alfvén

(1942) were done by Sarpkaya (1961). He found that distribution of the fluid velocity is

more uniform when the fluid is placed in a magnetic field between two parallel planes.

He investigated two model of fluid; Bingham plastic model and power-law model. The

term magnetohydrodynamic and hydromagnetic is interchangeable and having the same

meaning.

The work done on MHD have been expanding in the later years. Chakrabarti and Gupta

(1979) studied on the hydromagnetic flow and heat transfer over a porous stretching sheet.

It is shown that for increasing magnetic field parameter from 1 to 7, the fluid velocity

decreases due to the Lorenz force. Chiam (1995) reported on the hydromagnetic flow

over a stretching sheet with power-law velocity by using Crocco’s transformation along

with Runge-Kutta and shooting methods. He found that as the magnetic field parameter
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increases from 0 to 100, the value of f ′′(0) increases. Devi and Thiyagarajan (2006)

published on steady nonlinear hydromagnetic flow and heat transfer over a stretching

surface of variable temperature. It is found that as the magnetic field parameter increases,

the fluid velocity decreases.

Muhaimin et al. (2008) investigated the effect of heat and mass transfer on the nonlinear

MHD boundary layer flow past a shrinking sheet with suction. Heat transfer analysis

for MHD viscous fluid past a nonlinear shrinking sheet was done by Javed et al. (2011).

They found that for increasing magnetic field parameter, the fluid velocity for the first

solution increases but decreases for the second solution after employing Keller-Box method.

Bhattacharyya (2011) reported on the effect of heat source on MHD flow and heat transfer

over a shrinking sheet with suction. Later, Waini et al. (2017) studied the aligned magnetic

field effect on UCM fluid flow and heat transfer over a stretching and shrinking surface.

2.7 Boundary Layer Flow with Suction/Injection

Based on Schlichting and Gersten (2017), they labelled suction and blowing/injection

as ones of the boundary layer flow control. It stated that the position of a boundary layer

separation point is dependent on how the velocity of the free stream decelerates. The

separation of the boundary layer is not desirable since it wastes a lot of energy from the

system. They suggested that there are two ways to apply suction into the system; natural

an artificial. Some of the artificial ways of applying suction and injection are the motion

of the solid wall, slit suction, tangential blowing and suction, and continuous suction and

blowing. Some early experiments on boundary layer flow with slit suction were done by

Prandtl (1904) where he tried to confirm his theory about boundary layer. He stated that

the slit suction was based on velocity changes of the free stream fluid, resulted in lesser

drag force which prevented flow separation.

23

Univ
ers

ity
 of

 M
ala

ya



The applications of boundary layer flow with suction have been studied for different

types of fluid and geometry. Yih (1998) studied the effect of uniform suction and blowing

on forced convection about a wedge with uniform heat flux. It is found that the fluid

velocity increases as the suction and blowing parameter increase. Note that positive value

of suction and blowing parameters means suction is present and vice versa. Tsai (1999)

reported on a simple approach for evaluating the effect of suction and thermophoresis on

aerosol particle deposition of laminar flow over a flat plate. Investigation of heat and mass

transfer for boundary layer of stagnation-point flow towards a heated porous stretching

sheet with heat absorption and suction was done by Layek et al. (2007) by using the

fourth order Runge-Kutta method. It is found that as suction parameter increases, the fluid

velocity increases for bigger free stream velocity coefficient.

Shehzad et al. (2013) published on the effect of mass transfer on the MHD flow of

Casson fluid with chemical reaction and suction by using HAM. As suction parameter

increases, the fluid velocity and the concentration of the fluid decrease. Later, Ganapathirao

et al. (2013) studied on the non-uniform single and double slit suctions on an unsteady

mixed convection flow past a wedge with heat generation and chemical reaction. It is

found that the skin friction coefficient, Nusselt number and Sherwood number for single

slit suction are higher than double slit suction. The effects of thermophoresis, thermal

conductivity and variable viscosity on free convective heat andmass transfer of non-Darcian

MHD dissipative Casson fluid flow with chemical reaction and suction were investigated

by Animasaun (2014).

2.8 Boundary Layer Flow with Heat Generation/Absorption

Heat generation and absorption have been known to affect the heat transfer across

boundary layer flow in different situations. According to Vajravelu and Nayfeh (1992),

the effect of heat generation and absorption on the temperature distribution is apparent in
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fields which dealing with chemical reaction and dissociating fluids. They also stated that

some researchers assumed heat generation and absorption to be constants or some spatial

dependent functions, but others treated them as some frictional heatings due to the fluid

flow past some surfaces and the expansion effect on the fluid. Based on their work on the

boundary layer flow over a wedge, it is shown that as the heat generation and absorption

increase, fluid velocity and temperature increase.

Researchers have done many investigations on the boundary layer flow with heat

generation and absorption with a different type of fluid, fluid flow and geometry. Chamkha

(1997) reported on fully developed hydromagnetic non-Darcian mixed convection in a

porous medium channel in the presence of the heat generation. He performed analytical as

well as numerical analysis of the problem. It can be found that for a fixed Prandtl number

of 0.7, as heat generation increases, the temperature of the fluid increases. The effect

of heat generation on free convection boundary layer from a vertical porous plate with

thermophoresis is studied by Chamkha et al. (2006) by using iterative finite difference

method. Mahmoud and Megahed (2009) investigated the effect of viscous dissipation, heat

generation and absorption in a thermal non-Newtonian boundary layer fluid flow past a

moving permeable flat plate. They found that as heat generation and absorption parameter

increase from -0.3 to 2.0, the temperature profile of the fluid decreases. Kasim et al. (2012)

published on the effects of heat generation and absorption on free convection boundary

layer flow of a viscoelastic fluid over a horizontal circular cylinder with constant heat

flux. It is shown that the temperature gradient of the fluid increases as the heat generation

and absorption parameter increase. Awais et al (2015) studied on the heat generation and

absorption effects in UCM nanofluid stretched boundary layer fluid flow. Later, Jamaludin

et al. (2017) reported on the heat transfer analysis on a viscous boundary layer fluid flow

past a stretching sheet in the presence of viscous dissipation, internal heat generation and

heat flux.
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2.9 Boundary Layer Flow with Heat Radiation

Thermal radiation is an effect which changes the temperature distribution of the fluid by

some heat radiation source. According to Krishnaprakas et al. (2000), heat generation

plays an important role in many engineering fields such as atmospheric re-entry, metalised

solid rocket and shock waves. Meanwhile, Ahmad et al. (2016) stated that heat radiation is

important in industrial processes involving high temperatures such as nuclear power plants

and gas turbines. Some theoretical work regarding heat radiation was done by Hossain

and Takhar (1996). They observed that the presence of radiation effects in the energy

equation of any boundary layer flow complicated the system by forming highly nonlinear

partial differential equations. By using Rosseland diffusion approximation, the resulting

governed equation is solved for three regimes of flow; forced convection, free convection

and mixed convection. They concluded that the heat transfer of the fluid decreases as

radiation parameter increases.

Many works have been done to investigate the effect of thermal radiation in a boundary

layer system due to the useful application of heat radiation in industries. Utreja and Chung

(1989) investigated on combined convection-conduction-radiation boundary layer flow by

employing optimal control penalty finite elements. It is shown that the inclusion of the

radiation parameter to the system thickens the thermal boundary layer of the fluid flow.

Ara et al (2014) reported on thermal radiation effect on Eyring-Powell boundary layer

fluid flow over an exponentially shrinking sheet. They found that as radiation parameter

increases from 0 to 2, the temperature profile of the fluid increases by fixing Prandtl number

to 0.5. Krishnamurthy et al. (2016) published on the thermal radiation and chemical

reaction effects on nanofluid boundary layer slip flow past a nonlinearly stretching sheet

with melting heat transfer by applying the fourth-fifth Runge-Kutta-Fehlberg with shooting

method. The effects of thermal radiation and Newtonian heating on boundary layer flow

past a flat plate are investigated by Mohamed et al. (2017). They found that the temperature
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profile of the fluid increases as the radiation parameter increases accordingly.

2.10 Boundary Layer Flow with Chemical Reaction

The study of chemical reaction in boundary layer flow is important in manufacturing

industry especially fluid transportation since it is not desirable for the material to react

chemically with the fluid that it carried. Chambré and Acrivos (1956) stated that there are

two types of the chemical reaction; homogeneous and heterogeneous. A homogeneous

chemical reaction occurs in a single phase, while heterogeneous chemical reaction occurs in

multiphase at an interphase. There are two cases of heterogeneous chemical reaction. For

the first case where the interphase is in a solid state, the surface structure and geometry can

be altered by chemical reaction. For the second case, the surface structure and geometry

maintained without any changes, which is an important case in chemical engineering

field since they often transport reactive chemical and do not want it to react with the

surface. According to Muhaimin et al. (2010), some of the examples of chemical reaction

application in industries are chemical processing equipment and food processing.

Investigations in the aspect of chemical reaction effect on boundary layer flow was

conducted in various system. Kandasamy et al. (2006) studied on the effect of chemical

reaction, heat radiation, suction, heat and mass transfer on boundary layer flow past a

porous wedge. It is shown that the fluid velocity and temperature decrease when chemical

reaction parameter increases but the concentration of the fluid increases. Muhaimin et

al. (2010) reported on the heat and mass transfer analysis on boundary layer flow over a

permeable shrinking sheet with suction and chemical reaction. They found that the mass

concentration of the fluid decreases as the chemical reaction parameter increases. The

effect of binary chemical reaction and activation energy on MHD boundary layer flow with

dissipation and heat generation was published by Maleque (2013) by using Nachtshein

Swigert iteration method. As chemical reaction parameter increases, the fluid concentration
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decreases with a fixed value of Prandtl number. Khan (2014) studied on MHD boundary

layer fluid flow past a shrinking surface with chemical reaction and suction. It is found that

as chemical reaction parameter increases from 0.0 to 3.0, the mass concentration profile of

the fluid decreases. The effect of chemical reaction parameter on the concentration of the

fluid with a fixed value of Schmidt number was reported by Majeed et al. (2017) in his

study about UCM boundary layer Ferrofluid flow under magnetic dipole with chemical

reaction, suction and Soret effects.
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CHAPTER 3: MATHEMATICAL FORMULATION

3.1 Introduction

In this chapter, the governing equations for the boundary layer flow over a horizontal

plate and a horizontal wedge are derived. The similarity transformations and local similarity

solutions for momentum, thermal and concentration equations are discussed in detail along

with the local skin-friction coefficient, local Nusselt number and local Sherwood number.

The second and third order finite difference method (FDM) used to compute the numerical

solutions of the boundary layer flow are presented later in this chapter.

3.2 The Boundary Layer Flow Model

The boundary layer flow is modelled in the form of partial differential equations. These

equations are used to describe the physical characteristics and behaviour of the fluid flow.

The model is based on the physics’ law of conservations as stated below:

1. The principle of conservation of mass stated that the mass of a fluid is constant

across the system. This means there is no mass of fluid created along the surface.

2. The Newton’s second law of motion stated that the rate of change of momentum of

a fluid in a system is equal to the resultant of all external forces acting on the fluid.

3. The first law of thermodynamics described the principle of conservation of energy

which stated that the rate of change of energy in a system is equal to the resultant of

all external energy added to the system alongside with the rate of work done by the

fluid.

For this research, the following assumptions are employed to describe the behaviour of

the fluid in addition to the conservation principles above:
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Figure 3.1: The control volume element in the boundary layer region

1. The fluid is incompressible, which means the density of the fluid is constant

throughout the system.

2. The fluid is laminar, which means each particle of the fluid is moving by following

a smooth path without any interference between each other.

3. There is a no-slip condition, which means at the surface of the wall, the velocity of

the fluid is negligible compared to the velocity of the fluid at the boundary.

By above assumptions, the derivation of the governing equations for the boundary layer

flow can be done.

3.2.1 The Continuity Equation

Consider a two-dimensional flow in xy-plane. Assume that a part of a control volume

is cut from the boundary layer as shown in Figure 3.1. The plane is in the x−direction,

the normal to the plane is in y−direction, u and v are the velocity components in the x−

and y− directions respectively, Uw, Tw and Cw are the fluid velocities in the x− direction,

temperature and concentration at the surface respectively, and U∞, T∞ and C∞ are the free

stream velocity, ambient fluid temperature and ambient fluid concentration respectively.
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Figure 3.2: The control element in the boundary layer region with the mass flow
across the element

Consider the total mass rate of flow across the control element and the rate of change of

mass storage within the system. Based on Kays and Crawford (1993), let G be the mass

flux of the fluid (mass flow rate per unit of normal area). The mass flux across the control

element is as shown in Figure 3.2, where ρ is the density of the fluid and t is the time.

By the principle of conservation of mass, the rate of mass is zero. It means that,

Outflow − Inflow + Increase of mass = 0, (3.1)

where,

Outflow =
(
Gy +

∂Gy

∂y
δy

)
δx +

(
Gx +

∂Gx

∂x
δx

)
δy, (3.2)

Inflow = Gxδy + Gyδx, (3.3)

Increase of mass =
∂ρ

∂t
δxδy, (3.4)

such that Gxi = ρui where subscript i indicates the i-th element of the vector. By Eq.(3.1)

and doing some simplification,

∂Gx

∂x
+
∂Gy

∂y
+
∂ρ

∂t
= 0. (3.5)
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Figure 3.3: The stresses exerted by the control element

Eq.(3.5) can be written in vector notation form and Cartesian tensor form, respectively as,

∇ · G +
∂ρ

∂t
= 0, (3.6)

∂

∂xi
(ρui) +

∂ρ

∂t
= 0. (3.7)

For incompressible fluid,
∂ρ

∂t
= 0 and ∇ · G = G · ∇. Thus, Eq.(3.7) becomes,

∂

∂xi
(ρui) =

∂u
∂x
+
∂v

∂y
= 0. (3.8)

3.2.2 The Momentum Equation

Consider a part of the same control element from the boundary layer flow cross section

in Figure 3.1. Let τ and σ be the shear stress and normal stress of the fluid acting on

the control element respectively. Based on Kays and Crawford (1993), the individual

component of the stresses acting on the control element is shown in Figure 3.3.

The equation for shear stress and normal stress are as follows,

τxy = τyx = µ

(
∂v

∂x
+
∂u
∂y

)
, (3.9)

σx = −P −
2
3
µ

(
∂u
∂x
+
∂v

∂y

)
+ 2µ

∂u
∂x
, (3.10)
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Figure 3.4: The external forces exerting on control element and the momentum
fluxes across the control element

σy = −P −
2
3
µ

(
∂u
∂x
+
∂v

∂y

)
+ 2µ

∂v

∂y
, (3.11)

where µ is the viscosity of the fluid and P is the pressure exerted on the fluid. Consider the

external forces exerted on the control element and the momentum fluxes across the control

element as shown in Figure 3.4.

By Newton’s second law of motion,

Outflow − Inflow + Increase of force = External forces, (3.12)

where,

Outflow =
[
Gxu +

∂

∂x
(Gxu) δx

]
δy +

[
Gyu +

∂

∂y

(
Gyu

)
δy

]
δx, (3.13)

Inflow = (Gxδy) u +
(
Gyδx

)
u, (3.14)

Increase of force = 0, (3.15)

External forces = −σxδy − τyx +

(
σx +

∂σx

∂x
δx

)
δy +

(
τyx +

∂τyx

∂y
δy

)
δx. (3.16)

After simplication, Eq.(3.12) becomes,

Gx
∂u
∂x
+ u

∂Gx

∂x
+ Gy

∂u
∂y
+ u

∂Gy

∂y
=
∂σx

∂x
+
∂τyx

∂y
, (3.17)
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By continuity equation in Eq.(3.8) and for incompressible fluid,
∂σx

∂x
= 0, Eq.(3.17)

becomes,

ρ

(
u
∂u
∂x
+ v

∂u
∂y

)
=
∂τyx

∂y
, (3.18)

where ν =
µ

ρ
is the kinematic viscosity of the fluid.

3.2.3 The Momentum Equation of Upper-Convected Maxwell Fluid

For upper-convected Maxwell (UCM) fluid model, based on work done by Maxwell

(1867), the term τyx is replaced by the Cauchy stress tensor, Ts where,

Ts = −λ1Tu
s + 2µDr, (3.19)

with λ1 is the relaxation time of the fluid, Dr is the deformation rate tensor and Tu
s is the

upper-convected time derivative for the stress tensor. The upper-convected time derivative

for the stress tensor is defined as,

Tu
s =

D
Dt

Ts −
[
(∇v)T · Ts + Ts · (∇v)

]
, (3.20)

where
D
Dt

is the substantive derivative such that,

D
Dt

Ts =
∂

∂t
Ts + v · (∇Ts) , (3.21)

For incompressible fluid,
∂

∂t
Ts = 0, so Eq.(3.20) becomes,

Tu
s = v · (∇Ts) −

[
(∇v)T · Ts + Ts · (∇v)

]
. (3.22)

By several calculations and simplifications, Eq.(3.18) together with Eq.(3.19) produce

the momentum equation of upper-convected Maxwell fluid in two-dimension fluid flow,

u
∂u
∂x
+ v

∂u
∂y
+ λ1

(
u2 ∂

2u
∂x2 + v

2 ∂
2u
∂y2 + 2uv

∂2u
∂x∂y

)
= ν

∂2u
∂y2 . (3.23)
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3.2.4 The Momentum Equation of Carreau Fluid

For Carreau fluid model based on work done by Carreau (1972), the term τyx is replaced

by the Cauchy stress tensor, Ts where,

Ts = −PI + µA1, (3.24)

with P is the pressure, I is the identity tensor and µ is the material viscosity such that,

µ = µ∞ + (µ0 − µ∞)
[
1 + (Γ Ûγ)2

] n−1
2 , (3.25)

where µ0 and µ∞ are the zero and infinite shear rate viscosity of the material respectively,

Γ is the material time constant, n is the power-law index, A1 is the first Rivlin-Ericksen

tensor with A1 = (grad v) + (grad v)T and Ûγ is the shear rate, given that,

Ûγ =

√
1
2

∑
j

∑
j

Ûγi j Ûγ ji =

√
1
2

(
A2

1

)T
. (3.26)

For most practical purposes, µ0 is relatively negligible to µ∞, so that µ0 can be taken to

be zero. Thus, for two-dimensional fluid flow,

Ûγ =

√√√[
4
(
∂u
∂x

)2
+

(
∂u
∂y
+
∂v

∂x

)2
]
. (3.27)

Therefore Eq.(3.24) becomes,

Ts = −PI + µ0

[
1 + Γ2

{
4
(
∂u
∂x

)
+

(
∂u
∂y
+
∂v

∂x

)2
}] n−1

2

A1, (3.28)

where n ∈ [0,∞).

The general momentum equation from Eq.(3.18) combined with Eq.(3.28), with some

modification and computation, produces,

u
∂u
∂x
+ v

∂u
∂y
= ν

∂2u
∂y2

[
1 + Γ2

(
∂u
∂y

)2
] n−1

2

+ ν (n − 1) Γ
∂2u
∂y2

(
∂u
∂y

)2
[
1 + Γ2

(
∂u
∂y

)2
] n−3

2

.

(3.29)
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Figure 3.5: The energy-transfer term for a control element

3.2.5 The General Thermal Energy Equation

Consider a part of control element from the boundary layer flow in Figure 3.1. Let Ec be

the energy of convection and T be the temperature of the fluid. The flow work done passes

through the control element is simply
P
ρ
. The mixture enthalpy is the sum of internal

energy Ei and the flow work done of the fluid and is given by the formula i = Ei +
P
ρ
. In

addition to the assumptions made in Section 3.2, the following assumptions are also used:

1. The gradient of normal stresses is the gradient of thermodynamic pressure.

2. No internal heat generation and no work done by external fields.

3. The value of v2 is negligible relative to u2 .

Based on Kays and Crawford (1993), consider the energy and work done in the control

element as shown in Figure 3.5. The component labelled in the figure are formulated as

follows, with k is the thermal conductivity,

Ec(x) = Gxδy

(
i +

1
2

u2
)
, (3.30)

Ec(x + δx) =
[
Gx

(
i +

1
2

u2
)
+

∂

∂x

{
Gx

(
i +

1
2

u2
)}
δx

]
δy, (3.31)
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Ec(y) = Gyδx
(
i +

1
2

u2
)

(3.32)

Ec(y + δy) =

[
Gy

(
i +

1
2

u2
)
+

∂

∂y

{
Gy

(
i +

1
2

u2
)}
δy

]
δx, (3.33)

qy = −k
(
∂T
∂y

)
δx, (3.34)

qy+δy = −

[
k
(
∂T
∂y

)
+

∂

∂y

{
k
(
∂T
∂y

)}
δy

]
δx, (3.35)

Fshear(y) =
(
τyxu

)
δx, (3.36)

Fshear(y + δy) =

[
τyxu +

∂

∂y

(
τyxu

)
δy

]
δx. (3.37)

By Newton second law of motion and simplify,

∂

∂x

[
Gx

(
i +

1
2

u2
)]
+

∂

∂y

[
Gy

(
i +

1
2

u2
)]
−

∂

∂y
k
(
∂T
∂y

)
−

∂

∂y

(
τyxu

)
= 0. (3.38)

By Eq.(3.8), Eq.(3.9) and Eq.(3.18), Eq.(3.38) becomes (Kays and Crawford (1993)),

ρu
∂i
∂x
+ ρv

∂i
∂y
−

∂

∂y

(
k
∂T
∂y

)
− µ

(
∂u
∂y

)2
= 0. (3.39)

For incompressible fluid, ρ is constant and di = cp dT +
1
ρ

dP where cp is the specific

heat capacity of the fluid (Kays and Crawford (1993)). Thus Eq.(3.39) becomes,

ρucp
∂T
∂x
+ ρvcp

∂T
∂y
−

∂

∂y

(
k
∂T
∂y

)
− µ

(
∂u
∂y

)2
= 0. (3.40)

Under the assumption that k is constant and the dissipation term
(
∂u
∂y

)2
can be neglected

because it is only significant when the velocity of the fluid approaches the speed of sound,

Eq.(3.40) finally becomes,

u
∂T
∂x
+ v

∂T
∂y
= α

∂2T
∂y2 , (3.41)

or in vector form,

ρcpV · ∇T = −∇ · q, (3.42)
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where α =
k
ρcp

is the thermal diffusivity coefficient and q = −k∇T is the thermal flux

vector. Eqs.(3.41) - (3.42) is the Fourier law of heat conduction.

3.2.6 The Thermal Energy Equation of Cattaneo-Christov Heat Flux Model

Consider the Fourier law of heat condution in vector form from Eq.(3.42). Maxwell

and Cattaneo (1948) introduced thermal relaxation time for thermal flux, λ2 so that the

thermal flux vector becomes, (
1 + λ2

∂

∂t

)
q = −k∇T. (3.43)

To generalise Fourier law based on Eq.(3.43), Christov (2009) used Oldroyd’s upper

convected derivative since it is time derivative invariant. To make it frame indifferent,

Eq.(3.42) becomes (Christov (2009)),

ρcp

(
∂T
∂t
+ V · ∇T

)
= −∇ · q, (3.44)

where,

q + λ2

[
∂q
∂t
+ V · ∇q − q · ∇V + (∇ · V)q

]
= −k∇T. (3.45)

For incompressible fluid, (∇ · V)q = 0. For two-dimensional fluid flow, after some

substitution and calculation (Christov (2009)), Eqs.(3.44) - (3.45) finally become,

u
∂T
∂x
+ v

∂T
∂y
+ λ2

[
u2 ∂

2T
∂x2 + v

2 ∂
2T
∂y2 + 2uv

∂2T
∂x∂y

+

(
u
∂u
∂x
+ v

∂u
∂y

)
∂T
∂x

+

(
u
∂v

∂x
+ v

∂v

∂y

)
∂T
∂y

]
= α

∂2T
∂y2 . (3.46)

Eq.(3.46) is the Cattaneo-Christov heat flux model.

3.2.7 The Concentration Equation

Consider a part of control element from the boundary layer flow in Figure 3.1. Let C

be the mass concentration of the fluid, D is the mass diffusion coefficient and γc = ρD

is the mass diffusion parameter. Based on Kays and Crawford (1993), consider the mass
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𝛿𝑥 

 

𝐺𝑥𝐶 𝛿𝑦 

𝐺𝑦𝐶 𝛿𝑥 

(𝐺𝑦𝐶 +
𝜕

𝜕𝑦
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(𝐺𝑥𝐶 +
𝜕

𝜕𝑥
(𝐺𝑥𝐶)𝛿𝑥) 𝛿𝑦 

(−𝛾𝑐

𝜕𝐶

𝜕𝑦
+

𝜕

𝜕𝑦
(𝛾𝑐

𝜕𝐶

𝜕𝑦
) 𝛿𝑦) 𝛿𝑥 

Figure 3.6: The mass transfer term for a control element

transfer passes through the control element as shown in Figure 3.6. By the principle of

conservation of mass, and since there is no chemical reaction occurs within the fluid,

Outflow − Inflow + Increase of mass = 0, (3.47)

where,

Inflow = GxCδy + GyCδx − γ
∂C
∂y

δx, (3.48)

Outflow =
[
GxC +

∂

∂x
(GxC) δx

]
δy +

[
GyC +

∂

∂y

(
GyC

)
δy

]
δx

−

[
γc
∂C
∂y
+

∂

∂y

(
γc
∂C
∂y

)
δy

]
δx, (3.49)

Increase of storage = 0. (3.50)

By substituting the terms into Eq.(3.47) and some calculations,

Gx
∂C
∂x
+ Gy

∂C
∂y
+ C

∂Gx

∂x
+ C

∂Gy

∂y
−

∂

∂y

(
γc
∂C
∂y

)
= 0. (3.51)

By continuity equation in Eq.(3.8), and assuming γc is constant, Eq.(3.51) becomes,

ρu
∂C
∂x
+ ρv

∂C
∂y
− γc

∂2C
∂y2 = 0, (3.52)
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and since γc = ρD, Eq.(3.52) finally becomes,

u
∂C
∂x
+ v

∂C
∂y
= D

∂2C
∂y2 . (3.53)

The above Eq.(3.53) is the concentration equation for boundary layer problem.

3.2.8 The Boundary Conditions

The boundary conditions are very important to solve the boundary layer problem

since they decide the behaviour of the fluid. Different boundary conditions give different

outcomes to the fluid pass through some surface. Eqs.(3.8), (3.23), (3.29), (3.46) and

(3.53) can be solved by applying the boundary conditions using chosen numerical method.

Sakiadis flow describes a moving plate in a calm fluid while Blasius flow constitutes a

static plate in a constantly moving fluid. Static Falkner-Skan flow means a static wedge in

a flowing fluid with a constant velocity.

The boundary conditions for the momentum equation are,

1. for Sakiadis flow:

u = U∞, v = 0 at y = 0,

u→ 0 as y →∞.

(3.54)

2. for Blasius flow and static Falkner-Skan flow:

u = 0, v = 0 at y = 0,

u→ U∞ as y →∞,

(3.55)

where U∞ is the free stream velocity and the moving plate velocity.

The boundary conditions for thermal energy equation are,

T = Tw, at y = 0,

T → T∞ as y →∞,

(3.56)

where Tw is the temperature of the fluid at the surface and T∞ is the ambient temperature

of the fluid.
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The boundary conditions for concentration equation are,

C = Cw, at y = 0,

C → C∞ as y →∞,

(3.57)

where Cw is the mass concentration of the fluid at the surface and C∞ is the ambient mass

concentration of the fluid.

3.2.9 The Stream Function

To solve the governing equations in Eqs.(3.8), (3.23), (3.29), (3.46) and (3.53), a

stream function is introduced. The single stream function can be replaced by the velocity

components u and v. It is chosen so that the continuity equation in Eq.(3.8) is satisfied

automatically. The stream function ψ(x, y) is defined as,

u =
∂ψ

∂y
, v = −

∂ψ

∂x
. (3.58)

3.3 Similarity Transformation for the Boundary Layer Equations

The system of governing equation is composed of four fundamental equations. Those are

the continuity equation, the momentum equation, the energy equation and the concentration

equation. It may be quite difficult to deal with the system directly since it is in the form of

partial differential equations. To overcome this problem, the equations are transformed into

ordinary differential equations by similarity transformation. The word similarity means the

variation of the fluid velocity u is the same for all values of y. By doing this, the reduced

governing equations may be described as similar as the original governing equations,

u = [y · g(x)] . (3.59)

By using stream function as defined in Eq.(3.58), Eq.(3.59) can be written as,

ψ = h(x) f (η), (3.60)
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and the dimensionless distance from the surface is defined as,

η = y · g(x). (3.61)

For thermal energy T and mass concentration C, the similarity transformation must

be made so that the similarity transformation for η and ψ is kept true. By that, the

dimensionless temperature θ and the dimensionless concentration φ are defined as,

θ(η) =
T − T∞
Tw − T∞

, φ(η) =
C − C∞
Cw − C∞

. (3.62)

The continuity, momentum, thermal energy and mass concentration equations derived

in Section 3.2 can be written as,

∂u
∂x
+
∂v

∂y
= 0, (3.63)

u
∂u
∂x
+ v

∂u
∂y
+ λ1

(
u2 ∂

2u
∂x2 + v

2 ∂
2u
∂y2 + 2uv

∂2u
∂x∂y

)
= ν

∂2u
∂y2 , (3.64)

u
∂u
∂x
+ v

∂u
∂y
= ν

∂2u
∂y2

[
1 + Γ2

(
∂u
∂y

)2
] n−1

2

+ ν (n − 1) Γ
∂2u
∂y2

(
∂u
∂y

)2
[
1 + Γ2

(
∂u
∂y

)2
] n−3

2

,

(3.65)

u
∂T
∂x
+ v

∂T
∂y
+ λ2

[
u2 ∂

2T
∂x2 + v

2 ∂
2T
∂y2 + 2uv

∂2T
∂x∂y

+

(
u
∂u
∂x
+ v

∂u
∂y

)
∂T
∂x

+

(
u
∂v

∂x
+ v

∂v

∂y

)
∂T
∂y

]
= α

∂2T
∂y2 , (3.66)

u
∂C
∂x
+ v

∂C
∂y
= D

∂2C
∂y2 . (3.67)

3.3.1 Similarity Transformation for a Horizontal Plate

Consider the stream function as defined in Eq.(3.58). By evaluating ψ and its derivative,

the stream function becomes,

ψ =
√

U∞νx f (η) = h(x) f (η), (3.68)
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and the dimensionless distance becomes,

η = y

√
U∞
νx
= y · g(x), (3.69)

where U∞ is constant which is the free stream velocity and ν =
µ

ρ
is the kinematic viscosity

of the fluid. By the above equations, the followings are derived,

h(x)g(x) =
√

U∞νx

√
U∞
νx
= U∞, (3.70)

dU∞
dx
= 0, (3.71)

∂η

∂x
= g′y. (3.72)

Thus by Eq.(3.58), the velocity components u and v in terms of η and f are,

u = U∞
∂ f
∂η
, v =

[
h′ f + h

(
∂ f
∂x
+
∂ f
∂η

g′y

)]
. (3.73)

By using the transformation fromEq.(3.73), themomentum equation for upper-convected

Maxwell (UCM) fluid in Eq.(3.64), the momentum equation for Carreau fluid in Eq.(3.65),

the thermal energy equation in Eq.(3.66) and the mass concentration equation in Eq.(3.67)

can be written as below respectively,

∂3 f
∂η3 +

1
2

f
∂2 f
∂η2 −

β

2

[
η

(
∂ f
∂η

)2
∂2 f
∂η2 + 2 f

∂ f
∂η

∂2 f
∂η2 + f 2 ∂

3 f
∂η3

]
= x

(
∂2 f
∂x∂y

∂ f
∂η
−
∂2 f
∂η2

∂ f
∂x

)
,

(3.74)[
1 + nWe2

(
∂2 f
∂η2

)2] [
1 +We2

(
∂2 f
∂η2

)2] n−3
2
∂3 f
∂η3 +

1
2

f
∂2 f
∂η2 = x

(
∂2 f
∂x∂y

∂ f
∂η
−
∂2 f
∂η2

∂ f
∂x

)
,

(3.75)

∂2θ

∂η2 +
1
2
Pr f

∂θ

∂η
−

1
2
Prγ

[
3 f

∂ f
∂η

∂θ

∂η
+ f 2 ∂

2θ

∂η2

]
= Prx

(
∂ f
∂η

∂θ

∂x
−
∂ f
∂x

∂θ

∂η

)
, (3.76)

∂2φ

∂η2 +
1
2
Sc f

∂φ

∂η
= Scx

(
∂ f
∂η

∂φ

∂x
−
∂ f
∂x

∂φ

∂η

)
. (3.77)
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The various dimensionless parameters used in Eqs.(3.74) - (3.77) are defined as follows,

β =
λ1U∞

2x
(local Deborah number for momentum), (3.78)

γ =
λ2U∞

2x
(local Deborah number for energy), (3.79)

We =

√
Γ2U3

∞x3

ν
(Weissenberg number), (3.80)

Pr =
ν

α
(Prandtl number), (3.81)

Sc =
ν

D
(Schmidt number). (3.82)

3.3.2 Similarity Transformation for a Horizontal Wedge

Consider the stream function as defined in Eq.(3.58). By Falkner and Skan (1931,

November), the free stream velocity U∞ is defined as,

U∞ = axm, (3.83)

where a is a constant and m is the wedge angle parameter which depends on the Hartree

pressure gradient βw, and is related to,

βw =
2m

m + 1
. (3.84)

By evaluating ψ and its derivative, the stream function becomes,

ψ =

√
2U∞νx
m + 1

f (η) = h(x) f (η). (3.85)

and the dimensionless distance becomes,

η = y

√
(m + 1)U∞

2νx
= y · g(x). (3.86)

where ν =
µ

ρ
is the kinematic viscosity of the fluid. By the above equations, the followings

are derived,
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h(x)g(x) =

√
2U∞νx
m + 1

√
(m + 1)U∞

2νx
= U∞ = axm, (3.87)

dU∞
dx
= maxm−1, (3.88)

∂η

∂x
=

h′η
h
. (3.89)

Thus by Eq.(3.58), the velocity components u and v in terms of η and f are,

u = U∞
∂ f
∂η
, v =

[
h′ f + h

(
∂ f
∂x
+
∂ f
∂η

h′η
h

)]
. (3.90)

By using the transformation fromEq.(3.90), themomentum equation for upper-convected

Maxwell (UCM) fluid in Eq.(3.64), the thermal energy equation in Eq.(3.66) and the mass

concentration equation in Eq.(3.67) can be written as below respectively,

∂3 f
∂η3 + f

∂2 f
∂η2 +

2m
m + 1

[
1 −

(
∂ f
∂η

)2
]
+ β

[
2m

m − 1
m + 1

{
1 −

(
∂ f
∂η

)2
}

+
m − 1

2
η

(
∂ f
∂η

)2
∂2 f
∂η2 −

m + 1
2

f 2 ∂
3 f
∂η3 + (3m − 1) f

∂ f
∂η

∂2 f
∂η2

]
=

2x
m + 1

(
∂2 f
∂x∂y

∂ f
∂η
−
∂2 f
∂η2

∂ f
∂x

)
, (3.91)

∂2θ

∂η2 + Pr f
∂θ

∂η
− Prγ

[
f
∂ f
∂η

∂θ

∂η
+

m + 1
2

f 2 ∂
2θ

∂η2

]
= Pr

2x
m + 1

(
∂ f
∂η

∂θ

∂x
−
∂ f
∂x

∂θ

∂η

)
, (3.92)

∂2φ

∂η2 + Sc f
∂φ

∂η
= Sc

2x
m + 1

(
∂ f
∂η

∂φ

∂x
−
∂ f
∂x

∂φ

∂η

)
. (3.93)

The various dimensionless parameters used in Eqs.(3.91) - (3.93) are defined as follows,

β =
λ1U∞

x
(local Deborah number for momentum), (3.94)

γ =
λ2U∞

x
(local Deborah number for energy), (3.95)

Pr =
ν

α
(Prandtl number), (3.96)

Sc =
ν

D
(Schmidt number). (3.97)
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3.3.3 The Dimensionless Boundary Conditions

The boundary conditions for the boundary layer flow are transformed using similarity

transformation so that they still describe the flow without any changes.

The boundary conditions for the momentum equation that satisfy f are,

1. for Sakiadis flow:

f = 0,
∂ f
∂η
= 1 at η = 0,

∂ f
∂η
→ 0 as η→∞,

(3.98)

2. for Blasius flow and static Falkner-Skan flow:

f = 0,
∂ f
∂η
= 0 at η = 0,

∂ f
∂η
→ 1 as η→∞.

(3.99)

The boundary conditions for thermal energy equation that satisfy θ are,

θ = 1, at η = 0,

θ → 0 as η→∞.

(3.100)

The boundary conditions for concentration equation that satisfy φ are,

φ = 1, at η = 0,

φ→ 0 as η→∞,

(3.101)

3.3.4 Local Similarity Solution

Consider the transformed governing equations, Eqs.(3.74) - (3.77) and Eqs.(3.91) -

(3.93). The variables x, y and their derivatives exist after the similarity transformation. By

Kays and Crawford (1993), consider a general transformation of (x, y) to (ξ, η) where ξ is

the dimensionless distance in x-direction. If either ξ or the derivative with respect to x

remains, there is no similarity solution exists.

To compensate this, local similarity solution is employed. Local similarity solution can

be obtained by dropping the derivatives containing ξ from the transformed equations and
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retaining ξ as a parameter. The resulting solutions are generally valid if ξ or its discarded

derivatives are kept small enough.

3.3.5 Local Similarity Solution for Horizontal Plate

From Kays and Crawford (1993), as for a horizontal plate, m = 0, ξ and its derivative

with respect to x are defined as,

ξ = bx
1
2 ,

∂ξ

∂x
=

1
2x
ξ. (3.102)

By substituting Eq.(3.102) into Eqs.(3.74) - (3.77), the equations become,

∂3 f
∂η3 +

f
2
∂2 f
∂η2 −

β

2

[
η

(
∂ f
∂η

)2
∂2 f
∂η2 + 2 f

∂ f
∂η

∂2 f
∂η2 + f 2 ∂

3 f
∂η3

]
=

1
2
ξ

(
∂2 f
∂ξ∂η

∂ f
∂η
−
∂2 f
∂η2

∂ f
∂ξ

)
,

(3.103)[
1 + nWe2

(
∂2 f
∂η2

)2] [
1 +We2

(
∂2 f
∂η2

)2] n−3
2
∂3 f
∂η3 +

1
2

f
∂2 f
∂η2 =

1
2
ξ

(
∂2 f
∂ξ∂η

∂ f
∂η
−
∂2 f
∂η2

∂ f
∂ξ

)
,

(3.104)

∂2θ

∂η2 +
1
2
Pr f

∂θ

∂η
−

1
2
Prγ

[
3 f

∂ f
∂η

∂θ

∂η
+ f 2 ∂

2θ

∂η2

]
=

1
2
Prξ

(
∂ f
∂η

∂θ

∂ξ
−
∂ f
∂ξ

∂θ

∂η

)
, (3.105)

∂2φ

∂η2 +
1
2
Sc f

∂φ

∂η
=

1
2
Scξ

(
∂ f
∂η

∂φ

∂ξ
−
∂ f
∂ξ

∂φ

∂η

)
. (3.106)

Since there exists ξ and its derivative in the equations, the similarity solution does not

exist. By employing the assumption made in Section 3.3.4, the governing equations from

Eqs.(3.103) - (3.106) can be reduced to,

f ′′′ +
1
2

f f ′′ −
β

2

[
η ( f ′)2 + 2 f f ′ f ′′ + f 2 f ′′′

]
= 0, (3.107)

[
1 + nWe2 ( f ′′)2

] [
1 +We2 ( f ′′)2

] n−3
2

f ′′′ +
1
2

f f ′′ = 0, (3.108)

θ′′ +
1
2
Pr f θ′ −

1
2
Prγ

[
3 f f ′θ′ + f 2θ′′

]
= 0, (3.109)

φ′′ +
1
2
Sc f φ′ = 0, (3.110)

where primes denote the differentiation with respect to η.
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3.3.6 Local Similarity Solution for Horizontal Wedge

From Kays and Crawford (1993), ξ and its derivative with respect to x are defined as,

ξ = bx
1−m

2 ,
∂ξ

∂x
=

1 − m
2x

ξ. (3.111)

By substituting Eq.(3.111) into Eqs.(3.91) - (3.93),

∂3 f
∂η3 + f

∂2 f
∂η2 +

2m
m + 1

[
1 −

(
∂ f
∂η

)2
]
+ β

[
2m

m − 1
m + 1

{
1 −

(
∂ f
∂η

)2
}

+
m − 1

2
η

(
∂ f
∂η

)2
∂2 f
∂η2 −

m + 1
2

f 2 ∂
3 f
∂η3 + (3m − 1) f

∂ f
∂η

∂2 f
∂η2

]
=

1 − m
m + 1

ξ

(
∂2 f
∂ξ∂η

∂ f
∂η
−
∂2 f
∂η2

∂ f
∂ξ

)
, (3.112)

∂2θ

∂η2 +Pr f
∂θ

∂η
−Prγ

[
f
∂ f
∂η

∂θ

∂η
+

m + 1
2

f 2 ∂
2θ

∂η2

]
=

1 − m
m + 1

Prξ
(
∂ f
∂η

∂θ

∂ξ
−
∂ f
∂ξ

∂θ

∂η

)
, (3.113)

∂2φ

∂η2 + Sc f
∂φ

∂η
= Sc

1 − m
m + 1

(
∂ f
∂η

∂φ

∂ξ
−
∂ f
∂ξ

∂φ

∂η

)
. (3.114)

Since there exists ξ and its derivative in the equations, the similarity solution does not

exist. By employing the assumption made in Section 3.3.4, the governing equations (3.112)

- (3.114) can be reduced to,

f ′′′ +
2m

m + 1

(
1 − ( f ′)2

)
+ f f ′′ + β

[
2m

m − 1
m + 1

(
1 − ( f ′)3

)
+

m − 1
2

η ( f ′)2 f ′′ −
m + 1

2
f 2 f ′′′ + (3m − 1) f f ′ f ′′

]
= 0, (3.115)

θ′′ + Pr f θ′ − Prγ
[
m + 1

2
f 2θ′′ + f f ′θ′

]
= 0, (3.116)

φ′′ + Sc f φ′ = 0, (3.117)

where primes denotes the differentiation with respect to η.
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3.4 The Local Skin Friction Coefficient, Local Nusselt Number and Local Sher-

wood Number

The local skin-friction coefficient for upper-convected Maxwell fluid, local skin-friction

coefficient for Carreau fluid, local Nusselt number and local Sherwood number respectively,

are defined as,

C f =
µ

ρU2
∞

(
∂u
∂y

)
y=0

, (3.118)

C f =
µ

ρU2
∞

(
∂u
∂y

)
y=0

1 + Γ2

{(
∂u
∂y

)2
}
y=0


n−1

2

, (3.119)

Nu = −
x

(Tw − T∞)

(
∂T
∂y

)
y=0

, (3.120)

Sh = −
x

(Cw − C∞)

(
∂C
∂y

)
y=0

. (3.121)

By some substitutions and calculations, the following are the local skin-friction

coefficient for UCM fluid, local skin-friction coefficient for Carreau fluid, local Nusselt

number and local Sherwood number for a horizontal plate respectively,

C f (Rex)
1/2 = f ′′(0), (3.122)

C f (Rex)
1/2 = f ′′(0)

[
1 +We2 { f ′′(0)}2

] n−1
2
, (3.123)

Nu(Rex)
−1/2 = θ′(0), (3.124)

Sh(Rex)
−1/2 = φ′(0). (3.125)

By the same substitutions and calculations, the following are the local skin-friction

coefficient, local Nusselt number and local Sherwood number for a horizontal wedge

respectively,

C f (Rex)
1/2 =

√
m + 1

2
f ′′(0), (3.126)
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Nu(Rex)
−1/2 = −

√
m + 1

2
θ′(0), (3.127)

Sh(Rex)
−1/2 = −

√
m + 1

2
φ′(0), (3.128)

where Rex =
U∞x
ν

is the local Reynolds number.

3.5 Numerical Method

The nonlinear ordinary differential equations, Eqs. (3.107) - (3.110) and Eqs. (3.115)

- (3.117) are the third order in f and second order in θ and φ. These equations are

numerically solved and computed by using two different algorithms. The third order

finite difference method (FDM) proposed by Pandey (2017) is used to solve Eqs. (3.107),

(3.108) and (3.115), meanwhile for Eqs. (3.109), (3.110), (3.116) and (3.117), the standard

second-order FDM (Burden & Faires, 2011) is used to solve the equation. The third order

ordinary differential equation is solved first and then followed by the second-order ordinary

differential equation by treating the function f as a constant in which the value used is

retrieved from the results calculated in the first method.

The third order FDM proposed by Pandey (2017) has many advantages such as simplicity

and at least of second-order accuracy. In addition, the calculations of the partial derivatives

to find the Jacobian of the equations involved are not needed. Since other variation of

third-order FDMs are needed to find the partial derivatives of the equations such as the

continuous fourth derivative FDM proposed by Sahi et al. (2013) and the fourth-order

FDM to solve a third order boundary value problem as proposed by Salama (2005), the

present proposed method is chosen.
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3.5.1 Second-Order Ordinary Differential Equation

Based on Burden and Faires (2011), the domain is set as [a1, a2] ∈ N where a1 and

a2 are some finite values that approximate η as η → ∞. The domain is divided into

(N + 1) subdomains, where the endpoints are at ηi = a1 + ih, for i = 0, 1, 2, ..., N + 1

and h =
a2 − a1

N
is the stepsize. Suppose the theoretical solution is Θ(η, θ, θ′) = θ′′ at

points η = ηi, i = 0, 1, 2, ..., N + 1. The central divided difference formula of second-order

accuracy is considered,

y′i =
1

2h
[yi+1 − yi−1] ,

y′′i =
1
h2 [yi+1 − 2yi + yi−1] .

(3.129)

Thus, it can be written as,

−θi+1 − 2θi + θi−1

h2 + Θi = 0, (3.130)

where the function of Θi is in the form of,

θ′′i = Θi(ηi, θi, θ
′
i), i = 1, 2, ..., N + 1, (3.131)

subject to the following boundary condition,

θ0 = β1, θN+1 = β2. (3.132)

Newton-Raphson iterative method is used to solve Eq.(3.130) as proposed in Burden

and Faires (2011, Chapter 11.4) by finding the value of θ[k]i such that k th iteration gives

the tolerance level of 10−5 and the initial guess for θ[0]i is written as,

θ
[0]
i = 1 − eηi, i = 0, 1, 2, ..., N . (3.133)

The summary of the algorithm explained above are presented in a flowchart in Figure 3.7.
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𝑎1, 𝑎2, 𝑁, Θ, 𝜖, 
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Calculate 

ℎ, 𝜂𝑖 , 𝜃𝑖
[0]

 

Calculate 
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[𝑘+1]

 

 

Is  

ቚ𝜃𝑖
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Update 

𝜃𝑖
[𝑘]

= 𝜃𝑖
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Output 
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End 

No 
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Figure 3.7: The flowchart of the algorithm for second-order finite difference method
(FDM) to solve second-order ordinary differential equation (ODE)

52

Univ
ers

ity
 of

 M
ala

ya



3.5.2 Third-Order Ordinary Differential Equation

Based on Pandey (2017), the domain is set as [a1, a2] ∈ N where a1 and a2 are some

finite values and it approximates η as η → ∞ are defined. The domain are divided into

N subdomains, so that a1 = η0 < η1 < η2 < ... < ηN = a2 with uniform step size h

such that ηi = a1 + ih, i = 0, 1, 2, ..., N . Suppose the exact solution is F(η) at nodal point

ηi, i = 1, 2, 3, ..., N . The numerical approximations of f (η) at node ηi are denoted as fi,

and the source functions are denoted as Fi(ηi), at node η = ηi, i = 0, 1, 2, ..., N . Thus the

momentum equations (3.107), (3.108) and (3.115) can be written as,

Fi(η, fi, f ′i , f ′′i ) = f ′′′i , at η = ηi, a1 < ηi < a1, (3.134)

subject to the following boundary condition

f0 = α1, f ′0 = α2, f ′N = α3. (3.135)

For the next step, nodes ηi+ 1
2
= ηi +

h
2
, i = 0, 1, 2, ..., N − 1 are defined and fi+ 1

2
,

i = 0, 1, 2, ..., N − 1 denotes the approximate solution of Eq.(3.134) at those nodes. The

following approximations are defined,

f̄ ′
i− 1

2
=



1
h

[
4
(

fi− 1
2
− fi−1

)
− h f ′i−1

]
, if i = 1,

1
2h

[
fi+ 1

2
− fi− 3

2

]
, if i = 2, 4 6 i 6 N − 1,

1
2h

[
3 fi− 1

2
− 4 fi− 3

2
+ fi− 5

2

]
, if i = 3,

1
2h

[
fi− 1

2
− fi− 3

2
+ 2h f ′i

]
, if i = N,

(3.136)

f̄ ′′
i− 1

2
=



1
h2

[
h

(
fi+ 1

2
− fi− 1

2

)
− f ′i−1

]
, if i = 1,

1
h2

[
fi+ 1

2
− 2 fi− 1

2
+ fi− 3

2

]
, if i = 2, 4 6 i 6 N − 1,

1
35h2

[
−88 fi−3 + 200 fi− 5

2
− 180 fi− 3

2
+ 68 fi− 1

2

]
, if i = 3,

1
23h2

[
26 fi− 3

2
− 25 fi− 1

2
fi− 5

2
+ 24h f ′i

]
, if i = N .

(3.137)
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By using Eq.(3.134), the following approximations are produced,

f ′′′ = F̄i+ 1
2
(ηi+ 1

2
, fi+ 1

2
, f̄ ′

i+ 1
2
, f̄ ′′

i+ 1
2
), i = 1, 2, ..., N − 1. (3.138)

The above N × N nonlinear system of equations with unknowns fi− 1
2
, i = 1, 2, ..., N can

be written into a system of matrix,

Df = a(f), (3.139)

where

D =



9 −1 0 0 0 0 0

−15 10 −3 0 0 0 0

1 −3 3 −1 0 0 0

0 1 −3 3 −1 0 0
...

...
. . .

. . .
. . .

. . .
...

0 0 0 1 −3 3 −1

0 0 0 0 1 −3 2



, f =



f1
2

f3
2

f5
2

f7
2
...

fN− 3
2

fN− 1
2



, a =



a 1
2

a 3
2

a 5
2

a 7
2
...

aN− 3
2

aN− 1
2



, (3.140)

ai =



8 f0 + 3h f ′0 −
3h3

8
F̄1

2
, if i = 1,

−8 f0 −
5h3

16

(
11F̄3

2
− 3F̄5

2

)
, if i = 2,

−
h3

8

(
F̄i− 3

2
+ F̄i− 1

2

)
, if 3 6 i 6 N − 1,

h f ′N +
h3

48

(
−25F̄N− 3

2
+ 21F̄N− 1

2

)
, if i = N .

(3.141)

Newton-Raphson iterative method is used to solve Eq.(3.139) by finding the value of

f [k]i such that k th iteration is the approximate solution with tolerance level of 10−5. The

initial guess for f [0]i is defined by,

f [0]i = 1 − eηi, i = 0, 1, 2, ..., N . (3.142)

Then the value of f [m]i , m ≤ k are calculated by using the following second order central
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divided difference approximations,

f [m]i =


1
2

(
f [m]
i− 1

2
+ f [m]

i+ 1
2

)
, i = 1, 2, ..., N − 1,

f [m]
i− 1

2
+

1
2

h f ′i , i = N .

(3.143)

The summary of the algorithm explained above is presented in a flowchart in Figure 3.8.

3.6 Code Validation

The algorithm for the numerical method from Section 3.5 is written in MATLAB for

numerical computation. The present results of f ′′(0) for various values of m when β = 0

from Eq.(3.115) are compared with the data published by Yih (1998), Khan et al. (2013),

Ganapathirao et al. (2013) and Khan et al. (2014) in order to verify the accuracy and to

ensure the algorithm is written correctly. The data comparisons along with the method

used are shown in Table 3.1. The present results are in a very good agreement with

previous results. It can be concluded that the algorithm for the numerical method chosen

in this study is acceptably accurate and the programming code is written correctly.
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Figure 3.8: The flowchart of the algorithm for third-order finite difference method
(FDM) to solve third-order ordinary differential equation (ODE)

56

Univ
ers

ity
 of

 M
ala

ya



Ta
bl
e
3.
1:

C
om

pa
ri
so
n
of

th
e
va
lu
e
of

f′
′ (

0)
w
ith

di
ffe

re
nt

va
lu
es

of
m
fr
om

Y
ih

(1
99
8)
,K

ha
n
et

al
.(
20
13
),
G
an

ap
at
hi
ra
o
(2
01
3)

an
d
K
ha

n
et

al
.(
20
14
)w

ith
th
e
pr
es
en
tr

es
ul
ts
w
he
re
β
=

0

Y
ih

(1
99
8)

K
ha
n
et
al
.(
20
13
)

G
an
ap
at
hi
ra
o
et
al
.(
20
13
)

K
ha
n
et
al
.(
20
14
)

Pr
es
en
t

M
et
ho
d
us
ed

K
el
le
r-B

ox
K
el
le
r-B

ox
Im

pl
ic
it
FD

M
Ru

ng
e-
K
ut
ta
w
ith

Sh
oo
tin

g
FD

M
m

0.
00
00

0.
46
96
00

0.
46
96
00

0.
46
97
20

0.
46
99
00

0.
46
94
43

0.
01
41

0.
50
46
14

-
0.
50
48
10

-
0.
50
61
52

0.
09
09

0.
65
49
79

0.
65
50
00

0.
65
49
30

0.
65
74
00

0.
65
50
53

0.
14
29

0.
73
19
98

-
0.
73
19
60

-
0.
72
98
16

0.
20
00

0.
80
21
25

0.
80
21
00

0.
80
21
50

0.
80
45
00

0.
80
28
97

0.
33
33

0.
92
76
53

0.
92
77
00

0.
92
76
70

0.
92
98
00

0.
92
81
39

0.
50
00

-
1.
03
89
00

1.
03
89
30

1.
03
94
00

1.
03
88
79

57

Univ
ers

ity
 of

 M
ala

ya



CHAPTER 4: NUMERICAL ANALYSIS OF MASS AND HEAT TRANSFER

FOR SAKIADIS AND BLASIUS FLOWS OF UPPER-CONVECTED MAXWELL

FLUID WITH CATTANEO-CHRISTOV HEAT FLUX MODEL OVER A

HORIZONTAL PLATE

This chapter discussed the heat and mass transfer of upper-convected Maxwell (UCM)

Sakiadis and Blasius boundary layer fluid flows past a horizontal plate using Cattaneo-

Christov heat flux model. The effect of Deborah number, Prandtl number and Schmidt

number on the velocity profile, temperature profile and concentration profile are also

discussed in this chapter.

4.1 Mathematical Formulation

The two-dimensional laminar flow of (UCM) fluid over a semi-infinite plate at y = 0

is considered. An assumption is made that the plate has a constant temperature Tw and

constant concentration Cw, and the ambient fluid temperature and ambient concentration

are T∞ and C∞ respectively. The governed equations for the steady incompressible laminar

Sakiadis and Blasius flows of UCM fluid with heat and mass transfer are expressed as,

∂u
∂x
+
∂v

∂y
= 0, (4.1)

u
∂u
∂x
+ v

∂u
∂y
+ λ1

(
u2 ∂

2u
∂x2 + v

2 ∂
2u
∂y2 + 2uv

∂2u
∂x∂y

)
= ν

∂2u
∂y2 , (4.2)

u
∂T
∂x
+ v

∂T
∂y
+ λ2

[
u2 ∂

2T
∂x2 + v

2 ∂
2T
∂y2 + 2uv

∂2T
∂x∂y

+

(
u
∂u
∂x
+ v

∂u
∂y

)
∂T
∂x

+

(
u
∂v

∂x
+ v

∂v

∂y

)
∂T
∂y

]
= α

∂2T
∂y2 , (4.3)

u
∂C
∂x
+ v

∂C
∂y
= D

∂2C
∂y2 , (4.4)
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with x and y are the coordinates along and normal to the heated plate respectively, u and v

are the velocity components along the x and y axis respectively, λ1 is the relaxation time of

the UCM fluid, ν is the kinematic viscosity of the fluid, α =
k
ρCp

is the thermal diffusivity,

k is the thermal conductivity, ρ is the density of the fluid, Cp is the specific heat capacity

of the fluid, λ2 is the relaxation time for heat flux, T is the local fluid temperature, C is the

local fluid concentration and D is the mass diffusion coefficient.

The boundary conditions for the system are,

1. Sakiadis flow

u = U∞, v = v0, T = Tw, C = Cw, at y = 0,

u→ 0, T → T∞, C → C∞, as y →∞,

(4.5)

2. Blasius flow

u = 0, v = v0, T = Tw, C = Cw, at y = 0,

u→ U∞, T → T∞, C → C∞, as y →∞,

(4.6)

where U∞ is the constant free stream velocity. The following dimensionless variables are

introduced to obtain similarity solution for the problem,

η = y

√
U∞
νx
, ψ = f (η)

√
U∞νx, θ(η) =

T − T∞
Tw − T∞

, φ(η) =
C − C∞
Cw − C∞

, (4.7)

where η is the dimensionless similarity variable, ψ is the stream function defined as

u =
∂ψ

∂y
and v = −

∂ψ

∂x
. By substituting Eq.(4.7) into Eqs.(4.2) - (4.4), the following set of

nonlinear ordinary differential equation are obtained,

f ′′′ +
1
2

f f ′′ −
β

2

(
η ( f ′)2 f ′′ + 2 f f ′ f ′′ + f 2 f ′′′

)
= 0, (4.8)

1
Pr
θ′′ +

1
2

f θ′ −
γ

2

(
3 f f ′θ′ + f 2θ′′

)
= 0, (4.9)

φ′′ +
Sc
2

f φ′ = 0, (4.10)
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where prime denotes the normal differentiation with respect to η, β =
λ1U∞

2x
is the local

Deborah number for fluid velocity, γ =
λ2U∞

2x
is the local Deborah number for fluid

temperature, Pr =
ν

α
is the Prandtl number and Sc =

ν

D
is the Schmidt number. The local

similarity solutions are used for β and γ since it contains the function of x, and the solution

found is used to analyse the fluid behaviour.

The transformed boundary conditions are,

1. Sakiadis flow

f = 0, f ′ = 1, θ = 1, φ = 1, at η = 0,

f ′→ 0, θ → 0, φ→ 0, as η→∞,

(4.11)

2. Blasius flow

f = 0, f ′ = 0, θ = 1, φ = 1, at η = 0,

f ′→ 1, θ → 0, φ→ 0, as η→∞,

(4.12)

The important physical quantities of the flow are the local skin-friction coefficient C f ,

local Nusselt number Nu and local Sherwood number Sh, which are related to the value of

f ′′(0), −θ′(0) and φ′(0) respectively. These parameter are defined as C f =
µ

ρU2
∞

(
∂u
∂y

)
y=0

,

Nu = −
x

(Tw − T∞)

(
∂T
∂y

)
y=0

and Sh = −
x

(Cw − C∞)

(
∂C
∂y

)
y=0

respectively. By substituting

Eq.(4.7), the local skin-friction coefficient, local Nusselt number and local Sherwood

number are,

C f (Rex)
1/2 = f ′′(0), (4.13)

Nu (Rex)
−1/2 = −θ′(0), (4.14)

Sh (Rex)
−1/2 = −φ′(0), (4.15)

where Rex =
U∞x
ν

is the local Reynolds number.
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Figure 4.1: The velocity profile for different values of βwith Pr = Sc = 1 and γ = 0.25

4.2 Results and Discussion

Table 4.1 presents the values of f ′′(0),−θ′(0) and−φ′(0) for various values of parameters.

From Table 4.1, the value of f ′′(0) decreases as the Deborah number β increases for

Sakiadis flow but decreases for Blasius flow. Noted that the value of f ′′(0) remains

unchanged when the values of Pr, γ and Sc increase. This is because the aforementioned

parameters do not present in the momentum equation, and thus, they do not disturb the

fluid velocity of the system. It is also can be seen that the values of −θ′(0) and −φ′(0)

are increasing when the Deborah number β increases for both Sakiadis and Blasius flows,

although the value of −θ′(0) and −φ′(0) for Blasius flow are higher than of Sakiadis flow.

In Figure 4.1, the effects of the Deborah number β to the fluid velocity profile f ′ for

Sakiadis flow are graphed. For velocity profile of Blasius flow, the value of β is fixed to be

zero. It is shown that for increasing value of β, the fluid velocity seems to be increased

slightly within the domain 0 < η < 1.2 approximately, but for the region η > 1.2 the fluid

velocity decreases with the increase of β. For information, β is defined as the ratio of fluid

relaxation time to its deformation rate, thus as β increases, the deformation time of the
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Figure 4.2: The temperature profile for different values of: (a) Pr when γ = 0.3; (b)
γ when Pr = 1; with β = 0.5 and Sc = 1

fluid decreases and the relaxation time increases. The relaxation causes the thickness of

the momentum boundary layer to increase.

Figure 4.2(a) describes the effect of the Prandtl number Pr on the fluid temperature

profile θ for both Sakiadis and Blasius flows. It can be seen Figure 4.2(a) that as Pr

increases, the temperature profile for both types of flow decreases. Prandtl number is
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Figure 4.3: The concentration profile for different values of Sc with β = 0.5, Pr = 1
and γ = 0.3

defined as the ratio of the momentum diffusivity and the thermal diffusivity. For lower Pr

value, i.e. Pr < 1, the thermal diffusivity dominates. This means the velocity of the fluid

does not interfere with the thermal boundary layer thickness, which makes heat distribution

slower. For Pr > 1, momentum diffusivity dominates. At this stage, the fluid velocity

largely affects the thermal diffusivity and helps the heat diffusion in the fluid, thus makes

the heat diffusion quicker. From Figure 4.2(a) it can be also seen that the fluid temperature

profile for Blasius flow is greater than Sakiadis flow as Pr increases. The relationship

between the Deborah number γ and the fluid temperature distribution for both types of

flow is shown in Figure 4.2(b). Based on Figure 4.2(b), the temperature profile θ decreases

with the increasing value of γ. This means that as the fluid takes longer time for it to

experience heat conduction, the thermal boundary layer thickness becomes smaller, thus

makes the heat dissipates quickly for both Sakiadis and Blasius flows.

The effect of Schmidt number Sc on the fluid concentration distribution φ for Sakiadis

and Blasius flows is presented in Figure 4.3. It can be shown from Figure 4.3 that as η

tends to infinity, the mass concentration profile tends to zero, and as Sc increases, the
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Figure 4.4: The effect of β on −φ′(0) for different values of Sc

concentration of the fluid decreases for both flows. Since Schmidt number is defined as the

ratio momentum diffusivity and mass diffusivity, it means that an increase of the ratio of

momentum diffusivity and mass diffusivity results in a thinner boundary layer of mass

transfer. This causes the response time of concentration transport of the fluid becomes

longer.

Figure 4.4 presents the effect of β on −φ′(0) with different values of Sc. We notice

that the value of −φ′(0) increases as β and Sc increase. For a fixed value of Sc, a larger

magnitude of the velocity of the fluid results in a lower pressure of the fluid inside the

boundary layer. This situation causes the particle concentration at the wall decreases,

which increases the value of −φ′(0).

To gain a better understanding on the heat transfer within the system, the dimensional

form for several different systems are investigated. Table 4.2 shows the physical properties

of fluid used in the demonstration.

Figure 4.5(a) presents the heat map of Sakiadis flow of air, while Figure 4.5(b) shows

the heat map of Blasius flow of air, both at constant T∞, Tw, U∞, β, γ and Sc. Based
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Table 4.2: The physical properties for selected fluid

Fluid Pr T∞(◦C) ν (cm2/s)

Air 0.7-1 20 0.1506
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Figure 4.5: The heat map of: (a) Sakiadis flow; (b) Blasius flow; for air at T∞ = 20◦C
with U∞ = 100 cm/s, Tw = 70◦C, β = 0.5, γ = 0.3 and Sc = 1
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on these two figures, the thermal boundary layer can be seen clearly. It is shown that

the thermal boundary layer for Sakiadis flow is thinner than Blasius flow. The thinner

the thermal boundary layer, the heat dissipation from the wall in the fluid becomes more

efficient. This means that based on the Figure 4.5, the heat dissipation for Sakiadis flow

is more efficient and quicker than Blasius flow. This fact supported the result shown in

Figure 4.2(a).

Figure 4.6 presents the heat map of Sakiadis flow for air at constant T∞, Tw, U∞, β

and Sc, with γ = 0 for Figure 4.6(a) and γ = 0.5 for Figure 4.6(b). It is noted that γ = 0

corresponds to the classical Fourier law heat transfer model. Based on the heat map

shown in Figure 4.6, it can be seen that the thermal boundary layer for γ = 0 is thicker

than γ = 0.5. This means that when the fluid behaves like Fourier law model, the heat

dissipation is not as efficient as Cattaneo-Christov heat flux model. It can be concluded

that Cattaneo-Christov heat flux model increase the efficiency of heat dissipation in the

fluid. These results are in good match with the results from Figure 4.2(b).
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Figure 4.6: The heat map of Sakiadis flow with (a) γ = 0, (b) γ = 0.5; for air at
T∞ = 20◦C with U∞ = 100 cm/s, Tw = 70◦C, β = 0.5 and Sc = 1
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CHAPTER 5: NUMERICAL STUDY OF MASS AND HEAT TRANSFER FOR

SAKIADIS FLOW OF MAGNETOHYDRODYNAMIC CARREAU FLUID OVER

A HORIZONTAL PLATE USING CATTANEO-CHRISTOV HEAT FLUX

MODEL

The numerical investigation of mass and heat transfer for magnetohydrodynamic (MHD)

Carreau fluid over a horizontal plate for Sakiadis flow with Cattaneo-Christov heat flux

model is presented in this chapter. The results are tabulated and graphed and the analysis

of the results are also discussed later.

5.1 Mathematical Formulation

The two-dimensional laminar flow of an incompressible and electrically conducting

Carreau fluid over a semi-infinite plate at y = 0 is considered . An assumption is made that

the plate has a constant temperature Tw and constant concentration Cw, and the ambient

fluid temperature and ambient concentration are T∞ and C∞ respectively. The governed

equations for steady incompressible laminar MHD Carreau boundary layer Sakiadis fluid

flow with mass and heat transfer using Cattaneo-Christov heat flux model are as follow,

∂u
∂x
+
∂v

∂y
= 0, (5.1)

u
∂u
∂x
+ v

∂u
∂y
= ν(n − 1)Γ2 ∂

2u
∂y2

(
∂u
∂y

)2
[
1 + Γ2

(
∂u
∂y

)2
] n−3

2

+ ν
∂2u
∂y2

[
1 + Γ2

(
∂u
∂y

)2
] n−1

2

−
σcB2

0
ρ

u (5.2)

u
∂T
∂x
+ v

∂T
∂y
+ λ2

[
u2 ∂

2T
∂x2 + v

2 ∂
2T
∂y2 + 2uv

∂2T
∂x∂y

+

(
u
∂u
∂x
+ v

∂u
∂y

)
∂T
∂x

+

(
u
∂v

∂x
+ v

∂v

∂y

)
∂T
∂y

]
= α

∂2T
∂y2 , (5.3)

u
∂C
∂x
+ v

∂C
∂y
= D

∂2C
∂y2 , (5.4)
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where x and y are the coordinates along and normal to the plate respectively, u and v are

the velocity components along the x and y axis respectively, ν is the kinematic viscosity

of the fluid, Γ is the Carreau fluid parameter, n is the power-law index, α =
k
ρCp

is the

thermal diffusivity, k is the thermal conductivity, ρ is the density of the fluid, σc is the

electrical conductivity, B0 is the magnetic field normal to the plate, Cp is the specific heat

capacity of the fluid, T is the local fluid temperature, D is the mass diffusion coefficient

and C is the local mass concentration.

The boundary conditions are,

u = U∞, v = v0, T = Tw, C = Cw, at y = 0,

u→ 0, T → T∞, C → C∞, as y →∞,

(5.5)

where U∞ is the constant free stream velocity. To find the similarity solution, the following

dimensionless variables are introduced,

η = y

√
U∞
νx
, ψ = f (η)

√
U∞νx, θ(η) =

T − T∞
Tw − T∞

, φ(η) =
C − C∞
Cw − C∞

, (5.6)

where η is the dimensionless similarity variable, ψ is the stream function defined as

u =
∂ψ

∂y
and v = −

∂ψ

∂x
. By substituting Eq.(5.6) into Eqs.(5.2) - (5.4), the following set of

nonlinear ordinary differential equation are obtained,[
1 + nWe2 ( f ′′)2

] [
1 +We2 ( f ′′)2

] n−3
2

f ′′′ +
1
2

f f ′′ −M f ′ = 0, (5.7)

1
Pr
θ′′ +

1
2

f θ′ −
γ

2

(
3 f f ′θ′ + f 2θ′′

)
= 0, (5.8)

φ′′ +
Sc
2

f φ′ = 0, (5.9)

where prime denotes the differentiation with respect to η, We =
√
Γ2U3

∞x3

ν
is the local

Weissenberg number, M =
σcB2

0x
U∞ρ

is the local magnetic field parameter, Pr =
ν

α
is the

Prandtl number, γ =
λ2U∞

2x
is the local Deborah number for the energy and Sc =

ν

D
is the

Schmidt number.
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Since the parameters M, We and γ contains the function of x, the availability of the

local similarity solutions are used instead, and the local solution found can be used to see

the effect of parameters to the system.

The transformed boundary conditions are, with boundary condition

f = 0, f ′ = 1, θ = 1, φ = 1, at η = 0,

f ′→ 0, θ → 0, φ→ 0, as η→∞,

(5.10)

It is useful to take into consideration the physical quantities that have practical interest

for this problem. The dimensionless quantities that are related to the problem are the local

skin-friction coefficientC f , local Nusselt number Nu and local Sherwood number Sh, which

are defined asC f =
µ

ρU2
∞

(
∂u
∂y

)
y=0

1 + Γ2

{(
∂u
∂y

)2
}
y=0


n−1

2

, Nu = −
x

(Tw − T∞)

(
∂T
∂y

)
y=0

and Sh = −
x

(Cw − C∞)

(
∂C
∂y

)
y=0

respectively. By substituting Eq.(5.6), the local skin-

friction coefficient, local Nusselt number and local Sherwood number are,

C f (Rex)
1/2 = f ′′(0)

[
1 +We2 { f ′′(0)}2

] n−1
2
, (5.11)

Nu (Rex)
−1/2 = −θ′(0), (5.12)

Sh (Rex)
−1/2 = −φ′(0), (5.13)

where Rex =
U∞x
ν

is the local Reynolds number.
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5.2 Results and Discussion

Table 5.1 presents the values of f ′′(0), −θ′(0) and −φ′(0) for different values of

parameters. It can be seen from Table 5.1 that as the value of power-law index increases

from 1 to 15, the values of f ′′(0) increases but the values of θ′(0) and φ′(0) decrease. The

value of −φ′(0) are unchanged for different values of Pr and γ since these two parameters

absent from the concentration equation, thus varying these parameter does not affect the

concentration profile of the fluid.

For the purpose of the study in this chapter, the value of local magnetic field parameter

M is fixed at 0.5. The effect of local Weissenberg number on velocity, temperature and

concentration profile are shown in Figure 5.1(a). Based on Figure 5.1(a), as We increases,

the fluid velocity decreases while the temperature and concentration gradient of the fluid

increase. As We increases, the elastic forces dominate and cause the fluid to flow at a low

velocity, thus the relaxation times for temperature and concentration gradient also increase.

This causes the fluid at the region gains up thermal energy and mass concentration. Figure

5.2(b) shows the effect of power-law index parameter on velocity profile, temperature

profile and concentration profile. There is an increase in fluid velocity for increasing value

of n, but there is a decrease in temperature and concentration gradient for increasing value

of n. By increasing the value of n, the fluid is behaving more like a Newtonian fluid. This

makes the momentum boundary layer increases as the fluid becomes more viscous. Since

the changes of the fluid velocity profile, temperature profile and concentration profile are

small as shown in Figure 5.1(b), it can be concluded that there is a slight effect of n on the

fluid flow.
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Figure 5.1: The velocity profile, temperature profile and concentration profile for
different values of: (a) We when n = 0.5; (b) n when We = 0.5; with Pr = Sc = 1 and
γ = 0.2
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Figure 5.2: The temperature profile for different values of: (a) γ when Pr= 1; (b) Pr
when γ = 0.5; with We = n = 1 and Sc = 0.2

In Figure 5.2(a), the effect of local Deborah number γ on the temperature profile is

shown. It can be seen from Figure 5.2(a) that at initial flow within the region 0 < η < 2,

the fluid temperature gradient increases as the value of γ increases, but for the region

η > 2, the fluid temperature distribution slightly decreases. It means the time taken for

the fluid to experience heat conduction is longer and this causes the thermal boundary
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Figure 5.3: The concentration profile for different values of Sc with We = n = 0.5,
Pr = 1 and γ = 0.2

layer to become thinner which can be interpreted as the dissipation of heat occurs at a

high speed. The effect of the Prandtl number Pr on the temperature profile is presented in

Figure 5.2(b). From Figure 5.2(b), as Pr increases, the temperature gradient decreases.

Prandtl number is defined as the ratio of momentum diffusivity and thermal diffusivity.

For higher Pr number, the momentum diffusivity terms dominate the thermal diffusivity,

and the fluid velocity is high enough to help the heat transfer in the region and is causing

the heat dissipation to occur in a shorter time.

The effect of Schmidt number Sc on the concentration profile is shown in Figure 5.3.

An increase in Sc causes the concentration gradient to decrease based on Figure 5.3.

Schmidt number is defined as the ratio momentum diffusivity and mass diffusivity, which

is analogous to Prandtl number for temperature gradient. As Sc increases, momentum

diffusivity dominates and the velocity of the fluid is high enough to facilitate the mass

distribution, thus causes the concentration gradient to decrease faster.

For a better visualisation on the results above, the dimensional form for several different

types of system are presented. Table 5.2 shows the physical properties of fluids used in
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Table 5.2: The physical properties for selected fluids

Fluid Pr T∞(◦C) ν (cm2/s)

Air 0.7-1

5 0.1372

20 0.1506

25 0.1552

Pure water 6-7 20 0.01

the visualisation. Figure 5.4(a) shows the heat map of air, while Figure 5.4(b) shows the

heat map of pure water, both at constant T∞, Tw, U∞, We, n, γ and Sc. It can be seen

that the thermal boundary layer for pure water is much thinner than the thermal boundary

layer for air. This means that the heat transfer in pure water is more efficient and quicker

than in air. Since air has a lower Prandtl number, Pr than pure water based on Table

5.2, it can be concluded that the higher the Pr, the thinner the thermal boundary layer,

which corresponds to the higher efficiency of heat dissipation from wall in the fluid. This

conclusion is supported with the results from Figure 5.2(b).

Figure 5.5(a) presents the heat map of air at 5◦C, and Figure 5.5(b) presents the heat

map of air at 25◦C and at constant Tw, U∞, We, n, γ and Sc. It can be seen from Figure 5.5

that the thermal boundary layer for air at 5◦C is thinner than for air at 25◦C. At lower T∞,

the colder fluid further from the wall is able to interact with the hot fluid which gained

its heat from the heated wall at a shorter vertical distance from the wall. This causes the

heat transfer from the hot region to the cold fluid region happens in that smaller area, thus

causes the heat dissipates quickly. It can be concluded that for lower T∞ of the fluid used,

the heat dissipation is more efficient than the higher T∞.
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Figure 5.4: The heat map of: (a) Air; (b) Pure water; at T∞ = 20◦C with U∞ = 100
cm/s, Tw = 70◦C, We = 0.5, n = 1, γ = 0.2 and Sc = 1
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Figure 5.5: The heat map of air at: (a) T∞ = 5◦C; (b) T∞ = 25◦C; with Tw = 70◦C,
U∞ = 100 cm/s, We = 0.5, n = 1 and Sc = 1
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CHAPTER 6: CONVECTIVE BOUNDARY LAYER OF UPPER-CONVECTED

MAXWELL FLUID OVER A HORIZONTAL WEDGEWITH SUCTION AND

HEAT GENERATION/ABSORPTION USING CATTANEO-CHRISTOV HEAT

FLUX MODEL

The study of boundary layer flow over a wedge with suction or injection has been

widely recognised due to its importance in the industrial processes. This includes the

reduction of the drag force in a fluid and the entrance region of a pipe flow. The

velocity profile, temperature profile and concentration profile of a boundary layer flow are

significantly affected by suction or injection. This chapter deals with the effect of the heat

generation/absorption on convective heat transfer of upper-convected Maxwell (UCM) fluid

over a horizontal wedge using Cattaneo-Christov heat flux model with suction/injection.

6.1 Mathematical Formulation

The two-dimensional laminar flow of UCM fluid over a horizontal wedge with the

wedge angle Ω = βwπ is considered. The Hartree pressure gradient βw is defined as

βw =
2m

m + 1
where m is the wedge angle parameter. An assumption is made that the

surface of the wedge has a constant temperature Tw, and the ambient fluid temperature is

T∞. The governed equations for the steady incompressible laminar flow of Maxwell fluid

over a horizontal wedge with heat transfer, suction, and heat generation/absorption are

expressed as,

∂u
∂x
+
∂v

∂y
= 0, (6.1)

u
∂u
∂x
+v

∂u
∂y
+λ1

(
u2 ∂

2u
∂x2 + v

2 ∂
2u
∂y2 + 2uv

∂2u
∂x∂y

)
= ν

∂2u
∂y2 +U∞

∂U∞
∂x
+λ1U2

∞

∂2U∞
∂x2 , (6.2)

u
∂T
∂x
+ v

∂T
∂y
+ λ2

[
u2 ∂

2T
∂x2 + v

2 ∂
2T
∂y2 + 2uv

∂2T
∂x∂y

+

(
u
∂u
∂x
+ v

∂u
∂y

)
∂T
∂x

+

(
u
∂v

∂x
+ v

∂v

∂y

)
∂T
∂y

]
= α

∂2T
∂y2 +Q(T − T∞), (6.3)
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with x and y are the coordinates along and normal to the heated plate respectively, u and v

are the velocity components along the x and y axis respectively, λ1 is the relaxation time of

the UCM fluid, ν is the kinematic viscosity of the fluid, α =
k
ρCp

is the thermal diffusivity,

k is the thermal conductivity, ρ is the density of the fluid, Cp is the specific heat capacity

of the fluid, λ2 is the relaxation time for heat flux, T is the local fluid temperature and Q is

the heat generation/absorption coefficient.

The boundary conditions are,

u = 0, v = v0, T = Tw at y = 0,

u→ U∞, T → T∞, as y →∞,

(6.4)

where v0 is suction, U∞ = axm is free stream velocity and a is a constant. The following

dimensionless variables are introduced to obtain similarity solution for the problem,

η = y

√
(m + 1)U∞

2νx
, ψ = f (η)

√
2U∞νx
m + 1

, θ(η) =
T − T∞
Tw − T∞

(6.5)

where η is the dimensionless similarity variable, ψ is the stream function defined as

u =
∂ψ

∂y
and v = −

∂ψ

∂x
. By substituting Eq.(6.5) into Eqs.(6.2) - (6.3), the following set of

nonlinear ordinary differential equation are obtained,

f ′′′ +
2m

m + 1

(
1 − ( f ′)2

)
+ f f ′′ + β

[
2m

m − 1
m + 1

(
1 − ( f ′)3

)
+

m − 1
2

η ( f ′)2 f ′′ −
m + 1

2
f 2 f ′′′ + (3m − 1) f f ′ f ′′

]
= 0, (6.6)

θ′′ + Pr f θ′ +
2

m + 1
Prδθ − Prγ

[
m + 1

2
f 2θ′′ −

6
m + 1

η ( f ′)2 θ′ + f f ′θ′
]
= 0, (6.7)

where prime denotes the differentiation with respect to η, β =
λ1U∞

2x
is the local Deborah

number for momentum, γ =
λ2U∞

2x
is the local Deborah number for energy, Pr =

ν

α
is the

Prandtl number, δ =
Q

ab2 is the heat generation/absorption parameter and b is a constant.

Since the value β and γ contain the function of x, the availability of the local similarity

solutions is used, and the solution found can be used to see the effect of parameters at a
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fixed location above the wall.

The transformed boundary conditions are,

f =
2

m + 1
s, f ′ = 0, θ = 1, φ = 1, at η = 0,

f ′→ 1, θ → 0, as η→∞,

(6.8)

where s = −v0

√
(m + 1)x

2Uν
is the suction parameter.

The expression for local skin-friction coefficient C f and local Nusselt number Nu are,

C f (Rex)
1/2 =

√
m + 1

2
f ′′(0), (6.9)

Nu (Rex)
−1/2 =

√
m + 1

2
θ′(0), (6.10)

where Rex =
U∞x
ν

is the local Reynolds number.

6.2 Results and Discussion

Table 6.1 presented the values of f ′′(0) and −θ′(0) for various values of parameters

involved in the governed equations. From Table 6.1, the value of f ′′(0) increases as the

wedge angle parameter m increases but the value of θ′(0) decreases for the same value of

wedge angle parameter. Noted that the value of f ′′(0) remains constant for the increasing

values of Pr, γ and δ for a fixed β. This is due to the parameters listed before are absent

from the momentum equation, and thus nothing happened when these parameters are set

to different values. It is also worth noted that from Table 6.1 the value of θ′(0) increases

when the heat generation parameter increases.

For the purpose of the study in this subchapter, the value of suction parameter s is fixed

to be 0.1. The effect of wedge angle parameter m on velocity profile f ′ and temperature

profile θ is presented in Figure 6.1(a). Based on Figure 6.1(a), as the wedge angle parameter

m increases, the velocity profile f ′ increases while the temperature profile θ decreases.
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Figure 6.1: The velocity profile and temperature profile for different values of: (a)
m when β = 0.2; (b) β when m = 0.0141; with γ = δ = 0.2 and Pr= 2

This means as the wedge becomes steeper, the thickness of momentum and thermal

boundary layer decreases. In Figure 6.1(b), the effect of the local Deborah number β onto

the velocity and temperature profiles are shown. Based on Figure 6.1(b), the velocity

profile decreases slightly while β increases in a tiny amount. On the other hand, the

temperature profile increases for the increasing value of β. The local Deborah number for
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Figure 6.2: The temperature profile for different values of γ with m = 0.0141,
β = δ = 0.2 and Pr = 2

fluid momentum is defined as the ratio of fluid relaxation time to its deformation time. As

β increases, the relaxation time of the fluid increases. As a result, it causes the thickness of

momentum and thermal boundary layer become thicker. Based on Figure 6.1(b), it can be

concluded that the changes in the value of β do affect the velocity and temperature profiles

slightly.

The variation of the fluid temperature distribution θ against the different values of

the local Deborah number is plotted in Figure 6.2. In Figure 6.2, for increasing γ, the

temperature profile decreases slightly. With the same argument as β, as γ increases, the

relaxation time of the heat transfer of the fluid increases and delays the time for the fluid to

experience heat conduction. This causes the thermal boundary layer becomes thinner and

results in faster heat dissipation. Since the effect is not significant, it can be concluded

that the changes in the value of γ do not affect the thermal boundary layer in a greater

magnitude.

The effect of Prandtl Number Pr on temperature profile θ is shown in Figure 6.3(a).

Based on Figure 6.3(a), as Pr increases, the temperature profile decreases. Prandtl number
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Figure 6.3: The temperature profile for different values of: (a) Pr when δ = 0.2; (b)
δ when Pr = 2; with m = 0.0141 and β = γ = 0.2

is defined as the ratio of the momentum diffusivity and thermal diffusivity. As Pr increases,

the momentum diffusivity increases and dominates the thermal diffusivity. This means

that the fluid velocity is high enough to interfere and helps the heat transfer of the fluid.

In turns, the disturbance from the fluid velocity makes the heat dissipation occurs at a

faster rate, making the thermal boundary layer thinner. Figure 6.3(b) showed the effect
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Table 6.2: The physical properties for selected fluid

Fluid Pr T∞(◦C) ν (cm2/s)

Gaseous ammonia 1.5-2 25 0.145

of heat generation/absorption parameter δ to the fluid temperature profile θ. In Figure

6.3(b) it can be seen that the temperature profile of the fluid increases with the increasing

δ. For δ < 0, it denotes the heat absorption and δ > 0 indicates the heat generation. For

δ > 0, since it generates more heat, the temperature profile increases as it takes account

the extra heat generated from the fluid. As a contrary, for δ < 0, it absorbs heat energy,

thus the temperature profile decreases. This means, as δ increases, the temperature profile

increases, makes the heat transfer rate decreases and causes the thickness of the boundary

layer increases, i.e becomes thicker.

For a better understanding on the results produced, the dimensional form for several

different types of system are presented. Table 6.2 showed the physical properties of fluid

used as an example of several system. Figure 6.4(a) presented the heat map of gaseous

ammonia with wedge angle parameter m = 0, while Figure 6.4(b) presented the heat map

of gaseous ammonia with wedge angle parameter m = 0.2, both at constant T∞, Tw, U∞, β,

γ and δ. Here m = 0 corresponds to a flat horizontal plate. Based on Figure 6.4, it can be

seen that the thermal boundary layer for m = 0 is thicker than m = 0.2. This means the

heat dissipation in a fluid past a horizontal wedge is more efficient than the heat dissipation

in a fluid past a horizontal plate. This result corresponds to the results shown in Figure

6.1(a) where as m increases, the heat transfer rate of the fluid increases, thus produces a

thinner thermal boundary layer.

Figure 6.5(a) presented the heat map of gaseous ammonia with heat generation/absorp-

tion parameter δ = −0.2, while Figure 6.5(b) presented the heat map of gaseous ammonia

with heat generation/absorption parameter δ = 0.2, both at constant T∞, Tw, U∞, m, β
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Figure 6.4: The heat map of gaseous ammonia with: (a) m = 0; (b) m = 0.2; at
T∞ = 25◦C with Tw = 75◦C, U∞ = 100 cm/s, and β = γ = δ = 0.2

and γ. It is shown from Figure 6.5 that the thermal boundary layer for δ = −0.2 is much

thinner than the thermal boundary layer for δ = 0.2. This means that as δ increases, the

thermal boundary layer thickens. For δ < 0, it denotes the heat absorption and δ > 0

indicates the heat generation. Thus, based on Figure 6.5, it can be said that the presence of
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Figure 6.5: The heat map of gaseous ammonia with: (a) δ = −0.2; (b) δ = 0.2; at
T∞ = 25◦C with U∞ = 100 cm/s, Tw = 75◦C, m = 0.0141 and β = γ = 0.2

heat absorption helps the heat to dissipate quicker from the system, while the presence of

heat generation retards the heat transfer. As a conclusion, as δ increases, the efficiency of

heat dissipation from the wall in the fluid flow decreases, which supported by the results

presented in Figure 6.3(b).
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CHAPTER 7: HEAT TRANSFER ANALYSIS OF UPPER-CONVECTED

MAXWELL FLUID OVER A HORIZONTAL WEDGE IN THE PRESENCE OF

HEAT GENERATION/ABSORPTION, CHEMICAL REACTION, SUCTION

AND HEAT RADIATION USING CATTANEO-CHRISTOV HEAT FLUX

MODEL

In this chapter, the problem discussed in Chapter 6 is extended by the inclusion of mass

transfer, chemical reaction and heat radiation.

7.1 Mathematical Formulation

The two-dimensional laminar flow of UCM fluid over a horizontal wedge with the wedge

angle Ω = βwπ is considered. The Hartree pressure gradient βw is defined as βw =
2m

m + 1
where m is the wedge angle parameter. An assumption is made that the surface of the

wedge has a constant temperature Tw and constant concentration Cw respectively, and the

ambient fluid temperature and ambient concentration are T∞ and C∞ respectively. The

governed equation for the heat and mass transfer for steady incompressible laminar flow of

Maxwell fluid over a horizontal wedge with heat transfer, suction, chemical reaction, heat

radiation and heat generation/absorption is expressed as,

∂u
∂x
+
∂v

∂y
= 0, (7.1)

u
∂u
∂x
+v

∂u
∂y
+λ1

(
u2 ∂

2u
∂x2 + v

2 ∂
2u
∂y2 + 2uv

∂2u
∂x∂y

)
= ν

∂2u
∂y2 +U∞

∂U∞
∂x
+λ1U2

∞

∂2U∞
∂x2 , (7.2)

u
∂T
∂x
+ v

∂T
∂y
+ λ2

[
u2 ∂

2T
∂x2 + v

2 ∂
2T
∂y2 + 2uv

∂2T
∂x∂y

+

(
u
∂u
∂x
+ v

∂u
∂y

)
∂T
∂x

+

(
u
∂v

∂x
+ v

∂v

∂y

)
∂T
∂y

]
= α

∂2T
∂y2 +Q(T − T∞) −

1
ρc
∂qr

∂y
, (7.3)

u
∂C
∂x
+ v

∂C
∂y
= D

∂2C
∂y2 + K0(C − C∞), (7.4)
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with x and y are the coordinates along and normal to the heated plate respectively, u and

v are the velocity components along the x and y axis respectively, λ1 is the relaxation

time of the UCM fluid, ν is the kinematic viscosity of the fluid, α =
k
ρCp

is the thermal

diffusivity, k is the thermal conductivity, ρ is the density of the fluid, Cp is the specific

heat capacity of the fluid, λ2 is the relaxation time for heat flux, T is the local fluid

temperature, C is the local fluid concentration, D is the mass diffusion coefficient, Q is

the heat generation/absorption coefficient, K0 is the chemical reaction coefficient, and

qr = −

(
4σ
3k1

) (
∂T4

∂y

)
is the radiative heat flux where σ is the Stefan-Boltzmann constant

and k1 is the mean absorption coefficient. By employing Rosseland approximation on

the qr , T4 can be expressed as a linear function of temperature by using Taylor’s series

expansion about the ambient fluid temperature T∞ since the fluid-phase temperature

differences within the flow is assumed to be negligible. The Taylor’s series expansion of

T4 are truncated to T4 � 4T3
∞T − 3T4

∞. The radiative heat flux term in Eq.(7.3) becomes

qr = −

(
16σT3

∞

3k1

) (
∂T
∂y

)
.

The boundary conditions are,

u = 0, v = v0, T = Tw, C = Cw, at y = 0,

u→ U∞, T → T∞, C → C∞, as y →∞,

(7.5)

where v0 is suction, U∞ = axm and a is a constant. The following dimensionless variables

are introduced to obtain similarity solution for the problem,

η = y

√
(m + 1)U∞

2νx
, ψ = f (η)

√
2U∞νx
m + 1

, θ(η) =
T − T∞
Tw − T∞

, φ(η) =
C − C∞
Cw − C∞

,

(7.6)

where η is the dimensionless similarity variable, ψ is the stream function defined as

u =
∂ψ

∂y
and v = −

∂ψ

∂x
. By substituting Eq.(7.6) into Eqs.(7.2) - (7.4), the following set of

nonlinear ordinary differential equations are obtained,
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f ′′′ +
2m

m + 1

(
1 − ( f ′)2

)
+ f f ′′ + β

[
2m

m − 1
m + 1

(
1 − ( f ′)3

)
+

m − 1
2

η ( f ′)2 f ′′ −
m + 1

2
f 2 f ′′′ + (3m − 1) f f ′ f ′′

]
= 0, (7.7)

(
1 +

4
3R

)
θ′′ + Pr f θ′ +

2
m + 1

Prδθ − Prγ
[
m + 1

2
f 2θ′′

−
6

m + 1
η ( f ′)2 θ′ + f f ′θ′

]
= 0, (7.8)

φ′′ + Sc f φ′ +
2

m + 1
ScKφ = 0, (7.9)

where prime denotes the differentiation with respect to η, β =
λ1U∞

2x
is the local Deborah

number for fluid momentum, γ =
λ2U∞

2x
is the local Deborah number for energy term,

Pr =
ν

α
is the Prandtl number, R =

k1αρCp

4σT3
∞

is the heat radiation parameter, Sc =
ν

D
is

the Schmidt number, K =
K0

ab2 is the chemical reaction parameter, δ =
Q

ab2 is the heat

generation/absorption parameter and b is a constant. Since the value β and γ contain the

function of x, the availability of the local similarity solution is used, and the solution found

can be used to see the effect of parameters at a fixed location above the wall.

The transformed boundary conditions are,

f =
2

m + 1
s, f ′ = 0, θ = 1, φ = 1, at η = 0,

f ′→ 1, θ → 0, φ→ 0, as η→∞,

(7.10)

where s = −v0

√
(m + 1)x

2U∞ν
is the suction parameter.

The important physical quantities of the flow are the local skin-friction coefficient C f ,

local Nusselt number Nu and local Sherwood number Sh, which are related to the value of

f ′′(0), −θ′(0) and φ′(0) respectively. These parameter are defined as C f =
µ

ρU2
∞

(
∂u
∂y

)
y=0

,

Nu = −
x

(Tw − T∞)

(
∂T
∂y

)
y=0
−

4σx
3kk1(Tw − T∞)

(
∂T4

∂y

)
y=0

and Sh = −
x

(Cw − C∞)

(
∂C
∂y

)
y=0

respectively. By substituting Eq.(7.6), the local skin-friction coefficient, local Nusselt
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Figure 7.1: The velocity profile, temperature profile and concentration profile for
different values of m with β = γ = δ = 0.2, s = 0.1, Pr = 2, K = 0.5, R = 5 and Sc = 1

number and local Sherwood number are,

C f (Rex)
1/2 =

√
m + 1

2
f ′′(0), (7.11)

Nu (Rex)
−1/2 =

(
1 +

4
3R

) √
m + 1

2
θ′(0), (7.12)

Sh (Rex)
−1/2 =

√
m + 1

2
φ′(0), (7.13)

7.2 Results and Discussion

Table 7.1 presented the values of f ′′(0), −θ′(0) and −φ′(0) for various values of

parameters. From Table 7.1, the value of f ′′(0) increases as the suction parameter s

increases but the value of θ′(0) and φ′(0) decrease. Noted that the value of −φ′(0) remains

constant for the increasing values of Pr, γ, δ and R and this is due to the fact that the

parameters listed are only affecting the fluid temperature profile since they do not appear

in the concentration equation. The same situation happens for the value of f ′′(0). The

constant value of f ′′(0) for different values of Sc and K are because of these parameters

are absent in the momentum equation. It is also found that from Table 7.1 the value of
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Figure 7.2: The velocity profile, temperature profile and concentration profile for
different values of: (a) β when s = 0.1; (b) s when β = 0.2; with m = 0.0141,
γ = δ = 0.2, Pr = 2, K = 0.5, R = 5 and Sc = 1

θ′(0) decreases as the radiation parameter R increases.

Figure 7.1 shows the effect ofwedge angle parameterm on velocity profile f ′, temperature

profile θ and concentration profile φ. It can be seen that for increasing value of the wedge

angle parameter, the velocity profile increases while the temperature and concentration

profile decrease. Note that, m = 0 corresponds to a horizontal plate while m = 1
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corresponds to a stagnation point of a vertical plate. By Figure 7.1, as the wedge becomes

steeper, the thickness of momentum, thermal and concentration boundary layer decrease.

The effect of local Deborah number β on f ′, θ and φ is shown in Figure 7.2(a). The

velocity profile decreases insignificantly but the temperature and concentration profile

increase as the local Deborah number, β increases as presented in Figure 7.2(a). β is

defined as the ratio of fluid relaxation time to its deformation rate, thus as β increases, the

deformation time of the fluid decreases and the relaxation time increases. The relaxation

causes the thickness of the momentum, thermal and concentration boundary layer to

decrease. Since the velocity, temperature and mass profiles are affected insignificantly, it

is concluded that the change of the value of β does not affect much for both of the profiles.

Figure 7.2(b) illustrates the effect of the suction parameter, s on velocity, temperature

and concentration profiles. Based on Figure 7.2(b), the velocity profile increases with

the increase of the suction parameter while the temperature and concentration profile

decrease. As s increases, the shear wall stress of the fluid decreases, causing the thickness

of momentum, thermal and concentraton boundary layer decrease.

Figure 7.3(a) shows the effect of Prandtl number, Pr on the temperature profile. From

Figure 7.3(a), as the value of Pr increases, the temperature profile decreases. Prandtl

number is defined as the ratio of momentum diffusivity and thermal diffusivity. As Pr

increases, the momentum diffusivity increases and dominates the thermal diffusivity. The

fluid velocity is high enough to facilitate the heat transfer of the fluid. This, in turn, makes

the heat dissipation rate occurs faster and makes the thermal boundary layer becomes

thinner. Figure 7.3(b) shows the effect of the local Deborah number, γ on the temperature

profile. In Figure 7.3(b), the value of temperature profile decreases insignificantly when

the value of Deborah number increases. It is noted that the relaxation time of the heat

transfer of the fluid increases, which helps the increase in heat transfer, and makes the

thermal boundary layer becomes thinner. This illustrates that the dissipation of heat occurs
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Figure 7.3: The temperature profile for different values of: (a) Pr when γ = 0.2; (b)
γ when Pr= 2; with m = 0.0141, β = δ = 0.2, s = 0.1, K = 0.5, R = 5 and Sc = 1

at a faster rate.

The effect of heat generation/absorption parameter, δ on the temperature profile is

shown in Figure 7.4(a). The temperature profile increases as δ increases. For δ < 0, it

corresponds to the heat absorption while δ > 0 means there is presence of heat generation.

For δ > 0, it generates more heat and the temperature profile increases as it takes into

102

Univ
ers

ity
 of

 M
ala

ya



2

0 0.5 1 1.5 2 2.5 3 3.5 4

3
(2

)

0

0.2

0.4

0.6

0.8

1

/ = -0.2, -0.1, 0, 0.1, 0.2

(a)

2

0 0.5 1 1.5 2 2.5 3 3.5 4

3
(2

)

0

0.2

0.4

0.6

0.8

1

R = 1.5, 3, 5, 7, 10, 20

(b)

Figure 7.4: The temperature profile for different values of: (a) δ when R = 5; (b) R
when and δ = 0.2; with m = 0.0141, β = γ = 0.2, s = 0.1, Pr= 2, K = 0.5 and Sc = 1

account the heat generation from the fluid. As a contrary, for δ < 0, the fluid absorbs

heat energy, thus the temperature profile decreases. This means that as δ increases, the

temperature profile increases. It makes the heat transfer rate decreases and causes the

thickness of the thermal boundary layer increases. The effect of radiation parameter R on

the temperature profile θ is presented in Figure 7.4(b). It is shown that the temperature
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Figure 7.5: The concentration profile for different values of: (a) Sc when K = 0.5;
(b) K when Sc= 1; with m = 0.0141, β = γ = δ = 0.2, s = 0.1, Pr= 2 and R = 5

profile decreases as the value of radiation parameter increases. Increase in R causes the

fluid temperature to increase as well. This makes the heat transfer rate of the fluid increases,

and thus makes the thermal boundary layer becomes thinner.

The effect of Schmidt number Sc on the fluid concentration distribution φ is presented in

Figure 7.5(a). It can be shown from Figure 7.5(a) that as Sc increases, the concentration of
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Table 7.2: The physical properties for selected fluid

Fluid Pr T∞(◦C) ν (cm2/s)

Gaseous ammonia 1.5-2 25 0.145

the fluid increases at the region 0 < η . 2.1, but slightly decreases for the region η > 2.1.

Since Schmidt number is defined as the ratio of momentum diffusivity and mass diffusivity,

it means that the increase of the ratio of momentum diffusivity and mass diffusivity resulted

in a thinner boundary layer of mass transfer. Figure 7.5(b) presented the variation of fluid

concentration distribution φ with different values of chemical reaction parameter K . Based

on Figure 7.5(b), as the value of K increases, the fluid concentration profile increases

with the influence of suction and the fact that the fluid past through a horizontal wedge.

This means that as K increases, the fluid reacts chemically with the surface of the wedge,

increases its concentration. In turns, it resulted in the thicker concentration boundary layer.

The dimensional form for several different types of system are presented for a better

understanding on the results produced earlier. Table 7.2 presented the physical properties

of fluid used to demonstrate the system in real-world situation. Figure 7.6 showed the heat

map of gaseous ammonia at a constant T∞, U∞, β, m, s, γ, R and δ, with Tw = 55◦C for

Figure 7.6(a) and Tw = 115◦C for Figure 7.6(b). It can be seen from Figure 7.6 that the

thermal boundary layer for Tw = 55◦C is thinner than Tw = 155◦C. Based on the Figure

7.6, for the lower wall temperature, the heat from the wall needed to dissipate is low, which

corresponds to the thinner thermal boundary layer flow. It can be concluded that as the

wall temperature increases, the thermal boundary layer increases, which means the heat

dissipation efficiency decreases.

Figure 7.7(a) showed the heat map of gaseous ammonia with the radiation parameter,

R = 1.5, while Figure 7.7(b) showed the heat map of gaseous ammonia with the radiation

parameter, R = 5, both at constant T∞, Tw, U∞, β, m, s, γ and δ. Based on Figure 7.7,
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Figure 7.6: The heat map of gaseous ammonia with: (a) Tw = 55◦C; (b) Tw = 115◦C;
at T∞ = 25◦C with U∞ = 100 cm/s, m = 0.0141, s = 0.1, R = 7 and β = γ = δ = 0.2

the thermal boundary layer for R = 1.5 is much thicker than the thermal boundary layer

for R = 5. Since the heat transfer through radiation is much quicker because it does not

require any medium to transfer heat, the presence of heat radiation parameter R increases

the efficiency of the heat dissipation from the wall in the fluid. It can be concluded that
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Figure 7.7: The heat map of gaseous ammonia with: (a) R = 1.5; (b) R = 5; at
T∞ = 25◦C with Tw = 55◦C, U∞ = 100 cm/s, m = 0.0141, s = 0.1 and β = γ = δ = 0.2

the increase of R increases the heat transfer rate, thus decreases the thickness of thermal

boundary layer. This fact corresponds to the results produced in Figure 7.4(b).

Figure 7.8(a) presented the heat map of gaseous ammonia with the fluid free stream

velocity U∞ = 50 cm/s, while Figure 7.8(b) presented the heat map of gaseous ammonia
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Figure 7.8: The heat map of gaseous ammonia with: (a) U∞ = 50 cm/s; (b) U∞ = 200
cm/s; at T∞ = 25◦C with Tw = 55◦C, m = 0.0141, s = 0, R = 7 and β = γ = δ = 0.2

with U∞ = 200 cm/s, both at constant T∞, Tw, β, m, s, γ, R and δ. Based on Figure 7.8,

the thermal boundary layer for U∞ = 200 cm/s is much thinner than the thermal boundary

layer for U∞ = 50 cm/s. This means that the higher the free stream velocity U∞, the faster

the heat transfer rate from the wall in the fluid. As the fluid moves faster, it can carry the
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heat from the wall in a faster rate, thus the heat can dissipate faster. This concludes that

the heat dissipation efficiency increases as U∞ increases.
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CHAPTER 8: CONCLUSIONS AND RECOMMENDATIONS

8.1 Conclusions

This Masters’ dissertation addresses the convective heat transfer of Cattaneo-Christov

heat flux model over a wedge. A general introduction to boundary layer flow and fluid

dynamics is covered in Chapter 1. Some backgrounds on the general theory of fluid

dynamics, boundary layer flow, upper-convected Maxwell fluid model, Carreau fluid model

and mass transfer are stated with several examples of the application of heat transfer

mode and types of convection. Cattaneo-Christov heat flux model is also discussed in

brief which is the generalisation of Fourier’s law of heat conduction. In Chapter 2, a

comprehensive and extensive literature study on boundary layer flow over a horizontal

plate and a horizontal wedge are presented. This literature review is important in driving

the flows of the study done in this dissertation. The past study of boundary layer flow

with Cattaneo-Christov heat flux model also discussed in detail in this chapter. Several

boundary layer flow effects are also emphasized here, namely magnetohydrodynamic,

suction/injection, heat generation/absorption, heat radiation and chemical reaction. In

Chapter 3, the derivation of the governing equations of the boundary layer flow is presented

in detail. It started with the small area within the fluid boundary layer and the derivation

of the equation are explained throughout the chapter. The application of stream function,

similarity solution, local similarity solution and the local skin-friction coefficient, Nusselt

number and Sherwood number are followed. At the end of the chapter, the numerical

method used to solve the governed equations is stated with some code validations to

validate the computation done.

In Chapter 4, the numerical analysis of mass and heat transfer for Sakiadis and Blasius

flows of UCM fluid with Cattaneo-Christov heat flux model over a horizontal plate are

discussed. It can be concluded that the fluid velocity decreases as the Deborah number β
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increases for Sakiadis flow, while it remains constant for increasing Deborah number γ,

Prandtl number and Schmidt number. This is because of only β presents in the momentum

equation. It also found that the fluid temperature profile decreases with the increase of

Prandtl number and Deborah number γ for both Sakiadis and Blasius flows. It is also

worth noted that the fluid temperature distribution for Sakiadis flow is lower that Blasius

flow. The fluid concentration distribution is found to be decreasing when Schmidt number

increases for both Sakiadis and Blasius flows, although the concentration profile for Blasius

flow decreases slower than Sakiadis flow.

The numerical study ofmass and heat transfer for Sakiadis flowofmagnetohydrodynamic

(MHD) Carreau fluid over a horizontal plate using Cattaneo-Christov heat flux model

are presented in Chapter 5. There are some conclusions can be drawn from the work

done in this chapter such as the fluid velocity profile decreases when Weissenberg number

increases but fluid velocity profile increases slightly when the power-law index increases

under the influence of magnetic field. The velocity profile remains unchanged for variation

of Prandtl number, Schmidt number and local Deborah number γ since these parameters do

not present in the momentum equation. The fluid temperature distribution increases with

the increase of Weissenberg and local Deborah number γ but decreases with the increase

of power-law index and Prandtl number. It also can be seen that the fluid concentration

increases when Weissenberg number increases but decreases when power-law index and

Schmidt number increase.

In Chapter 6 and Chapter 7, the investigation of the convective boundary layer of

UCM fluid over a horizontal wedge using Cattaneo-Christov heat flux model in the

presence of suction, chemical reaction, heat generation/absorption and heat radiation are

presented. Chapter 6 discussed the boundary layer flow with heat transfer, suction and

heat generation/absorption, while Chapter 7 discussed the extension of the first problem by

including mass transfer, heat generation and heat radiation effects. It can be concluded
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that the fluid velocity distribution increases with the increase of wedge angle and suction,

while it decreases with the increases of local Deborah number β. From the study, it can

be seen that the fluid temperature profile increase when local Deborah number β and

γ, and heat generation increase, but the fluid temperature profile decreases when wedge

angle, suction, Prandtl number and heat radiation increase. This means that there are many

influences that can slow down the heat transfer in the fluid. It also worth noting that the

fluid concentration distribution increases with the increase of local Deborah number β,

Schmidt number and chemical reaction parameter but the increase of wedge angle and

suction decrease the fluid concentration profile.

8.2 Recommendations for Future Study

As for the continuation of the present work, the following future studies are suggested,

1. The study of boundary layer flow over a wedge can be extended by using different

fluid models such as Casson fluid model and Williamson fluid model.

2. The usage of Cattaneo-Christov heat flux model to study the heat transfer over a

wedge can be expanded and the results can be compared with the same heat transfer

study using classical Fourier’s law.

3. The inclusion of Soret and Dufour effects, thermophoresis and magnetohydrody-

namic into the boundary layer flow over a wedge may be done in the future.

4. The study of boundary layer flow over a wedge can be extended with different fluid

characteristics such as Darcy-Forchheimer flow, unsteady flow and slip velocity.
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