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COMMUTING ADDITIVE MAPS ON
TENSOR PRODUCTS OF MATRIX ALGEBRAS

ABSTRACT

Letk > 1and ny,...,n; > 2 be integers. Let F be a field and let M,,, be the algebra
of n; X n; matrices over IF forv = 1,...,k. Let ®f:1 M., be the tensor product of

M., ..., M,, . In this dissertation, we obtain a complete structural characterization of

additive maps 1 : ®f:1 M, — ®f:1 M, satisfying
¢(®§:1Ai)(®f:1f4i) = (®f:1Az‘) ¢(®f:1Ai)
forall A; € Si,y, ..., Ax € Sgp,, Where
Sin, = {Eﬁ?) + ozEZ(,Z”') caeFand1 < p,q,s,t < n;are not all distinct integers}

and Eg“) is the standard matrix unit in M,,, for7 = 1, ..., k. In particular, we show that
Y M, = M,, is an additive map commuting on S, ,,, if and only if there exist a scalar

A € [ and an additive map p : M,,;, — FF such that
U(A) = A + u(A) I,

for all A € M,,, where [, € M,, is the identity matrix. As an application, we
classify additive maps ¢ : @5, M,, = @, M,,, satisfying (R, A;)(RF_,A;) =
(@51 A;) V(QF_  A;) forall Ay € R, ..., Ay € Ry*. Here, R} denotes the set of rank
r; matrices in M,,, and 1 < r; < n; is a fixed integer such that r; # n;, when n; = 2 and

|F|=2fori=1,..., k.

Keywords: commuting map, tensor product of matrices, rank, functional identity, linear

preserver problem.
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PEMETAAN BERDAYA TAMBAH KALIS TUKAR TERTIB PADA
HASIL DARAB TENSOR ALGEBRA MATRIKS

ABSTRAK

Biar £ > 1 dan ng,...,n; > 2 integer. Biar F suatu medan dan biar M,,, algebra
bagi matriks n; x n; terhadap F bagi: = 1,... k. Biar ®f:1 M,,, menandakan hasil
darab tensor bagi M, , ..., M,, . Dalam disertasi ini, kami memperolehi suatu pencirian
berstruktur lengkap bagi pemetaan berdaya tambah 1) : ®f:1 M, — ®f:1 M., yang
memenuhi

P(RF A (81 A) = (®F, 4) Y(®7, A))

bagi semua A € Sy ,,,..., Ay € Siy,, di mana
Sin, = {Eﬁ?) + aE}gg‘i) rae€Fdanl < p,q,s,t < n; bukan semua integer berbeza}

dan ng) merupakan unit matriks piawai dalam M, bagi i = 1,... k. Khususnya,
kami membuktikan bahawa ¢ : M,,, — M, merupakan pemetaan berdaya tambah
kalis tukar tertib pada S ,,, jika dan hanya jika wujudnya suatu skalar A € [ dan suatu

pemetaan berdaya tambah p : M,,, — F supaya
(A) = A + p(A) I,

bagi semua A € M,,,,dimana [,,, € M, adalah matriks identiti. Sebagai aplikasi, kami
mengelaskan pemetaan berdaya tambah ) : ®f:1 M, — ®f:1 M,,; yang memenuhi
P(RF A (R A) = (R, A;) h(®_ A;) bagi semua Ay € R, ..., A, € Ri*. Di
sini, K" mewakili set bagi matriks berpangkat r; dalam M,,; dan 1 < r; < n; merupakan

suatu integer tetap dengan r; # n; apabilan; = 2 dan |F| = 2bagii =1,..., k.

Kata kunci: pemetaan kalis tukar tertib, hasil darab tensor matriks, pangkat, identiti

fungsian, masalah pengekal linear.
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CHAPTER 1: INTRODUCTION

1.1 Background of the Study

Linear preserver problems have a long history in matrix mathematics. This research
area began in 1897 when Frobenius first studied the determinant preservers. It poses new
challenges to researchers and motivates a good source of intriguing research problems in
matrix mathematics. Moreover, the solutions of the identified linear preserver problems
are usually simple and elegant. This makes linear preserver problems to remain attractive
for decades. Many interesting linear preserver problems have been attempted and some
of the linear preserver results have been extended or generalized until today.

Lately, the study of linear preserver problems in quantum information science has been
related to tensor products of matrices. The new research problems possess unique features
which distinguish them from classical linear preserver problems and have now inspired
a new line of active research in linear preserver problems on tensor products of matrices.
Furthermore, Bresar (2016a) recently initiated the study of functional identities on tensor
products of algebras. Motivated by the study, together with the inspiration of the study
of linear preserver problems on tensor products of matrices from quantum information

science, we study commuting additive maps on tensor products of matrix algebras.

1.2 Objectives of the Study

The main objectives of this study are:

(a) to characterize commuting additive maps on tensor products of matrices of the form
ET) 4 oE", where EU') is the n; x n; standard matrix unit, and

S

(b) to classify commuting additive maps on tensor products of fixed-rank matrices.

The following are the main questions in this study.

(a) Are commuting additive maps on tensor products of matrices of the form Eé? )4
ozEI(,Z") necessarily of the standard form?
(b) Are commuting additive maps on tensor products of fixed-rank matrices necessarily

of the standard form?



1.3 Significance of the Study

This study aims to facilitate the advancement of the existing knowledge in the study
of linear preserver problems on tensor products of matrices which arises from quantum
information science. With the results developed as well as the techniques implemented
in this study, several existing results on commuting maps may be further extended or
generalized. Some other relevant linear preserver problems may also be reduced and

solved by applying the results and techniques established from this study.

1.4 Organisation of the Dissertation

In Chapter 2, we begin with some preliminaries on tensor products and Kronecker
product of matrices which will be useful in the following chapters. We then continue with
a literature review of this study and the methodology employed in this study.

Chapter 3 is devoted to the study of commuting additive maps on tensor products of
matrices of the form Eg“) + ozEI(,Zi). We first derive a few preliminary results before we
prove the main results.

Chapter 4 is devoted to the study of commuting additive maps on tensor products of
fixed-rank matrices. As in the preceding chapter, the main results will follow after the
preliminary results.

In Chapter 5, we provide a summary of the findings in this study and suggest some

potential open problems that may be considered for future research work.



CHAPTER 2: LITERATURE REVIEW AND METHODOLOGY

2.1 Tensor Products of Linear Spaces
Throughout this section, the linear spaces are always assumed to be finite dimensional.
Let F be a field and let n > 2 be an integer. Let Vy,...,V,, and W be linear spaces
overF. Amap ¢ : V; x---xV,, — W is called multilinear if for each integer 1 < 7 < n,

the following conditions are satisfied:

G(V1, .. u F U5, U) = O(V1, - U 0) F O(U1, U, ),

d(v1, .., AV, 0n) = AQ(V1, U, )

forallv, € Vi,...,uj,v; € Vj,...,v, € V,and A € F. In particular, the map ¢ is called

bilinear when n = 2.

Definition 2.1.1. Let V), ... V), be linear spaces over the same field F. A tensor product
of Vi,...,V, isapair (7T, ®), consisting of a linear space 7 over F and a multilinear map

®: WV X -+ xV, — T, which satisfies the following condition:

(Universal Factorization Property) If )V is any linear space over Fand ¢ : V; x - -+ X
V,, — W is any multilinear map, then there exists a unique linear map ¢ : 7 — W such

that p = 1 o ®.
The following results show the existence and uniqueness of tensor products.

Proposition 2.1.2. (Gallier & Quaintance, 2020, Theorem 2.6) Let V1, ..., V), be linear

spaces over the same field. Then a tensor product (T, ®) of Vi, ..., V, always exists.

Proposition 2.1.3. (Gallier & Quaintance, 2020, Proposition 2.5) Let V), . . ., V), be linear
spaces over the same field. If (T, ®1) and (T, ®2) are tensor products of Vi, ..., Vy,

then there exists a linear isomorphism ® : T; — T3 such that ® o @, = ®o.

In view of Proposition 2.1.3, the tensor space 7 in any tensor product (7, ®) of linear
spaces Vi, ..., V, over a field FF is essentially unique up to isomorphism. We thus denote

the tensor space 7 over F by



é)vi or Vi) XV (2.1)
=1

The tensor space Q);_, V; is also called the tensor product of linear spaces V;, ..., V.
The image of the multilinear map ®(vy, ..., v,), with vy € Vi, ... v, € V,, is denoted
by

R, v O U@ @ Uy, (2.2)

The elements in );_, V; are called tensors and the tensors of the form ®7_, v; are called
decomposable tensors. We denote by D(Q);_, Vi) = {®_v; : v1 € Vi,..., v, € Yy}
the set of all decomposable tensors in @), V;.

The result below gives a basis of )., V; which is formed by decomposable tensors.

Proposition 2.1.4. (Gallier & Quaintance, 2020, Proposition 2.12) Let Vy,...,V, be
linear spaces over the same field ¥. If %, ..., B, are bases of V1, ..., V,, respectively,
then {®7_,b; : by € HBy,...,b, € By} forms a basis of Q;_, Vi and dim(Q._, V;) =

dimV; x --- x dimV),. Here, dimV denotes the dimension of the linear space )V over F.

It follows from Proposition 2.1.4 that Q" , V; = (D(Q);_, Vi)) the linear span of
D(®._, V;). In other words, we have

®Vl = <®?:1'Ui 11 € Vl? .oy Up € Vn> . (23)
i=1

Therefore each tensor X € @);_, V; can be represented by asum X = > 71,®- - @y
of a finite number of decomposable tensors in Q);"_, V.

The following propositions provide more basic results on tensor products.

Proposition 2.1.5. (Conrad, n.d., Theorems 5.11 and 5.15) Let Vy,...,V, be linear

spaces over the same field F. Then the following hold.

(@) Letvy € Vy,...,v, € V. Then @] v; = 0 if and only if v; = 0 for some integer

1 < i < n. Equivalently, ®}_,v; # 0 if and only if v; # 0 fori =1,...,n.
(b) Let ui, vy € V1,...,Up, v, €V, be nonzero. Then Q@ u; = Q" v; if and only if

for each integer 1 < 1 < n, v; = \ju; for some nonzero \; € Fwith Ay --- )\, = 1.



Proposition 2.1.6. (Bresar, 2014, Lemma 4.8 and Corollary 4.13) Let m be a positive

integer. Let U and V be linear spaces over the same field. Then the following hold.

@) Ifuy,...,un € U are linearly independent and vy, ..., v, €V, then Y " u; @

v; = 0 implies that v; = 0 fori =1,...,m.

(b) If{us, ..., un}isabasis of U, then for eachw € U Q) V, there exist unique vectors

Vi Uy in YV such thatw = 30" u; @ v;.

2.2 Tensor Products of Algebras

Recall that an associative algebra, or simply algebra, over a field is a linear space over
the field that is endowed with an associative bilinear multiplication. A unital algebra .4
is an algebra that contains an element 1 such that 1a = a = al for all a € A. The unique
element 1 is called the unity of A. Let A4, ..., A, be algebras over the same field F. The
tensor space )., A; can be turned into an algebra over F by defining multiplication in
a simple and natural way.

We believe the following theorem is known. Nevertheless, a proof is included for

completeness. It is a generalisation of Proposition 2.22 in Gallier and Quaintance (2020).

Theorem 2.2.1. Let Ay, ..., A, be algebras over the same field F. Then Q);_, A; forms

an algebra over T relative to the multiplication determined by

(@ 17:) (@ 1Y) = @41 TYs (2.4)

for every 1,11 € Ay, ..., 2, Y0 € A,. Moreover, if each A; is a unital algebra with

unity w;, then @;_, A; is a unital algebra with unity ®}_, u;.

Proof: Let W : Ay x -+ x A, x A x --- x A, = @), A; be the function defined by

‘Ij(xh ey Ty Y1, 7yn> = ®?=1x2y2

for every z1,y1 € Ay, ..., %0, yn € A,. Then VU is a multilinear map as a result of

the multilinearity of ®. By the universal factorization property, there exists a linear map



AR - RARQAR R A, — Q;_, A such that { o @ = V. Therefore

r1® - R, QY1 @+ QYp) = QI 23y

for all z1,y; € Ay, ..., 20, yn € A,. By virtue of the associativity isomorphism in

Proposition 2.13 of Gallier and Quaintance (2020), there exists a linear isomorphism ¢ :

(R A)RRi A) > AR RARA R - @ A, such that

P((Rim1 i) @ (Rim1%i)) =11 @ Q1 QY ® - @ Yp

forall 1,9, € A1, ..., 2,,y, € A,. It follows that

(@) ® (¥L15:)) = Qiiziys

forall z1,y1 € Ai, ..., 20, ys € A,, where &’ = {0 ¢ is a linear map from (Q);_, A;) Q
(Q;, A;) into @7, A;. By (2.2), we obtain

(fl 0 ®) (R Ti, i1 Yi) = Qi Tili

for all z1,y1 € Ai,..., 20, yn € A,. Here, themap @ : @, A x Q. A —
(R, Ai) Q(R;, A;) is a bilinear map. By defining & = ¢ o ®, we see that ¢ :
Qi A x Qi Ai — @, A; is the bilinear map satisfying

D (@41 T4, Q1Y) = 1 Tl

forall 1,41 € Ay,..., 2., Y, € A,. We define the product of X and Y in Q);_, A; by

XY = ®(X,Y). (2.5)

Obviously, (2.4) is satisfied and )., A; is closed under the multiplication in (2.5). We

claim that the multiplication in (2.5) is bilinear. Let X,Y;,Y2 €@, A; and a €F. Then

X(aY] +Y3) =d(X,aY; +Y3) = aXY; + XY5.



Let X1, X5, Y € @, A; and 5 € F. We see that
(BX1 + Xo)Y = B(BX, + X5, Y) = BX1Y + XoY.

Next, we show that the multiplication in (2.5) is associative. Let X = Zp T1p @+ @ Tpp,

Y:qu1q®"'®ynqazz2,«217«®"‘®Zmn€®?:1.Ai. Then

(XY)Z = <Z Z(l’lpqu) Q- (xnpynq)> (Z Z1r XX Zmn>
= Z Z Z(mlpqu)zlr ® «++ & (TnpYng) Znr
= Z Z Z T1p(Y121r) @+ @ Tp(YngZnr)

= (Z T1p K- R l'np) (Z Z(quzlr‘) (RN (ynqznr)>

= X(YZ).

Thus ®?:1 A; forms an algebra over F. Finally, we show that if .4; is a unital algebra
with unity u; fori = 1,...,n, then ®7_,u; is the unity of @, A;. Let X = Zp T1p &
QT € @, A;. We see that X (7" u;) = Zp Ty ® - - @ Tppu, = X. Likewise,

we obtain (®7_,u;) X = X. This completes the proof. O

The algebra @), A; with the multiplication in (2.4) is known as the tensor product

of algebras A,,..., A,.

23 Kronecker Product of Matrices

LetFbeafieldandletk, ny, ..., n, > 2beintegers. We denote by M,,. (IF) the algebra
of n; x n; matrices over F and abbreviate M,,, (F) to M,,, when no confusion can arise
fori=1,...,k Let A = (a;;) € M,, and B € M,,,. The Kronecker product of two

matrices A and B is defined by

(ZHB s almB

anllB ce anmlB



The Kronecker product is also called the tensor product. It follows from (2.6) that

(K1) (ad1+A42)®@B =a(4,®B
(K2) A® (aB;+ Bs) = a(A® By
K3) (AeB)eC=A(BaC
(K4) (A1®DB1)(A2®By) = (A1 A,

+A,®B forall Ay, Ay e M,,,, Be M,,,a €F.
+A® B, forall A e M,,,, B;,By € M,,,a € F.
forall A e M,,,, Be M,,and C € M,,.

®(B1By) forall Ay, Ay € M,,, and By, By € M,,,.

~— ~— ~—

~—

Let Ay € M,,,,..., A € M,,. The tensor product of k matrices A;, ..., Ay withk > 3

1s defined inductively as follows:
R A = A ® (R, A). 2.7)

The notation ®¥_, A; is unambiguous due to (K3). It is not difficult to see that @ _; A, is

a matrix in M,,, ...,,, . Notice also that
®§:1 Im v [n1~~-nk> (28)

where I,, denotes the n x n identity matrix. By (K4) and (2.7), (®F_,4;)(®F_,B;) =
(Al & (®f:2Ai))(Bl & (®§:2Bi)) = (AlBl) ® (®f:2A2)(®f:2Bl) It can be shown
inductively that

(R A4)(®FB;) = @ A; B; (2.9)

for all matrices Ay, By € M,,,,..., Ay, B, € M,,.

Let 1 < s < k be an integer. We denote by Ez(jn) the standard matrix unit in M,,_
whose (4, j)th entry is one and zero elsewhere. Then {El(jné) : 1 < 4,5 < ng} forms the
standard basis of M,,_ and

(ns) .o _
Eiq lf] =D,

E™s) pns) —

) pq

On,  if7#p

for all integers 1 < ¢, 7, p, ¢ < ng, where 0,,, denotes the n, X ng zero matrix.

We continue with the following elementary lemma.



Lemma 2.3.1. The following results hold.

(a) E(”1 ® E(”Q) = Eg;%?fi)ﬂ na(j 1)+t foreach1 <i,7 <njandl < s,t < no.

(b) { E™ & E§?2) 1<i,7<ny, 1 <5, < ng}forms the standard basis of M, ,.

Proof. (a)Let1 <i,5 <njand1 < s,t < ny be integers. By (2.6), we have

Ong(i—1)mai-1) 0 0
Eij 1 ® EStQ - 0 Eét ? 0 Enzzz 21)+s na(j—1)+¢>
0 0 Ong(nlfi),ng(nlfj)

where 0,, ,, denotes the m x n zero matrix.

(b) The result follows immediately from (a) by observing that

{ES gt 1< 007 <y 1< st <ma = {EG™ 01 < pyg <mima )
O
Let© : M, x M,,, = M, ,, be the function defined by
©O(A,B)=A®B (2.10)

for all matrices A € M,,, and B € M,,,. Then O is a bilinear map by (K1) and (K2).

Proposition 2.3.2. Let O : M,,, x M,,, = M,,,,,, be the bilinear map defined in (2.10).
If W is a linear space over F and v : M,,, x M,,, — W is a bilinear map, then there

exits a unique linear map 7 : My, ., — W such thatv = 7 0 ©.

Proof. By Lemma 2.3.1 (b), { )®E§f2) 1<i,7<n;, 1<s,t< ng}isabasisof

M., n,. Then there exists a unique linear map 7 : M,,,,,, — W such that
(B © BGY) = o(EB]Y, EGY)
forall1 < 4,5 <niyand1 < s,t < no. It follows from (2.10) that

U(E(’?1>,E§?2)) _ T(Ei(;u) ® Es(?2)> _ (7_ o @)(Ei(;n)’ Egbz))

v



forall 1 <i,5 < nj;and1 < s,t < ny. By the bilinearity of v and 7 o ©, we conclude

that v = 7 0 © as desired. (]

As an immediate consequence of Proposition 2.3.2, (M,,,,,, ©) is a tensor product
of M,,, and M,,, by Definition 2.1.1. In similar fashion, using Lemma 2.3.1, it can be

proved inductively for £ > 3 that
(@ B B0 e B i=1,. k)

constitutes the standard basis of M,,,...,,,, where %, ..., %, are the standard bases of
My, ..., My, , respectively. Furthermore, if ©' : M,,, x -+ X M,,, — M, ..., s the

multilinear map defined by
@/(Ab e ,Ak) == ®?:1Ai

for all matrices A; € M,,,,..., A € M,,, then (M,,..,,,,0’) is a tensor product of
M, ..., M,, with a similar argument as in the proof of Proposition 2.3.2. By virtue of

(2.1), (2.8), (2.9) and Theorem 2.2.1, we may view the algebras
Q) Ma, = Moy, (2.11)

as identical and conclude that ®f:1 M,,, turns into an algebra over F with unity ®%_, I,,. =
I,..., relative to the multiplication in (2.9). Consequently, the algebra ®f:1 M,,; with
the multiplication in (2.9) is the tensor product of matrix algebras M, ... , M, .
By (Bresar, 2014, p.88), if A, B, X, ) are algebras over the same field such that
A= Xand B= Y, then AQB = X @Y. It follows from (2.11) that @', M,,, =
Moiny = My, @ Moy oy = My, Q(RQF_, M,,,). Thus we may view the algebras

k k
&) M., = M,, <® Mm) (2.12)
=1 =2

as identical.

10



24 Literature Review

The study of linear preserver problems has been one of the most active research areas in
matrix theory, operator theory and multilinear algebra in recent times. This study involves
the characterization of linear maps on matrices, operators or tensors which leave certain
functions, properties, subsets, relations or functional identities invariant. Possibly the
earliest paper on the study of linear preserver problems such as Frobenius (1897) dates
back to a century ago. In this paper, Frobenius obtained a characterization of linear maps
¥ M, (C) - M, (C) preserving the determinant function, i.e., det(¢)(A)) = det A for
all A € M,,(C), and showed that there exist invertible matrices P, € M, (C) with

det(PQ) = 1 such that ¢ is of the form

b(A) = PAQ

forall A € M,,(C), or
P(A) = PA'Q

for all A € M,,(C). Since then, these problems have been studied extensively and many
elegant results have been discovered. For an expository survey of the subject and its
historic developments, we refer to the survey papers Li and Pierce (2001) and Pierce et
al. (1992) or the book Molnar (2007) and their references therein.

Recently, there have been numerous studies of linear preserver problems related to the
study of quantum information science, see for instance Fosner et al. (2013), Friedland et
al. (2011), Hou and Qi (2013) and Lim (2012). In Friedland et al. (2011), the authors
obtained a characterization of linear preservers of pure states. Let 7{,,(C) be the linear
space of n X n complex Hermitian matrices and let P, be the compact subset of #,(C)
consisting of rank one Hermitian matrices of trace one. They showed that if m,n > 2
are distinct integers and ¢ : H,,(C) Q H,,(C) — H,n(C) @ H,(C) is a linear map
satisfying ¢ (P,, ® P,,) = Pm ® P, then there exist unitary matrices U € M,,(C) and
V € M,,(C) such that

V(A® B) = ¢1(A) ® ¢2(B)

forall A® B € H,,(C) Q) H,(C), where ¢; : H,,(C) — H,,,(C) and ¢ : H,(C) —

11



H,,(C) are linear maps of the forms

¢1(A) = UAU”

forall A € H,,(C) and
¢2(B) =VBV*

for all B € H,(C), respectively. Here, U* denotes the conjugate transpose of U. We
refer to Fosner et al. (2013) for a survey of linear preserver problems on tensor products
of matrices arising from quantum information science.

The study of functional identities on algebras of matrices or operators is often related
to linear preserver problems. A functional identity can be informally described as an
equation with its functions appearing as unknowns. The functions satisfying a functional
identity are referred as the solutions to that functional identity. The goal of this study is
to determine the general forms and the classifications of all solutions for each functional
identity. This theory provides an effective tool for solving a variety of problems in many
areas such as prime rings, Lie algebras, Poisson algebras and preserver problems. For an
extensive survey of the subject and a full account on the theory of functional identities,
the reader is referred to the book Bresar et al. (2007). A map ¢ : R — R, with R being

a ring, on a nonempty subset S of R is called commuting on S if

[Y(a),a] =0 (2.13)

for all a,b € S, where [a, b] is the commutator ab — ba of elements a,b € R. In this
dissertation, if ) : R — R is an additive map commuting on S, then we simply say 1 is a
commuting additive map on S even if S has no additive structure. The study of commuting
maps on rings or algebras is one of the most essential topics of functional identities. It was
initiated by Posner in 1957. He proved that a prime ring admitting a nonzero commuting
derivation is commutative, see (Posner, 1957, Theorem 2). In 1993, Bresar obtained a
structural result for commuting additive maps on a prime ring and showed that additive

maps ¢ : R — R commuting on a prime ring R are of the standard form

12



¥(a) = Aa + p(a)

for all a € R, where ) is an element in the extended centroid C of R and it : R — C is an
additive map, see (BresSar, 1993, Theorem 3.2). This result has been extremely influential
and initiated considerable interest in commuting maps on various rings and algebras, see
for example Beidar (1998), Beidar et al. (2000), Cheung (2001), Chou and Liu (2021),
P.-H. Lee and Lee (1997) or T.-K. Lee and Lee (1996). For a survey of the subject, the
reader is referred to the survey paper Bresar (2004) and the book Bresar et al. (2007).

Recently, Bresar (2016a) initiated the study of functional identities on tensor products
of algebras. More results on Jordan derivations, derivations and biderivations on tensor
products of algebras have been obtained in Bresar (2016b, 2017) and Eremita (2018).
Motivated by these results, together with the inspiration of the study of linear preserver
problems on tensor products of matrices arising from quantum information science, we
study commuting additive maps on tensor products of matrix algebras.

Letk > 1and nq,...,n; > 2 be integers. Let I be a field and let M,,, be the algebra
of n; x n; matrices over IF for © = 1,..., k. In this dissertation, we obtain a complete

structural characterization of additive maps 1 : ®f:1 M, — ®f:1 M,,, satisfying
[ (@A), @i Ail = 0 (2.14)
forall Ay € Si,y,. .., Ak € Sk, , Where
Sing = {Eé?) + aEI(,Zi) cae€lFand1 < p,q,s,t < n;are not all distinct integers}

and Eﬁ?) is the standard matrix unit in M,,, for+ = 1,..., k. In particular, we show that
commuting additive maps on & ,,, are of the standard form.

We next deduce from the obtained result a characterization of commuting additive
maps on tensor products of fixed-rank matrices. More precisely, we classify all additive
maps ¢ : @, M,, = @', M,, satisfying [()(@F_ A;), @5 A;] = 0 for all A, €
Rnl

T "

.., A € R, where R denotes the set of rank 7; matrices in M, and1l <r; <n;

Tk
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is a fixed integer such that r; # n; whenn; = 2 and |F| =2 fori =1,... k.

2.5

Methodology

The methodology of this research study comprises the four components as follows.

1. Literature Review

This research study began with an in-depth study on relevant research materials to
acquire basic knowledge in tensor products and to review the latest development in
the study of linear preserver problems on tensor products of matrices. The materials
included recent survey papers and books on commuting maps on rings, functional
identities on tensor products and linear preserver problems on tensor products of
matrices. A proper literature review of the classical results and the latest articles on
the research topics was also conducted to ensure the research problems were still

open and to review useful ideas and techniques before attempting the problems.

. Main Study

Having been equipped with the basic knowledge and techniques, useful preliminary
results were first established before obtaining a necessary and sufficient condition
for commuting additive maps on tensor products of matrices of the form Eé?) +
aE,(,Z”‘). Next, a characterization was deduced for the identified commuting additive
maps using induction. As an application, the characterization was used to classify
commuting additive maps on tensor products of fixed-rank matrices with the help

of some other preliminary lemmas.

. Findings Refinement

All established characterizations were examined carefully and justified by rigorous
mathematical arguments to verify their validity. In addition, the structural results
of the identified commuting additive maps were analyzed to ensure the simplest
possible forms were obtained. Evaluation, discussion and refinement of findings

were also carried out at this stage.

. Dissertation Writing

All findings of this research study were finally reported in detail in this dissertation.

14



CHAPTER 3: COMMUTING ADDITIVE MAPS ON TENSOR PRODUCTS OF
MATRICES OF THE FORM E{*) + aE()

Throughout this chapter, unless stated otherwise, let IF be a field and let &, nq, ..., ng
be positive integers such that n; > 2 for7 =1, ..., k. Let M,,, be the algebra of n;, x n;

matrices over [F with unity 7,,, for< = 1,... k. For each integer 1 < h < k, we denote
Sk = { @, A Ap € Spys - Ay € S,W}

where S, ,,, = {Eg‘) +aEM) € M, :a €F, 1< p,q,s,t < n; are not all distinct }
and E7) is the standard matrix unit in M,, fori = 1,... k. We write E*) simply
E; when there is no danger of ambiguity. We denote by D(®f:h M.,,.) the set of all
decomposable tensors in ®th M,,,. As an abuse of notation, ®"_, A; € ®?:h M, is

taken to be A;, € M,,,.

3.1 Preliminary Results

We begin our discussion by giving a necessary and sufficient condition for additive

maps ¥1, s 1 @1, M., — QL M,, satisfying
U1 (R AN (R Ay) = ¢a(®F_ 4;) (R, 4;)

forall Ay € Si,,. .., Ax € Skn,. More precisely, we prove the following result.
Lemma 3.1.1. Let k > 1 and ny,...,n, > 2 be integers and let a € {0,1} be a fixed
scalar. Let 1,15 : ®f:1 M, — ®f:1 M., be additive maps. Then

a1 (A)A+ (1 — a) A1 (A) = apz(A)A + (1 — ) Ay (A) (3.1)

forall A € S} if and only if 1 = ).

Proof. The sufficiency is clear. For the necessity, we note that the hypothesis in (3.1) is
equivalent to

ap(A)A+ (1 —a)Ap(A) =0

15



for all A € SF, where ¢ := 1); — 1)». We only consider the case @ = 1 as the case
a = 0 can be shown analogously. We argue by induction on k. Consider £k = 1. For
abbreviation, we write F;; for EZ(]” D Let 1 < s,p,q < nq be integers and let a € F.

Since (X)X =0 for X € {E,s + aE,y, Ess,aEp,} C Sy, it follows that

O(Bgs + aby)(Bes +alyy) =0, @(E)Be =0, @(alyy)aky,, =0
= ©(Pss) s + gp(aqu)Ess + ‘P(Ess>aqu + go(aqu)aqu =0
= p(aEpy) Ess + ¢p(Ess)aEp, =0

= p(abpy)Esys = —p(Ess)aly,. (3.2)

In particular, when @ = 1 and p = ¢, we have p(E,,) Ess = —p(Ess) Epp. Then o(Eys) =
O(Ess) In, = Z;L; P(Ess)Ejy = — Z;i1 P(Ejj)Ess = —9(In,) Ess. Thus o(Eg) Ej; =
0forall j = 1,...,ny, and so (Ess) = @(Fgs)ln, = Z;‘;l ©(Ess)Ej; = 0. Hence

¢(In,) = 0. By (3.2),

p(aEpg) = p(abpg)ln, = Z p(aEp)Ejj = — Z p(Ejj)aEy = —p(In,)aEy =0
j=1 j=1

for all integers 1 < p,q < ny and a € F. It follows from the additivity of ¢ that o = 0.
This validates the base step £ = 1.

Suppose that £ > 2 and that the result holds for £ — 1. By (2.12), ®f:1 M, =
M, Q <®f22 Mn) By abuse of notation, we abbreviate @, M,,, to M. In view
of Proposition 2.1.6 (b) and since {E;; : i,j = 1,...,n;} is a basis of M,,,, it follows
that for each pair of integers 1 < s, < nq, the map ¢ induces maps ¢§;t) M = M,

1,7 =1,...,nq, such that

st®A ZE2]®¢St)

i,7=1

forall A € M. Then S0, Ej; ® ¢\ (A + B) = p(Ey ® (A+ B)) = ¢(Ey ® A) +
(p(ESt®B) Zz] 1 Z]®¢Z] ( )+Z7»] 1E7»]®¢St)< )ZZZ] IEZ]®(¢(St)(A>+

00" (B)) yields Y7y By @ (65" (A+B) — (61" (A) +¢1" (B))) = 0 forall A, B € M.
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By Proposition 2.1.6 (a), gb (A4 B) = qu(St (A)+ qb(St (B) forallintegers 1 < 4,j < ny

and A, B € M, so <bz] , 4,5 = 1,...,ny, are additive. In particular, for each pair of
integers 1 < s,t < ny, there exist additive maps gb M — M,i,j=1,...,nq,such
that
Ey® A) Z Ey® ¢S (A (3.3)
ij=1

for all decomposable tensors A € D(M). Let 1 < s,t < ny be arbitrary but fixed

integers. By the hypothesis and (3.3) together with (2.9), we see that
0290( st®A st®A Z st®¢zj A ZEzt®¢(St( )
1,j=1

for all A € S¥. Then for each 1 < i < ny, by Proposition 2.1.6 (a), we get ¢, St)( A)A=0

for all A € 8. By the induction hypothesis, we obtain
o =0 forall i=1,...,n. (3.4)

Letp € {1,...,n:}\{t} and let A € S§. Since p(X)X = 0 for X € {(E,, + Fy) ®
A E,,® A, Ey ® A}, it follows that

P(Epp + Ex) @ A)(Epp + Ea) @ A) =0, p(Epy ® A) (B, ® A) =0,
P(Eq @ A)(Eq ® A) =0

= @(Ep ® A)(Epp @ A) + 0(Ey @ A)(Epp ® A) + 0(Ey, @ A)(Ey ® A)+
P(Eq @ A)(Eq ® A) =0

= (B ® A)(Epp @ A) + p(Ep, @ A)(Ey ® A) = 0.

By virtue of (3.3), we obtain

ZEprp@gb A+ZE”Est®¢ "(A)A =0

3,j=1 3,j=1

= ZEW®¢ A+ZE ® ¢ (A)A=0

forall A € S¥. Since p # t, it follows from Proposition 2.1.6 (a) that for each 1 < i < ny,
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(b(St (A)A = Oforall A € S§. By the induction hypothesis, foreachp € {1,...,n;}\{t},

we have

ou) =0 forall i=1,...,n,. (3.5)

When s = ¢, in view of (3.4) and (3.5), we conclude that
¢Y =0 forall i,j =1,. . (3.6)

Consider now s # t. Let A € S§. Using the fact that (X)X = 0 for X € {(Ey +
Est) X A, Ett X A, Est X A}, we obtain @(Ett X A)(Est X A) + (;0<Est X A) (Ett X A) = 0.
It follows from (3.3) that

ZEi] st®¢” A+Z Ett (St(A)A:O

i,j=1 ml

— ZE”@’ (A A+ZEZ,§® SV (A)A =0

for all A € Sk By virtue of (3.6), ¢\") = 0 fori = 1,...,ny. Thus 3.7, By ®
P (A)A = 0 forall A € S5 Then by Proposition 2.1.6 (a), ¢\;”(A)A = 0 for all

A€ S8k i=1,... n;. By the induction hypothesis,

gbl(.ft) =0 forall i=1,...,n;. (3.7)

In view of (3.5) and (3.7), we conclude that

o =0 forall i,j=1,...,n. (3.8)

It follows from (3.3), (3.6) and (3.8) that p(Fy ® A) = 0 forall A € D(M) and integers

1 < s,t < ny. By the additivity of ¢, we get

p(X) = Z P(Eg ®@agZ) =0

s,t=1

foral X =Y ® 7 ¢ D(®f:1 M,,.), where Y = 22;21 agby € M, ag € Fand
Z € D(M). Consequently, ¢ = 0 by (2.3). Hence ¢); = 1) as desired. N
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As an immediate consequence of defining ¢ = 1); — 15 in Lemma 3.1.1, we obtain:

Theorem 3.1.2. Let k > 1 and ny,...,n, > 2 be integers and let o« € {0, 1} be a fixed
scalar. Then 1) : ® My, — ®Z 1 M., is an additive map satisfying

ap(A)A+ (1 — a)AY(A) =

forall A € SY if and only if ¢ = 0.
We now obtain a characterization of additive maps satisfying condition (2.14) for k = 1.

Theorem 3.1.3. Let F be a field and let n > 2 be an integer. Then ) : M,, — M, is a
commuting additive map on S, ,, = {Eq+aE,, : o € Fand 1 < p,q, s,t < nare not all
distinct integers} if and only if there exist a scalar \ € F and an additive map 1 : M,, —

F such that

Y(A) = A+ p(A)I,

forall A € M,

Proof. The sufficiency is obvious since )(A)A = (M)A + (u(A)L,)A = A(NA) +
A(u(A)1,) = AY(A) forall A € Sy ,,. For the necessity, we first note that for each pair
of integers 1 < s,t < n, there exist additive maps ¢§jt) :F—F,7,7 =1,...,n,such

that

VaEa) = 3 60 (3.9

i,7=1

forall a € F. Since [Y(aEy),aFEq] := Y(aFEy)aFEy — aEg(aFy) = 0 foralla € T, it
follows from (3.9) that

Z agbg;t) (a)Ei;Es — Z a¢§;t)(a)EStEij =0

ij=1 ijfl

- Za¢ St) 1t_Za¢t sj —

(¢(5t ( )_ st) B, + Z a(;S(St Z ¢(st

i=1,i#s Jj=1,7#t
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for all a € F. For any integers 1 < s,t < n, we have

o =0 forall i € {1,...,n}\{s}, (3.10)
o =0 forall j € {1,...,n}\{t}, (3.11)
o = o1y". (3.12)

In particular, when s = ¢, it follows from (3.10) and (3.11) that

P = qﬁ(ss) =0 forall : € {1,...,n}\{s}. (3.13)

18

Let 1 < s,t < nbeintegers, p € {1,...,n}\{s,t} and a € F. Since [¢/(X), X]| = 0 for
all X € {E,, + aEs, E,y, aEy}, we obtain

0= [Y(E, +aEqy), B,y + aFEy]
= W(Epp)a Epp] + [Y(aby), Epp] ] W(Epp)a aly] + [Y(aEy), aby]
= [Y(aEs), Ep) + [V(Epp), aFs)

= w(aEst)Epp ppw(aEst) + ¢( pp)aEst aEst@ZJ(Epp)a
s0 W(aEs)Epy + 0(Eyp)alby = Eypb(aly) + abgp(Ep,). By (3.9), we get

Z ¢ Eszpp + Z ¢(pp) aEijEst Z Qb EppEm + Z ¢ aEstEij

1,j=1 3,j=1 3,j=1 1,7=1
= > 05 @By + Y o (aky = Z b (@) Eps + D ¢ (Daky
i=1 i=1 j=1
(3.14)

for all a € FF. Since p # s, t, it follows from (3.14) that

(659 (a) — ¢80 (a)) By + Z o (a

1=1,1#p,s

+ (627 (1)a — o (a Z ¢\ (a

Jj=L1,j#t,p
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+ (889 (a) — ¢ (1) Z S (1)aEy;

Jj= 1375pt
+ (¢g€p)(1) - ( aEst + Z ¢(pp) aEit =
i=1,i#s,p

for all @ € F. We conclude that

(A) foreachje {1,...,n}\{s,t},i € {1,...,n}\{j, s}, ngSt)( )=0foralla € F,
(B) foreachic {1,...,nM\{s,t}, 6"7(a) = ¢")(1)a forall a € F,
(C) foreachj e {1,....n}\{s.t}, ¢\ (a) = ¢\ (1)a forall a € F.

From (A), we get
o =0 forallj e {1,...,n}\{s,t} andi € {1,...,n}\{J, s}. (3.15)
From (B), together with (3.13), we have
o =0 forall i € {1,...,n}\{s,t}. (3.16)
Likewise, by (C), together with (3.13), we obtain
¢ =0 forall je{1,....n}\{s,t}. (3.17)
It follows from (3.15) that when s = ¢,
¢\ =0 forall distinct 7,7 € {1,...,n}\{s}. (3.18)
Consequently, when s = ¢, it follows from the observations in (3.9), (3.13) and (3.18) that

Y(aBy) = Z Bl (3.19)

for all @ € F. When s # ¢, in view of (3.9), (3.10), (3.15), (3.16) and (3.17), we obtain

(aEy) = By + Z o\ (3.20)
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forall a € F. By (3.19) and (3.20), we conclude that for any integers 1 < s,t < n,

> i ¢ESS)(Q)Eii when s = t,
Y(aby) = (3.21)

¢\ (@) By + S0 05 (a) By when s #

for all a € F. We next claim that for each pair of distinct integers 1 < s,t < n, there

exists an additive map ¢, : F — F such that

@) = gy foralli=1,. (3.22)

By (3.12), we see that claim (3.22) is shown when n = 2. Consider n > 3. Letp €
{1,...,n}\{s,t} and let a € F. By (3.21), we have

[V(aEst), Esp] == (aEy)Esp — Egpip(aEg)

= gt St) VEst Egp + Z (b a)EiEy — ¢£§t)<a>E8pEst - Z ¢§ft)(a)E E
i=1

= (¢l (a) — 853 (a)) By,

[w(Esp) aEst] = w(Esp)aEst - aEstw(Esp)

= a(b(Sp Eg + Z CL<Z5(Sp NE;Eq — ¢(5p JEstEsp — Z a¢ Ealii

= (6P (1) = 6" (1)) B

Note that [(X),X] = 0 for X € {aEy + Es,,aFEq, Es,} yields [Y(aEs), Esp] +

[V(Esp), aEg] = 0. Since Ey, E, are linearly independent, we obtain
ol (a) = ¢} (a)

forall a € F. Then g% = ¢ for every p € {1,...,n}\{s,t}. Together with (3.12),
we conclude that gbif = g fori = 1,...,n, where ¢y : F — [ is an additive map.
Hence claim (3.22) is proved.

Let 1 < s < n be an integer. We claim that

oeY = ¢\ forall i,j € {1,...,n}\{s}. (3.23)
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Ifn = 2, then there is nothing to show. Considernown > 3. Letp,q € {1,...,n}\{s} be
distinct integers and let a € F. Note that [¢)(X), X| = 0for X € {E,,+aFEss, Epy, aEss}
leads to [(E,,), aEss| + [Y(aFss), Epy] = 0. It follows from (3.21) that

W}(E ) CLESS] = ¢(qu)aE - aEss@/J(qu)
( )<1)G,quEss + Z ¢ pq) CLE”‘ESS
(b(pq ( )aEssqu Z ¢ pq) aEssEii

= ¢l (1)aEy, — %P (1)aE,

=0,
W(ClEss)’ qu] = w(aESS)E b quw(aEss)
=Y, 2 e
i=1
= 60 (a) Epy — 8527 () Epy.
Consequently,
(657 (@) = 655 (@)) Epg = 0.

Then ¢\ = ¢%°) and so ¢\ = gbg-j.s) forall 7,5 € {1,...,n}\{s}, as claimed. By
(3.23), we conclude that for each integer 1 < s < n, there exists an additive map p,; :
F — T such that

o) = o, forall i € {1,...,n}\{s}. (3.24)

We now show that

o0 is linear and @Y = ¢ 4 o, (3.25)

for all distinct integers 1 < s,¢t < n. Since [¢(X),X] = 0 forall X € {E +
aEg, Ess,aEq}, we get [0(Ess), aEy) + [W(aEg), Es] = 0 for all a € F. Tt follows
from (3.21) and (3.24) that
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[@Z)(E ) aEst] = ¢(Ess)aE5t - aEst¢(Ess)

= Z 05" (DaB; By — Z 65" (B By
=1

= ¢gi‘8)( >aEst - t:8)<1)aE5t

= ¢g§S)(1)aE3t - sts(l)aEst;

[¢(aEst) E ] = w(aEst)E - Essw(aEst)

- Qbsit stEss + Z Qb St) EzzEss

qb(St ESSESt Z QS St)

= ¢{30(a) Bys — 05" (a) By — ¢ (a) By
= ¢ (a) Eq,

0 (¢4 (D)a — pu(L)a — 64" (a)) By = 0, and thus 63" (a) = (657 (1) — us(1))a for
alla € F. Then gbst is linear for all distinct integers 1 < 5,2 < n. Leta € Fand let 1 <
s,t < n be distinct integers. Again, [¢)(X), X]| = 0forall X € {aFy + Eq,aF, Eg}

leads to
[w(aEss) Est] = w(aEss)Est - Estw(aEss)

N Z §b SS) EzzEst - Z ¢ stEiz'
= 6027 (a) By — 03, (a) Eu

= ¢g§8) (a)Est - Spss(a)Esta

[¢(Est)7 aEss] = Qb(Ejst)aE'ss - aEss¢(Est>

= ¢git)(1)aEStEss + Z qbgft)(]')aEnEss

- (bgit)(l)aEssEst - Z ¢§ft)(1)aEssEzz

= (bgit)( JaE — ¢sit)< laE ¢(St( JaE

= — ¢ (1)aEy,

50 (657 () — pss(a) — 857 (1)a) By = 0, and thus 657 (a) = pu(a) + 657 (1)a. By the
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linearity of qzﬁst , we have
67 (a) = pus(a) + 65" (Da = pus(a) + 657 (a) = (s + 04") ()

forall a € F. Then ¢'5” = oy, + 6" for all distinct integers 1 < s, ¢ < n. Hence claim

(3.25) is proved. Moreover, by (3.25), for each integer 1 < s < n,
¢ = ¢l foralli,j e {1,...,n}\{s}. (3.26)
In view of (3.21), (3.22), (3.24) and (3.25), we conclude that for any integers 1 < s,¢ < n,

S’p)(a)Ess + @ss(a)[n when s = t,
Y(aly) = (3.27)

cb(St (a)Eg + os(a)l, when s #t

forall a € F, where p is any integer in {1, ..., n}\{s}. Finally, we claim that there exists

a linear map ¢ : F — [ such that

¢l = (3.28)

for all distinct integers s,¢ = 1,...,n. Let 1 < s,¢ < n be distinct integers and let a € F.

Since [¢(X), X] =0 for X € {aF + Ey, aFEss, Eis}, it follows from (3.27) that

W(aEss)7 Ets] = w<aEss>Ets - Etsd}(aEss)
= ¢git) (a)EssEts + SOSS(a)Ets - ¢sit)( )EtsEss QOSS(CL)Ets

= 04" () B,
[w(Ets)a aEss] = w(Ets)aEss - @Essw(Ets)
= ¢§ZS)(1)aEtsEss + (pts(l)aEss - (t5)<1)aEssEts Sots(1>aEss
= ¢§ZS)(1)aEtS7
0 (8 (1)a — ¢5"(a))Ey, = 0 for all a € F. By the lincarity of ¢."",
o = 64" (3:29)
for all distinct integers 1 < s,t < n. If n = 2, then ¢§122) = ¢§211) by (3.29) and claim
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(3.28) is proved. Consider now n > 3. Putting (3.26) and (3.29) together, we obtain

12 13 1in
o) =y = = b’
-
(3.30)
(nl n2) n,n—1
— 5 = P e = 0,

s0 o827 = ¢ for all integers 1 < p,q,s,t < nwithp # gand s # t. Hence claim
(3.28) is proved.
Let A = (1) € F. Since ¢ is linear, p(a) = Aa for all a € F. By (3.27) and (3.28),

¢(aEst> = )\aEst + (pst(a>In

for all integers 1 < s,t <nanda€F.Let A=) ", aqFEy € M,. Then

= Z w(aStESt) = Z (AastEst + ¢st(ast>In) =)\ + ,M(A)In,

s,t=1 s,t=1

where y : M,, — T is the additive map defined by

= Z Pst (ast)

forall A = Z’;t:l asFEy € M,. The proof is complete. O
We continue with the study of additive maps satisfying condition (2.14) for £ > 2.

Lemma3.1.4. LetF beafieldand letk,n,, ... ,n, > 2 beintegers. Let) : ®f:1 M, —
®f:1 M., be an additive map. Then 1) is a commuting map on S¥ if and only if there exist
a commuting linear map ¢ : ®f:2 M, — ®f:2 M., on 8§ and commuting additive

maps pg; ®f:2 M, — ®f:2 M,, onF -8} st =1,...,n, such that

¢(®§:1Az‘) =4 ® 90(®f:214i) + 1, ® (Z st st ®f:2 AJ)

s,t=1

Jorall Ay = (ay) € M, and Ay € M,,,,..., A, € M,,, where F - S = {aA : a €
F, A € S}
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Proof. By abuse of notation, we shall abbreviate Efjn Y and ®f:2 M., to E;; and M,
respectively. We first prove the sufficiency. Let ¢ : ®f:1 M, — ®f:1 M,,, be the

additive map defined by

(@A) = AL @ (R, A) + I, ® (Z st (st By Ai>> (3.31)

s,t=1

for every A; = (ag) € M, and Ay € M,,,..., Ay € M,,, where p : M — M
is a commuting linear map on S5 and o, : M — M, s,t = 1,...,ny, are commuting

additive maps on F - S§. Let 1 < s, < n; be integers. We claim that
[[nl ® Qost(a ®§:2 Al)v ®§:1Ai] =0

forall Ay € S14,,...,Ar € Sgy, and a € F. The result is clear when a = 0. Consider

a # 0. Since 4 is commuting on F - S5, we have

(In, ® psi(a @5y AN @K A) = (I, @ pur(a @F_, A)) (™ AL @ (a ®E, A)))
= a ' AL ® pula @y A)(a @, A;)
=a A ® (a®, A) pu(a @y Ay)
= (a7 A1 ® (e ©f_y A))(In, © pst(a @iy As))

= (®14i) (Iny ® @sra Dy Ai)).

Since ¢ is commuting on S, (A1 ® (R, A;)) (R Ai) = (D1, A1) (A1 ® p(@1, A1)
for every Ay € Siy, .-, A € Sk, It follows from (3.31) that ¢ is commuting on S}.

We proceed to the necessity. Notice that {E;; : i,j = 1,...,n,} is a basis of M,,.
In view of (3.3), for each pair of integers 1 < s,¢ < nq, there exist additive maps gbl(;t) :

M — M,i,j=1,...,nq,such that

Ey® A) Z Ey® ¢l (A (3.32)

i,7=1

for every decomposable tensor A € D(M). Let 1 < s,t < ny be integers. By (3.32), we

obtain
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W(Ey ® A)(Ey ® A) = Z By © 00 (A)A = ZEmW)()

2,7=1

(Est ® A)¢<Est ® A Z EStE’Lj ® Aqb(St Z Esy ® Agbt;t ( )

7,7=1
for all A € D(M). By virtue of [{)(Ey ® A), Eyq ® A] = 0 forall A € S}, we get
S B ® 0 () A + XL By © Ag? (4) = 0,50

B GEIA- A + 3 Euw oA Y EyoAdl(4) =0

1=1,i#s Jj=1,7#t

forall A € S§. Since {E;; : i,j = 1,...,n;} is a linearly independent set, it follows

from Proposition 2.1.6 (a) that for each pair of integers 1 < s,¢ < ngq,
o (A)A = A" (A) (333)
forall A € S, and

¢(St)(A)A =0 forall i € {1,...,n1}\{s},

8

ApEP(A) =0 forall j € {1,...,n}\{t}

for all A € S§. By Theorem 3.1.2, we conclude that

o =0 forall i € {1,...,n}\{s}, (3.34)

o =0 forall j € {1,...,n}\{t} (3.35)

for all integers 1 < s,¢ < ny. When s = ¢, by (3.33)—(3.35), for each integer 1 < s < ny,
we have

60 =0 =60 forall i€ {1,...,nm N\ {s}, (3.36)

gb(ss is a commuting additive map on S}. (3.37)

Let 1 < s,t < ny be integers, p € {1,...,n:}\{s,t} and A € S§. Since [¢(X), X] =
0forall X € {(Ess + E,p) @ A, Eq @ A E,, ® A}, we get [Y(Ey ® A), E,, @ A|
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+ [Y(Ep,y @ A), Eg ® Al = 0. By virtue of (3.32), we obtain

[(V(Est @ A), Epp @ Al i= 0(Eq @ A)(Epp ® A) — (Epp @ A)Y(Ey @ A)

= Z EijEpp ® ¢ St) Z E’L] ® A¢(St ( )

ijl 4,j=1

— ZEzp ® ¢ Z ® A¢(St )

[¢(EPP ® A)? Est o2 A] = 1/J<EPP ® A)(Est @ A) ( st ® A>¢( pp ® A)

= Z Ez st ® ¢(pp) A Z Est ® A¢gp) (A)

ij 1 4,7=1
_ZE ®¢pp) A ZE53®A¢(pp)( )
7=1
Consequently,

ZE@p@)QbSt) A—I—ZEn@Qﬁpp) JA = ZEm@Aqﬁ )+ZEsj®A¢§§p)(A)
=1

(3.38)
for all A € S}. Since p # s, t, it follows from (3.38) that
Eppy ® (350 (A)A — AgD (A Z Ep® ¢ (A)A
i=1,i#p,s

+ By @ (0P (A)A - Agli (A Z E,; ® Ay (A)
J=1 J#tp

+ By ® (650 (A)A — Agft? Z By ® Api” (A)
J=1 J#pt

+ Eq® (Cb (A)A A¢(pp Z Ei ® ¢(pp (A)A
1=1,i#s,p

for all A € S¥. It follows from Proposition 2.1.6 (a) that

(A) foreachi € {1,...,ni}\{s,t}, 957 (A)A = Ap\" (A) forall A € S,

(B) foreachj € {1,....mMN\{s.t},i € {1,....m\{Jj, s}, 6557 (A)A = 0 for all
A€ St

(C) foreachi € {1,...,n }\{s,t}, Ap""(A) = gb“)(A)A forall A € Sk,

(D) foreachj e {1,...,n}\{s,t}, gbsj (A)A = Agzﬁtj )(A) forall A € SE.
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In view of (A), we see that

¢§f“, i=1,...,ny, i #s,t, are commuting additive maps on S5. (3.39)
By (B) and Theorem 3.1.2, we get
o =0 forallj € {1,....mP\{s.t} andi € {1,....m )\ {4, s}. (3.40)
By virtue of (3.36), it follows from (C) that for each i € {1,...,n}\{s,t},
A" (A) =0 (3.41)
for all A € S§. By (3.41) and Theorem 3.1.2, we have
o =0 forall i e {1,... ,ni}\{s,t}. (3.42)
Likewise, by (D), together with (3.36) and Theorem 3.1.2, we thus obtain
¢ =0 forall j e {1,....,m P\ {s,t}. (3.43)
In view of (3.39) and (3.40), when s = t, we see that
¢§fs), i=1,...,n1,i+# s, are commuting additive maps on S}, (3.44)
¢isY =0 forall distinct 7,5 € {1,...,n:}\{s}. (3.45)
When s = t, in view of (3.32), (3.36), (3.37), (3.44) and (3.45), we have
E,,® A) Z By 657 (A (3.46)
for all A € D(M), where gzﬁu ,i = 1,...,n;, are commuting additive maps on S}.
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When s # t, in view of (3.32), (3.34), (3.39), (3.40), (3.42) and (3.43), we obtain
W(Ey® A) = By © 68 (A Z Ei ® ¢ (A (3.47)

for all A € D(M), where qu ,i=1,...,n1,1 # s,t, are commuting additive maps

on S¥. Putting (3.46) and (3.47) together, we conclude that for each pair of integers
2 g g p g

1< s,t <,

S B @ ¢ SS)( A) when s = t,
Y(Eg ® A) = (3.48)

Ea ® 68 (A) + M, By @ 5P (A) when s # ¢

for all A € D(M), where % ,i=1,...,ny, and gbg-;t),j =1,...,n1, ] # s,t, are

commuting additive maps on Sé“.
We show that for each pair of distinct integers 1 < s,¢ < nq, there exists a commuting

additive map ¢, : M — M on S} such that

o = o (3.49)

forall i = 1,...,n;. Let1 < s, < ny be distinct integers and let A € S§. Since
[V(X), X]=0for X € {(Ess+Eq) A, Es@A, Eq@ A}, weget [Y(Ey,®A), Eq®

[(V(Ess @ A), Eqt @ Al := (B @ A) (Bt @ A) — (B @ A)Y(Egs @ A)

- Z EnEst ® ¢(SS A Z EstEn ® A¢ ( )
= Ea ® (07 (A)A — Ag77(4)),

[(V(Ey @ A), Eys @ Al := 1(Egy @ A)(Ey @ A) — (Eys @ A)(Ey @ A)

- stEss ® ¢(St A + Z E”Ess ® ¢z7,8t ( )

=1

- EssEst ® A¢(5t Z EssEu ® A¢ ( )

=1

= By ® (—A¢EY(A)) + B, @ (05D (A)A — AglD(A)).
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Since F,, Ey are linearly independent, by Proposition 2.1.6 (a), gzﬁs‘ff)( A)A=A gbgit)(A)
forall A € Sk. Therefore ¢'3” is a commuting additive map on S¥. Moreover, by (3.33),

we have

AGD(A) = oD (A)A = Agi”(4)
for all A € S§. It follows from Lemma 3.1.1 that

ot = ol (3.50)

Ss

Hence (/bif Disa commuting additive map on S§. Together with (3.39), we conclude that

o i =1,...,n,, are commuting additive maps on S¥. (3.51)

)

In view of (3.50), claim (3.49) is proved when n; = 2. Consider ny > 3. Letp €
{1,...,m}\{s,t} and let A € S}. Since [¢(X),X] = 0for X € {(Ey + Ey) ®
A Ey® A, Ey,® A}, it follows that [ (Ey @ A), B, @ A+ [(Esp @ A), By ® A] = 0.
By (3.48), we have

[(V(Es ® A), Egpy @ A] :=(Ey @ A)(Egp @ A) — (Egp @ A)Y(Ey @ A)

= BuEy, 65 (A A+ZEMESP®¢S”< JA
=1

— By By AglY (A Z EyEy @ Agy(A)
= E,, @ (053 (A) A — Agf)(A)).
Then by interchanging p and ¢, we get
[(Ey ® A), Eq ® Al = Eq ® (6P (A)A = Ag" (A)).

Therefore,

Eqp @ (85 (A)A — AGG0(A)) + By ® (87 (A) A — Agy;” (4)) = 0

forall A € S}. Since Ey;, E, are linearly independent, it follows from Proposition 2.1.6

(a) that
¢S (A)A = AgLD(A)
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for all A € S§. By (3.51), we obtain
ol (A) A = gl (A)A

forall A € S5. By Lemma3.1.1, ¢\ = ¢ forevery p € {1,...,m }\{s, t}. Together
with (3.50) and (3.51), we conclude that ¢;; (st) _ = g fori=1,...,ny, where oy = (s
is a commuting additive map on S&. Hence claim (3.49) is proved.

Next, we claim that for each integer 1 < s < nq, there exists a commuting additive

map ¢, : M — M on S} such that

o0 = o, forall i € {1,...,ni\{s}. (3.52)

Let 1 < s < np be an integer. We show that
Pl = glos

for all integers p, g € {1,...,n1}\{s}. If ny = 2, then there is nothing to show. Consider
nown; > 3. Letp,q € {1,...,n1}\{s} bedistinctand A € S}. Note that [/(X), X] = 0
forall X € {(Ey, + E.) ® A, By ® A, Eyy @ A} leads to [((E,, ® A), By, @ A] +
[V(Ess @ A), B,y @ Al = 0. 1t follows from (3.48) and (3.49) that

[ (Epg ® A), Ess @ Al := 9(Epg @ A)(Ess ® A) = (Ess @ A)P(Epy @ A)

= EpyEq ® 61 A+ZEWESS®¢ '(4)A
i=1

= By ® AGD(A) =3 Bully @ Ad"(4)

= By @ (917 (A)A — AP (4))

=F, ® (SOP(I(A>A B A(‘Opq(A>)’

[W(Ess @ A), Epg © A 1= (s @ A)(Bpg @ A) = (Epg @ A)p(Ess ® A)
_ZE%%EPq®¢(SS )JA = ZquEii@A(sz{iss)(A)

b @ (D) (A)A = Ag5(A)).

33



Consequently,
Ess @ (pq(A)A = Appg(A)) + By ® (657 (A)A = A (A)) = 0

for all A € S}. Since E, E,, are linearly independent, by Proposition 2.1.6 (a), we
get o5 (A)A = Agl?(A) for all A € SE. It follows from (3.44) that ¢\ (A)A =

$(A)A for all A € SE. Thus 655 = ¢'” by Lemma 3.1.1. Hence, together with
(3.44), claim (3.52) is proved.

We now show that for each integer 1 < s < nq,

39 = g+ 007 forall j e {1,...,m}\{s}, (3.53)

¢§jJ ,j=1,...,ny, j # s, are commuting additive maps on S5. (3.54)

Let 1 < s,7 < ny be distinct integers and let A € S§. Since [1)(X), X] = 0 for all
X e{Es®A E;®A, (Ess+ Eyj) @ A}, we get [U(Ey, @ A), By @ Al + [(Ey; ®
A), E;s ® Al = 0. It follows from (3.48), (3.49) and (3.52) that

[¢(Ess ® A) Esj ® A] = ¢(Ess ® A)(ESJ & A) - (Esj ® A)¢(ESS ® A)

- Z BuFy © 600 (A)A = 3 By ® A6 (4)

=1

= B ® (0l (A)A — A7 (4))

= B, ® (009 (A)A — Apss(A)),

[w(Esj ® A); FEy ® A] = zp(Ewsj ® A)(Ess ® A) - (Ess ® A)w(EsJ ® A)

= BBy ® 67 A+ZEMESS®¢ '(A)A

=1

— BBy © AgY Z EwEi @ Ag7 (A)

= By, @ (08 (A)A — ApS(A)) — By @ Ap' (A)

= Ey; ® (—A¢(A)).
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Therefore,

Ey ® (05 (A)A — Apyg(A) — Al (A)) =0

forall A € Sk. Since ¢%” is commuting on S¥ by (3.37), using Proposition 2.1.6 (a), we

have

AEI(A) = A(pes + ¢1)(A)

for all A € S§¥. By Lemma 3.1.1, we obtain Pl = Dgs + gbsjj ) and hence, assertion

(3.53) is proved. Notice that qﬁg‘;j ) = ¢gis ss- By (3.37) and (3.52), we see that ng

S] ’

j =1,...,n1,j # s, are commuting additive maps on S5. Thus assertion (3.54) is

claimed. Moreover, in view of (3.53), for each integer 1 < s < n, we have

o8 = ¢ forall 4,5 € {1,...,m \{s}. (3.55)

st sj

Next, we show that there exists a commuting additive map ¢ : M — M on S} such
that
b5 = (3.:56)

for all distinct integers 1 < s,t < ny. Let 1 < s < ny beaninteger, i € {1,...,n;}\{s}
and A € S§. Note that [¢)(X), X] =0forall X € {(Es + Eis) ® A, B, ® A, E;y @ A}
leads to [Y(Es @ A), Eis @ Al + [(Eis @ A), Egs @ A] = 0. It follows from (3.48),
(3.49) and (3.52) that

=3 BB @6 (A)A - ZEM ;® A (A)
j=1

= Eiy @ (07 (A)A — A6 (4))

= B ® (pss(A)A = Ap2 (4)),

["p(Ezs ® A)’ Ess ® A] = ¢(Ezs X A)(Ess ® A) - (Ess ® A)w(Ezs ® A)

= BB, @ ¢\ (A)A + Z B, ¢\ (4)A

- EssEzs & A¢ Z Ess ® A¢§ZJS) (A)
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= By @ ¢ (A)A + By @ (989 (A)A — Apl9)(A))
— Ei @ 0" (A)A + Eoy @ (0is(A)A — Apis(A))

= E;s ® gbZS)(A)A?

30 Eis @ (pss(A) A= AgSY (A)+ ¢ (A) A) = 0 forall A € SE. Since ¢ is commuting
on S by (3.37), using Proposition 2.1.6 (a), we have ¢’ (A)A = (pss + ¢§;’5>)(A)A for

all A € S§. By Lemma 3.1.1, we obtain
o) = oy + o) forall i € {1,...,m}\{s}. (3.57)
By virtue of (3.53) and (3.57), for each integer 1 < s < ny,

o' = ¢ forall 4,5 € {1,...,ni}\{s}. (3.58)

sJ s

Putting (3.55) together with (3.58) and using the same argument as in (3.30), we obtain
oY = 3\ for all integers 1 < s,t,p, ¢ < ny with s # ¢ and p # ¢. Hence claim (3.56)
is proved.

Summarizing from (3.48), (3.49), (3.52) and (3.56), we conclude that
V(Eq ®A) = Eq @ p(A) + I, ® pu(A) (3.59)

for all integers 1 < s,¢t < nyand A € D(M). We further show that ¢ is a linear map and
Vs, S, =1, ..., ny, are commuting additive maps on IF-S§. To see pis linear, let A € Sé“
and A € F. By virtue of [¢)(X), X] = 0forall X € {(Eo+AE12)RA, By @A, AE12QA},
we obtain [1)(E1y @ AA), By @ A] + [¢(Fa1 @ A), E1o @ AA] = 0. It follows from (3.59)

that

[V(FE12 @ AA), Ey; @ A] := 1)(E13 @ AA)(F21 @ A) — (Fa1 @ A)(E12 @ AA)
= E1nEy @ 9(AA)A + Ey ® 19(ANA)A — E9 E1y @ Ap(AA) — E9 @ Ap1a(AA)

= EH ® QO(/\A)A + E21 ® (@12()\14)14 — Ag&lg(AA)) — EQQ ® AQO()\A),
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[V(E91 @ A), E1g @ AA] := 1(Eg @ A)(F12 @ AA) — (E12 @ MA)Y(Ey @ A)
= E21E12 & QO(A)(AA) + E12 X )\(,012(14)14 — E12E21 & )\A(,O(A) — E12 & )\A(,Olg(A)
= —FE11 @ Me(A) + Ei2 @ (Ap12(A)A — MApia(A)) + Eap @ Adp(A)A

= E1 ® (—AAp(A)) + E2 ® Mp(A) A

Since E11, E1o, Fo1, E9s are linearly independent, by Proposition 2.1.6 (a), we get

(M) A = MNAp(A) (3.60)

forall \ € Fand A € S§. Let a € F and let (, : M — M be the additive map defined
by
Ca(X) = p(aX) — ap(X)

forall X € M. Let A € S§. Note that

Ca(A)A = p(aA)A — ap(A)A = p(aA)A — aAp(A)

since p(A)A = Ap(A). It follows from (3.60) that (,(A)A = 0 for all A € S%. By
Theorem 3.1.2, ¢, = 0 for all @ € F. Then p(aX) = ap(X) forall « € Fand X € M.
Thus ¢ is linear.

We next verify that g, s, = 1,...,n,, are commuting additive maps on IF - S¥. Let

1 < s,t < ny be integers, o € Fand A € S§. By (3.59) and the linearity of o, we have

Y(aEg @ A) = (Fy @ aA) = aFy @ (A) + 1, @ pu(aA).

Since [Y(aFy ® A),aFEgy ® A] = 0 and

[aEg @ p(A),aEy @ Al == (aBs ® p(A))(aEs @ A) — (aBs ® A)(aEy @ ¢(A))
= (aaFEgFy) @ p(A)A — (aaFqFEg) @ Ap(A)
= (aaFgFy) @ p(A)A — (aaFEqFEq) ® p(A)A

=0,
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it follows from Proposition 2.1.6 (a) that

I, ® psi(@A), Eq @ aA] =0
= (In, ® po(aA))(By @ @A) — (Ey @ aA) (I, @ pyu(ad)) =0
= Eq @ (ps(ad)(ad) — (aA)pa(ad)) =0

— pa(ad)(ad) = (@d)pq(a)

forall « € Fand A € 85 . Hence ¢y, s,t = 1,...,ny, are commuting additive maps on
F. Sk

Let A; = Zzltzl astEsy € M, ay € Fandlet Ay € M,,,..., A € M,,. By
(3.59),

w(®§=1f4i) = (Zl (Eg ® ast<®f:2Ai))>

s,t=1

=" ¥(Ey ® au(®,4;))

s,t=1

n1
= Z (astEst @ @(®§:2Ai) + I, ® pst(ast ®f:2 A))

s,t=1

= A1 © Py A) + L, ® (Z Pst(ast By A») :

s,t=1
This completes the proof. ]
The following lemma will be needed to prove the results in the next section.

Lemma 3.1.5. (Chooietal., 2019, Lemma 2.7) Let F be a field and let n > 2 be an integer.
Then 1 : M,, — F is a linear functional if and only if there exists a matrix H € M, such

that

7(A) = tr (H'A)

forall A € M,,.
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3.2 Main Results

We are now ready to prove the main results.

Theorem 3.2.1. Let F be a field and let m,n > 2 be integers. Let ) : M,, @ M,, —
M, @ M, be an additive map. Then 1) is a commuting map on S? if and only if there
exist a scalar A € F, an additive map 1 : M,, Q M,, — F and matrices K € M,,,

H e M,, such that

P(ARB) = NMA®B) + u(A® B) L, +tr(H'B)(A® I,) + tr (K'A)(1,, ® B) (3.61)

forall A € M,, and B € M,,.

Proof. We first prove the sufficiency. Let¢) : M,, ® M,, = M,,, @ M., be the additive

map defined by
P(A®B)=NA® B) + (A® B) Ly + tr (H'B)(A® I,,) + tr (K' A)(I,,, ® B)

forall A € M,,and B € M,,,where \ e F, K € M,,,, H € M,andu : M,, Q@ M,, —

[F is an additive map. Let A € S, ,,, and B € S, ,,. Note that

(tr(H'B)(A® I,))(A® B) = tr(H'B)(AA ® I,, B)
— tr (H'B)(AA ® BI,)
= tr(H'B)(A® B)(A® I,))

= (A® B)(r (H'B)(A® I,,)),

(tr (K*A)(I,, ® B))(A® B) = tr (K" A)(I,,A® BB)
= tr(K'A)(AI, ® BB)
= tr(K'A)((A® B)(I,, ® B))

= (A® B)(tr(K'A)(I,, ® B)).

Consequently, we obtain

Y(ARB)(A® B) = (MA®B))(A® B) + (WA ® B)lm,)(A® B)

+(tr(H'B)(A® 1)) (A® B) + (tr (K*A)(I,, ® B))(A® B)
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= (A®B)(AMA®B))+ (A® B)(1(A® B)IL,)
+ (A® B)(tr(H'B)(A® I,)) + (A® B)(tr (K*'A)(I,, ® B))

= (A® B)Y(A® B)

forall A € Sy, and B € Ss,,. Hence 1 is commuting on S2.

For the necessity, it follows from Lemma 3.1.4 that there exist a commuting linear map
w: M, =+ M,onS;, = {ES( ~|—aE ) e M, :a€Fand1<p,q,s,t<n;are not
all distinct } and commuting additive maps ¢;; : M,, = M, onF-S,,,3,j=1,...,m,

such that

Y(A®B)=A®¢(B)+ I, ® (i %’j(az‘jB)>

ij=1
forall A = (a;;) € My, and B € M,,, where F- Sy, = {aX 1 a € F, X € S, }.
By Theorem 3.1.3, there exist scalars A, \;; € F, 7,5 = 1,...,m, a linear functional

7 : M,, — F and additive maps 7;; : M,, = F, 4,5 = 1,..., m, such that
QO(B) = \B + T(B)In and QOU(B) = )\sz + TZJ(B)ITL

forall B € M,, and,5 = 1,...,m. Then by (2.8),

ij=1 ij=1

=MA®B)+7(B)(A®I,) (Z Alja,]> m® B)+ (im(mﬂ))fmn

2,7=1 2,7=1

forall A = (a;j) € M,, and B € M,,. Let 1 : M,;, @ M,, — F be the additive map
defined by

u(A® B) ZTU (a;; B

1,j=1

forall A = (a;;) € M,, and B € M,,. We first check that 1 is well defined in two cases.

Case I: A ® B = 0. Since p is additive, 1(0) = 0. On the other hand, if A ® B = 0,
then A = 0 or B = 0 by Proposition 2.1.5. Therefore, u(A @ B) = > 1"_7;;(0) = 0 as

Tij» 1,J = 1,...,m, are additive.
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Case . A B#0. Let A’ € M,, and B’ € M,, suchthat A’ ® B’ = A® B. By

Proposition 2.1.5, A’ = aAand B’ = o' B for some nonzero « € . Then u(A’'® B’) =

>oiieaTij ((aij) (@' B)) = 320 mij(ai; B) = p(A® B).

Hence, u is well defined. Since 7 : M,, — F is linear, it follows from Lemma 3.1.5

that there exists H € M,, such that 7(B) = tr (H'B) for all B € M,,. Consequently,
Y(A®B) =MNA®B)+ (A® B) Ly + tr (H'B)(A® I,,) 4 tr (K" A)(I,, ® B)

forall A = (a;;) € M,, and B € M,,, where K = (\;;) € M,,. We are done. O

Let k,ny,...,n, = 2 be integers. For each integer 1 < h < k, we denote by Q) »
the totality of strictly increasing sequences o = («;) of h integers oy < - -+ < ay, chosen

from1,... k. Let Ay € M,,,,..., Ay € M, and let o = (a;) € Q. We designate

(®F_ Ao =@, B; € My, (3.62)

where

A

?

if i €{ay,...,an},
B =

A; ifid{on,...,an}
fori =1,...,k. Evidently, [(®F A, ®F Al =0 forall 4, € M,,,,..., A € M,,.
This is because (®i’€:1Ai)a(®f:1Ai) = (®f:1Bl)(®f:1Al) = ®leBzAz = ®i€:1AZBZ =
(®f:1Az)(®leBz) = (®§:1Ai)(®f:1/4i)a fOI' all Al € Mnl, Ce ,Ak € Mnk-

Theorem 3.2.2. Let F be a field and let k,n,, . .. ,n; > 2 be integers. Let 1 : ®f:1 M.,
— ®f:1 M,,, be an additive map. Then ) is a commuting map on S¥ if and only if there
exist a scalar A\ € ¥, an additive map 1 : ®f:1 M,,, — F and matrices H, € M

no‘l‘“nah

Joreach o = (o;) € Qni, h=1,...,k —1, such that

T
.

V(QF 1 A;) = M@ A) (@A) Ly + tr(HL(®0 A0,) (R A4

1 a=()€Qn,k

T

forall Ay e M, ..., Ay € M,,.
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Proof. We first prove the sufficiency. Let ¢ : ®f:1 M, — ®f:1 M,,, be the additive

map defined by

k—1
(R Ai) = MO A) (@ A o+ Y Y r(HY(® Aa) (B A)a

h=1 a=(a;)€Qn,k

forall Ay e M,,,,..., Ay € M,,,where \ € F, H, € M, 1, foreach a = () €

Qnr-h=1,...,k—1,and p : ®f:1 M,,, — F is an additive map. Let A; € S, for

i=1,..., k. Since [(®F_,A;), ®F_, A;] = 0, it follows that

S (U A (@A) | (95,4)

h=1 a=(a;)€Qn,k

= > w(HL(® Aa)) (9 A)a(®F A1)

I
o
-
—~
=
—
X
T
I
s
8
N—
N—
—
—
X
Ry
T
=
S—
—
&
Ry
)
}
\;/
Q
N—

= (®14i) Y w(HL(® Au)) (@ Ad)a

h=1 a=(a;)EQn.k

Therefore, we obtain

V(®F AN (@A) = (MA@ A)) Q1 A) + (@5 Ai) Ly ooy ) (QF_1 Ay
k—1
+ (Do D r(HAR, Au)) (@ A | (®E,4))
h=1 a=(a;)€Qn,k

= (R A) (MR A7) + (91 A3) (1( Ry Ai) Iy oy )

k-1

+(@LA) (D] D tr(HU®,Au) (@ Ai)a

h=1 a=(a;)€Qh

= (®§:1Ai)¢(®§:1Ai)

forall A; € S;,,,i=1,..., k. Hence ¢ is commuting on S}.
For the necessity, we argue by induction on the order k. The base case k = 2 is true
by Theorem 3.2.1. Suppose that £ > 3 and that the result holds for £ — 1. In view of

Lemma 3.1.4, since S§ C IF - 8§, there exist a commuting linear map ¢ : ®f:2 M, —
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®f:2 M,,, on 8} and commuting additive maps ¢, : ®f:2 M, — ®f:2 M,,, on Sk,

p,q=1,...,nq,such that

(@A) = A1 ® p(RoAi) + I, ® < > Gralap S, A») (3.63)

p,q=1
for all Ay = (ay,) € M, and Ay € M,,,..., A, € M,,. For each integer 1 < h <
k — 2, we denote Qj, ;, = {(a1,...,00) € Qny : aq = 2}. By the induction hypothesis,
there exist a scalar A € T, a linear functional 7, : ®f:2 M,,, — F and matrices H, €

My, na, Toralla = (;) € Qf, 4, h =1,..., k — 2, such that

@

k—2
P(@FAi) = M@ As) + (@ Ai) Iy + Z Z tr (HY(®11 A0,)) (©F—Ai)a
h=1 a=(c)€Q}

(3.64)
for every Ay € M,,,..., A, € M, , where N = ny---n;, and (®%_,A;), is as defined
in (3.62). Moreover, for each pair of integers 1 < p,q < ny, since g, is a commuting
additive map on S%, it follows from the induction hypothesis that there exist a scalar

A\pq € T, an additive map 7,, : @, M,,, — F and matrices X?9 ¢ M, - na, forall

e

a=(a;) € Qyph=1,...,k— 2, such that

©pq(apg ®i‘€:2 Ai) = Apg(apg ®§:2 Ai) 4 Npg(apg ®f:2 Ai)In+

k—2

3 (X2 ((apgAar) © (®540,) (A2 ® - @ (apgAn,) @ - © Ap)a

h=1 a=(a;)EQ},
forall ap, € Fand Ay € M,,,,..., Ay € M,, . Consequently,

©pq(pg ®f=2 Ai) = Apglap, ®§=2 A;) + Npg(apg ®i’€=2 Ai)In

b2 (3.65)
+ tr (X2 (apg @21 Aa)) (@15 A1)a

h=1 a:(ai)eQ;k

forall ay, € Fand Ay € M,,,..., Ay € M,,.
Note first that 7, : ®?:2 M,,, — Fisalinear functional. Since ®f:2 M, = My, o,

by (2.11), it follows from Lemma 3.1.5 that there exists a matrix H( ) € M,, ..., such

.....
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thatn, (®F_,A;) = tr (H{, k)(®f:2Ai)) forall Ay € M,,,, ..., Ay € M,,. Wethushave

.....

A © Mm@ A) Iy = (1A (A1 @ In) = tr(Hfy 1) (@F5A)) (1, Ai) 2.

..........

(3.66)
for all Al S Mn17 s 7Ak € M'ﬂka where (27 A k) S Q};—l,k'
Next, since A; ® (®_yAi)a = (@), A;) for any a € Qj, ., it follows that
k—2
A® Z Ztr (H{ (@] Aa,)) (g Ad)a —Z Ztr (H (@71 Aa,))(®F1 A)a
h=1 a= (OcZ)EQh’k h=1 a= (a’z)th’k
(3.67)

forall A, e M,,,,..., Ay € M,,.
We denote H1) = (\;j) € M,,. Then

(H(I)A1>(®z 1 4i) 1= (Z quapq) ®z 2 Ai )):Im@)(Z /\pq(apq ®i’€:2 A1)>

p,g=1 p,q=1
(3.68)
forall Ay = (ap,) € M, and Ay € M,,,, ..., Ay € M, , where (1) € Q1.
Let p : ®f:1 M,,, — F be the additive map defined by

ny
(R A) = Z Tpg (g Oy Ai)
p,q=1
forall Ay = (ap,) € M, and Ay € M,,,,..., A € M,,, . We first check that ;1 is well

defined in two cases.

Case I: ®F_, A; = 0. Since p is additive, 1(0) = 0. On the other hand, if ®%_; A; = 0,
then A; = 0 for some integer 1 < i < k by Proposition 2.1.5. Therefore, u(®5_ A4;) =

ni

> pa—1 Mpa(0) = 0as My, p, g = 1,..., 0y, are additive.
Case Il: @F | A; # 0. Let A} € M,,,, ..., A} € M, suchthat®F | Al = @F_ A;. By

Proposition 2.1.5, A} = aA; and ®%_, A} = a~! @k _, A; for some nonzero o € F. Then

(@, Af) = Z;llq L g ((Qapg) (@@, Ay)) = Z;lq 1 Nog(Gpg o Ai) = (@7, Ai).

Hence, 1 is well defined. It follows that

In1®<z Tpa (g ®fy Aj) IN) <Z Mpa(apg ® ))Inr--nk = (R A) Ly - “ng

p,q=1 p,qg=1
(3.69)
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forall Ay = (ap,) € M, and Ay € M,,, ..., Ay € M,,.
Foreach o = (a;) € Q} , with 1 <h <k —2, welet 7, : My g, na, — F be the

linear functional defined by

ni
Ta(A1® Ag, @+ @ Ag,) = > (X2 (apy Ry Ag,)) (3.70)
p,g=1
forall Ay = (a,,) € M, and A,, € M5 Ay € M, . We first check that 7, is

well defined in two cases.

Case: Ay ® Ay, ® -+ ® A,, = 0. Since 7, is linear, 7,(0) = 0. On the other hand,
ifA ®A, ® --® A4, =0,then A; = 0or A,, = 0 for some integer 1 < i < h by
Proposition 2.1.5. Therefore, 7,(A; ® Ay, @ - @ Ag,) = D0 tr((X29)"(0)) = 0.

Case Il A ® Ay, ® - ® Ay, # 0. Let A} € M,,, and A, e M, ,..., A, €
Mnah such that A} ® A, ® --- ® A, = A} ® Ay, ® -+ ® A,,. By Proposition
2.1.5, we obtain A} = A, and ®_ A, = 57! @, A,, for some nonzero 3 € F.
Consequently, 7,(A] ® A, @+ @Ay, ) = 320 tr(XE) ((Bayg) (B @y Aay))) =

an tr((Xg’q)t (apq ®zh:1 Ap)) = Ta(A1® A, ® - ® Aah)~

p,q=1

Hence, 7, is well defined. By virtue of Lemma 3.1.5, there exists a matrix Y, €

Mo ng, - na, Such that
Ta(A1 @ Ap, @ @ Ay,) =tr (YA ® A, @ ® Ay,)) (3.71)

forall A; € M, and 4,, € M, ..., A, € M,,, . It follows from (3.70)—(3.71) that

ny k-2
I, ® tr ((X2)" (apq Rt Aa)) (12404
p.g=1 h=1 a=(;)€Q} ,

tr((ng)t (apq ®?:1 Aai)))(lm ® (®§:2Ai)a)

I
M
A A
=%

ol
VN
el

3
S

T
[\

Ta(Al ® Ay ® @ Aah)(Im ® (®§:2Ai)a)

I
g

T
[\

Q
iR
=
I
O
>
El

== tr(Y()f(Al X Aoq K- Q Aah))(‘[nl ® (®§:2Ai)0¢)

=
I
5
o
[
2
I
L
7
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forall A; = (a,,) € M,, and Ay € M,,,,..., Ay, € M,,,. Foreacha = (ay,...,ap) €
Qpp With T < h < k — 2, wedenote (1,a) = (1,a,...,an) € Quy1x and Hiy o) =

Yo € My, n,, - Then

(3.72)
- tr(H{y 1) (A1 © Ao, @ -+ @ Aa, ) Q8 Ai) (1.0

h=1 Cz:(ai)EQZ!k

forall Ay = (ap,) € M, and Ay € My, ..., Ay € M,,.
We are now ready to combine (3.64) and (3.65) into (3.63). Let A; = (a,,) € My,
and let Ay € M,,,, ..., Ay € M,, . In view of (3.64) and (3.65), we see that

w(®f:1Ai) =4 ® 90(®f=2Ai) + [m 2 ( Z Sppq(%q ®f=2 Az))
p,q=1
k—2

= A @ M@A) + m(®A) Iy + Y D tr(HA(®) Ax))(@F4))a
h=1 O’:(Oéi)EQ;;k

+ I, ® (Z Apq(pq Oy A1)> + 1, ® (Z Tpg (pg ® Ai)[N>

p,q=1 p,q=1

+ I, ® Z Z Z tr(( apq ®z 1 Aa ))(®§=2Ai)a

p,q=1 h=1 a= (az)th,k

It follows from (3.66)—(3.69) and (3.72) that

P(R_1 A7) = M@ Ai) +tr (Hly o (R, 40)) Q5 Ad) ...

.........

+

r<Hét1)141 (®f 1Ay + M(®z 1 Ai) oy,

+ tr (H{y 0y (A1 ® Ao, ® -+ @ Ag, ) (@11 Ai) (1,0)

= M@ A) + U@ A Ly + Y Yt (HA(® Aa)) (@5 Ao
a=(a;)EQh,k

forall Ay € M,,,..., A € M,, . This completes the proof. O
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3.3 Remarks

First, one may ask why the set
Sin= {Est +ab,,acFand1 < p,q,s,t < nare not all distinct integers}
is considered in Theorem 3.1.3. The reason is, inspired by the set
Y = {aqu + BE,s or aB,,+ sy a,f€Fand1 < p,q,s < nare 1ntegers}

in Franca (2017), we want to choose a set which looks alike such that commuting additive
maps on the particular set are of the standard form. It should be noted that commuting
additive maps on Y are not necessarily of the standard form, see (Franca, 2017, Theorem
15) and (Franca, 2013, Example 1). The condition 1 < p, ¢, s,t < n are not all distinct
in S, implies that there are at most three distinct integers, which is also the case for
1<p,qg,s<ninY.
We end our discussion with a review of the structural form as illustrated in (3.61). Let
n > 2 beintegers and let ¢ : M,,, @ M,, = M,, Q M., be the additive map defined
by
V(A® B) = ¢1(A) ® py(B) forall A € M,,, B e M, (3.73)

where o1 : M,, = M,, is a commuting additive map on M,, and ¢, : M,, — M, is
a commuting additive map on M,,. Clearly, ¢ is commuting on D(M,, @ M,,), so ¢
is commuting on S?. Then it can be represented in form (3.61). One may ask whether
commuting additive maps on D(M,, @ M,,) of form (3.61) can always be represented
as in form (3.73). Unfortunately, the answer is negative in general. For example, we

consider additive maps 1, ¥s : M, Q@ M,, = M,,, K M,, defined by
(A® B) = tr (BT A)(I,, ® B) + tr (ESY BY(A® 1),

Vo(A®@ B) = A® B + (A ® B) L,

forall A € M,,, B € M, where p : M,, @ M, — T is the linear functional defined
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) ) 1 if (i,7) = (1,1), (s,t) = (2,2),
'M(EU ®Est )Z

0 otherwise.

It is easily checked that both maps v; and v, are commuting on D(M,,, @ M.,,). Note
that both

Ui(BQER) = B0 1,4+ 1,0 E) and ¢n(B\"© E5)) = BV QEY + 1,91,
are not expressible as decomposable tensors. If, however, ¢;, ¢ = 1, 2 can be represented

as in form (3.73), then ¢;(E\T @ E) = 1 (E™) @ o (ELY) yields a decomposable

tensor independent of choices of ¢, and (-, a contradiction.
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CHAPTER 4: COMMUTING ADDITIVE MAPS ON TENSOR PRODUCTS OF
FIXED-RANK MATRICES

As an application of Theorems 3.1.3 and 3.2.2, we now turn our attention to study
commuting additive maps ) : ®f:1 M, — ®f:1 M.,,, on tensor products of % fixed-
rank matrices. A matrix A € M,,, n > 2, is said to be of bounded rank two if A is of

rank at most two. We look at some preliminary results before we prove the main results.

4.1 Preliminary Results

Lemma 4.1.1. Let I be a field and let n > 2 be an integer. Let 1 < r < n be a fixed
integer such that v # n when |F| = 2. Then each nonzero bounded rank two matrix in
M, can be represented by a sum of three rank r matrices in M,, among which the sum

of any two is of rank r.

Proof. Let A € M,,. We argue in the following two cases.
Case I: A is of rank one. Since two matrices are equivalent if and only if they have the
same rank, we assume without loss of generality that A = E';;. Consider first r = n. We

let « € F\{0, 1} and select

n

X1 =L+ Z Eipyi—i, Y1 =— Z alipi1-i, Z1= Z(Oé — 1) E; pns1-i-
i=1 i=1

=1

Then X, Y}, Z; are of rank n such that A = X; + Y; + Z; and among which the sum of

any two is of rank n. Consider now 1 < r < n. We select
T T T T
Xo=—Fi,41+ Z Eii, Yo=FE 11+ Z Eiiv1, Zy=— Z Ei; — Z Eiiq1.
i=1 i=1 =2 i=1

Then X, Y5, Z5 are of rank r such that A = X, 4+ Y5 + Z5 and among which the sum of
any two is of rank 7.
Case II: A is of rank two. We may assume A = E; + FEy,. Consider r = n. We let

a € F\{0, 1} and select

Xg = B+ Ep + Fo + allyy — Z Ei, Ys=ak + Z(l —a)Ey,

1=3 =2
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Z3 = —aky — Eig — By + ZaEn'-
i=3

Then X3, Y3, Z3 are of rank n such that A = X5 + Y3 + Z3 and among which the sum of

any two is of rank n. Consider now 1 < r < n. We take

Xy =Ly, + Eo + Z Eiyi, Yo=FEy,01+ Z Ei i1,

i=1 i=1

Zy=—FEn—>» Ei—Y Eij
=3 =1

Then X4, Y), Z4 are of rank r such that A = X, + Y, + Z, and among which the sum of

any two is of rank r as required. O]

It should be noted that the idea of the proof of Lemma 4.1.1 has been mentioned in Xu
and Y1 (2014). Our proofis a different approach. The following lemma is due to Lemmas

2.3 and 2.4 in Xu and Yi (2014).

Lemma 4.1.2. (Xu & Yi, 2014, Lemmas 2.3 and 2.4) Let [F be the field of two elements
and let n > 3 be an integer. Then each rank two matrix in M,, can be represented by a

sum of three rank n matrices in M,, among which the sum of any two is of rank n.

Lemma4.1.3. Letk > landn,, ... ,n, > 2 beintegers. Let A;1, Aia, Ais € M, fori =
L.k Iy @ My — QY| M,,, is an additive map such that [(RF_, Z;), @k, Z;]
= OfO}" all ZZ € {Aﬂ, Ai27 A’i37 Ail + Ai?a Ail + Ai37 Ai2 + A’i3}’ Z = 1, ey k‘, then

[W(®F_ (Ain + Aio + Ai3)), @51 (Ain + Aio + Aiz)] = 0.

PVOOf. We denote Hl = {Aib AZ‘Q, Aig, Ail + Aig, Ail + Aig, AZ‘Q + Alg} and Xz =

Aiq + App+ Az fori =1,..., k. We claim that for each integer 1 < h < k,
[W((@1X) @ (Rp4120))s (9721 X:) @ (1 Z0)] = 0 4.1)

forall Z; € H;,©» = h+ 1,..., k. We argue by induction on h. Consider h = 1. Let

1 < s,t < 3 be distinct integers and let Z; € H,; fori = 2,..., k. For simplicity, we
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denote Z = ®F ,Z;. Since [Y(Y ®Z),Y®Z] = 0forallY € {A,+ Ay, Ars, Ay}, we
get [Y(A1,®72), Au®@Z)+[Y(Au®7Z), A1;®Z] = 0 for all distinct integers 1 < s,¢ < 3.

Thus

3
(X1 ©2),X:10Z =) [V(Ai®Z),A; ® Z]

=1
+ Z [(Au ® Z), Ay @ Z] + [Y(A; ® Z), Ay ® Z]

1<i<j<3

=0

for all Z7 = ®f:22i and Z; € H;,1 = 2,...,k. This validates the base case h = 1. If
k = 1, then the proof is complete. Consider now k& > 2. Suppose that 1 > 2 and that
assertion (4.1) holds for h — 1. Let 1 < s,¢ < 3 be distinct integers and let Z; € H,;
fori = h+ 1,..., k. For simplicity, we denote X = @' X; and W = ®F +17;. The

induction hypothesis guarantees
XY W), XY e@W|=0

forall Y € {Ans + Ani, Aps, Ape}. It follows that [)(X ® Aps @ W), X @ Ay @ W] +
(WYX @A @W), X ® Aps @ W] = 0 for all distinct integers 1 < s,¢ < 3. Consequently,
[(PY(X @ X, @W), X @ X, @ W|
3
=Y WX @A @ W), X ® Ay @ W]
=1

1<i<j<3

= 0.

Hence the inductive step is completed. By induction, we conclude that assertion (4.1) is

proved. When h = k, we get [1)(®F_ (Aj + A+ Aiz)), @F_ (Aj + A+ Ai)| = O
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4.2 Main Results

We are now ready to prove the main results.

Theorem 4.2.1. Let I be a field and let n > 2 be an integer. Let 1 < r < n be a fixed
integer such that r #+ n when n = 2 and |F| = 2. Then i) : M,, — M,, is a commuting
additive map on rank r matrices if and only if there exist a scalar A € F and an additive
map 2 M,, — F such that

V(A) = AA + p(A) I,

forall A € M,,.

Proof. The sufficiency is clear. For the necessity, we first claim that [¢)(A), A] = 0 for
every bounded rank two matrix A € M,,. Since it is obvious that [¢)(A), A] = 0 when
A = 0, we show only [¢/(A), A] = 0 for every nonzero bounded rank two matrix A € M,,.
We argue in two cases.

CaseI: 1 < r < mandr # n when |F| = 2. Let A € M, be nonzero bounded
rank two. By Lemma 4.1.1, A can be represented by a sum of three rank 7 matrices in
M,, among which the sum of any two is of rank r. It follows from Lemma 4.1.3 that
[Y(A), A] = 0 as desired.

Case II: r = n > 3 and |F| = 2. We show that

[V(X), X] =0 (4.2)

for all rank two matrices X € M,,. By Lemma 4.1.2, X can be represented by a sum of
three rank n matrices in M,, among which the sum of any two is of rank n. By Lemma

4.1.3, we get [(X), X] = 0. Next, we show that

[H(Y),Y]=0 (4.3)

for all rank one matrices Y € M,,. Since n > 3, by Lemma 4.1.1, Y can be represented
by a sum of three rank two matrices in M,, among which the sum of any two is of rank
two. It follows from (4.2) and Lemma 4.1.3 that [¢)(Y"), Y] = 0. Putting (4.2) and (4.3)

together, we have [1)(A), A] = 0 for every nonzero bounded rank two matrix A € M,,.
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Since & ,, is contained in the set of all bounded rank two matrices in M,,, it follows
that [)(A), A] = 0 for all A € Sy, and so ¢ is a commuting additive map on Sy ,,. The

result follows immediately from Theorem 3.1.3. [

Remark 4.2.2. It is noted that the assumption on  in Theorem 4.2.1 is indispensable.
Theorem 4.2.1 does not hold for the case » = 1 when n > 3 and the case » = n when
|F| = 2 = n. For example, the reader may refer to Example 1 in Franca (2013) for r = 1

when n > 3, and see Theorem 2.12 in Chooi et al. (2019) for » = n when |F| = 2 = n.

Letn > 2and 1 < r < n be integers. We denote by R’ the set of all rank  matrices in
M,,. By Theorem 3.2.2, Lemmas 4.1.1, 4.1.2 and 4.1.3 and by using a similar argument

as in the proof of Theorem 4.2.1, we obtain the following result.

Theorem 4.2.3. Let F be a field and let k,nq, ... ,ng > 2 be integers. Let 1 < r; < n;
be a fixed integer such that r; # n; when |F| = 2 andn; = 2 fori = 1,... k. If
(I ®f:1 M, — ®f:1 M,,, is an additive map, then 1) satisfies

P(RF A (1 A) = (®F, 4) Y(®7, A))

Jorall Ay € R}, ..., Ax € Ry* if and only if there exist a scalar A € F, an additive
map i : ®f:1 M., — F and matrices H, € M,,, ..., for each @ = () € Qnp
h=1,...,k—1, such that

T
L

V(@51 A) = MR Ai) +(RF A Ly + tr(HL (@)1 Aa,)) (R, Aj)a

1 a=(a;)€Qn,k

>
Il

Jorall Ay e M,,,,..., Ay € M,,.

Proof. The sufficiency is clear. For the necessity, we first claim that [/ (®F_| A;), ®F_, A;]
= 0 for every bounded rank two matrix 4, € M, , ¢ = 1,...,k. Since it is obvious
that [(®F_,A;),®F_A;] = 0 when A; = 0 for some integer 1 < i < k, we show
only [1)(®F_,A;),®F | A;] = 0 for every nonzero bounded rank two matrix A; € M,,,

1 =1,..., k. We argue in two cases.
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Case I |F| > 3. Let A; € M,, be nonzero bounded rank two for i = 1,... k.
By Lemma 4.1.1, each A; can be represented by a sum of three rank r; matrices in
M,,, among which the sum of any two is of rank ;. It follows from Lemma 4.1.3
that [¢(®F_| A;), ®*% | A;] = 0 for every nonzero bounded rank two matrix A; € M,,,
i=1,... k.

Case II: |F| = 2 and ny, ..., nj > 3. We show that

W(@f:lxi)a ®f=1Xi] =0 (4.4)

for all rank two matrices X; € M,,,i = 1,... k. For1l < r; < n;, by Lemma 4.1.1,
each X; can be represented by a sum of three rank r; matrices in M,,, among which the
sum of any two is of rank r;. For r; = n;, by Lemma 4.1.2, each X; can be represented
by a sum of three rank r; matrices in M,,, among which the sum of any two is of rank ;.

By Lemma 4.1.3, we get [¢(®F_, X;), ®%_, X;] = 0. Now we show that

[p(RF_A4;), @5 A =0

for all nonzero bounded rank two matrices A; € M,,,,i =1,... k. Sinceny,...,n; > 3,
by Lemma 4.1.1, each A; can be represented by a sum of three rank two matrices in M,,,
among which the sum of any two is of rank two. It follows from (4.4) and Lemma 4.1.3
that [¢(®F_| A;), ®*%_, A;] = 0 for every nonzero bounded rank two matrix A; € M,,,
1=1,...,k, as desired.

Since §; ,,, is contained in the set of all bounded rank two matrices in M,,, for ¢ =
1,...,k, it follows that [¢)(®F ,A;),®@F A;] = 0forall A; € S;,,, 0 = 1,...,k, and
s0 ¢ is a commuting additive map on SF. The result follows immediately from Theorem

3.2.2. ]

54



CHAPTER 5: CONCLUSION

In this chapter, we summarize the main results in Chapters 3 and 4 for convenience.

We also propose some potential open problems related to the study in this dissertation.

5.1 Main Results in Chapter 3

Theorem 5.1.1. Let F be a field and let n > 2 be an integer. Then 1) : M,, — M, is a
commuting additive map on Sy, = {Egq +akE,, : « € Fand 1 < p, ¢, s,t < n are not all
distinct integers} if and only if there exist a scalar A € F and an additive map . : M,, —
F such that

P(A) = A+ (A,

forall A € M,

Theorem 5.1.2. Let F be a field and let k,n,, . .. ,n;, > 2 be integers. Let 1 : ®f:1 M.,
— ®f:1 M,,, be an additive map. Then ) is a commuting map on S} if and only if there
exist a scalar \ € T, an additive map 1. : ®f:1 M., — F and matrices H,, € ./\/lnal...na

h

Joreach o = (o;) € Qi h=1,...,k — 1, such that

T
L

V(@51 A) = MR A) +(RF A Ly + tr(HL Q)1 Aa,))(®F1 Ai)a

1 a=(0;)€Qn,k

>
Il

forall Ay € M, ..., A € M,,.

In particular, when k = 2, we obtain:

Theorem 5.1.3. Let I be a field and let m,n > 2 be integers. Let ) : M, Q M,, —
M, @ M, be an additive map. Then 1) is a commuting map on S? if and only if there
exist a scalar A € F, an additive map 1 : M,, Q M,, — F and matrices K € M,,,

H e M,, such that

Y((A®B)=MNA®B)+ u(A® B) Ly, + tr(H'B)(A® I,) + tr (K" A)(I,, ® B)

forall A € M,, and B € M,,.
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5.2 Main Results in Chapter 4
Theorem 5.2.1. Let I be a field and let n > 2 be an integer. Let 1 < r < n be a fixed
integer such that r + n whenn = 2 and |F| = 2. Then ¢ : M,, — M,, is a commuting
additive map on rank r matrices if and only if there exist a scalar \ € T and an additive
map 2 M,, — F such that

V(A) = A+ p(A)I,

forall A € M,

Theorem 5.2.2. Let [ be a field and let k,nq,...,n, > 2 be integers. Let 1 < r; < n;
be a fixed integer such that r; # n; when |F| = 2 andn; = 2 fori = 1,... k. If
) ®f:1 M, — ®f:1 M., is an additive map, then 1 satisfies

¢(®§=1Ai)(®f=114¢) r (®f:1Ai) w<®§:1Ai)

forall Ay € R

10"

-, Ax € R* if and only if there exist a scalar A\ € F, an additive
map i : ®f:1 My, — F and matrices H, € Mo, ..p,, for each a = (a;) € Qup,
h=1,...,k—1, such that

T
I

V(®F 1 A;) = A(®Fy A+ @A) Loy + tr(HL(®0 A0,) (R A4

1 a=(a;)EQn,k

>
I

forall Ay e M,,,, ..., Ay € M,,.

5.3 Some Open Problems

1. Determine the structure of commuting additive maps on tensor products of rank one
matrices.

2. Determine the structure of centralizing additive maps on tensor products of matrices.

3. Determine the structure of power commuting additive maps on tensor products of
matrices.

4. Determine the structure of strong commutativity additive maps on tensor products of

matrices.
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ABSTRACT

Let k,nq,...,ng be positive integers such that n; > 2 for i=
1,...,k and let M, denote the algebra of n; x n; matrices over
a field F for i=1,...,k. Let ®f-<=1 Mp; be the tensor product of
Mapy, ..., Mp,. We obtain a structural characterization of additive

maps ¥ : ®ff:1 My, — ®L1 My, satisfying
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'(89)(8)- (&) (2

forall Ay € Sy, ..., Ak € Sp,, Where

AMS SUBJECT
CLASSIFICATIONS
15A03; 15A04; 15A69; 15A86;

p 16R60
Sy = {ES(?’) +aE,§'g> ca el

1< p,q, st < n;jarenotall distinct integers}

and Es(f") is the standard matrix unitin My, fori = 1,..., k. In partic-
ular, we show that ¥ : Mp, — My, is an additive map commuting
on Sy, if and only if there exist a scalar A € F and an additive map
wu: Mp, — Fsuch that

Y (A) = AA + n(A)ln,

for all A € M,,. As an application, we classify additive maps  :
®§(:1 Mp; — ®:(:1 My, satisfying ¢(®L1 Ai>(®¢(:1 A = (®:'(:1
AU (R, A) forall A e Ry, ..., Ac € Rr¥. Here, R denotes the
set of rank r; matrices in Mp,, and each 1 < r; < nj is a fixed integer
such thatr; # njwhenn; = 2and |F| =2fori=1,... k.

1. Introduction

Let A be an algebra over a field FF and let S be a nonempty subset of A. Amap ¢ : A — A
is said to be commuting on S if [ (a), a] = Oforalla € S, where [4, b] denotes the commu-
tator ab—ba of elements a, b € A. The study of commuting maps was initiated by Posner
in the 1950s. He proved that a prime ring admitting a nonzero commuting derivation must
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