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GEODESIC DEVIATION EQUATION IN SYMMETRIC TELEPARALLEL
GRAVITY

ABSTRACT

This dissertation surveys mathematical concepts of pseudo-Riemannian manifolds, reviews
several gravity theories and describes the geodesic deviation equation in f(Q) gravity.
Symmetric teleparallel gravity was introduced, and its equivalence to general relativity was
shown. Moreover, three formalisms of f(R) gravity were explored, which is then followed
by the f(Q) gravity theory. By using the notions of one-parameter family of curves, the
geodesic deviation equation was formulated. The standard cosmological model called
the Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmology was briefly discussed. In
the background of FLRW model, the geodesic deviation equation in f(Q) gravity was
presented. Lastly, the two particular cases which are the geodesic deviation for fundamental

observers and for past-directed null vector fields were investigated.

Keywords: Geodesic deviation equation, symmetric teleparallel gravity, modified gravity

theories, f(Q) gravity, FLRW universe.
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PERSAMAAN SISTHAN GEODESIK DALAM GRAVITI TELEPARALLEL
SIMETRI

ABSTRAK

Disertasi ini meninjau konsep matematik manifold pseudo-Riemannian, mengkaji be-
berapa teori graviti dan menerangkan persamaan sisihan geodesik dalam f(Q) graviti.
Graviti teleparallel simetri telah diperkenalkan, dan kesetaraannya dengan relativiti am
ditunjukkan. Selain itu, tiga formalisme graviti f(R) telah diterokai, yang kemudiannya
diikuti oleh teori graviti f(Q). Dengan menggunakan tanggapan keluarga satu parameter
lengkung, persamaan sisihan geodesik telah dirumuskan. Model kosmologi piawai yang
dipanggil kosmologi Friedmann-Lemaitre-Robertson-Walker (FLRW) telah dibincangkan
secara ringkas. Dalam latar belakang model FLRW, persamaan sisihan geodesik da-
lam f(Q) graviti telah dibentangkan. Akhir sekali, dua kes tertentu yang merupakan

sisihan geodesik untuk pemerhati asas dan untuk medan vektor nol terarah lalu telah disiasat.

Kata kunci: Persamaan sisihan geodesik, graviti teleselari simetri, teori graviti diubah

suai, graviti f(Q), alam semesta FLRW.
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CHAPTER 1: INTRODUCTION

1.1 Background of the Study

One of the most fascinating theories in Physics is the general relativity (GR) proposed by
Einsten (1928). It provided a remarkable narrative of the cosmological observational data
and created new insights into the concepts of space and time. The mathematical framework
of this geometrical theory of gravity is based on pseudo-Riemannian geometry. In short,
this theory models spacetime as a 4-dimensional Lorentzian manifold and describes
the properties of the gravitational field by using the curvature tensor of the spacetime.
Generally, the two fundamental equations in GR are the Einstein’s field equations and the
geodesic deviation equation. The former equation represents the distribution of matter
and energy influences the metric and lead to curvature of spacetime; the latter provides a
relationship between the curvature tensor and the relative acceleration of two nearby test
particles that depicts the relative motion of free falling particles to bend towards or away
from each other, under the influence of gravitational field. However, despite its undeniable
success, increasing technological ability in modern observational cosmology posed new
questions to GR. It turns out that the validity of GR might only be up to the astrophysical
scales not exceeding the Solar system (Brax, 2018; Nojiri et al., 2017).

To resolve the imperfection of GR, one of the approaches is to modify the matter section
of the field equations by adding some additional ‘dark’ components to the energy budget
of the universe, and the other one is to modify the gravitational sector. The most common
modifications in the latter direction are achieved by generalizing the Einstein-Hilbert action
term, precisely by replacing the Ricci scalar R with an arbitrary function of R which
produces the so called f(R) gravity theory, first proposed by Buchdahl (1970). Besides

that, one of the significances of GR is that the formulation is based on a very special and



unique connection, the torsionless and metric-compatible Levi-Civita connection. The
Levi-Civita connection ensures that the connection coefficients can be written as a function
of the metric tensor only. In fact, there are other gravity theories equivalent to GR, such
as the teleparallel gravity and symmetric teleparallel gravity unhindered to this special
connection.

The idea of teleparallelism was first employed by Einstein on his failed attempt to unite
electromagnetism and gravitation (Einsten, 1928). Subsequently, Moller (1961) with the
use of tetrad description of gravitational fields and reformulate teleparallelism as a gravity
theory. After that, the very first paper of the symmetric teleparallel gravity was published
by Nester and Yo (1999). Since then, several contributions to teleparallel gravity (TG) and
symmetric teleparallel gravity (STG) have been made by different authors (Adak, 2006;
Aldrovandi & Pereira, 2013; Jarv et al., 2018; Jimenez et al., 2018; Nester & Yo, 1999).
Unlike GR, where the gravity is depicted by the curvature of spacetime, in both these
theories the curvature is set to be zero, and the torsion of the connection represents the
gravity in TG and the non-metricity of the connection does so in STG. Inspired by the
f(R) theory, the modified f(7T) and f(Q) gravity theories were considered where the
Ricci scalar R in GR is replaced by the torsion scalar 7" in TG and the non-metricity scalar
0 in STG (Wu & Yu, 2010; Xu et al., 2020, 2019; Zhang et al., 2011). However, both
these theories have some drawback in which the consistency of the theory depend on the
choice of tetrad in TG and the choice of coordinates in STG (Tamanini & Boehmer, 2012;
Zhao, 2021).

The geodesic deviation equation (GDE) is a useful tool for studying timelike, null, and
spacelike structure of spacetime. Ellis and Elst (1997) apply the GDE to investigate these
structures in the Friedmann-Lemaitre-Robertson-Walker (FLRW) cosmology. As a natural

extension to GR, the GDE was then formulated in f(R) gravity (Guarnizo et al., 2011,



2015), followed by Baffou et al. (2015). Although equivalent to GR, TG is a conceptually
different theory. In GR, the motion of particle is described by the curvature of spacetime
and the trajectories are subject to geodesics, instead of force equation. On the flip side, in
TG, the torsion appeared as a real force, namely, the tidal force. Consequently, there is no
geodesic equation in TG, but only force equation. Nevertheless, the teleparallel depiction
of the gravitational interaction is totally equivalent to that of GR (Aldrovandi & Pereira,
2013), so it is completely natural to convert the force equation in TG to a geodesic equation
in GR. In this way, the corresponding GDE in TG can be obtained. This approach is done

by Darabi et al. (2015).

1.2 Objective of the Study
1. To investigate the properties of pseudo-Riemannian manifolds in order to appreciate
the geometric description of gravity.
2. To establish the equivalence of general relativity and symmetric teleparallel gravity.
3. To express the geodesic deviation equation for FLRW cosmology in f(Q) gravity

theory.

1.3 Scope and Methodology

The scope of the study includes the mathematical prerequisites to begin investigating
general relativity and foundations of cosmology, which is then followed by the investigation
of symmetric teleparallel gravity and the modified f(Q) gravity. The technical methodology
for this research project includes the review of mathematical prerequisites such as smooth
manifolds, connections and curvature tensors, which is then followed by a discussion on
general relativity. This is then proceeded by deriving the field equations of general relativity,
f(R) gravity, symmetric teleparallel gravity and f(Q) gravity. After that, the notion of

geodesic deviation equation is introduced, followed by the review of FLRW cosmology



included the concepts of observer, Robertson-Walker spacetime, Hubble parameter, and
redshift parameter. By using the results obtained, we express the GDE in f(Q) gravity with
FLRW model and discuss some of its cosmological applications such as the generalized

Raychaudhuri equation and Mattig relation.

14 Outline of the Report

This thesis begins with a chapter of mathematical preliminaries. The notion of smooth
manifolds is introduced, which is then followed by tangent spaces, vector fields, one-forms,
and tensor fields. These are essentially the least differential topology knowledge that needed
to pursue a study on differential geometry. After that, we introduce pseudo-Riemannian
manifolds with the concept of metric tensors. The notions of affine connections and
geodesics were reviewed, and used to describe the curvature tensors. Chapter 2 ends with
brief introduction on the Levi-Civita connection. Chapter 3 is to reviews several gravity
theories, beginning with the basic implications of general relativity. The uniqueness
of this chapter lies in the construction of the symmetric teleparallel gravity and the
derivation of the f(Q) gravity field equations. The chapter ends with a discussion on the
equivalence between the general relativity and the symmetric teleparallel gravity. Lastly,
this dissertation ends with the presentation on the geodesic deviation equation in f(Q)
gravity. A short section on FLRW cosmology is provided. The chapter ends with the two
important results which is the GDE for fundamental observers and for past-directed null

vector fields.



CHAPTER 2: MATHEMATICAL PRELIMINARIES

2.1 Introduction

This chapter is a survey of the basic definitions of differential geometry that will be used
throughout this manuscript. The main goal of this chapter is not to exhibit the rigorous
formulations, but to fix notations, in local coordinates, as they will be needed for the rest of
the chapters and physical applications. The main references used for this chapter include
J. Lee (2009); J. M. Lee (1997, 2013); O’neil (1983); W.Tu (2010).

The first four sections will focus on the smooth manifold theory. Smooth manifolds are
essentially specific topological spaces with an additional smooth structure and coordinate
charts are commonly known as coordinate systems by physicists. We present the tangent
space to a manifold at a point, which is a linear approximation for the manifold near the
point, and define a tangent vector on a manifold as a derivation at a point so that we can
perform calculus on manifolds. A vector field on manifold as a linear map that assigns
to each point a tangent vector, whereas one-forms assign to each point a covector which
is linear functional on the tangent space at a point. We define the notions of tensors and
tensor fields on manifolds by generalizing from linear mappings to multilinear ones. The
language of tensors have important implication on physics and will pervade the rest of the
thesis.

For the later sections, geometry is introduced into smooth manifold theory. We need an
additional structure known as the metric tensor to define geometric concepts like lengths
and distances. A smooth manifold with a well defined metric tensor is called a pseudo-
Riemannian manifold, whereby the Riemannian and Lorentzian manifolds are the special
cases. To study the notion of geodesics and curvature on pseudo-Riemannian manifolds, we

need to introduce a new object called a connection. An affine connection allow us to connect



tangent spaces at different point of a manifold and define parallel transport of vectors along
curves. Geodesics are essentially curves that have parametrizations with zero acceleration.
Curvature is defined as a tensor that measure the failure of second covariant derivatives to
commute. In the last section, we present two properties: symmetry and compatibility with
the metric, that determine a unique connection on every pseudo-Riemannian manifold,

called the Levi-Civita connection.

2.2 Smooth Manifolds

Definition 2.1. Let M be a topological space. Then M is a n-dimensional topological
manifold if M is a second-countable Hausdorfl space such that for every p € M, there
is a homeomorphism ¢ : M 2 U — ¢(U) € R" which maps the open subset U > p
of M onto an open subset ¢(U) C R". A coordinate chart is a pair (U, ¢), where
U is called a coordinate neighborhood and ¢ is called a coordinate map. Let p € U
and ¢(p) = (x'(p),...,x"(p)). Then the functions (x',...,x") are called the local

coordinates on U.

Definition 2.2. Let M be a topological manifold, and (Uy, ¢.), (Ug, ¢) be the charts
on M with U, N Ug # (. If the homeomorphism ¢, o gb;l :R" 2 ¢p(UiNU;) —
¢o(Uy N Ug) C R, (x!, ..., x") = (y',...,y"), called the transition map or change of
coordinates is smooth, then the charts are said to be smoothly compatible. A smooth atlas
on M is a collection A = {(Ua, #a)} on M such that M = Jy, ¢,)en U, and any two
charts are smoothly compatible to one another. A smooth atlas on M is maximal if it is not

contained in any other larger smooth atlas.

Definition 2.3. A n-dimensional smooth manifold is a pair (M, A), where M is a

n-dimensional topological manifold and A is a maximal smooth atlas on M.



For convention, we usually denote M as a smooth manifold or M" whenever we want to
emphasize the dimension. It is also common to denote (U, (x*)) as a coordinate chart or

coordinate system, where (x*) is the local coordinate on U.

Example 2.1. Let M and N" be smooth manifolds and M X N be the Cartesian product.

Suppose (U, ¢) is a chart on M and (V, ) is a chart on N. Then the map

dXy :UxV —R"xR" (2.1)

is an atlas on M X N called the product atlas. With a maximal product atlas, M X N is

called a product manifold.

Definition 2.4. Let f : M — N, (U, ¢) be a coordinate chart on M™, with p € U and
(V,¥) be a coordinate chart on N, with f(p) € V. Then, f is smooth at p if, f(U) CV
and the composition o fo ¢~ : R™ 2 ¢(U) — (V) C R"is smooth at ¢(p). The map

f is called a smooth map if it is smooth at p, Vp € M.

The smoothness of f is independent to the choice of coordinate charts. A representative

map f = o f o ¢~ is defined on open subset of R, where m is the dimension of M.

Since the dimension of N is n, so f = (f', ..., f*) where each f* is a m-valued function.
If we denote the points in R™ as (x!,...,x™), and (y',...,y") in R", then we may write
yH = f/‘ (xl, ...,x™). In common, the hat over the f’s are dropped. In particular, we also

said a function f : M — Ris smooth at p € M, if fo¢~! : R" D ¢(U) — R is smooth at
¢(p) for some coordinate chart (U, ¢) with p € U. Consequently, f is a smooth function
if it is smooth at every p € M. The set of all smooth maps from M to N is denoted by

C*(M,N), while C*(M) for the special case C*(M,R).

Definition 2.5. Let (U, (x*)) be a coordinate chart on M" with p € U. If f € C*(M),



then partial derivative of f on U is defined by

af d(fog™h)
Z) R O 2.2
e (p) = = (6 () 22)
where (u!, ..., u") is the standard coordinates on R”.
23 Tangent Spaces

Definition 2.6. A rangent vector at p € M is a linear map v : C* (M) — R that satisfies

the Leibniz rule

v(f-g)=f(p)v(g) +&(pv(f), Vf.,g € C™(M). (2.3)

This implies that a tangent vector is a derivation at p € M. Ateach p € M, we let
T, M denote the set of all tangent vectors to M at p. The set T, M form a vector space
with the operations defined as (v+w)f =vf+wf and (av)f = a(vf), called the tangent
space to M at p. Suppose (U, (x*)) is a coordinate chart on M" with p € M, we define

the operator 9,|, = 8‘3—M|p :C®(M) — Rby

f=52). (2.4)
p X

Clearly, Bﬂl p 1s a derivation at p and so an element of T, M. It can be shown that the
n-tuple (011p, ..., 0nl,) form a basis for the tangent space T, M, called a coordinate basis.

Therefore, for any v € T,M, we can write v = v#9,,|,, where v¥ = v(x#).

Definition 2.7. Let f € C*(M, N) be a smooth map. For every p € M, a map

dfp . TpM — Tf(p)N (2.5)



which maps v to df,,(v) = vy, is called the differential of f at p, where v is defined by

vi(g) =v(go f),Vve€T,M and g € C*(N).

Notice v is linear implies that v ; is linear, and v s also satisfies the Leibniz rule. Thus,
vy € Ty (p)N and the definition is well-defined. Let (U, (x*)) be a chart on M™ at p and

(V, (y*)) be a chart on N" at f(p). Then we can show that

0
afy ((’)x"

()

ox¥ OyH 2.6

):awo@ 9
p

f(p)

The matrix (a%:f@ ( p)) is the Jacobian matrix of f with respect to (x*) and (y*).
u,v

Definition 2.8. The tangent bundle of M is the disjoint union of tangent spaces at all

points in M, denoted as

™ = UT,,M:{(p,v)|peM,veT,,M}. 2.7)
pEM

Definition 2.9. A parametrized smooth curve is a smooth map y : I C R — R", where /

is an open interval in R.

Thus, for every ¢ € I, we could write y(¢) = (x'(¢),...,x"(¢)) € R", so y is smooth
if and only if each x’(¢) is smooth. Given a smooth curve y, we can define the tangent
vector or the velocity of y at tg € I as (o) = (x'(¢),...,x"()), where dot represents the

derivative with respect to ¢.

Definition 2.10. Lety : I — M be a smooth curve. The velocity of y atty € I is

, d
Y (to) =dy (E ) € Tyuy)M (2.8)

to

where d/dt|;, is the coordinate basis vector in 73 R.



Since y(ty) is the tangent vector at ¢, it can be acts on smooth function f by

(fey)=(foy)(t). (2.9)

o

o) f = dy (i

d
dt,o)f_ dr

This implies that () is simply the derivation at y(z() obtained by taking the derivative
of a function along y. Suppose (U, ¢) is a coordinate chart on M, such that y(I) C U,

then for any ¢ € I, we have

goy(t) = (x' oy(t),....x" oy(1) = (¥ (1),....y" (1) (2.10)

To simplify the notation, we often express the coordinate representation of y as y(t) =
(Y'(D),...,y" (1), or y(t) = (x'(¢),...,x"(¢)) by using the identification between U and

R"™. Thus, we have y(ty) = )'/i(l‘())aluly(to).

24 Vector Fields and One-Forms
Definition 2.11. A vector field X on M is a smooth map X : M — TM, that assigns

each point p € M to a tangent vector X, € T, M. The smoothness of X implies that,

Vf € C*(M), the function X f : M — R defined by (X f)(p) = X, (f) is smoothVp € M.

We denote X(M) as the set of all vector fields on M. Let X,Y € X(M). Then the
addition and multiplication of smooth vector fields are defined as (X +Y), = X, +7,
and (fX), = f(p)X,. This implies that X(M) is a module over the ring C*(M). Let

(U, (x*)) be a coordinate chart on M. Then the vector fields defined on U,
—p— — (2.11)
is called the coordinate vector field. Thus, for every X € X(M) on U, we can write

10



X = X*9, = X(x#)d,. In addition, given a vector field X on M, we can view these
vector fields like a linear map X : C*(M) — C*(M) which satisfy the Leibniz rule,
X(fg)=fXg+gXf,Vf,g € C*°(M). In other words, X is a derivation on C*(M). In

fact, every derivation on C* (M) is a vector field.

Definition 2.12. Let f € C*(M) and X,Y € X(M). The Lie bracket of X and Y is a map

[X,Y] :C®(M) - C*(M) defined by [X,Y]f=XYf-YXf.

It is clear that [X, Y] is a vector field on M. Also, we can write [X,Y] at p € M as
[X,Y],f=X,(Yf)=Y,(Xf). Let (U, (x#)) be achart on U, and X,Y € X(M). Then
X =X#0, andY =Y"0, and hence

1) 44 0xX”\ o

— [y~ _yH
[X.¥] = (Xt - i) o (2.12)

It follows that [d,,, 0,] = 0.

Definition 2.13. Let f € C*(M,N),X € X(M) and Y € X(N). Then vector fields X and

Y are said to be f-related, if for all p € M, df (X,,) =Yy(p) -

Definition 2.14. The cotangent space of M at p is the dual space of T;, M, denoted as T, M.
The elements of the cotangent space v* € T, M are called covectors, which are linear maps
v* : T,M — R. The cotangent bundle of M is the disjoint union of cotangent spaces of M,

denoted by

TM* = UT;M:{(]),V*HPeM,v*eT;M}. (2.13)
PEM

Definition 2.15. A one-form 8 on M is a smooth map 8 : M — TM™ assigning each
p € M to a covector 8, € T;M. The smoothness of 6 implies that, VX € X(M), the

function 6X : M — R defined by 6X(p) = 6,(X),) is smooth Vp € M.

11



In analogous to vector fields, X*(M) denotes the set of all one-forms on M, which form

a module over the ring C*(M).

Definition 2.16. The differential of f € C*(M) isthe one-formdf : M — TM*, p — df),

such that for any tangent vector v € T,M, df (v) = v(f) implying (df), : T,M — R.

Since v, € T,M is linear, then (df), : v = v,(f) is linear. Let X € X(M). Then
df (X) = X f which is known to be smooth. Assume (U, (x*)) is a chart on M. Then
(dx',...,dx") are called the coordinate one-forms on U. Note that (dx*) are the dual bases
to the coordinate vector fields (d,,), since for all p € U, we have dx*(8,) = 0, (dx") = ¢%,.
Thus, for every 6 € X*(M) on U, we can write 6 = 6,dx* = 6(0,)dx*. Similar to the case
that vector fields were derivations on C* (M), the differentials can also be viewed as a
linear map d : C* (M) — X*(M) that satisfy the Leibniz rule. Thus, d is a derivation on

C®(M).

2.5 Tensor Fields

Definition 2.17. Let

(M) =X (M)x---xX* (M) and X(M)*=X(M)x---xX(M) .

r copies s copies

A tensor field of type (r, s) is a C* (M )-multilinear function

T X (M) x X(M)° — C®(M)

O, ....0.X1,....X) > f=10",...,0", X1,....X,) (2.14)

where the index r is called the contravariant type and s is called the covariant type.
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Let 7;"(M) denotes the set of all (r, s) tensor fields on M which is a module over

C*(M). In particular, 760(M) =C®(M).

Definition 2.18. Let 7 € 7" (M) and 7" € 7/ ". The tensor product between tensor fields

77 X5(M)™ x X(M)**" — C®(M) is defined as

@70, . .0 X1, ..., Xesy)
=70, ... 0, X1, Xty XO)T OO Xty Xery)  (2.15)

and 7 ® 7 € T/ (M).

s+s’

It is clearly multilinear and associative. In particular, let 6 € X*(M). Then we can
define a tensor field 7y € 7IO(M) such that 7y : X +— 6(X). In fact, all (0, 1) tensor
fields are defined in such a way, which means 7} O(M) = ¥*(M) and so all one-forms are
(0, 1) tensor fields. In a similar way, every vector field X € X(M) leads to a tensor field
Tx € ‘751(M) such that 7y : 6 — 6(X), and ‘7(')1(M) = X(M) implying that all vector fields

are (1,0) tensor fields.

Definition 2.19. Tensor fields of type (0, s) are called covariant fields, and type (r,0) are
called contravariant fields. Consequently, all one-forms are covariant fields, and all vector

fields are contravariant fields.

Letv € T,M and v* € T;M. Suppose 7 € 7 (M), at each point p € M define 7, :
(T;M)" x (T,M)* — Rby 7,(v"*,....v"*vi,...,v5) = 7(0',....0". X1,.... X;)(p)
such that 6#|, = v** and X, |, = v,, forallu € {1,...,r}and v € {1,...,s}. It follows
that 7, is R-multilinear, so it is an (7, s) tensor over T, M. Hence, we have the following

definition.
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Definition 2.20. A (r, s) tensor bundle of M is a disjoint union of (r, s5) tensor spaces over

T,M, for all p € M, denoted by

TM; = | | 17(1,M))

PEM

= {1, € L(T:M)" x (T,M)";R) | p € M}. (2.16)

Thus, every tensor field 7 € 7, (M) is also amap 7 : M — 7 M, that assigning to
each p € M the tensor 7,. Recall that if (U, (x*)) is a chart on M, then we can write

X eX(M)and 6 € X*(M) as X = X(x*)0,, and 6 = 6(0,,)dx*".

Definition 2.21. Let (U, (x*)) be a coordinate chart on M. If T € 7;"(M), then the

components of T relative to (x*) are
Tl = r(dxt, L dxt By, L, 0y,) (2.17)

which is a real-valued functions on U and all the indices run from 1 to n.

Analogous to a vector field or one-form, any tensor has a unique expression on U in

terms of its components relative to (x*). For uy, ..., ur,vi,...,vs € {1,...,n},
0y ® - ®0, ®dx"' ®---®dx" (2.18)

is a (r, s) tensor field on U called the coordinate tensor field. Thus, if T € 7;"(M), then on

U,

=10, @ 00, ®d ® - @ dx” (2.19)

.....
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where each index is summed from 1 to n.
A contraction is a tool to reduce (r, s) tensor to (r — 1, s — 1) tensor. In tensor fields, it

is a unique linear map C' : 7;" (M) — 7."' (M) defined by

ClO'® 009 - 00 X ® - ®X,8 --®X,) = 0'X,(0'® - 00 9X,®---®X,)

(2.20)

called the (u,v) contraction. Consequently, if T € 7,”(M), which has components
T{l,lll”_:'.;’v'ir with respect to some coordinate chart, then the contracted tensor field C} (1) has

..... Aoy . a ) .
: '” " where A is inserted at the 4™ contravariant index and v covariant

M
components Tvl ’’’’’ -

index.

Definition 2.22. Let f € C*(M, N) and 7 € 7,°(N). The pullback of T by f denoted by

f*(7) is defined as

(D01 ve) =7(df (V1) s df (vy) 2.21)

Vv, €TyM,p e M.

2.6 Metric Tensors

Definition 2.23. Let V be a finite-dimensional vector space. A symmetric bilinear form g
on V is a R-bilinear function g : V X V — R such that g(v,w) = g(w,v), forall v,w € V.
If g(v,w) =0, for all w € V implies that v = 0, then g is said to be nondegenerate. A
nondegenerate symmetric bilinear form is called a scalar product on V. A scalar product
space is pair (V, g) where g is a scalar product. If g(v,v) >0 (g(v,v) <0) forallv € V,
and g(v,v) = 0 implies v = 0, then g is said to be positive (negative) definite. A positive

definite symmetric bilinear form is called an inner product and the pair (V, g) is an inner
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product space.

Definition 2.24. The index of a symmetric bilinear form g, denoted as ind(g), is the

dimension of the largest subspace U < V such that g|y is negative definite.

Definition 2.25. Let (V, g) be a scalar product space, U, W be subspaces of V,and u,v € V.
Then, u is mutually orthogonal to v, if g(u,v) = 0, and U is orthogonal to W, denoted

ULW,ifg(u,w)=0,forallu e UweW.

Definition 2.26. Let (V, g) be a scalar product space and v € V. The norm or length of
v is defined as ||v]| = +/|g(v,v)|. If ||v|| = 1, that is, g(v,v) = £1, then v is called a unit

vector.

Definition 2.27. Let (V, g) be a scalar product space with dim(V) = n. Then, (e, ..., e,)
is called an orthonormal basis, if g(ey,e,) = €,0,,, for all u,v € {1,...,n}, where

€, = g(ey,e,) = 1. The list (€1, . . ., €,) is called the signature of g.

Definition 2.28. Let (Vi, g1) and (V3, g2) be scalar product spaces. Then, an isomorphism

¢ : Vi — V, is called a linear isometry if g; (v, w) = g2(dv, ¢pw), Yv,w € V.

An isometry preserves the scalar product and so g; and g, have the same signature.
Furthermore, we often denote g(v, w) as (v, w) without confusion. Next, we extend the

metric tensors to smooth manifolds.

Definition 2.29. Let M be a smooth manifold. A Riemannian metric tensor g is a (0, 2)
tensor field g € 7;0(M ) that is symmetric and positive definite at 7,M, forall p € M. A

Riemannian manifold is a pair (M, g), where g is a Riemannian metric.

Thus, g, : T,M xT,M — R, for all p € M. Moreover, it is obvious that g has a

constant index, that is, g, has the same index for every p € M, since ind(g) = 0.
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Definition 2.30. A pseudo-Riemannian (or semi-Riemannian) metric tensor g is a (0, 2)
tensor field g € 7;O(M ) that is nondegenerate, symmetric and has a constant index on
M. A pseudo-Riemannian (or semi-Riemannian) manifold is a pair (M, g), where g is a

pseudo-Riemannian metric.

Definition 2.31. A Lorentzian manifold is a pseudo-Riemannian manifold with signature

(=1,+1,+1,...), provided dim(M) > 2.
An example of a pseudo-Riemannian metric is R” with the metric g defined as

n
x4 3 xlyl (2.22)
Jj=k+1

<X,y>k = -

g

where k = ind(g), we denote such a scalar product space as R”, called a pseudo-Euclidean
space. Therefore, Riemannian and Lorentzian manifolds are simply the special case of
pseudo-Riemannian manifolds. Note that if X,Y € X(M), then g(X,Y) = (X,Y) isa
smooth function on M so that (X,Y)(p) = (X, Y,), where X,,,Y, € T,M.

Consider a coordinate chart (U, (x*)) on M, then

g = guvdx" ® dx” (2.23)

where g,, = g(d,,0,) = (04,0,). Hence, if X = X¥9, and Y = Y0, on U, then
(X,Y) = g X*YY. Atpoint p € U, the matrix [g,,(p)] is clearly nondegenerate, that
is, the det[g,,(p)] # 0, so g,,(p) is invertible and the inverse is denoted as g"”(p).
Furthermore, at each point p € M, let g(X,,) = (X,, X,,). Then g provides the associated

quadratic form of the metric tensor at p. Frequently, ¢ is called the line element of M,
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denoted by ds”. In terms of a coordinate chart, we have

ds* = g, dxtdx” . (2.24)
In addition, with the notion of metric, we can now define a local smooth frame (e, ..., e,)
for M on an open subset U € M as a local smooth orthonormal frame if (eq|,, ..., ex|p)

form an orthonormal basis for 7, M, for all p € U, or equivalently, (e 1> e,) = €,0,y. One
can easily show that there always exists a local smooth orthonormal frame at every point
of a pseudo-Riemannian manifold. Note that, however, it does not guarantee that there are

local coordinates on a neighborhood of p for which the coordinate frame is orthonormal.

Definition 2.32. Let (M, g) be a Lorentzian manifold. A tangent vector v € T,M is called

spacelike if (v,v) > 0orv =0, null if (v,v) =0and v # 0, timelike if (v,v) < 0.

The category into which a given tangent vector falls indicate the casual character. The
set of all null vectors in T, M is called the nullcone at p € M. The set C(v) = {w € T,M :
(v,w) < 0} is called the timecone at p € M. This implies that there are exactly two

timecones at each p € M and their union is the set of all timelike vectors at point p.

Definition 2.33. A smooth curve y : I — M is called spacelike, null, or timelike if
¥(t) € T,;yM is spacelike, null, or timelike respectively, for all € I. A vector field
X € X(M) is called spacelike, null, or timelike if X, is spacelike, null, or timelike

respectively, for all p € M.

Definition 2.34. A Lorenztian manifold (M, g) is said to be time-orientable if there exists a
timelike vector field X € X(M). A time orientation of M is a smooth function that assigns
each p € M to a timecone C*(p) € T, M such that there exists a timelike X € X(M) with

X, € C*(p) for each p. The timecone C*(p) is called the future timecone at p, while the
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other timecone denoted as C~(p) is called the past timecone at p. Timelike vectors in
the future timecone are said to be future directed or future pointing and those in the past

timecone are past directed or past pointing.

In this way, the meaning of a future directed timelike curve is well defined.

Definition 2.35. Let g and g’ be pseudo-Riemannian metrics on M. Then g and g’ are
said to be conformally related to each other if there exists a positive function f € C*(M)

such that g’ = fg.

Definition 2.36. Let (M, g) and (M’, g’) be pseudo-Riemannian manifolds. If there is a
diffeomorphism ¢ : M — M’ such that the the pullback of g’ is conformally related to g,
that is, Y *g’ = fg for some positive f € C*(M), then (M, g) and (M’, g’) are said to be

conformally equivalent.

Definition 2.37. Let (M, g) be a pseudo-Riemannian manifold. Then (M, g) is said to be
conformally flat if every point of M has a neighborhood that is conformally equivalent to

an open subset in (R”, g), where g denotes the pseudo-Euclidean metric.

2.7 Affine Connections and Geodesics
Definition 2.38. Let M be a smooth manifold. An affine connection on M is a map

V:X(M)xX(M)— X(M) which maps (X,Y) to VxY and satisfies

1. V(fX.,_gy)Z = fVXZ + gVYZ
2. Vx(Y+Z) = VXY+VXZ

3. Vx(fY) = fVxY + (Xf)Y

forall f,g € C*°(M) and X,Y,Z € X(M). Given X € X(M), the map Vx : X(M) —

X(M),Y — VY is called the covariant derivative of Y in the direction X.
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Definition 2.39. Let (U, (x*)) be a coordinate chart and V be an affine connection on M.

The connection coefficients of V with respect to (x*) are the smooth functions I" ﬁv :U—>R

such that
V0 =T4,0,. (2.25)

Let X,Y € X(M), in a coordinate chart (U, (x¥)). We can write X = X#g, and

Y =Y70,. It follows that,

VxY = XH(8, Y + T, Y")0)

= X (V,YYHo, (2.26)

where V, Y1 = §,Y* + F/’}VY " is called the components of V,Y. This can be easily extend

to tensor fields. Example, for 7 € 7; 1(M), the components of V,7 1s given by

V1) =0ty + Tty =T, 74 (2.27)

pa 'y vu'ta

Note that connection V is not a tensor, so the connection coefficients do not obey the usual
transformation rule under change of coordinates. However, a simple calculation claim that

the difference between two connection is a tensor.

Proposition 2.40. If V and V are affine connections on M, thenamap S : X(M)x¥(M) —

X (M) defined by

S(X,Y) =VyxY - VyxY (2.28)

is a (1, 2)-tensor field.
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Definition 2.41. Suppose y : I — M is a smooth curve. A vector field along a curve y is

a smooth map V : I — TM such that V(t) € T),;)M, for all t € I.

The set of all vector field along y denoted by X(7y) is a module over the ring C* (7).

An example of V € X(y) is the velocity vector y(t) € T, )M, forall t € I.

Definition 2.42. A vector field V € X(y) is extendible if there exists a V € X(M)
on a neigborhood of the image y(I) such that V is induced by V in the sense that

V(t) =V, Vi €L

Theorem 2.43. Let V be an affine connection on M and y : I — M be a smooth curve.

Then, there exist a unique operator D, : X(y) — X(y) which satisfy

1. D,(V+W) = D,(V) + D, (W)
2. Di(fV) = f'V+ fD(V)

3. if V is extendible and induced V € X(M) such that V(t) = Vy(,), then

Di(V) = V)V (2.29)

YV, W e X(y), f e C*(I) and D,V is called the covariant derivative of V along vy.

Suppose (U, (x*)) is a chart on M such that y(I) € U. Then V € X(y) can be written

V(t) = V”(1)d,. Since 9, is extendible, we obtain

D,V = (V' +y*V'T;,(y))0a. (2.30)

Definition 2.44. Lety : I — M be a smooth curve. The acceleration of vy is the vector
field D,y along y. In particular, a curve is said to be a geodesic with respect to V if

Dl’)} = O
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By writing the components of y with respect to a chart as y (1) = (x!(¢), ..., x"(1)), we

have

Dyy = (¥ + 55T}, (x)) 0 (2.31)

so 7y is a geodesic provided that

4+ (x) =0 (2.32)

which is called the geodesic equation.

Definition 2.45. Let y be a smooth curve on M. Then V € X(v) is parallel transported

along y with respect to V if D,V = 0.

Hence, it is clear that the velocity vector field of a curve is parallel along the curve.

2.8 Curvature Tensors
Definition 2.46. Let (M, g) be a pseudo-Riemannian manifold with affine connection V.

The curvature tensor is amap Rm : X(M) X X(M) X X(M) — X (M) defined by

Rm(X, Y)Z = VxVyZ - VyVXZ - V[X7Y]Z (233)

forall X,Y,Z € X(M).

It is clear that Rm is a (1, 3) tensor field. It measures the failure of Vx and Vy to
commute. In addition, Rm could also viewed as a map Rm(X,Y) : X(M) — X(M) for

each pair of X,Y € X(M). Let (U, (x*)) be a coordinate chart on M. Then the curvature
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tensor can be written as

Rm = RF;,, 0, ® dx” ® dx" ® dx” (2.34)

where the components R” ;,, are defined by

R(a,ua av)acr = Rpayvap . (2.35)

A straightforward calculation shows that

R guy = 8, Ty — 0,10 + rﬁirja -0, (2.36)

Note that the curvature tensor here has only one obvious symmetry, which is the antisym-

metric in the last two indices, RP ;,, = —=RF ;.

Definition 2.47. A pseudo-Riemannian manifold (M, g) is said to be flat if the curvature

tensor is identically zero, thatis VxVyZ — VyVxZ = V|x y| Z.

Theorem 2.48. Let (M, g) be a pseudo-Riemannian manifold. If X € X(M), and let 0y €
X*(M) such that 0x(Y) = (X,Y), forany Y € X(M), then the map ¢ : X(M) — X*(M)

that maps X v+ 0y is a C*(M)-linear isomorphism.

This shows that every vector field can be transformed to a unique one-form, due to the
isomorphism, which implies 761 (M) ~ 7IO(M ). This approach can be extend to arbitrary

dimensions of tensor fields. Let 7 € 7;"(M). The corresponding lowered index tensor
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field 7, € 7771 (M) is defined as

(t)(0, ..., Xy, .. Xsi1)

=7(0',...0°7 X5, 00, L0 X X, Xt s X)) (2.37)

where @ € {1,...,r} and B8 € {1, ..., s}. Then the function ¢(7) = 7, transform a vector
field in the B position to a one-form, in the o™ position. Since ¢ is an isomorphism, so
¢~! exists, and it follows that ¢! (1) = v* where t* € 7T, i’;l, which represents the raising
index operation. Recall that dx*(9,) = 8,(dx*) = &', with respect to a chart (U, (x*)).
Therefore, for any Y € X(M), we have (d,,Y) = g1,dx”(Y), so the unique isomorphism
can be defined as 9, — g4,dx” with the corresponding inverse dxt — g’”&v. Thus, any
vector field X € X(M) can be transformed by ¢(X) = ¢(XH0,) = XK¢p(0,) = XHg,,,dx"
which clearly determines a unique one-form in X*(M). Similar argument holds for
one-form.

With these notions, we could also have a curvature tensor Rm, : X(M) X X(M) X
X(M)xX(M) — C*(M) defined by Rm.(X,Y,Z,W) = (Rm(X,Y)Z,W). It is clear
that Rm, is the lowered index of the curvature tensor, which is a (0, 4) tensor field. In

terms of local coordinates, we have

Rm, = (R 5y gp/ldxi) ® dxt @ dx” ® dx”
= (R/lo'yy 8p1)dxP @ dxt ® dx” ® dx”

= Rpopy dx’ ® dx* @ dx” @ dx” (2.38)

where R,oy = Ry gpa is the components of Rim.,.

Definition 2.49. Let Rm be a curvature tensor on M. The Ricci tensor Rc is the contraction
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Ci(Rm) € T,(M). The Ricci scalar R is the contraction C12(Rc) € C¥(M).

In a coordinate chart (U, (x*)), the Ricci tensor Rc are given as

Rc = Ry, dx" ® dx” (2.39)

where

Ry = Ry = iy, = 0,09, + T, T0, = Ty T (2.40)

and the Ricci scalar

R=g"R,,. (2.41)

Note that the Ricci tensor is defined from a contraction of the curvature tensor without

using the metric and the Ricci scalar is uniquely defined.

Definition 2.50. Let (M", g) be a pseudo-Riemannian manifold, Rm be a curvature tensor,
Rc be the Ricci tensor and R be the Ricci scalar. Suppose (U, (x*)) is a coordinate chart

on M. The Weyl tensor of g is a (0,4) tensor field defined by

(Ra/(sgﬁy - Ra'ygﬁé + R,Bygafd - Rﬁdgay)

1
CEDICE)

Capys = Rapys + ——

R(8ay885 — 8as8By) - (2.42)

An important consequent of the formula of Weyl tensor is that if g is conformally flat

provided n > 4, then its Weyl tensor vanishes identically, that is, Cypy5 = 0.
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29 Levi-Civita Connection
Definition 2.51. Let (M, g) be a pseudo-Riemannian manifold with affine connection
V. Then V is said to be a metric connection or to be compatible with g, if for any

X,Y,Z € X(M), we have

Vx(Y,Z)=(VxY,Z)+(Y,VxZ). (2.43)

From the definition of the covariant derivative, we can write

(Ve)(X.Y.Z) = (Vxg)(Y.2) = X(g(Y.Z)) - g(VxY.Z) —g(Y.VxZ). (2.44)

It follows that Vg = 0 if and only if (2.43) is satisfied for all X, Y, Z. Thus, it is equivalent
to said that V is compatible with g if and only if Vg = 0. A metric connection is also said

to be have vanishing non-metricity.

Definition 2.52. Let (M, g) be a pseudo-Riemannian manifold with affine connection V.

The torsionof Visamap T : X(M) X X(M) — X (M) defined by

T(X,Y) =VxY — VyX - [X,Y] (2.45)

forall X,Y € X(M).

The torsion T is a (1, 2) tensor field, called the torsion tensor. If the torsion vanishes,
thatis, [X,Y] = VxY — Vy X, then the connection V is said to be symmetric or torsion-free.

In any coordinate chart, the connection is symmetric if and only if '}, = T’},..

Theorem 2.53. Let (M, g) be a pseudo-Riemannian manifold. There exists a unique

connection V on M that is symmetric and compatible with g, called the Levi-Civita
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connection.

The complete proof can be found in J. M. Lee (1997). The theorem ensures that in any
coordinate chart on M, the connection coeflicients of the Levi-Civita connection ﬁ, often

called the Christoffel symbols are determined by

o 1
Fﬁv = Eg/lp(a,ugvp + avgpp - apguv) . (2.46)
Consequently, we also express the curvature tensor defined by V as

R opy = 0,10, — 0,10, + 1‘*5 RV il pPu (2.47)

so as the Ricci tensor Iéw = RA u1v and the Ricci scalar R = g’”léﬂv. Due to the symmetric
property of V, we have }épgw = —Iégpw, = —épmﬂ = Iéwpg.

Lastly, we emphasize that connections are defined independently to the metric. Roughly
speaking, the metric encodes distances and angles, while the connection alone defines
covariant derivatives and parallel transport. Note that curvature, torsion, and non-metricity
are generally all properties of the connection. Riemann-Cartan geometry is obtained by
vanishing non-metricity, teleparallel geometry is obtained by vanishing curvature, and
torsion-free geometry is obtained by vanishing torsion. We could also impose double
conditions on the connection. Vanishing torsion and non-metricity gives us the Levi-Civita
connection and so pseudo-Riemannian geometry. The Weitzenbock connection is based
on the assumption that curvature and non-metricity are both zero. Taking curvature and

torsion vanish, resulting symmetric teleparallel geometry. Finally, setting all three to zero

yields Minkowski geometry.
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CHAPTER 3: GRAVITY THEORIES

3.1 Introduction

This chapter begins with a brief overview of the fundamentals of general relativity
based on Hawking and Ellis (1973); Heller (1992); Wald (1984). The main concerns
of the general relativity are the two postulates, called the equivalence principle and the
local conservation of energy and momentum principle. The former said that freely falling
objects are geodesics in spacetime, while the latter suggested the form of the Einstein field
equations. As a mean to overcome certain limitations of GR, we introduce the concept of
modified gravity theories and their significances. In particular, we present a quick review
on the f(R) gravity theory in section 3.3. A complete review of the f(R) gravity can be
found in Sotiriou (2007); Sotiriou and Faraoni (2010).

Next, we consider a relatively new gravity theory, called the symmetric teleparallel
gravity (Jimenez et al., 2018; Lu et al., 2019). The full construction of the symmetric
teleparallel gravity is presented in section 3.4. The result is then applied to section 3.5,
to show the modified gravity theory, namely, f(Q) gravity. We end this chapter with the
comment on the equivalence between the general relativity and the symmetric teleparallel

gravity.

3.2 General Relativity

In Einstein’s theory of general relativity (GR), the mathematical model of the universe is
a spacetime manifold, defined as a triple (M, g, 6), where M is a time-oriented connected
4-dimensional smooth manifold, g is a Lorentz metric with signature (—1,+1,+1,+1) on
M and V is the Levi-Civita connection. The points of spacetime M are called events. An
observer is a timelike future-directed curve y : I — M such that |y'(7)| =1 forall 7 € I,

where 7 is called the proper time of the observer. Otherwise, if (y’,y’) = —m?, then y is
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called a particle with the rest mass m. A lightlike particle such as photon or light beam is
a null future-directed geodesic. For any kind of particle, the image y (/) € M of the curve
v : I — M is a one-dimensional submanifold of M called the worldline of observer or
particle.

The first postulate of general relativity is very depend on the principles of special relativity.
In short, the equivalence principle said that an observer cannot discriminate between
reciprocal cases of spacetime accelerating through him/her, or his/her own acceleration
through spacetime which implies that a gravitational field cannot be distinguished from a
appropriately chosen accelerated reference frame. Thus, the equivalence between inertial
mass and gravitational mass. Given that there is no difference between a test particle at
rest in a gravitational field and a test particle accelerated by a force equal to gravity, freely
falling objects under the influence of gravity can be classified as objects moving along
geodesics on a spacetime manifold. Suppose vy is a freely falling observer, that means vy is
a geodesic and so must satisfies the geodesic equation (2.32). Let (x*) = (x°, x!, x%, x3)

be a coordinate system. Then the geodesic equation can be written as

xt 1 (98w + 08up 08y dxt dx”

(3.1)

a2 28 \oxr T o T oxr )dr dr

where the Christoffel symbols Io“fw are written out explicitly. The non-vanishing of lo“ﬁv
indicates the presence of inertial forces due to the non inertial reference frame. Nevertheless,
it is always possible to choose coordinates at an event p € M such that lo“ﬁv vanishes at
that point. This implies that at that point, gravity and relative acceleration are precisely
balanced. But in general, there is no coordinate system in which lo“ﬁv vanish in a coordinate
chart, except if the metric is locally flat.

The second postulate, often called the local conservation of energy and momentum
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principle stated that the curvature of spacetime is caused by energy-momentum tensor 7,
provided the divergence of the tensor 7 is identically zero. This gives the intuition for
Einstein to relate geometric quantities such as the metric tensor, Ricci tensor, and Ricci
scalar to the the energy-momentum tensor 7', which is a physical quantity. The tensor 7T is
to be determined based on physical considerations, as its physical meaning is to manage
matter fields which describes the distribution of matter and energy. In local coordinates,

the Einstein field equations (EFE) can be written as

o 1 o
R,y — §Rgm = kTyy 3.2)

where k = 8x. In addition, we can define the Einstein tensor G as the symmetric (0, 2)
tensor field describing the left hand side of the EFE where G pv = Iéw - %Iégﬂv. Due to

the divergence property of the second postulate, we have the conservation laws

vV, " =0. (3.3)
The Einstein tensor follows equally to have

V,G* =0, (3.4)

Consequently, the EFE provide only six non-linear partial differential equations in the
metric and its first two derivatives.

Alternatively, the EFE can be derived from the Einstein-Hilbert (EH) action through
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the principle of least action. The action is given as

S= / Ld¥Wy = / (Leg + Ln)dDV
:2_1K / d*xy=gR + / FEN=T

=Sey +Su (35)

where g = det([g,,]) is the determinant of the metric tensor matrix, £ is the Lagrange
density and the integral is take over the whole spacetime. In particular, £,, = 0 in the
vacuum case. The principle of least action requires that 6§ = 0, where the variation is

with respect to g,,,. Varying Sgy with respect to g#”, we obtain

1 [« 1 o
55en = 5- / d'yE (R — 5 Reu)o8" (3.6)

Then, by applying the definition of the energy-momentum tensor

Ty = —\/%_gg;;”v (3.7)
with 65 = 0, we obtain the EFE

Ry - %I?g,w = KTy (3.8)
and so the trace

R = —«T (3.9)
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where T' = g""T},,.. To include the cosmological constant A, the action can be modified as

1 .
S = P / d*x\=g(R - 2A) + / d*x\=gLn . (3.10)
K
It follows that the EFE with cosmological constant is

o 1 o
R,y — ERgW + Aguy = KTy . (3.11)

33 f(R) Gravity

One of the most basic attempts to modify the GR is adding higher order invariants
to the Einstein-Hilbert action, resulting in so called higher-order gravity theories. The
f(R) gravity theory is under one of this class which is to replace the Ricci scalar in (3.5)
with an arbitrary function of R. There are essentially three formalisms to calculate the
variation, each yielding a different field equations. Variation with respect to the metric
gives metric f(R) gravity, variation with respect to the metric and the connection while the
matter action is independent of the connection gives Palatini f(R) gravity and variation
with respect to the metric and the connection while the matter Lagrangian depends on the
connection gives metric-affine f(R) gravity.

The action for metric f(R) gravity is given by

S =Snet +Sm

:z—ll(/d“x\/—_gf(lé)mm. (3.12)

The variation of the action in (3.12) with respect to the inverse metric g*” gives

1 , e o 1 o o o e . y
OSmer = Z/d“xv—g (f (R)R,uv_zf(R)g#v_V#va (R)"'gﬂva (R)|og"
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(3.13)

where V is the Levi-Civita connection and [ is the d’Alembert operator defined as
0= W‘e# = g“vﬁlﬁv. Applying the same energy-momentum tensor stated in (3.7) and

using the least action principle, we obtain the fourth order field equations

PRy = 3 F R = 080 OR) + s DF (R) = KT, (3.14)
which has trace

f/(R)R - 2f(R) +30f (R) = «T . (3.15)

Note that when f(R) = R, the field equations reduce to EFE as expected. Moreover, in
contrast to (3.9), T = 0 does not imply R =0in (3.15). This suggests that the field equations
of f(R) gravity will allow for a wider range of solutions than GR. The conservation of

energy-momentum is satisfied since we still have V, 7#” = (. Furthermore, if we rearrange

(3.14) as
N T,y Rf'(R) - f(R ViVof'(R) = g 0f (R)
R~ g = T RIB S ISR g 516
J'(R) 2f"(R) J"(R)
and define the effective energy-momentum tensor
e 1 Ié) - é ¢ é <] o 7 o 1) o
Ty =~ I > SR g +9,8,5 (B - 001 (R) (3.17)
then the field equations of f(R) gravity can be rewritten in the form of EFE as
R — L Rgy = ©
w5 8uv = K(Tuy + T - (3.18)
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This simplification is very useful in calculation and determining suitable f(R) models.

For Palatini formalism, the connection is independent to the metric, denoted by V.
For clarity, we denote the Ricci tensor and Ricci scalar constructed with V as Rﬂv and
R respectively. However, we assert that the independent connection V does not define
covariant derivative and the geometry is really pseudo-Riemannian. In other words, the
covariant derivative is still defined by the Levi-Civita connection of the metric. Thus, the

action now takes the form

Spal = i / d*x\=gf(R). (3.19)
By using the equation

6R.y = V6T, - V,617) (3.20)

and varying the action (3.19) independently with respect to the metric and the connection

yields

_ 1
fI(R)R(,uv) - Ef(R)g,uv = KT/JV (3.21)

~Va(VBS (R)g") + Vo (V=g f (R)g7#)6Y =0 (3.22)
where T, is defined as stated in (3.7). Taking the trace of (3.22), we can easily shown that

Vo (V=81 (R)g™) = 0. (3.23)
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Hence, the field equations reduce to

_ 1 _
F(R)Ruy) — >/ (R)guv = kTyyy (3.24)

Vai(v=gf (R)g") = 0. (3.25)

In the case f(R) = R and so f’(R) = 1, (3.25) turns into the definition of the Levi-Civita
connection for the independent connection V. Therefore, Ruv = Iéw, R = R and (3.24)
reproduces Einstein field equations. The energy-momentum tensor is conserved by the
covariant derivative defined with Levi-Civita connection, that is, %VTF“’ =0,but V,T* + 0.
It is now clear that generalizing the action in the Palatini formalism to be an arbitrary
function of R is just as natural as generalizing the Einstein-Hilbert action in the metric
formalism.

The metric-affine formalism is too tedious to be discuss here. In short, besides
considering the connection is independent to the metric, we also drop the assumption
that the connection is symmetric and metric compatible. In addition, this connection
defines the covariant derivative and parallel transport, unlike Palatini formalism which
remains to the Levi-Civita connection. Therefore, the geometry is completely different
to pseudo-Riemannian and is usually called the Einstein-Cartan-Weyl geometry (Adak,
2006). In fact, this forces the matter action of the metric-affine theory to be depend on
the connection, that is, S,;, = S, (g,”, fﬁy, w), where i represents the matter fields. In this

way, we have

58 OSm
OSy = / d4x#5g’“‘v+ / d“xaf—;“arﬁv (3.26)
J73%
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where we also define a new tensor called the hypermomentum as

2 68
AP = (3.27)

V=g oI},
The vanishing of A #¥ actually imply independence of the matter action from the connection.

The full explanation and the field equations can be refer to Sotiriou and Liverati (2007).

34 Symmetric Teleparallel Gravity

Because general relativity is essentially a geometric theory expressed in pseudo-
Riemannian space, another interesting route for to generalized gravity theories is to
look for more universal geometric structures that can represent the gravitational field.
Weitzenbock’s study, which established what is currently known as teleparallelism, resulted
in an approach that did find significant physical applications. The core idea underlying
the teleparallel approach the gravity is to replace the fundamental variable describing
gravitational features, the metric g,, of spacetime, with a set of tetrad fields. Therefore,
the torsion produced by the tetrad fields can be utilised to fully describe gravitational
effects, with the curvature being replaced by the torsion. As a result, we obtain the so
called teleparallel equivalent of general relativity (Hayashi & Shirafuji, 1979), and then
leads to the f(T') gravity theory. Thus, in teleparallel theory, torsion totally compensates
curvature, resulting in the spacetime becoming flat. The field equations of the f(T) gravity
theory are of second order, as opposed to fourth order field equations in the metric f(R)
gravity. Also, f(T) theory has been widely applied to the study of cosmology, where it is
used to explain the late time accelerating expansion of the Universe, without the necessity
of introducing dark energy.

General relativity can be described in two equivalent geometric representations, ac-

cording to the above presentation: the curvature representation in which torsion and

36



non-metricity vanish, and the teleparallel representation in which curvature and non-
metricity vanish. Nevertheless, a third comparable representation in which the fundamental
geometric variable characterizing the features of the gravitational interaction is represented
by the non-metricity, which geometrically describes the variation of the length of a vector
in parallel transport, is also conceivable. This approach is called the symmetric teleparallel
gravity and it has the advantages that calculation can be done in local coordinates instead
of tetrad fields. To begin, let us clarify that STG is differs from metric-affine gravity theory
which extends GR by allowing connection to have torsion and non-metricity in addition
to curvature, whereas such additional geometric structures often require specific types
or properties of matter to excite and investigate. By enforcing vanishing curvature and
torsion, the GR gravitational action is reinterpreted in terms of non-metricity in STG, and
all gravitational effects associated to curvature in GR are now equivalently attributed to
non-metricity. Hence, in STG, the matter content can remain unchanged, and non-metricity
is generated by the usual matter energy-momentum, which is analogous to Einstein’s
equations.

Let V be a flat and torsion-free affine connection on M and V be the Levi-Civita
connection on M. Define a map L : X(M) x ¥(M) — X(M) by L(X,Y) = VxY — VxY,

for all X,Y € X(M). Suppose (U, (x*)) is a coordinate chart on M. Then

L(0y,8,) = (T, —T%,)00. (3.28)

Hence, with respect to (U, (x*)), we can write

L=L",0,®dx" ® dx” (3.29)

where L1, =T}, —=T"  are the components of L. It is clear that L is a (1,2)-tensor field
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which is symmetric with respect to the second and third indices. Consequently, L can be

expressed as

L(X,Y) = %(L(X, Y) - L(Y, X)) + %(L(X, Y) + L(Y, X))

= A(X,Y) +S(X,Y) (3.30)

where A(X,Y) = 3(L(X,Y) — L(Y, X)) is antisymmetric and S(X,Y) = $(L(X,Y) +
L(Y, X)) is symmetric parts of L. Thus, with respect to (U, (x*)), the components of A

are
Al = 5(Th, =1, =T, + 1) = 5T, ~ T4 =0 (3.31)
and the components of S are
§ = (0, ~ T, + DL, =4 = S0, +Th) ~ 4, =TL, -1, (332)
because Fﬁ,, = Fﬁu for torsion-free connection. Thus, the components of L become

LYy, =Ty, -1, (3.33)

and L is called the disformation tensor. By using the formula for the Levi-Civita connection
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(2.46), we obtain

1 a
Lﬂ/w = Fﬁy - Eg/l ((%gva + avg;m - aagyv)

=TIy, - %g”“(%gm + 8pal by + 8vpThy
+ V. 8ua + &palluy + 8upL oy
~Va&uy = 8ovlhia = 8uplha)
=Ty, - %gm(Vpgm +V,8ua = Vagur) = 05T hy
1 Aa

= —58 (Vugva + vaua - V(lg,uv) . (3.34)

Since V is a non-metric connection, that is, Vg # 0, so we define the non-metricity tensor

Q/l,uv = V/lg,uv . (3.35)

It follows that Q is symmetric with respect to its second and third indices, or equivalently,

Oy = Qa(uv)- Hence, (3.34) can be rewritten as

1 a
L/luv = _Eg/l (Q,U(ZV + Qva/,u - Qa/uv)

1
E E(Q/lyv - Q/l/lV - Qvﬂu) . (3.36)

This implies that L is fully determined by the non-metricity tensor. Moreover, we denote

the trace of Q on first two and last two pair of indices by

Qu = gy/lQV/lu = vi,u 5 Qu = gV/lQ/lV/l = Q,uvv . (3.37)
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Consequently, we also have
Y 1 y 1 ~
L, u= _EQ,u s Lu v = EQu - Qu . (3.38)
Furthermore, in terms of components, we know that the curvature tensor is given by

R gy = 0,10 — 0,10, + r;’ -t (3.39)

AT vo VA« MOt

It follows from (3.33), the two curvature tensors can be related by

RPguy = RP 5y + VL o =V L g + LP (g LYy — LP 1LY (3.40)
But since V is flat, that is, R, = 0, so we have
R guy = =VuLP o + V LP o — LP (LYo + LP (LY (3.41)

By taking the contraction of the curvature tensor on its first and third indices, we obtain

the Ricci tensor

o 1 o O 1
Ryy = _EVVQ(J' - Vprm' + EQ/IL/IVO' + prlL/lpO' (3.42)

and thereby the Ricci scalar

o ~

o o 1 1 -
R=V,0"-V,0"+ ZQAQ/I - EQAQ” + Ly L. (3.43)

To obtain the field equations in symmetric teleparallel gravity, we construct an invariant,
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called the non-metricity scalar
0= g#V(LaﬂuL'Bva - LaﬁaLB,uv)

and the non-metricity conjugate (or superpotential)

1 1
=——L1 +

A
Pl =3k +y

~ 1
2 2 v
(Q -0 )guv - Z(S(“QV) .
By doing so, we obtain
Apy 1 Auy 1 A 1 A4
Q= QanP™ = _EQ/luvL + ZQAQ - EQAQ :

Then, the action for symmetric teleparallel gravity is defined by

S = SSTG +Sm

-~ ;—K/d4x\/—_gQ+Sm.
Note that from (3.43) and (3.46), one finds that
Q =R+Vy(0"' -0
and so

1 0o o -
Ssre = o / d*xv=g [R+ V(0" - 0Y)]

(3.44)

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

This shows that the action is identical to the Einstein-Hilbert action in the GR up to a

boundary term. Thus, the symmetric teleparallel gravity theory is equivalent to general
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relativity. Before taking the variation of the action, we have to assume that Fﬁv =0, so all
the covariant derivatives reduce to the partial derivatives, V, = 0, because the variation ¢
and the covariant derivative V , is not commute. However, a flat and torsion-free connection
only implies that there exists some coordinate systems (y*) in which Fﬁv = 0. This special
coordinate system is called the coincident gauge based on Lin and Zhai (2021). As shown
in Zhao (2021), in any other coordinate systems (x*) in which the connection does not

vanish, the connection coefficients will take the form,

a A
r, = a_;aﬂavy” (3.50)

which is purely inertial. These term only devote into the boundary term in the action (3.49)
and has no effect on the equation of motion. Thus, we can always assume the coincident
gauge and so the metric is the only fundamental variable. Then, varying Ssrc with respect

to the inverse metric gi” gives

0SsTG
_ 1 4 2 A 1 po yolen uv
= 2_K d’x~-g \/?ga/l( v—gP uv) - Equv + (Qppa'Pv - 2Qp(rvP/1 )[0g™”.
(3.51)
Once again define the energy-momentum tensor
2 0SSy
T, = (3.52)

REUE
and using the least action principle, 6S = 0, we obtain the second-order field equations

2

1
V=gP',,) — =0g., oP.P7 =20 ,50PL7) = KTy, . .
\/_—ga/l( 8 ) 2Qg/1 +(Q/lp Qp u ) =k u (3.53)
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35 f(Q) Gravity
A straightforward attempt to modify the symmetric teleparallel gravity is to replace
the non-metricity scalar Q in the action (3.47) with an arbitrary function of Q, called the

f(Q) gravity theory. Thus, the action of f(Q) gravity is

1
Sro =5, / d*x\=g £(0). (3.54)

In this case, the action can no longer be written in (3.49), so both the connection and the
metric are dynamic variable. If we assume the coincident gauge, that is, Fﬁv = 0 and
varying S r(p) with respect to g"”, then we have the field equations

2

1
\/_—gv/l(\/__ngP/luv) - Efg,uv + fQ(Q,upO'Pva- - zQpO'VPupO-) = KT,uv (355)

where fp = 0f/0Q. We call this field equations as the type-I f(Q) field equations. The
complete derivation of this field equations is presented in Appendices. Since we have
applied the coincident gauge, the type-I field equations are only valid in some coordinate
system in which Fﬁv = 0. This also suggested by the fact that the first term of the left hand
side in (3.55) is not in tensor form. To avoid this problem and for a better understanding of
the field equations, we transform it into a form similar to EFE. According to Appendices,

the type-I field equations in (3.55) can be rewritten as

o 1 o 1
fQ (R,uv - Eg,uvR) + Eg,uv(QfQ -f)+ 2fQQV/lQP/l,uv = KT,uv (3.56)

where foo = 0 fp/0Q. This is called the type-1I f(Q) field equations. Notice that (3.56)
is in tensor form which implies that it is actually coordinate independent. As a result, the

type-II field equations will be applied in later sections, since it is valid in all coordinate
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systems. Alternatively, the f(Q) gravity theory can be formulated in a covariant way. This
approach is presented in Zhao (2021), but in our case, the coincident gauge condition will

be sufficient.

3.6 Discussion

At the classical level, gravitation has a fairly peculiar property in which given the same
initial conditions and follow the same path, particles with distinct masses experience it
acquire the same acceleration. The equivalence principle reflects this phenomena, which
is known as universality of free fall. It is gravity’s most unique and strange property, as
no other fundamental interaction in nature display it. Non-gravitational effects, on the
other hand, have been recognized for a long time and are felt equally by all particles. They
are called the inertial effects such as the Coriolis and centrifugal forces on Earth. The
inspiration of Einstein for developing general relativity was based on the universality of
both gravitational and inertial effects.

Another point that inspire Einstein was the notion of field, since each of the known
forces can be described mathematically as a field. If gravitation is also to be represented by
a field, then the field must be universal and felt by all particles equally. Thus, it is believed
that gravitation changes spacetime itself and the most straightforward method to do so is to
change the metric, which appears to be the most fundamental field. In short, the existence
of a gravitational field is indicated by a change in the metric of spacetime. Nevertheless,
the metric tensor does not define curvature or non-metricity on its own. In fact, curvature
and non-metricity both demand a connection to be defined. On a given spacetime, several
different connections can be defined, each with a different curvature and non-metricity
tensor. Therefore, determining the appropriate connection to depict the gravitational field
became difficult. For example, the Levi-Civita connection which has vanishing torsion and

non-metricity was selected by Einstein such that the connection is fully determined by the
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ten components of the metric tensor. The gravitational field is described by its curvature.

Nevertheless, this is not the only possible choice. The other possibilities are to choose a
flat connection that have non-vanishing torsion or non-metricity tensor. The gravitational
theory that appears from these choice are the teleparallel gravity and symmetric teleparallel
gravity. In both cases, curvature is supposed to vanish from the very beginning while
the gravitational effect is depicted by a force, and particle trajectories are force equations
with torsion or non-metricity act as force instead of geodesics. But it cannot be denied
that Einstein’s choice seems to be most natural in terms of universality. Gravitation can
be simply visualized by assuming that it generates a curvature in spacetime causing all
particles follow a geodesic on the curved spacetime regardless of their masses. In this
approach, the universality of free fall is obviously merged into gravitation. The notion
of force is substituted by geometry while the trajectories are solutions to a geodesic
equation rather than a force equation. However, since such a geometrization is based on
the equivalence principle, the general-relativistic depiction of gravitation would fail in the
absence of universality.

On the flip side, general relativity and symmetric teleparallel gravity are found to
produce equivalent depiction of the gravitational interaction, despite their conceptual
differences. This equivalence has the direct consequence that curvature and non-metricity
are essentially different ways of characterising the gravitational field. The fact that the
symmetric matter energy-momentum tensor appears as the source of curvature in general
relativity and non-metricity in symmetric teleparallel gravity supports this idea. Both
general relativity and symmetric teleparallel gravity, according to this explanation, are
complete theories, and Einstein did not make a mistake by ignoring non-metricity.

There is a common perception that gravity causes a curvature in spacetime, based on

the geometric description of general relativity which uses the Levi-Civita connection. As
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a result, the entire Universe should be curved. Nevertheless, with the arrival of symmetric
teleparallel gravity, this idea is no longer applicable. In fact, due to the equivalence of
general relativity and symmetric teleparallel gravity, describing the gravitational interaction
in terms of curvature or non-metricity has become a matter of convention. This means that
attributing curvature to spacetime is a model-dependent statement rather than an absolute.
Certainly, cosmology due to general relativity is not inaccurate in the least. Nevertheless,
an assessment due to symmetric teleparallel gravity may suggest a new perspective on how
to perceive and understand the cosmos. We may then argue that symmetric teleparallel
gravity is a new way of looking at all gravitational phenomenon, including those that shape

the Universe itself, instead of simply a theory that is equivalent to general relativity.
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CHAPTER 4: GEODESIC DEVIATION EQUATION IN f(Q)

4.1 Introduction

In this chapter, we begin by deriving the Jacobi equation or also commonly known
as geodesic deviation equation, which is an ordinary differential equation satisfied by
the variation field of any one-parameter family of geodesics. A vector field satisfying
this equation along a geodesic is called a Jacobi field. This section is mainly inspired by
J. M. Lee (1997).

In section 4.3, we show the construction of the standard cosmology model, called the
Friedmann-Lemaitre-Robertson-Walker (FLRW) model based on Heller (1992); O’neil
(1983). We first introduce the notion of perfect fluids which are idealized matter models
that have no viscosity and shear stresses. Next, the concept of warped product is introduced,
which is then followed by the Robertson-Walker spacetime. We end this section with a
brief discussion of the observational aspects of the standard cosmological model.

Next, in section 4.4, we express the GDE in f(Q)-gravity with the background of
FLRW cosmology. We also show the generalized Friedmann equations in section 4.5 as a
comparison to the Fridemann equations in GR. Two special cases of the GDE which are
the GDE for fundamental observers and for past-directed null vector fields will be studied

in section 4.6 and 4.7 respectively.

4.2 Geodesic Deviation Equation

In this section, (M, g) denotes an arbitrary pseudo-Riemannian manifold.

Definition 4.1. Let /,J C R be intervals, a smooth map I' : I X J — M is called a
one-parameter family of curves where the partial maps ¢ — I's(t) = I'(¢, s) are called the

main curves, and the curves s — I'(z, s) are called the transverse curves.
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This implies that if X € X(I"), then we can calculate the covariant derivative of X
along either the main curves or the transverse curves resulting the vector field along I"
denoted by D;X and DX respectively. We express the velocity vector fields of the main
and transverse curves by d,I'(¢, s) and d,I'(¢, s) respectively, which are examples of the

vector field along I'.

Lemma 4.2. Suppose I' : I X J — M is a one-parameter family of curves in M. Then for

every vector field X along I,
D,D,X - D,D,X = R(3,T", D)X . 4.1
Proof. For each (¢, s) € I X J, consider a coordinate chart defined on I'(7, s) and write
I'(z,s) = (71 (t,5),....,7Y"(1,9)), X(t,5) = XH(t, 8)Oulr(s.s)- 4.2)

By using formula (2.30), we get

G
DX = Waﬂ + X”D,E)ﬂ . 4.3)

Thus, by applying (2.30), we obtain

.G AXH
= Oy +
0sot ot

oXH
D0, + ——D;0,+ X"DD,0, . 4.4)

D,D;X
STt os

Interchanging the indices s and ¢ and subtracting, the only survive terms are

D,D,X — D,D;X = X*(D;D;d, — D;D,,). (4.5)

48



To compute the commutator in parentheses, we first write

or = @aﬂ, ol =

oy’
=29,.
ot

3 (4.6)

Since 9, is extendible,
=——V,,0,, 4.7)
and also because V5,4, is extendible,

6 v
D,D,d, = Ds(a—ytv@vaﬂ)

82)/V 6)/V
= \Y% —V \Y
PR 8,0u + Fr 0,7 (Va,0,)
d%yY 8)/ oyt
= Vs 0 —V45 V . .
gt Ot o gy Vo Va. Ok (4.8)

Interchanging s <> ¢ and v <> A and subtracting, we have

8)/" oyt
0t ds
_ oy oyt
9t ds

DD;0, — D;D0, = ——(V4,V5,0, —Vy,V4,0,)

R(a/l’ V)(9

= R(O,I", )0, . (4.9)

Substituting this into (4.5) yields the result. O

Lemma 4.3. Suppose I' : I X J — M is a one-parameter family of curves in M. Then

D;o,I' = D;o,I'. (4.10)

49



Proof. Inlocal coordinates (x*), we write the components of I" as

(t,s)=(x'(,s),...,x"@1,s)) 4.11)
and then
Ox* Ox?
oI = —4,, = =—0,. 4.12
; 5 55 (4.12)

By applying formula (2.30), we get

A*xt Axt Ox”
Do, = A 4.1
O (asaz+ o1 s V“)aﬂ (“413)
9*xt oxHox’ _,
Db, = 4.14
10s (azas+ ds o1 V#)aﬁ 14

By interchanging u and v in the second equation above and using the symmetry condition

1 — 14
I, =r

Liys W conclude the proof. m]

Definition 4.4. A variation of a smooth curve y : I — M is a one-parameter family of
curves I' : I X (—€,€) — M such that y(t) = I'g(¢) for all r € I. The curve vy is called the

centre curve. The variation field of T is the vector field (¢) = 9,I'(¢, 0) along .

Definition 4.5. A variation I" such that each of the main curves ¢ — I';(#) is a geodesic is

called a one-parameter of geodesics or geodesic congruence.

Definition 4.6. Let y be a geodesic. A vector field X € X(y) along vy that satisfies the

Jacobi equation:

DX = R(y', X)y’ (4.15)
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is called a Jacobi field.

Theorem 4.7. Suppose I is a one-parameter of geodesics. The variation field of T is a

Jacobi field.

Proof. From the geodesic equation, we have D,9,I" = 0 and so D;D0,I" = 0. By using

Lemma 4.2 and Lemma 4.3, we compute

O = DSD,@F
= D,Dsa,F + R(@;F, 8[F)8[F

= D,D,85F+R(asr, 6tr)azr. (4.16)

Evaluating at s = 0, where d,I"(¢,0) = n(¢) and 9,I'(z,0) = y’(¢), we obtain

Din =R ,n)Y . (4.17)

Due to this result, the Jacobi equation is also called the geodesic deviation equation.
Intuitively, if we imagine a geodesic congruence I" of y as a one-parameter family of freely
falling particles, then the variation field n gives the position, relative to vy, of arbitrarily
nearby particles. Hence, the derivative D, gives relative velocity and D?7 relative
acceleration. That means the Jacobi equation can be interpreted as Newton’s second law

with the curvature vector R(y’,n)y’ play the role of force, called the tidal force.

4.3 Friedmann-Lemaitre-Robertson-Walker Cosmology
Definition 4.8. A perfect fluid in spacetime is the triple (u, p, p), where u is a unit timelike

vector field, called the flow vector field, p is the energy density, and p is the pressure. In
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local coordinates (x*), the energy-momentum tensor of the perfect fluid is defined as

Ty = (o +p)uuuv +P8uv - (4.18)

In this form, the perfect fluid is isotropic which is free from shear and viscosity. It

follows that the components of the energy-momentum tensor are

TOO:p’ ]}j:pgl'ja (i’j: 1’2a3) (419)

Hence, the trace of T is

T=3p-p. (4.20)

If p = 0, the perfect fluid is called dust, and if p = % o, the perfect fluid is called radiation.

Definition 4.9. Let (B, gg) and (F, gr) be pseudo-Riemannian manifolds and f > 0 be a
smooth function on B. The warped product M = B Xy F is the product manifold B X F

equipped with metric tensor

g =pri(gs) + (f o pr))’ pry(gr) (4.21)

where pr; : BX F — Band pr, : B X F' — F are projection maps.

Commonly, B is called the base of M, F is the fibre and f is the warping function. The
function f = f o pr, defined on M = B X ¢ F is called the lift of the function f to the
warped product M. Likewise, if X € X(B), the lift of X to M is the unique vector field X
of X(M) which is pr;-related to X. Thus, without confusion, we can always write X to

represent both the vector field on the base and its lift.
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Definition 4.10. Let / be an open interval of the R, S be a connected three-dimensional
Riemannian manifold with constant curvature k = —1,0, or +1, and a(z) > 0, € I be a
smooth function on /. The warped product M = I X, S is called a Robertson-Walker (RW)

spacetime.

Thus, a RW spacetime is a manifold 7 X § with the line element

ds* = —dt* + a*(1)do? (4.22)

where do? is the line element of S lifted to 7 x S. The value of k gives the spatial curvature
of the metric, where k = 1 implies that the Universe has positive spatial curvature, k = —1
implies that the Universe has negative spatial curvature and k = 0 implies that the Universe
is spatially flat. In this case, the warping function a(¢) is called the scaling function and
its value a(tg), for an instant ¢y € I, called the scale factor. In addition, let d/dt be the
standard vector field on I C Ri and u = 0, be its lifting to 7 X S. For each p € S, the curve
I X p parametrized by v, (¢) = (, p) is an observer, called a fundamental observer. Hence,
the parameter ¢ represent the proper time of fundamental observer, which is usually called
the cosmic time. It can be easily shown that (u,u) = —1 and u L S(t), for all r € I. That
means for each t € I, S(¢) is a spacelike hypersurface, called the spacelike slice.

A RW spacetime is spatially isotropic and homogeneous. Intuitively, the concept of
spatial isotropic said that there are no privileged directions with respect to a point, while
the concept of spatial homogeneous means there are no privileged points in the given
space. This two results play an important rule in observational motivation of the choice of

a RW spacetime for the standard cosmological model. We can express the line element
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do? of RW spacetime in standard spherical coordinates as

d2
zmzz—dﬁ+a%0(rféz+r%xﬂ) (4.23)

where dQ? = d6* + sin® 0d¢>. By putting dr = a(t)dt, the RW metric (4.23) can be

rewritten to the form
2 2 2 dr? 2 142
ds“=a“(t)| —dt°+ ———= +r°dQ (4.24)

which is clearly conformally flat in the case of k£ = 0. It immediately implies that the
Weyl tensor of the RW metric vanishes in the spatially flat case. In fact, the Weyl tensor
also vanishes for k = —1 and k = +1 (Lihoshi et al., 2007). By using the RW metric, the
Ricci tensor and Ricci scalar can be easily calculated, and assuming the cosmological
background of the Universe as a perfect fluid where the energy momentum tensor is given
in (4.18), followed by substituting the values into EFE with the cosmological constant

yields the Friedmann equations

2
kA
):g_;+§ (4.25)

(4.26)

The Hubble parameter H which measures the rate of expansion of the Universe is a

time dependent scalar that is constant in space defined by

_ a0

=0 (4.27)

Given any RW spacetime, H > 0 implies an expanding Universe. Let ¢t = 0 as the
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beginning of time for an expanding RW Universe, set a(0) = a¢ and 7, to denote present
time, representing the age of the Universe. It is clear that a(#p) > 0 and d(#p) > 0 which
represents an expansive Universe, but in fact expansion is accelerating which means
d(tg) > 0. The redshift parameter z which is characterized by the relative difference

between the observed and emitted wavelengths of light beam is defined by

_alto)

©T a0

(4.28)

The fact that the Universe is expanding implies that a(ty) > a(¢) and so z > 0. The density

parameter expressed as

_pt+A k
Q= Y7 _1+a2H2 (4.29)

which is to determines the overall geometry of the Universe. Note that if K = 0, then Q = 1
and the Universe is said to be flat. Based on the observational evidence, the Universe is
believed to be nearly flat. That means the Universe should be well approximated by a
model where the spatial curvature k is zero. Therefore, with k = 0, we obtain the density

parameter

Q=P (4.30)

o\ 2
H2 = (E) _p 4.31)
a 3
gemr=d__pt3p (4.32)
a 6
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where A is ignored for comparison in the following sections.

4.4 GDE For FLRW Universe In f(Q)-Gravity

Let (M, g) be a time-oriented Robertson-Walker spacetime and I" be a one-parameter
family of geodesics with the centre geodesic Iy = y parametrized by the arc length
7. To simplify the notation, we denote V(7) = y'(7) the velocity vector field, so
(V,V) =V, V®* = €, where € = +1,0, —1, if the geodesic v is spacelike, null, or timelike
respectively. Furthermore, we restrict the variation field n € X(y) such that n(r) L V(1)

for all 7. Hence, we have (n,V) = n,V% = 0. We may decompose the vector field V into
V = Eu+ Pe (4.33)

where e is a unit spacelike vector field orthogonal to u, that is, (e,e) = 1, (u,e) = 0,
and E = —(V,u), P = (e + E)'/2. Since V and u might not parallel to each other, so
additionally to (n, V) = 0, we also set (1, u) = 0 which means the vector field 7 lies in the
two-dimensional spacelike slice orthogonal to both V and u.

With these setting, we now proceed to derive the GDE in f(Q) gravity. For convenience,
the rest of the calculation will be carried out in component form. Recall from Chapter 2,
the field equations in f(Q) gravity can be written as

o 1 o 1
fQ(Ruv - EguvR) + Eguv(QfQ -+ 2fQQV/1QP/l/IV = KTuv . (4.34)

Contracting with g, and rearrange, we obtain the Ricci scalar

1

R =
Jo

(20 fp = 2f +2fpoP* Va0 — «T) . (4.35)
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Inserting this formula back into the field equations, we have the Ricci tensor

11

R, = 7 ng,(QfQ — [ +2f0oP" ;Y20 — kT) = 2foo P! 1y Va0 + KT,y |. (4.36)

As mentioned in previous section, RW spacetime is conformally flat and so the Weyl tensor
vanishes, that is, C,,s = 0. Hence, from (2.42) and the above equations, we can express

the curvature tensor as

o 1
Rafﬁyd :% [K(ga/yT(SB - gaéTy,B + gﬁéTyw - gﬁyTéw)

Ofo f 2«T 4
+ (_Q -2t §fQQP’lppV1Q (8ay8sp — 8as8yp)

3 3 3
+ (ga/yD(Sﬁ - ga/éz)yﬁ + gﬂéﬂya N g,ByD(Sa)fQ] 4.37)
where
Dy = =2P* 1, V.00, . (4.38)

By taking the perfect fluid form of the energy-momentum tensor stated in (4.18) and (4.20),

the above equation reduces to

o 1
Ropys =% [K(p + D) (8ayllsUp — Sasllyllp + EpsUyUa — 8pyUsUa)

Ofo f 2«kp 4
+ (TQ —3t3 ngQP/lppV/lQ (8ay 858 — 8as8yB)

+ (8ayDsp — 8asDyp + 885 Dya — gﬂyﬂaa)fg]- (4.39)

57



Contracting with VAV? and since V,V® = €, we have

o 1
RaﬁyaVﬁV‘s =——I|k(p +p)[gm,(u[,eV'8)2 - Z(MﬁVB)V(auy) + EUqlly ]

2fo
O fe 2K 4
+ _Q - i + _P + _fQQP/lppV/lQ (Ggwy - Vavy)
3 3 3 3
+ [(8ayDsp — 8asDyp + 886 Dya — g,gy@aa)fg]vﬁvé] : (4.40)

By raising the @ index in the curvature tensor and contracting with 77, we obtain

o l
Ry s VPV =—k(p + p) [(ugVP)*n® = (ugVP)V (u,n”)

2fo
— (V) (Vyr?) + € (yn”)]
Q 2 4 a a
+( G2~ 4+ B2+ S oor Va0 e v (V)

+ [(53@55 - (52@75 + glg(;D;f - gﬁyﬂg‘)fQ]VﬂnyV‘s] . (4.41)

Since V,u® = —E and n,u® = n,V® =0, so

R VP VO
2kp Ofo f 4
= —|k(p+p)E*+e| ==+ == - L 4 _fpoP¥,V @
2o k(p+p) 6( 3 3 3 3fQQ oVa0 ||
1
+ o [(531)5/; — 65 Dyp +8ps DY — 8py DY) fQVﬁvé]nV . (4.42)

To further simplify, we have to deal with the V0. As shown in (3.46), the non-metricity
scalar Q is not in a very simplified form and hence V0. Thus, we have to impose a
particular coordinate system so that Q can be simplified. But as mentioned in Chapter 3,
the field equations are only valid in some specific coordinate systems such that Fﬁy =0. A
simplest example that agree on both is the Cartesian coordinate system. Therefore, we

consider the spatially flat RW metric in Cartesian coordinate where the line element can
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be written as
ds* = —di* + a® (1) (dx? + dy? + dZ°) .

This implies that the only non-vanishing metric components are
gi=-1,  gu=8y=8:=0a(1).

Hence, we obtain

QO™ = —V,8,,V1g" = ~12H>
Q@ = Va8, VgV = 0
010" = (8o V18" (8, V'g"") = ~36H"

Q/1Q~/1 = (gupvxlgﬂp)(vvg/lv) =0.
It follows from (3.46), we have
1 N 2 2
Q = ——(-12H") + - (-36H") = —6H" .
4 4
Therefore, the scalar Q is only time-dependent and consequently

V,0 = 12HHu; .

After a cumbersome calculation as shown in Appendices, we found that

1
2fo

(4.43)

(4.44)

(4.45)

(4.46)

(4.47)

(4.48)

(4.49)

(4.50)

a o7 a a 1 ] a
(5y2’)5ﬁ—551)yﬂ+g55137 —gﬁyi)(s)fQVﬁV(s 777 = %[—24H2HfQQ(2E+E2)]T]
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4.51)
and
4 .
31" foo Py VaQ = 48H"H foger” . (4.52)

Thus, (4.42) reduces to

2p Qo _f

. 1 .
R sVBpYVo = — +xkp —24H*H fr0)E* +
prsVon o (kp +kp foo) 3 T3 73

)e] n® (4.53)

which is considered to be the generalized Pirani equation. Finally, the GDE in f(Q)

gravity can be written as

D*n® 1
D2 2f

2kp  QJo f) ]n“- (4.54)

(kp + kp — 24H?H fpo)E? + +—=—-=e
ee 373 3

Notice that in this GDE only the magnitude of the deviation vector p is changed along the

geodesics, which reflects the homogeneity and isotropy of the FLRW universe.

4.5 Generalized Friedmann equations

Given the previous construction of FLRW cosmology using EFE, the next logical step is
to consider deriving a similar equation using the f(Q) field equations presented in (3.56).
Consider the previously defined spatially flat RW metric in (4.43) and the non-vanishing
metric components in (4.44), the only non-vanishing Christoffel symbols are

00 . o _r a. o r
I =aa, Iy = _= I (4.55)

124
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Consequently, the (00) and (i7) components of the Ricci tensor are

Ry = -3 (4.56)
a

R = ad + 24° (4.57)
and so the Ricci scalar

) .

R= 6(“—2 " 9) . (4.58)
a’? a

Substitute the above results of the Ricci tensor and Ricci scalar into the field equation

(3.56) while considering the perfect fluid (4.18), followed by some lengthy rearrangement,

we obtain the generalized Friemann equations as

1
3H? = —
Jo

2H +3H? = —fl—Q [Kp L %(Q fo—f)—24 fQQHZH]. (4.60)

1
kp+5(Qfo - f)] (4.59)

In both the case of GR and f(Q), the conservation of energy-momentum applies which
means that f(Q) gravity is only a modification of the gravitational theory rather than
an alteration to the matter content. Nevertheless, note that the generalized Friedmann
equations are far more complex than the GR case, which implies that there are much fewer

exact cosmological solutions.

4.6 GDE for fundamental observers
In this situation, we have V¢ = u® for the centre geodesic. That means the arclength

parameter coincides with the proper time of the centre fundamental observer, that is, 7 = 7.
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Therefore,

e=V,V* =uu =-1 4.61)

E=-Vu®=-u,u®=1. (4.62)

Inserting these two values into (4.53), we obtain

o 1
R’(B’yduﬁnyud - Q+Q_ Q_fQ+i

PN 6—12H2HfQQ n°. (4.63)

If we set the variation field n® = le®, where e is parallel transported along ¢, then

De®

o =0 (4.64)
and so

D*n®  d2l

DZ _ ﬁea' (4.65)

Thus, by using (4.63) and (4.65), we get

d2l 1(Kp+Kp QfQ+i

— = —_— = - 12H*H l. 4.66
27 fQQ) (4.60)

6 2 6 6

By letting [ = a(t), we have

c'i__i(Kp kp Qfo f
a fQ

— —— — —_—— 2 ’
6 + > 6 + 6 12H HfQQ). (467)

This equation can be considered as a special case of the generalized Raychaudhuri equation.
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4.7 GDE for past-directed null vector fields
Under these circumstances, we have V¢ = k“, where k is a past-directed null vector

fields, kok® = 0 and k° < 0. This implies that

€=V, V¥ =k k® =0. (4.68)
Hence, (4.53) becomes

R, 5k k° = i(m +kp — 24H*H fpo)E*n® . (4.69)

This equation can be explained as the Ricci focusing in f(Q) gravity. If we consider

n* =ne?, eqe® =1, equ® = e,k =0and D.e® = k'BVBe" = 0, in which e is parallel

transported and orthogonal to u® and k“, then the GDE can be written in a new form
d’n

1 .
— =5 —24H*H fo0)E™n . 4.7
R (kp + kp Jfoo)En (4.70)

As in the case of GR in Ellis and Elst (1997), all past-directed null geodesics experience
focusing if k(p + p) > 0 except the special case with the equation of state p = —p. Thus,

it is clear that (4.70) indicates the focusing condition for the f(Q)-gravity, which is

K(p +p) S 24H2HfQQ

4.71
fo Jo 7D

When involving dynamical problem, we have to express the quantities in (4.70) in term of

the redshift parameter z, defined in (4.28). First, we write

d dz d
2 2 4.72
dr drdz ( )
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which implies that

d? dzd(d)

dr? ~ dr dz \drt
dr\ ' d*rd &P
— ——+—]. 4.73
(dz) (dz) dz? dz dz2] *73)
For the null geodesics, we have
E
(l+g)=2=— (4.74)
a E()
which implies that
dz da
e 4.75
1+z a ( )

where ag = a(ty) the present value of the scale factor. For the past-directed case, we set

Ey=-1,s0
1 da )
:—(1+z)——dT——(1+z) EdT—H(1+Z) dt (4.76)
and so
dt 1
— 4.77
dz H(l+2)? @77)
Consequently,
d’t 1
= 1+27)— + 2 4.78
dz2 H(1+)3[ ( Z) (4.78)
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where

and we make use of % = E = —(1+z). From (4.27), we get
g: H + H? (4.80)
and so
- (%+%—QTfQ+£—12H2HfQQ)—H2. (481)
Hence,
d*t 3

6 2 "6 6

1 .

Putting this equation in (4.73), we have

d’n 22[“’277 3 I (kp  kp
— = (H(1 + — 4+ 1+ — + =
R R e Tae s Loy
Qf [ 2y dn
2l nEHf || L. 4,
6 6 Joo|| g (+83)

Finally, by using (4.70), the null GDE can be written in the form

d’n 3 1 (ko kp Qfo f 2 ] dn
+ 1+ —+—-—+=-12H°H —
d2 " (1+2) |  3Hf, ( 6 2 6 6 Joo)| g
+p) —24H’H
k(p+p) fQQ}7 —0. (4.84)

2H2(1 + Z)zfQ

The above equation is useful for cosmological applications. Assume the matter content
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of the universe is dust and radiation field, so the p and p can be be expressed as

kp = H3Q, (1 +2)*, Kkp = 3HZQu, (1 +2)° + 3HZQ, (1 + 2)* (4.85)

where p,, =0 and p, = %pr. From (4.85) , we could express H? as

2

H
H* = f—o[szmo(l +2)7 +Q, (1 +2)* +Qpg] (4.86)
[0}
where
_ 1 (2 |
QpE = Hg ( G 6) (4.87)

is the Dark Energy parameter. Therefore, by applying (4.85) and (4.86), the null GDE in

(4.84) can be written as

d? . d .
T pHH )Yy QH, H, ) =0 (4.88)
dz? dz

where

IQuy(1+2)3 +4Q, (1 +2)* +2Qpk
(1+2)[Quy (1 +2)° +Q (1 +2)* + Qpp]

L [Quy (14 2)* +Qp (1 +2)* + Q]

(14 2)[Quy (1 +2)° +Q (1 +2)* + Qpp]

P(H,H,z) =

(4.89)

3, (1+2)° +4Q,,(1+2)*
(1+2)2[Q (1 +2)° +Q (1 +2)* + QpE]

L [ Qg (1+2)> + Q, (14 2)* + Q]

C2(1+2)2[Quy (1423 + Q. (1 + 2)* + Qpr]

Q(H,H,z) =5

(4.90)
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In a particular case, where f(Q) = Q —2A,so fp = 1 and fpp = 0. Thus, QpE in (4.87)

reduces to

1 (O O-2A A

This implies that the H 2 in (4.86) becomes the same as the case in GR
H? = H}[Qy(1+2)° + Q, (1 +2)* + Q4] (4.92)

which confirms the obtained results. Moreover, £ (4.89) and Q (4.90) turns into

IQuy(1+2)3 +4Q, (1 +2)* +2Q,

P(z) = 4.93
(2) (14 2)[Qy (1 +2)3 +Q (14 2)* + Qp] (493)
3Q,, (1 +2) +4Q, (1 +2)?
Q) = mll+2) + 4%, (1 +2)" (4.94)
2[Qu (1 +2)3 + (1 +2)* + Q4]
Then, the GDE for null vector fields becomes
d*n 1Qu,(1+2)° +4Q, (1 +2)* +2Qp  dp
+ —_—
dz? (14 2)[Qn,(1+2) +Q, (1 +2)*+ Q] dz
3Qu. (1 +2) +4Q,, (1 + 2)2
. (142 +42,(+2)" (4.95)
2[Qun (1 +2)3 + Qp (1 +2)* + Q4]
We set Qp = 0 and Q,,, + Q,, = 1 for the original Mattig relation, so we have
dn . 1Qu,(1+2)% +4Q, (1+2)*  ay
dz? (14 2)[Qu,(1+2)3+Q,,(1+2)*] dz
3Q, (1+2) +4Q, (1 +2)?
(149 + 30,1+ (4.96)

+
2[Qum (1 +2)3 + (1 +2)4]
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This implies that (4.88) is the generalized Mattig relation in f(Q) gravity. In FLRW

universe, the angular diametral distance D 4(z) is given by

dA(z)
dQ

Da(z) = ‘ 4.97)

where dA is the area of the object and dQ2 is the solid angle. Thus, from (4.88), the GDE

in terms of the angular diametral distance is

d*D,
dz?

. dD .
+P(H, H, z)d—A +Q(H,H,7)Ds =0 (4.98)
Z

where P and Q is given in (4.89) and (4.90). This equation satisfies the initial conditions

(for z > z0)
D(2)]:=,, =0 (4.99)
dD 4 ~ Hy
d—z(z)lng = B (520 (4.100)

where H(zp) is the modified Friedmann equation (4.86) at z = z.
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CHAPTER 5: CONCLUSION

In this dissertation, we have provided the differential geometric constructions of
Einstein’s general relativity. We also established an equivalence between the general
relativity and symmetry teleparallel gravity. We have shown the f(Q) gravity field
equations in a form analogous to the EFE. The f(Q) field equations is then applied to
calculate the Ricci tensor and Ricci scalar. By using the coincident gauge, the GDE in
f(Q) gravity with FLRW cosmology was shown. Moreover, the Friedmann equations
were modified using the f(Q) field equations yielding a generalized Friedmann equations
describing a spatially flat Universe. Furthermore, we have focused on two particular
cases, the GDE for fundamental observers and the past-directed null vector fields in FLRW
universe. Within these cases, we have obtained the generalized Raychaudhuri equation, the
generalized Mattig relation, and the diametric angular distance differential for f(Q) gravity
theory. In addition, the focusing condition for past-directed null geodesics for f(Q) gravity
is investigated. Though we have been quite optimistic, there are many more viabilities and
obstacles that were not reviewed here. Thus, future work would include replacing f(Q)
with f(Q,T) gravity theory, where the T represents the trace of the energy-momentum
tensor, or considering the cosmology in anisotropic universe, often called the Bianchi

models.
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