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NOVEL CONTRIBUTIONS TO FRACTIONAL CALCULUS:
COMPUTATIONAL METHODS AND ANALYSIS
ABSTRACT

Various computational methods are proposed and employed for solving various
classes of fractional differential equations. In addition to the computational part, an
analysis part is provided for some interesting research problems. First, novel exact
soliton solutions of the (3 + 1)-dimensional conformable Wazwaz-Benjamin-Bona-
Mahony equation are investigated via the generalized Kudryashov and exp(—¢(N))
Then, a modified nonlinear Schrodinger equation with spatio-temporal dispersion
1s constructed in the contexts of both Caputo fractional derivative and conformable
derivative. This proposed equation is solved via a new generalized double Laplace
transform coupled with Adomian decomposition method. Second, the multivariable
calculus is investigated in the sense of conformable derivative. The conformable
derivative of a real-valued function of several variables and all related properties
are also investigated. An extension to vector valued functions of several real
variables is studied. The conformable chain rule for functions of several variables
is also introduced. The conformable implicit function theorem for several variables
is established. In addition, a new definition of generalized fractional derivative,
named Abu-Shady—Kaabar fractional derivative, is also proposed. Third, the
solutions’ existence and stability analysis of a newly proposed fractional boundary
value problem are investigated for an implicit nonlinear variable order fractional
differential equation with the help of both Krasnoselskii’s fixed point theorem and
the criterion of Ulam—Hyers—Rassias stability. Fourth, a generalized version of the
Mittag—Leffle—Hyers—Ulam stability of quadratic fractional integral equation is

investigated. Fifth, the existence of extremal solutions for a novel class of y-Caputo

iii



fractional differential equation with nonlinear boundary conditions is studied by
employing the monotone iterative technique together with the method of upper and
lower solutions. Sixth, the oscillation of even-order nonlinear differential equations
with mixed nonlinear neutral terms is investigated, and new oscillation criteria are
established.

Keywords: Fractional Calculus, Fractional Differential Equations, Mathematical

Methods, Mathematical Analysis, Stability Analysis.
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SUMBANGAN NOVEL KEPADA KALKULUS PECAHAN: KAEDAH DAN
ANALISIS PENGIRAAN
ABSTRAK

Pelbagai kaedah perhitungan dicadangkan dan digunakan dalam menyelesaikan
pelbagai kelas persamaan pembezaan pecahan. Sebagai tambahan kepada bahagian
perhitungan, bahagian analisis disediakan untuk beberapa masalah penyelidikan
yang menarik. Pada permulaan soliton tepat baharu bagi persamaan Wazwaz-
Benjamin-Bona-Mahony dimensi-(3 + 1) boleh laras diselidiki melalui persamaan
Kudryashov dan exp(—¢(X)) yang digeneralisasikan. Kemudian, persamaan
Schrodinger tak linear yang diubah suai dengan serakan ruang-masa dibina dalam
konteks kedua-dua terbitan pecahan Caputo dan terbitan boleh laras. Persamaan
yang dicadangkan ini diselesaikan melalui penjelmaan Laplace berganda umum
yang baharu ditambah dengan kaedah penguraian Adomian. Kedua, kalkulus
berbilang pemboleh ubah disiasat dalam erti kata terbitan boleh laras. Terbitan
boleh selaras bagi fungsi nilai sebenar bagi beberapa pemboleh ubah dan semua sifat
berkaitan juga disiasat. Sambungan kepada fungsi bernilai vektor bagi beberapa
pemboleh ubah nyata dikaji. Petua rantai boleh selaras untuk fungsi beberapa
pemboleh ubah juga diperkenalkan. Teorem fungsi tersirat boleh laras untuk bebe-
rapa pemboleh ubah ditubuhkan. Di samping itu, takrifan baharu terbitan pecahan
umum, dinamakan terbitan pecahan Abu-Shady—Kaabar, juga dicadangkan. Ketiga,
kewujudan dan analisis kestabilan penyelesaian masalah nilai sempadan pecahan
baharu dicadangkan kaji untuk persamaan pembezaan pecahan tertib pemboleh
ubah tak linear tersirat dengan bantuan kedua-dua teorem titik tetap Krasnoselskii
dan kriteria kestabilan Ulam—Hyers—Rassias. Keempat, versi umum bagi kestabilan

Mittag—Leflle—Hyers—Ulam bagi persamaan kamiran pecahan kuadratik disiasat.



Kelima, kewujudan penyelesaian ekstrem untuk kelas novel persamaan pembezaan
pecahan y-Caputo dengan keadaan sempadan tak linear dikaji dengan menggu-
nakan teknik lelaran monoton bersama-sama kaedah penyelesaian atas dan bawah.
Keenam, ayunan bagi persamaan pembezaan tak linear tertib genap dengan sebutan
neutral tak linear bercampur disiasat, dan kriteria ayunan baru diwujudkan.

Kata kunci: Kalkulus Pecahan, Persamaan Pembezaan Pecahan, Kaedah Mate-

matik, Analisis Matematik, Analisis Kestabilan.
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CHAPTER 1: INTRODUCTION

1.1 Introduction

Fractional calculus was theoretically initiated in the seventeenth century during
a mathematical conversation between two well-known mathematicians: L'Ho6pital
and Leibniz concerning the possibility of extending the derivative of integer order
to the derivative of order 0.5. After this proposed discussion, other mathematicians
investigated the fractional order derivative via the nth derivative of the power
function expression (Almeida et al., 2019). The definitions of fractional derivative
are categorized into two parts: global (classical) nature and local nature. The
global fractional derivative is nonlocal with a memory and expressed as integral
transformations. The most common examples of this category are Riemann-
Liouville and Caputo. However, the local fractional derivative is locally defined
through certain incremental ratios such as conformable derivative. Fractional
calculus has shown a high capability in the applications of various research topics
related to physics, electromagnetics, mechanics, signal processing, biology, and
economics. The standard derivatives’ properties cannot be satisfied by many
classical fractional derivatives. The property that has been satisfied in almost all
derivatives are the linear property.

In many definitions of fractional derivatives, the non-locality property is essential
for studying many scientific phenomena. However, all fractional definitions have
both advantages and disadvantages. Therefore, there is no single suitable definition
that can work perfectly for all models. This makes fractional calculus to be
considered as an open research problem. One of the most employed definitions in
studying real-world processes is Riemann-Liouville (RL) which is expressed as:

(Atangana & Secer, 2013):



Definition 1. For { € [n — 1,n) where n € N, the {-derivative of V(1) is:

1 ar ' Y(x)
Tn-)d J, (—x)fm ™

DY (1) = (1.1)

The second commonly used definition in engineering is Caputo (Cp) definition

which is expressed as:

Definition 2. For { € [n — 1,n) where n € N, the {-derivative of ¥ (t) is:

d"¥(x)

DY(r) = {) e i};( — (1.2)

While RL and Cp derivatives share the linear property of derivatives and have
been employed in various applications, they are not suitable for all applications.
The RL derivative of constant is not zero, but the Cp derivative of constant is zero.
In RL type, if there is a constant arbitrary function at the origin, its RL derivative
has singularity at the origin like Mittag-Leffler and exponential functions. However,
in Cp type, the differentiability needs higher regularity conditions. To find the
Cp derivative of a function, its derivative is needed to be found at first where Cp
derivative is defined only for differentiable functions.

In (Khalil et al., 2014), a recent initiated locally-defined fractional derivative,
simply called conformable derivative (ComD), relied on limit-based derivative’s

definition. ComD is written as:

Definition 3. For a function ¥ : [0, c0) — R such that (3)V t > 0, the ComD of

order { € (0, 1] of ¥ can be expressed as:

; L W+ Q) (1)
D (Y(@) = glzl_)H}) 0 : (1.3)




Suppose that ¥ is {-differentiable function ({—DF) in some (0, 0), where o > 0,

and the limit ofo(‘P(t)) exists as t —> 0%, then from Eq. (1.3), we get:
D} (¥(0)) = lim Df (¥(1)). (1.4)
t—0*

Note that by substituting £ = 1, the usual limit-based derivative is obtained. One
of the advantages of ComD is that many properties of derivatives are satisfied by
employing this definition in comparison to other definitions. Therefore, ComD
has been actively employed in many applications in physics, natural sciences, and
engineering. ComD has also been applied in studying partial differential equations
to provide exact soliton solutions to many nonlinear models in mathematical physics.

Guzman et al. (2018) another local definition proposed, named non-conformable
derivative (NComD), which is similar to ComD, and the only difference is that
the functional kernel in NComD is ¢’ * instead of the root function 7!~¢ in ComD.
Many NCombD results have been provided in (Guzman et al., 2020; Valdés et al.,
2018).

Recently, some new studies have discussed a possible extension of the theory
of the fractional calculus of constant order, known as the fractional calculus of
variable order. In this recent topic, the studied system’s order, which is represented
as a function of either independent or dependent variables, is varied continuously
to describe the memory’s changes with respect to either time or space (Baleanu
etal., 2011). Initially, the variable-order fractional operators have been proposed
by (Lorenzo & Hartley, 2000) to interpret the diffusion process’s behaviors. More
applications about this interesting topic have been discussed in (Sheng et al., 2011;
Sun et al., 2009). Bouazza et al. (2021) proposed a multi-term variable order

fractional boundary value problem and showed that under some conditions, there



exists exactly one solution to the investigated system. Recently, limited research
works on investigating the fractional constant order boundary value problems
(BVPs). However, the solutions’ existence to fractional BVPs of variable order have
been rarely studied (see (Sousa & de Oliveira, 2018; Tavares et al., 2016; Yang et
al., 2018)).

Integral equations can be encountered in modeling scenarios arising in natural
sciences, physics, and engineering. One of the most useful types of such equations is
the quadratic integral equation due to the variety of its applications in traffic, neutron
transport, and queuing theories (Argyros, 1985; Busbridge, 1960). Therefore, this
equation can be well-investigated in the context of fractional calculus to provide a

suitable modeling tool for many real-world applications.

1.2 Research Questions (Statements of Research Problems)
Our research work has been conducted based on the following important research

questions:

* What is the physical meaning and importance of the obtained exact and
approximate-analytical solutions?

* Which properties should be provided to investigate the proposed fractional
differential equations’ solutions?

* What are the applications of the investigated fractional differential equations’
solutions in physics, engineering, or in any related area?

* What are the theoretical frameworks for investigating the obtained solutions’
uniqueness, existence, and stability?

* Can we propose a new technique or generalized definition of fractional
derivative that can provide more efficient solutions than the other studied

methods?



* Will the proposed methods or definitions be effective in solving fractional
differential equations in comparison to other existing methods?
* Is it possible to propose a new technique to investigate the oscillation of

nonlinear differential equations?

Various classes of differential equations have been studied in this research work to
provide a new path to investigate many interesting phenomena arising from physics

and engineering.

1.3 Research Objectives
The following are the research objectives to be accomplished in this research

work:

* To formulate several fractional differential equations’ classes in the context
of fractional derivatives/integrals or a combination of different fractional
definitions.

* To construct novel exact and approximate-analytical solutions for the proposed
fractional differential equations.

* To provide theoretical and numerical investigations of several fractional
formulations for various phenomena from physics and engineering.

* To develop and propose new methods and generalized definitions of fractional
derivatives for studying and solving fractional differential equations.

* To compare various analytical and approximate analytical techniques for
various types of fractional derivatives for certain interesting models.

* To construct a comprehensive investigation of the obtained solutions to
various classes of fractional differential equations via fractional calculus

properties, fixed point theorems, and other related essential approaches.



* To study the oscillation of nonlinear differential equations via a newly

proposed technique.

14 Scopes of Research

The following is a list of our research scopes in this research study:

* Two nonlinear partial differential equations: (3 + 1)-dimensional Wazwaz—
Benjamin—Bona—Mahony equation formulated in the context of ComD, and
modified nonlinear Schrodinger equation with spatio-temporal dispersion
formulated in the contexts of both Cp fractional derivative and ComD.

* A detailed investigation of multivariable calculus formulated in the context
of ComD.

* The new generalized fractional derivative definition, named as Abu-Shady-
Kaabar fractional derivative, to solve fractional differential equations.

* The existence and Ulam—Hyers—Rassias stability of fractional BVP’s solutions
for an implicit nonlinear variable-order fractional differential equation.

* An investigation of the quadratic fractional integral equation using a general-
ized Mittag-Leffler function.

* An investigation of the y-Caputo fractional differential equation with nonlin-
ear boundary conditions by studying the extremal solutions’ existence.

* A unique study of the oscillation of even-order nonlinear differential equations

with mixed nonlinear neutral terms.
1.5 Novelty of Our Proposed Research Work
The novelty of our proposed research work is listed as follows:

* Investigating nonlinear partial differential equations can physically interpret

various models and the dynamics of their solutions arising in mathematical



physics. Therefore, investigating the Wazwaz—Benjamin—-Bona—Mahony and
modified nonlinear Schrodinger equation with spatio-temporal dispersion
is very helpful in understanding many scientific phenomena arising in
oceanography, optics, electromagnetism, and optical communication.

* A detailed investigation of multivariable conformable calculus provides a
novel tool for modeling phenomena in physics and engineering due to the
need for mathematical analysis in many modeling scenarios.

* ComD satisfies some important properties that cannot be satisfied in RL and
Cp definitions. Therefore, there is always a great need to propose a new
generalized fractional derivative.

* Abu-Shady-Kaabar fractional derivative is proposed in a purpose to overcome
all issues of other derivatives to obtain efficiently fractional differential
equations’ solutions.

* Diverse applications of variable-order spaces of fractional type require a
series of systematic approaches to investigate fractional differential equation’s
solutions such as existence, uniqueness, and stability.

* Studying quadratic fractional integral equations provides a significant tool
in modeling scientific scenarios due to the essential properties of fractional
calculus in investigating systems’ dynamics and behavior.

* A rare technique, known as monotone iterative technique, has been employed
along with upper and lower solutions’ technique to investigate the y-Caputo
fractional differential equation with nonlinear boundary conditions.

* The investigation of differential equations’ oscillation with nonlinear neutral

terms which has been rarely mentioned in other research works.

Motivated by all recent research studies, this research work provides novel contribu-

tions to fractional calculus by proposing new computational methods or developing



techniques for solving various types of fractional differential equations. In addition,
the investigation of solutions to various classes of fractional differential equations
are fully studied in this research. While there are some research studies that have
attempted to investigate the computational method and mathematical analysis of
fractional calculus, there are still many open research problems that have not been
investigated in any research works. Therefore, there is a great need to investigate
such problems due to their important role in various applications in natural sciences

and engineering.

1.6 Importance and relevance of the study

All our expected results will provide a major contribution to the field of fractional
calculus and its applications due to the importance of the fractional differential
equations in various natural sciences and engineering phenomena. The degree
of novelty of our expected research works will be very high, and our work will
be highly appreciated and accepted in top-quality scientific journals due to the
expected original and novel results that will be supported by many simulation results
and application problems from all aspects of science and engineering. In addition,
our results which will be obtained in this work will be useful for physicists and
engineers who use nonlinear partial differential equations formulated in the sense
of fractional derivatives to propose new mathematical models that explain various
natural phenomena. According to the best of our knowledge, none of our expected
results have been obtained in any other previous works concerning the computational
methods and analysis of fractional calculus because we will propose new problems
formulated in the sense of fractional calculus. The existence, uniqueness, and
stability of obtained solutions will be investigated in detail with many illustrative

numerical examples that will be also provided in our work to validate our results’



applicability. Our focus in our research on the importance of proposed problems
and their wide applications in natural sciences and engineering. We always make
sure that our proposed problems have never been introduced in any other previous
works. If they are found to be proposed previously in some related works, our
goal is to extend these problems to something more interesting by formulating it
into new or generalized derivatives and applying new techniques to solve them.
Comparisons will be provided to show the validity of all proposed techniques in
solving fractional differential equations. Tables and graphical representations will
be provided to support our results. All in all, we are very sure that our excellent
expected results will attract a global research interest in reading our works and

citing all of them in other possible future works based on our results.

1.7 Description of Conceptual Framework and Research Methodology
In this research work, various fractional calculus formulations such as ComD,
RL, Cp, Abu-Shady-Kaabar, and many other related fractional definitions will
be investigated to study many interesting problems and scientific phenomena.
Various properties of these fractional definitions will be studied and extended in our
work. New propositions related to these definitions will be presented to obtain our
results. Symbolic computational computer programs such as MAPLE, Wolfram
Mathematica, and MATLAB will be utilized in our work to obtain various types
of solutions to our proposed fractional differential equations. In addition, the 3D
and 2D graphical representations will be drawn with the aid of these software
programs for showing the dynamics and physical behavior of our obtained solutions.
Our main goal in this work is to provide novel contributions to the computational
methods and mathematical analysis of fractional calculus, and to shed light on

the importance of this field of research in modeling many important scientific



phenomena by investigating the proposed problems theoretically and numerically.
The dynamics and physical behavior of the proposed systems will be also presented
through numerical experiments and illustrative examples. The following are the

steps of our conceptual framework:

* Formulate various fractional differential equations’ classes.

* Choose appropriate analytical or approximate-analytical techniques to the
proposed problems in order to formulate novel exact and approximate-
analytical solutions for the proposed fractional differential equations.

* Develop and propose new techniques and generalized definitions of fractional
derivatives for studying and solving fractional differential equations.

* Compare various analytical and approximate analytical techniques for various
types of fractional derivatives for certain interesting models.

* Investigate the obtained solutions to various fractional differential equations’
classes via fractional calculus properties, fixed point theorems, and other
related essential approaches.

* Perform numerical experiments of the obtained results.

To perform the proposed study, the following steps of methodology are needed:

1.7.1 Problem Formulation
We formulate our research problems in the context of fractional derivatives or

integrals.

1.7.2 Theoretical Investigation
We perform an investigation on the proposed research problems by studying the
obtained solutions to various classes of fractional differential equations via fractional

calculus properties, fixed point theorems, and other related essential approaches.
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For new proposed fractional definitions, we prove all proposed theorems related to

our definitions.

1.7.3 Computation

We select appropriate analytical or approximate-analytical techniques to the
proposed problems. In addition, we develop and propose new techniques and
generalized definitions of fractional derivatives for studying and solving fractional
differential equations. Graphical representations of the obtained solutions are
provided in our study. MAPLE, Wolfram Mathematica, and MATLAB software
programs are used to obtain symbolic computational results and represent solutions

graphically.

1.7.4 Comparative Study
Various methods are compared with each other to show the accuracy of the

proposed methods in obtaining solutions to fractional differential equations.

1.7.5 Numerical Validation
We validate our results using numerical experiments by providing many illustra-

tive examples in our research study.

1.7.6 Discussion of Results
All results are discussed in detail, and each proposed problem has been accepted

by strong journals for publications.

1.8 Research Outline
This thesis is consists of 10 chapters. Chapter 1 introduces and gives an overview

of fractional calculus with some interesting topics of research in this field. The
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novelty of this research work is mentioned with a detailed description of motivation,
scope, conceptual framework, objectives, and research methodology. Literature
review on all previous research works related to fractional calculus is discussed
in Chapter 2. Two nonlinear partial differential equations are formulated and
solved vis three methods in the context of ComD and Cp fractional derivatives in
Chapter 3. The multivariable calculus is investigated in the context of conformable
derivative in Chapter 4. A new generalized fractional derivative definition, named
as Abu-Shady-Kaabar fractional derivative, is proposed and employed for some
functions in Chapter 5. With the help of Krasnoselskii’s fixed point theorem,
the implicit nonlinear variable order fractional differential equation is studied in
Chapter 6. The generalized Mittag-Leffler function is employed to study the stability
of quadratic integral equation in the context of fractional calculus is discussed
in Chapter 7. In Chapter 8, the y-Caputo fractional differential equation with
nonlinear boundary conditions is investigated via a novel and rare technique. The
even-order nonlinear differential equations’ oscillation with mixed nonlinear neutral
terms is studied via a newly proposed method in Chapter 9. In Chapter 10, some
conclusions are given, and suggestions for future research works are also given

based on the results in this thesis
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CHAPTER 2: LITERATURE REVIEW

2.1 Introduction

Fractional differential equations (FDfEqs) are considered as an extended version
of fractional calculus (FrCL) that was first defined in the 17th century during
a mathematical discussion between two mathematicians to define the %—order
derivative by extending the integerAAZs definition. The nth derivative of the power
function expression was one of the first expressions of fractional derivatives that was
studied and proposed by Euler and Lacroix (Almeida et al., 2019). The introduced
definitions of fractional derivative are categorized into two parts: global (classical)
nature and local nature. The fractional derivative in the global category, which has
a non-local property with a memory, is expressed as transformations in terms of
integral, Mellin, or Fourier. However, the fractional derivative in the local category
is basically based on a local-type definition involving incremental ratios.

The FDfEqs’ qualitative analysis including the solution’s existence and unique-
ness of FDfEqs is considered as the most interesting research problems in fractional
calculus analysis. The theories of fixed points are considered as important tools in
investigating these problems (see (Abbas & Ragusa, 2020; Akdemir et al., 2021)).

Due to this global category, FrCL has been existed in the history of mathematics
since Laplace’s, Euler’s, and Fourier’s time, until RL and Cp fractional definitions
have been proposed in the modern era. FrCL has shown a high ability to be
applied in studying various research topics’ applications related to electromagnet-
ics, mechanics, fluid dynamics, signal processing, electric circuits, heat transfer,
epidemiology, nonlinear optics, theoretical physics, biology, and control theory
(Miller & Ross, 1993).

While the traditional FrCL definitions attempt to satisfy the usual derivatives’

13



properties, none of them have been successful in satisfying most of them. However,
there is only the property of linearity that has been shared commonly between
all of them (Hammad & Khalil, 2014). Many physical and engineering systems
have been studied in (Almeida et al., 2019) via some techniques to obtain the
fractional equations’ solutions analytically or approximate analytically in the context
of fractional derivatives and integrals (Amoupour et al., 2018).

Many systems’ behavior can be discussed in better way using FrCL than the
integer-order ones because fractional definitions’ nonlocality and memory effects
can be seen in some systems that give this topic a special importance in modeling.
Due to the variety of modeling scenarios in science and engineering that can
benefit greatly from FrCL where many physical systems have naturally some FrCL
characteristics. Therefore, a particular interest has been paid to study the FDfEqs
because of their applicabilities in the fractional-order modeling (Afshari et al.,
2015; Boutiara et al., 2020). . FDfEqs are regarded as a distinguished tool in
many modeling scenarios, but this tool is associated with many challenges such as
obtaining analytical solutions of FDfEqs and finding efficient techniques to solve
such equations analytically. Some of the attempts to solve these challenges have
started with the ComD definition to provide such analytical solutions (Khalil et al.,
2014).

The physical interpretation for ComD is a directional derivative, based on usual
derivative with some modifications in both magnitude and direction (Silva et al.,
2018). Khalil et al. (2019) presented the fractional cords’ example to show the
interpretation of ComD geometrically.

From the ComD’s definition, with the help of mathematical tools in analysis, some
notable studies concerning the functions of a real variable have been investigated,

and some other related works concerning the complex-valued functions of a real
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variable, Green’s function, Rolle’s Theorem, Mean Value Theorem, integration by
parts, power series expansion, Sturm’s theorems, and the definitions of single and
double Laplace transforms have been studied in (Kaabar, 2020; Khalil et al., 2014;
Martinez et al., 2020).

In FrCL, the arbitrary order integrals and derivatives are considered. Fractional
derivatives have a unique behavior which inspires new research works concerning
the developments of their theoretical frameworks. However, this research field has
recently been considered as an essential interdisciplinary subject in natural and
engineering sciences.

To provide a better understanding the scientific phenomena’ mechanisms, it is
essential to propose new models constructed in the FrCL context involving their
obtained solutions and properties. In addition, the mathematical analysis of some
interesting FDfEqs are needed to be studied in order to answer many of the open
research questions such as the solutions’ existence, uniqueness, and stability of our
proposed systems.

This chapter provides a survey of all previous research studies that have been
done on FrCL including computational methods and analysis. This chapter consists
of six sections. Some previous interesting research works on studying the nonlinear
FDfEqs are discussed in Section 2.2. Multivariable conformable calculus is
presented in Section 2.3. The FDfEqs of variable order are discussed in Section
2.4. In Section 2.5, the y-Caputo FDfEq is mentioned. Some previous works on
differential equations’ oscillation are discussed in Section 2.6. A brief conclusion

about all investigated studies is provided in Section 2.7.
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2.2 Nonlinear Fractional Partial Differential Equations

Partial differential equations (PrDfEqs) have motivated many researchers of
natural sciences and engineering to investigate them due to their essential role in
modeling various scientific phenomena in chemistry, physics, and signal processing.
Due to the nonlinearity of many systems, nonlinear PrDfEqs have motivated
scientists to prove the existence of exact solutions. Finding novel exact solutions
for nonlinear PrDfEqs can help significantly understand systems physically and
dynamically. Therefore, new techniques have been recently developed for obtaining
the nonlinear PrDfEqs’ solutions exactly such as the technique of generalized
Kudryashov in solving some interesting nonlinear PrDfEqs (Kaplan et al., 2016),
and the techniques of extended simplest equation and modified simple equation
to solve the nonlinear Fokas equation (Al-Amr & El-Ganaini, 2017). To solve
nonlinear integrable equations, the Hirota bilinear technique, was first introduced in
(Ma, 2020; Ma et al., 2021) to find new lump solutions, which are considered as an
alternative kind of exact solutions that are rationally and spatially localized, for the
investigated equations (Ma, 2022). Soliton solutions are basically analytic functions
that are exponentially localized, which represent multifarious wave phenomena.
The motivation is that nonlinear PrDfEqs can be constructed in the context of
fractional derivatives which will provide new and novel results to the soliton theory
and mathematical physics by investigating the exact solutions and their dynamics
via new techniques.

One of the most notable examples of these equations is the Schrodinger equation
which is commonly seen in studying nonlinear optics due to its ability to interpret the
optical soliton propagation’s dynamics in optical fibers. Some studies concerning the
complex Ginzburg-Landau equation’s optical solutions with Kerr Law nonlinearity

constructed via the truncated M-fractional and beta derivatives were obtained in
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(Yusuf et al., 2019). Moreover, the Kundu-Eckhaus equation’s optical solutions
were investigated with the help of the techniques of extended Jacobi elliptic function
expansion and modified tanh coth (Baleanu et al., 2017), and the technique of
first integral (Wazwaz, 2017), respectively. Different other related models’ optical
solutions were studied in (Al-Amr & El-Ganaini, 2017; Inc et al., 2018). As a result,
finding nonlinear fractional PrDfEqs’ novel solutions, especially for Schrodinger
equation’s modified forms, has attracted the interests of all concerned researchers
due to the applicability of these equations in electromagnetism, nonlinear optics,
and fluid dynamics (Ghanbari & Gémez-Aguilar, 2019). There are also many other
interesting nonlinear partial differential equations that are needed to be investigated
to understand the dynamics of their obtained solutions.

Another interesting nonlinear PrDfEqs is the Benjamin-Bona-Mahony equation
(BeBoMakEq), which is basically an extended formulation of the Korteweg-de-Vries
equation. In a shallow water channel, the unidirectional propagation of long waves
with small amplitude is represented by this equation (Bekir et al., 2021, 2020).

Wazwaz (2017) initiated the idea of three-dimensional BeBoMaEq, named as the
Wazwaz-Benjamin-Bona-Mahony equation (WaBeBoMakEq), by the procedures of
coupling or generalized formulations. WaBeBoMaEq can describe many research
problems with a variety of applications that involve higher dimensional systems
(Bekir et al., 2021, 2020). The WaBeBoMaEq’s exact solutions are highly needed
to be further investigated to understand the behavior and dynamics of many systems.
Some recent research works on WaBeBoMakEq include the study of the conformable
version of WaBeBoMaEq such as (Seadawy et al., 2019) using the procedure of
simple ansatz and (Bilal et al., 2021) using the procedure of generalized exponential
rational function. In addition, the conformable WaBeBoMaEq has been investigated

using other different techniques such as the techniques of modified simple equation
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(Bekir et al., 2021), Riccati-Bernolli Sub-ODE (Bekir et al., 2021), and (G’/G)-

expansion (Bekir et al., 2020).

23 Multivariable Conformable Calculus

Several studies have been recently conducted on studying conformable derivatives
and integrals. A two-dimensional wave equation, constructed in the context of
ComD, representing a circular membrane undergoing axisymmetric vibrations
was investigated in (Kaabar, 2020). This equation was solved via three novel
methods: Separation of Variables Method, Differential Transform Method, and
Double Laplace Transform Method. Novel results on Laplacian, constructed in
the conformable context, was investigated in (Martinez et al., 2021b) where the
results were discussed with Dirichlet and Neumann conditions. The generalized
mean value theorems were studied in the context of ComD (Martinez et al., 2021a).
Some new results on complex fractional integration are investigated in (Martinez et
al., 2020) via the establishment of sufficient conditions for a continuous function in
order to get a conformable antiderivative.

CombD has been employed in many scientific applications, particularly theoretical
physics. The conformable version of analytic functions has been discussed in
(Khalil et al., 2018). The contour conformable version of integral has been studied
in (Martinez et al., 2020; Ucar et al., 2019). In 2018, the idea of the conformable
version of multivariable calculus has been initiated in (N. Y. Goziitok & Goziitok,
2017). In 2019, the differential geometry of curves has been studied in the contexts
of ComDs and integrals (U. Goziitok et al., 2019). In 2020, the behavior of the
linear differential systems’ stability has been investigated in the context of ComD.
In 2021, the behavior of the ComDs of functions has been investigated in arbitrary

Banach spaces (Kiskinov et al., 2021).
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24 Variable Order Fractional Differential Equation

Fractional models of variable and constant orders have been investigated by (Sun
etal., 2011) to study the proposed systems’ memory. A nonlinear alcoholism model,
constructed in the context of variable-order fractional operator, has been proposed
and solved by (Gémez-Aguilar, 2018). A multi-term variable-order fractional BVP
has been studied in detail by (Bouazza et al., 2021). Then, the variable-order
fractional BVPs in the context of Atangana-Baleanu fractional operator has been
proposed by defining a kernal function with the help of polynomial form (X. Li et
al., 2020). A linear variable-order FDfEq, constructed in the context of Cp, has
been investigated in (Derakhshan, 2021). In a very recent study, a variable-order
fractional BVP, constructed in the context of Hadamard, has been studied by (Refice
et al., 2021) via the technique of the Kuratowski measure of noncompactness.

In (Benchohra & Lazreg, 2014), the implicit nonlinear FDfEq has been investi-
gated concerning its existence-uniqueness in the framework of constant order as

follows:
“Dgex(r) =m(t, x(1)," Dg,x(1)), 1€F:=[0,2], 0<Q <400, 1 <u<?2
x(0) = x0, x(Q) =x;

where m : § X R x R — R is a given function that belongs to C(J x R%,R),

x0, X1 € R, and the Cp fractional derivative is represented by “Dy, .

2.5 y-Caputo Fractional Differential Equation with Nonlinear Boundary
Conditions

In FrCL, there are many interesting fractional operators such as Cp, RL, and

Hadamard that can be applicable for many modeling scenarios. However, none
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of these definitions can be universally applied for all models. To overcome this
issue in FrCL, new definitions have been initiated to provide a one universal
definition that can contain some of the above definitions (Caputo & Fabrizio, 2015).
One of the successful attempts in formulating such universal definition is the
y-fractional operator which has been proposed in (Almeida, 2017; Almeida et al.,
2018) as a universal platform by including other definitions in its integral kernel’s
function by substituting it with certain functions. Another advantage is that this
universal definition preserves its nonlocality and the property of semigroup. Some
applications have been conducted using this definition in (Abdo et al., 2019; Jarad

et al., 2020).

2.6 The Oscillatory Behavior of Differential Equations

Differential equations’ oscillatory behavior (DEqsOB) with a linear neutral
term has been recently investigated in various research works. Some of the most
interesting works that have been conducted on studying DEqsOB are the even-
order quasilinear neutral functional DEqsOB (Baculikova et al., 2011), 2nd-order
superlinear Emden-Fowler neutral DEqsOB (T. Li & Rogovchenko, 2017), and 2nd-
order nonlinear neutral delay differential equations solutions’ asymptotic behavior
(Graef et al., 1991). For the higher-order systems, the neutral delay DEqsOB
has been investigated in (W. N. Li, 2000). However, both of the even-order and
nonlinear neutral DEqsOBs with variable coefficients have been discussed in (Zafer,

1998) and (Q. Zhang et al., 2010), respectively.

2.7 Conclusion
Motivated by all previous research works, all our results in this thesis provide
a major contribution to the field of fractional calculus and its applications due

to the importance of the FDfEqs in various natural sciences and engineering
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phenomena. According to our comprehension of all previous other research studies,
none of our results have been obtained in any other previous research works
concerning the computational methods and mathematical analysis of FrCL because
new problems are proposed and formulated in the context of FrCL. The existence,
uniqueness, and stability of obtained solutions are investigated in detail with many
illustrative numerical examples that will be also provided in our work to validate
the applicability of our theoretical results. Our focus in our work on the importance
of proposed problems and their wide applications. We always make sure that our
proposed problems have never been introduced in any other previous works. If
they are found to be proposed previously in some related works, these problems
are extended to something more interesting by formulating it into new derivatives
and applying new techniques to solve them. Comparisons are provided to validate
all proposed techniques in obtaining FDfEqs’ solutions. Tables and graphical
representations are provided to support our results. All in all, we are very sure that
our results will attract a global research interest in reading our works and citing
them in other possible future works based on our results. In addition, our work will
open new insights to develop new mathematical models and will motivate all other

researchers to investigate this interesting field of research.
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CHAPTER 3: NOVEL TECHNIQUES FOR SOLVING CONFORMABLE
AND FRACTIONAL NONLINEAR PARTIAL DIFFERENTIAL
EQUATIONS

3.1 Introduction

In this chapter, three novel techniques are discussed for obtaining solutions of
nonlinear partial differential equations (NLPrDfEqs) in the context of ComD and Cp
derivative. In the first part of this chapter, the (3 + 1)-dimensional WaBeBoMaEq
is formulated via ComD. The introduced equation is solved via the generalized
Kudryashov method (GeKM) and exp(—¢ (X)) method (ExM). MAPLE software
has been employed to perform all algebraic computations. 3D and 2D graphical
profiles are presented to show all obtained solutions’ behavior and dynamics at
various parameters’ values and orders via Wolfram Mathematica. In the second
part of this chapter, a modified version of the nonlinear Schrodinger equation with
spatio-temporal dispersion is formulated in the contexts of both Cp derivative and
ComD. The proposed equation is solved via a new generalized double Laplace
transform coupled with Adomian decomposition method. The 3D plots of the
real and imaginary parts with their corresponding contour plots of the obtained

approximate analytical solutions are also provided.

3.2 Fundamental Preliminaries and Methodology

Consider the following (3 + 1)-dimensional modified form of BeBoMaEq:
¥+ P, + P2, -, = 0. (3.1)

Eq. (3.1) was first proposed by (Wazwaz, 2017) via the formulation of 3-dimensional
modified version of BeBoMaEgs, named as WaBeBoMakEq, via coupling or various

generalized contexts or as their combination. Higher dimensional problems with a
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variety of applications can be mentioned via the WaBeBoMaEq (Bekir et al., 2021,
2020). To interpret WaBeBoMaEq physically and understand its dynamics, finding
exact solutions for WaBeBoMakEq is very essential. Various soliton solutions for
conformable WaBeBoMaEq have been obtained by (Seadawy et al., 2019) and
(Bilal et al., 2021) via the procedures of simple ansatz and generalized exponential
rational function, respectively.

Therefore, we are motivated to obtain new exact solitary solutions for WaBeBo-
MakEq in the context of ComD via two novel procedures: GeKM and ExM. The
general fractional formulation of WaBeBoMaE(q can be expressed as:

DY+ DI+ DY - DY =0, (3.2)

xzt

where D¢ is the conformable operator of order: ¢ € (0, 1]. The exact solutions
of Eq. (3.2) have been previously studied via the (G’/G)-expansion method (Bekir
et al., 2020), modified simple equation method (Bekir et al., 2021), and Riccati-
Bernolli Sub-ODE method (Bekir et al., 2021). However, no previous research
works has studied Eq. (3.2) in the context of ComD via GeKM and ExM. Therefore,
all our results are original and novel.

Let us now introduce some essential notions about ComD.

The theorem (Khalil et al., 2014) below shows that fo is a ComD in Eq. 1.3

satisfies the known limit-based derivative’s properties as follows:

Theorem 1. For ¢ € (0, 1], let functions: ¥ and ® be {—DF at a point t, then we

get:

(a) DL (P()D(1)) = ¥(1)D; (D(1)) + D(1)D; (¥(1)).

(b) DF(m¥(1) + wd(1)) = mDEW(1) + wD D(1), Vm, w € R.

(P _ DODE () -F(1)D: (D(1))
(c) D1‘ (m) - : ®2(1) .
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(d) DF(1*) = ki*~{, ¥ k € R.

. . . . e _ A-d¥Y
(e) If¥(t) is supposed to be a differentiable function, then D: (WY(t)) = t'~¢ o
(f) Df(v) = 0, V constant functions V(1) = v.

Then, the methodology of GeKM and ExM are mentioned as follows:
Consider the nonlinear evolution equation (NLEE(Q), with 4 independent variables:

X, Y, z, and ¢, formulated generally in the context of ComD as follows:

T(¥, D)%, DY, DI, DLW, DY, DY, DEW, DI°Y,,..) = 0,0 < £ < 1,

(3.3)
where ¥ = W(x,y,z,t) is an unknown function, and 7 is a polynomial of ¥
and its partial derivatives in which all of the nonlinear terms and highest-order
derivatives are included in Eq. (3.3). First, to solve Eq. (3.3), we use traveling
wave transformations for ComD as follows:

For ComD:
S S S

W(x,y,2,1) = ¥(N): N:p%+q?+y? s (3.4)

where p, g, 7y, and ¢ are all constants with the condition: p, ¢, 7y, ¢ # 0, and ¢ is the

wave speed.

From the above, Eq. (3.3) is reduced to the ordinary differential equation

(ODEq) as:

LY, ¥, 9", 9", ..) = 0. (3.5)

The derivative with respect to (w.r.t.) N is represented by a prime. Eq. (3.5) should
be integrated term by term one or more times.

Schrodinger equation is another important NLPrDfEq that has been applied in
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various applications in physics and engineering due to its essential role nonlinear
optics which can successfully explain the dynamics of optical soliton propagation
in optical fibers.

Various fractional formulations have been introduced in (Ghanbari & Gomez-
Aguilar, 2019; Yasar & Yasar, 2018) to obtain exact optical soliton solutions
for modified nonlinear Schrédinger equation (MoNLSEq) with spatio-temporal
dispersion. Finding analytical and approximate analytical solutions for the modi-
fied forms of nonlinear fractional Schrodinger equation have become a common
research interest for physicists and applied mathematicians in the field of optical
soliton propagation because of the applications of this equation in plasma, op-
tics, electromagnetism, fluid dynamics, and optical communication (Ghanbari &
Gomez-Aguilar, 2019; Yasar & Yasar, 2018). The dynamics of optical soliton prop-
agation in optical fiber can be interpreted from the MoNLSEq with second-order
spatio-temporal dispersion and group velocity dispersion coefficients (Ghanbari
& Goémez-Aguilar, 2019). Given W(x, ¢) as a complex-valued wave function that
represents the macroscopic property of wave profile of the spatial and temporal
variables which are expressed as x and ¢, respectively. Then, MoNLSEq can be

written as (Ghanbari & Gémez-Aguilar, 2019):

i|\—twi— |+ +w3— + PP ¥ =0,

(0¥ oY © 0%y o*Y
0x ot 22 0x2

wherew is proportional to the ratio of group speed; (3.6)

w3 is a group velocity dispersion coefficient;

w3 is a spatial dispersion coefficient;

To formulate Eq. (3.6) in the sense of fractional derivatives, let us first define
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Caputo fractional derivative as follows:

Definition 4. For &,y > 0, given two functions: h(x) and h(t) such that for x,t > 0,
the Caputo fractional derivative (CpFD) of h of order & and y, denoted by Di(h) (x)
and D! (h) (1), respectively where TDi and D! are Cp derivative operators which

can be simply expressed as (Hamed et al., 2014):

Dh(x) = ﬁ /Ox(x —) Oy, Q-1<E<QforQeN,
3.7
D/ h(t) = ;/ (t =" TR (Wdu; w=1<y < wforweN.
Fw=v)Jo
(3.8)

If ¢ = Qand y = w where Q. w € N, then D5h(x) = L5h(x) and D] h(r) =

a~

Jeh(t). CpFD is very useful in science and engineering due to their important

properties such as the inclusion of initial and boundary conditions in its formulation
(Almeida et al., 2019; Odibat et al., 2008). Let us now define the Mittag-Leffler

function:

Definition 5. The Mittag-Leffler function, denoted by E¢ (1), can be expressed as
follows (Dhunde & Waghmare, 2016):

a m

Eer(t) = Z m, where t,{ € C and R(£) > 0. (3.9

m=0

From Definition (5), the Mittag-Leffler function, denoted by E (¢, h, ¢), can
be written (Hamed et al., 2014) as: E(t,h,c) = thEl,hH(ct), and the fractional
derivative of Mittag-Leffler function can also be expressed (Hamed et al., 2014) as:
D (15 Eg ¢ (c9)) = 15797 Eg r_5(ct¥) where § > 0.

The approximate-analytical solutions for Eq. (3.6) are obtained using double

Laplace transform method in the sense of CpFD and ComD.
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From Definition (4), Eq. (3.6) can be formulated in the sense of CpFD as

follows:
[0V (x,1) A% (x,1) 0% (x,1) 0¥ (x, 1) ’ )
i o7 + wy 5 +wy 3720 + w3 T2y +|P"¥Y =0;
0V (x,1) 0% (x,1) %W (x,1) 0¥ (x,1) 2 '
1 a7 + wil 970 + w) 5720 +(U3w+|q’| ¥ =0
where [ = \/—_1,0 <y,0<1,t,x>0.
(3.10)

From Eq. 1.3, Let us formulate Eq. (3.6) in the sense of ComD as follows:

Y l6 Y l‘é Y t(S Y té
iD= S+ o [, D)) 4w [ D) v oy [,
Yy o Yy o Yy 6 )

+|¥YP¥ =0;
Y t6 Y t6 Y t6 Y 1‘6
o7 [ D) it [, D+ wnd®w (2 D) e [ D
Yy o Y Yy o Yy 6
+|P)?¥ =0,
wherei = V-1,0<vy,6 < 1,¢,x > 0.

(3.11)

3.2.1 The GeKM
The obtained solution for the reduced equation using GeKM is formulated via a

polynomial in 2(N) as (Kaplan et al., 2016; Kudryashov, 2012):

J
> pehk(R)

PY(R) = ";g— (3.12)
EOCIZHZ(N)

where pi(k =0,1,...,J),q;(l =0,1,...,W) are constants which are needed to

be determined > p; # 0, gw # 0, and L = L(N) is the solution of the following
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equation:

dh ™) _
= = (R = h(). (3.13)

The solution of Eq. (3.13) can be expressed as:

h(N) =

TN I, is integration constant. (3.14)
+ [1e

From the homogeneous balance principle (HBPrp), the positive integers: J and W
in Eq. (3.12) can be obtained using Eq. (3.5). In addition, a polynomial, #, can be
determined by the substitution of Eq. (3.12) into Eq. (3.5) along with Eq. (3.13).
Now, by equating all the coefficients of polynomial 7 to O in order to build a system
of algebraic equations. This system is solved using MAPLE to find the values of
pr(k=0,1,....,J),q;(l =0,1,..., W). All soliton-type solutions of the reduced Eq.
(3.5) can be obtained by the substitution of these obtained values and Eq. (3.13)

into Eq. (3.12).

3.2.2 The ExM
From ExM (Roshid et al., 2014), the obtained solution for the reduced equation

is formulated via a polynomial in exp(—® (X)) as follows:

¥ (R) = > pj(exp(-o(N)), (3.15)

j=0

where p; (pw # 0) are constants which are needed to be found, and ¢ () satisfies

the following auxiliary ODEq:

¢’ (N) = exp(=¢(N)) + P exp(¢(N)) + x. (3.16)
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Note that Eq. (3.16) has distinct solutions which are expressed as:
CASE I: When y? — 49 > 0 and ¢ # 0, the hyperbolic function solutions are

expressed as:

—Vx? — 49 tanh (YN 4 1)) - y

#1(%) = 1In =

(3.17)

CASE II: When y? — 49 < 0 and ¢ # 0, the trigonometric function solutions

are expressed as:

VAT =P an(VEE N+ 0)) -

#2(%) = In =

(3.18)

CASE III: When y? — 49 > 0, % = 0 and y # 0, the hyperbolic function

solutions are expressed as:

X
cosh(y(N+1)) +sinh(y(N+1)) 1]

$3(X) = —In (3.19)

CASE IV: When y? — 49 =0,9 # 0and y # 0, the rational function solutions

are expressed as:
20y(N+1)+2)

NX) = In(- 3.20
$4(N) = In( R (3.20)

CASE V: When Xz - 49 =0,¢ =0and y =0, we have:
d5(N) =In(N+1). (3.21)

From the above cases, the integration constant is represented by /. By the substitution
of Eq. (3.15) into the reduced Eq. (3.5) and collecting all terms together that

are in the same order of exp(—¢(X))/(j = 0, 1,2, ...), the polynomial in terms of
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exp(—¢(N)) is verified. Then, by equating all coefficients to 0, a set of algebraic
equations is constructed for p;(j = 0,1,..m), x,6, and ¢ . With the help of

MAPLE, the system can be solved to obtain diverse exact solutions for Eq. (3.4).

3.2.3 The Double Laplace Transform method
Kaabar (2020) defined the conformable double Laplace transform (CmDLTr) as

follows:

Y l‘d
Definition 6. Given a function, ¥ (x—, g) : [0, 00) — R such that for all x,t > 0,
Y
x? 10 x? 10
the CmDLTr of order y,5 € (0,1] of ¥ |—, < |, denoted by €3\ |V |—, —||,
Yy o ) y o
starting from O can be expressed as follows:

x? 1 x? 19 -
S R

0 0o o
:/ / [m%W%TGLL%%W*Mm.
o Jo Yy O

where 51, 51 € C. If the integral in the above definition exists, then this definition

(3.22)

holds true.

To define the double Laplace transform in the sense of Caputo partial fractional
derivatives, let us assume that ¥¥ (s, s2) = fow /000 e~ (1420 (x 1) dx dt. From
(Dhunde & Waghmare, 2016), Theorems 3.1 and 3.3 in (Anwar et al., 2013), and
Theorem 2 in (Khan et al., 2019), the Caputo double Laplace transform (CpDLTr)

can be defined as follows:

Definition 7. Given a function, ¥ (x,t) : [0, c0) — R such that for all x,t > 0, the
double Laplace transform of the Caputo partial fractional derivatives of ¥(x, 1)

of orders & and y where ¢ € (j — 1, j] andy € (b —1,b] such that ¢,y > 0 and
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J,b €N, denoted by a—f‘I’(x 1) and =W (x, 1), respectively can be expressed as:

ary

,_

Jj—
5P (0, 1)
xt Egyxt -1- z
& [—‘I’(x | =578 (s1.52) - lzs ’[T]' (3.23)
Y - -a, [0°¥(x,0)
Xt — J\pxt Y-
e ﬁ‘l’(x,t)]—sz‘l’ (s1,52) — Z [—ta (3.24)

The double Laplace transform in the sense of conformable partial fractional
derivatives can be similarly defined (Kaabar, 2020) as follows:

Y td
Definition 8. Given a function, ¥ (x_ g) : [0, 00) — R such that for all x,t > 0,
Y

the double Laplace transform of the conformable partial fractional derivatives of

x7 10 x? 10
v ) of orders y and 6 where y,6 € (0, 1], denoted by ax,/‘P (—, 3) and
Y

9 xY t6
wr|— = 5 , respectively can be written as:

1

a9 (x? 10 O L [87w(0,1)
Xt | T - gt y— z
&, [(9)67‘{’(’)/’5)} 51y (51, 82) — ;sl t[ o

§ A b-1 X
5 [iq’(%at—)]—szq‘ (s1,52) = D 77" [w]. (3.26)

) a
ot 1) py ot

(3.25)

The existence and uniqueness of CmDLTr have been proven in (Kaabar, 2020),
while the existence and uniqueness of CpDLTr have been discussed in (Anwar
et al., 2013). It is obvious that the formulas of the double Laplace transform in
Definition (7) and Definition (8) are the same when j, b = 1. However, for CpDLTr
definition, j and b can be any natural number without any restrictions, while in
CmDLTr definition, the y and ¢ are restricted to the maximum order’s value of 1.
Therefore, the general definition of CpDLTr coincides with the general definition

of CmDLTr when j,b = 1. The properties of CmDLTr and CpDLTr have been
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discussed in (Ozkan & Kurt, 2018) and (Omran & Kiligman, 2017), respectively.
For y,6 € (0, 1], let us now define the formula of the inverse fractional double
Laplace transform (Dhunde & Waghmare, 2016) for both ComD and CpFD, denoted
by ({’;‘lg)‘l [‘i’%(sl, s1)], as follows:

Definition 9. Given an analytic function: ‘i’f;g(sl, 52), for all s, s, € C and for
v,0 € (0, 1] such that Re{s\ > n} and Re{sy > o}, where n,o € R, then, the
inverse fractional double Laplace transform (IFDLT) can be expressed (Kaabar,

2020) as follows:

(5;3)_1[‘1%(&,&)] = (&))" [P (51, 82)]
—] [otic potico e (3.27)
= m/@ S1X @52 lP;C,(S(Sl,SQ) dsi dss

e
—ioco ¢—ico

To solve the Eq. (3.6) in the senses of CpFD and ComD via CpDLTr and
CmDLTr. respectively, let us first re-write both Eq. (3.10) and Eq. (3.11) as

follows:

%Y (x, 1) _ Wy 0¥ (x,1) B L@V‘P(x, 1) B ﬁia‘s‘l’(x, 1) 1

- — |
ox2y w3 0129 w3  OxY w3 ot w3| |

subject to the following initial and boundary conditions:
0¥ (x,0)

ot
¥ (0,7)
P)

¥Y(x,0) = aop(x) and =a(x).

Y (0,1) = bo(t) and

=b(1).
wherei = V-1,0<y,6 < 1,t,x > 0; x,t € R*, and ag, a;, bg, by € C(R*,R").
(3.28)
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DY (x_ f) _ 2oy (x_y i) _ LDV‘P (x_y ﬁ) _ Yoy (x_y f)
* y’ 6 w3 ! y' 6] ws Ty’ ws T \y’'6
1
- — Y.
w3

subject to the following initial and boundary conditions:
Y Y Y Y
p (x—, o) = ng (x—) and D, ¥ (x—, o) = (x—)
Y Y Y Y
10 10 10 10
Y 0,— =mgy|— and bx\P 0,— =mi|—].
) ) ) )

wherei = V-1,0<y,6 < 1,t,x > 0; x,t € R*, and ng, ny,my, m; € C(R*, R*).
(3.29)

By applying the single Laplace transform to initial and boundary conditions in

Eq. (3.28) and Eq. (3.29), respectively, we obtain the following:

(095,001 = lao(o)] = an(si | 252 = i
(3.30)
(1%(0,0)] = €Tbo(1)] = Bo(s2); ¢ [‘”(0’ ’)] ~ Bi(s2).
xY xY
(1% (x,0)] = €lmo ()] = rio(s1); € [w (7, o)] _¢ [nl (7) _ i (sn)

) )
(I%(0,1)] = CTmo(1)] = ritg(52); € [:oxw (o, %)] iy [ml (’—)] i1 (52).

(3.31)

Let us now apply the CpDLTr to both left-hand and right-hand sides of Eq.

(3.28), we obtain:
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2y-1 sy=2

A"Y(x,t)| 5| 5|
0| ———=| =Y(s1,5) = ' [bo(2)] + ——CC"[by (2
[ — ] (51052) = =50 0] + =L 1)
1 20y [ Y oy 1
‘T[fxff [%6 n) , LI o0 (x’t)]w’fff [—I‘Plz‘PH.
S17 w3 ot?o w3  O0xY w3 oto w3
By simplifying the above, we obtain:
0P(x, )| & 1 1
oo [# = B(s1,52) = — L [bo(1)] + =L [b1 (1)
0x=Y 1 s

1
1 20y [ T o 1

- = [fxft [%6 x,1) + XD +iﬂa x, Z)] + g [— [‘I’Z‘P*]H .
s w3 ot w3  O0xY w3 oto w3

1
where |¥|> ¥ = W2¥* such that ¥* is the conjugate of V.

(3.32)

According to the Adomian decomposition method (ADcM), Eq. (3.32) is written
according to the following standard operator form for NLPrDfEqs: LW(x,?) +
RY(x,t)+NW¥(x,t) = S(x, ) where N represents the nonlinear differential operator,
L represents the 2nd-order partial differential operator, R represents the remaining
linear operator, and S(x, 7) represents a source term. Therefore, by applying the
method of CpDLTr coupled with ADcM, the decomposition infinite series can be

expressed for both linear and nonlinear terms as follows:

W(x,1) = ) Wilx, 1)
= (3.33)
NW(x0) = ) 6i(P(x,1).
i=0
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where the above nonlinear term, denoted by N (W (x, 7)), is represented by infinite
series of the Adomian polynomials, donated by ¢;, which can be expressed

(Nuruddeen et al., 2018) as follows:

1 d = .
P J A L
¢l—i!dgi N jEZOQ @ ,i=0,1,2,3, ...

Q=0

(3.34)
so, we can write some of those terms as follows:

1
do = N(Wo); ¢1 = WIN'(Wp); ¢2 = PN (W) + a‘l’fN"(%)-

By applying the standard NLPrDfEqs operator form, and Eq. (3.33) to Eq.
(3.32), we obtain:

o

S wis, r)] = e bo(0)] + € b1 (1)
i=0 51 51

1 > i
- — | |R Y;(x,1) + 50 [ o; ] .
sy Zf ; (3.35)
W 9% (x,1) i O"Y(x,1) wi O°W(x,1)
where R[W(x,1)] = Y + P + lw_3T

1
and ¢; [V (x,1)] = w—3‘1‘2‘1’*.

Let us now write some of the Adomian polynomials, ¢s using the formula in Eq.

(3.34) as follows:

1
= —p2y
bo w; 070

2 | .
¢ = —PoP ¥y + —¥; P,
w3 w3
2 * 1 2+ 2 * 1 2+
w3 w3 w3 w3
By applying the inverse double Laplace transform to the left-hand and right-hand

sides of Eq. (3.35), we obtain the following general solution to Eq. (3.28),
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recursively:

Wo(x,1) = bo(t) +xb1 (1),

Wi(x, 1) =)' 1[

Wy Oy (x,t) AV (x.t) . wy AOW(x,t)
[W ety e g s [H [0 (P ()] | |
1

T%y w3 9126 w3 axY w3 910

20 . 5
W, (x, 1) =—(ex>-1<ff>-1[4[mf[ﬂﬁ Pl L 0D e d “’1“"”]ww'[m(llf(x,r))JH,

Wit (1) = (67 (£) ! [ 6O [RIW, (. 0)]] + €0 [, r))]] fori > 0.
1

(3.36)
Similarly, we can apply the CmDLTr to both sides of Eq. (3.29), we have:
oo [ D7 9(2L5 ) |28 (s1.5)= ZHMZ [mo(0)]+2 1 zf"f’ [ (%))
l 1
- iy e[ 20309 (2, 2 )+ LDV (35 Jei pw (22,2 ) |verer | L 1wy |
5
After simplifications, we have:
6 (3.37)

t’xé”[:‘)iy‘I’(% %)] =P (s1.5)=2 s Imo(D)]+ lfxft [ml (E)l

S e[ 203w ( 2,2 e LDV (2 L ik ppw (L ) [rever [ L [wwr] ||
I

S

where |¥>w=y29* such that ¥* is the conjugate of V.

Let us now apply the standard NLPrDfEqs operator form and Eq. (3.33) to Eq.
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(3.37), we have:

o

1 1 t t(s
Z‘P(x t)] —M [mo(1)] + ¢ [ml( )]
s 0

1
Z ¥ (x, t)] + e [i ¢,-]

Y 40 ; Y 46 y 0
where R[¥(x, )] :[ 2 poy (xy ,’5)+L:ozw (’C—,%)Hﬂmf\p(i ’_)]

0| R

1
2
5

1
and ¢; [V (x,1)] = w—3‘P2‘P*.

(3.38)

We apply the inverse double Laplace transform to both sides of Eq. (3.38) to obtain
the general solution to Eq. (3.29), recursively as follows:
P\ x|
Yo(x, 1) = —|+— —1,
o0 =mo () + i (5
¥, (x ,1 ) =

() e :S%Ly[t’xf’[z—gbzé%(% )+ LDV (L, 55 2 Do (3,5 ) |+ [0 (P, z))]]-,

\Pz(x, t) =

>

~(9)7 (e 1>24[€X€’[w2 D20 (L, )+ LDV (2,2 | LDy (21,0 ) 405 41 (B, z))]]—,
1 d

Wi (x,1) = (6971 eH! %m’f [R[¥:(x,0)]] + €€ [¢:(¥(x,1))] ]|, fori > 0.
S

(3.39)
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33 Solutions of the (3 + 1)-Dimensional Conformable WaBeBoMaEq
Exact soliton solutions of the proposed Eq. (3.2) are obtained in this section via
GeKM and ExM.
pyYS®” + q(¥?) + (=y + p)¥’' = 0. (3.40)

By integrating Eq. (3.40) once with respect to N, we obtain:

pysP” +q¥ + (=5 + p)¥ = 0. (3.41)

3.3.1 Exact Solutions via the GeKM

According to the HBPrp, the highest-order derivative and nonlinear terms in Eq.
(3.41) are balanced. Thus, we get: J = W + 1. Let us set W = 1, we obtain: J = 2.
Thus, the solution can be written as:

2
p(x) = Lot Pl ol (3.42)

qo+q1h

where h = h(N) is the solution of the Eq. (3.13). As a result, by substituting
Eq. (3.42) into Eq. (3.41) and using Eq. (3.13), we obtain system of algebraic
equations by equating all coefficients of the functions RO R B2 B3, RY B, RO to 0.

Now, po, p1, P2, qo, and g are all parameters.
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6 .
> ap3+2pyspaqi=0,

5 .

B>t 3qp1p2-3pysprqi+6pyspaqoqi=O0,

4 .

Yt —9py6pagoqi-8p2a3+pp2qi+6pySpagi+pydpaqi+3apopi+3apipa=0,
3.

i —6pig3+2pyopiai+qpi-10pysprgi+pyshiqoqi—pydqipo+ppia’

=20p2q0q91+3pydp2q0q1+6qpop1p2+2pp2qoq1—2pydq1p0qo=0,

2 .
he i =26p1g0q1-pYSp190qi+ppod’+3apipa-Spogi+3apop-3pyspiq}

+2pP190q1+PP243—0P2a3+4PYOP2a3+PYSqt Po+3pYSq1 Poqo=0.
B s 2 6p1g2—6p1g2+3qpip1-26 20
I =pY8q1P0qo+2ppoqoq1+pySp1qs—p14a+3gpp1—-26poqoqi+pp1qg=0,

0 .
Rt ppogdrapi=0
From the above set of algebraic equations, various cases are presented as follows:

CASE I:

—0.p: = Y - 2py4q1 —0.01=g1 5=_2P
Po=0.p1=£Pq1\[~ 255 pgy P2=t ——— ———1240=0.q1=q1.0= 1355
2 —
(Py+2)a, =55 a7

Then, by the substitution of the obtained values into Eq. (3.42) with Eq. (3.14), the

soliton-type solutions of the following WaBeBoMakEq in the context of ComD:

(1 = I; (cosh (NX) +sinh (X)) py

Yi(x,y,z,t) =+
,/—mq (py +2) (1 + I cosh (N) + I sinh (R))

, (3.43)

39



< 2
where K = p?+q 7 +yzé, - py[iztg

for ComD. /; is an arbitrary constant.

CASE II:

2 - 2
P0=0.p1=£290P\| =750y -P2=F240P =55 hay -00=00-91=-240.6= 1

Then, by the substitution of the obtained values into Eq. (3.42) with Eq. (3.14), the

soliton-type solutions of the following WaBeBoMaEq in the context of ComD:

2pl, (cosh (X) + sinh (X))

i
Wy (x,y,2.1) = + aClry) . (344)
1412 (2 cosh () sinh (8) + 2 cosh? (K) — 1)
where N = p? +q% g +y? - 11’7? for ComD. I; is a constant.

3.3.2 Exact Solutions via the ExM

The ExM is a very helpful technique to construct the solution of Eq. (3.5) in the

following form:

Y(&) = po+ prexp(-¢(N)). (3.45)

Let us substitute Eq. (3.41) into Eq. (3.5) and collect the coefficient of each power
of exp(—®(X))/. Now, a set of algebraic equations of p, q,7y,d, po, p1, x and 9 is

obtained by equating all coefficients to O.
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exp(38) : gpi —dpo+pydpidx + ppo =0,
exp(28) : 3gpipi—6p1 +2pySp1d + pydpix? + pp1 =0, .46
exp(N) : 3pydpix +3gpopi =0,

exp(ON) : 2pydp; + qp? =0.

By using MAPLE software, we obtain the following solution:

= [— Y p= / Y = 4 3.47
0==% —,p1=%2 o= - .
POZEXPN a2 -2q+apayo P P Soan@=2avapayo ° " pyxtra-apyo ( )

From all the above obtained values, the technique’s algorithm, and its auxiliary

equations, different cases for the conformable WaBeBoMaEq are given as follows:

CASEI:
When y? — 449 > 0 and @ # 0, the hyperbolic function solutions are expressed

as:

X2 -49-49

2 q
2 (WOG'I)

Xx“+x tanh

P aComcsmy)
- —2+4pyd
\Pl (_X,', y, Z’ t) L q PYX

2_
X+tanh(w (N+1)

(3.48)

2-49

¢ )
2p L for ComD. I is a constant.

_pxt oy
WhereN—pg +q7 +Y7 T Ay ¢

CASE 1I:
When y2—49 < 0and ¢ # 0, the trigonometric function solutions are expressed

as:
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Va2
—)(2+)(lan( 49—y (x+1))\/419-)(2+419)

2

» Y
q ( —1>w(2—2+4p70)

Y (x,y,2,1) == (3.49)
—X+tan(\/402’*2 (N+1) | Vao—2
x4 ¥t fad 2p t¢ :
where N = PFraF Y7 - L for ComD. [ is a constant.

pyX*+2-4py?® ¢

CASE III:
When y? — 49 > 0,9 = 0 and y # 0, the hyperbolic function solutions are

expressed as:

xp \/q oty (©osh Oy (N + D) +sinh (y (N+1) +1)

cosh (x (N+1)) +sinh (y (N+1)) — 1 ;
(3.50)

Yi(x,y,2,1) ==+

re .
where N = p’% +q%F + 7% 2P £ for ComD. I is a constant.

. pyx2-4pyd {

CASE 1V:
‘When X2 -49 = 0,4 # 0 and y # 0, the rational function solutions are

expressed as:

y
2xp \/ q(—pyx?-2+4py?9)

WYa(x,y,2,t) =+ , 3.51
4(x,y,2,1) R+ 12 (3.51)
where N = p% + q% + 7% — 1;;/)(%22—1)—4W9% for ComD. I is a constant.
CASE V:
Finally, when y? — 49 = 0,9 = 0 and y = 0, we have:
y
_ 2_24 ﬂp(X(N+I)+2)
Ws(x, y, 2,1) = i‘/q( o ”;1 - , (3.52)
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¢ )
2p L for ComD. I is a constant.

_opxl oy
where N = p R e . T Ay ¢

34 Solutions of the Nonlinear Fractional Schrodinger Equation
Let us start this section by introducing two numerical experiments to find the

solutions of proposed NLPrDfEq.

Numerical Experiment 1:
By applying definitions and properties of CpFD and double Laplace transform,
the following numerical experiment will solve Eq. (3.28) analytically: Let

w) =wr =w3 =1, and bo(1) = €”;b1(1) = 0;a9(x) = a;(x) =0 in (16), we have:

O*YY(x, 1) 3 0% (x,t) O"¥(x,1) 0°W¥(x,1) P2y
e T aw g IR
subject to the following initial and boundary conditions:
0¥(x,0
¥(x,0) = 0 and %) - 0. (3.53)
0vY(0,1)

¥(0,7) = ¢ and 0.

0x
wherei = V-1,0<vy,6 < 1,t,x > 0;x,t € R™.

To solve Eq. (3.53), we use our result in Eq. (3.36) as follows:

Yo(x,1) = el

2Oy (x,1) OV (x.1) OOy (x,1)

pror| 20 M) 90N ]+f*f’[¢o(w(x,r>>]H

W1 (x, 1) =)' (e [%

1

020y (x,t) OV (x.1) OOy (x,1)
0120 o My

]+Mf [lyglyg]]

:_(f)c)—l ([Z)—l [é% [fx[t
1

2y
X ., 1=26 . 1-6 . it
= t Eio_ t)y—t “Ejp_s(it
Fy gy [ Eracastin) =1 0] +']
x2v ) it
=———||iE(t,1-20,i) — E(t,1-0,i )
T2y +1) [[iE( 0) - E( 0] +e"]
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020w, (x,t) OV (x.1) .00 ‘I‘l(xt)

x pt
e o120 T oxY i P

Wox,t) =—(e¥)~(e))" 1[

+¥ ' [ ¢ (‘P(x,t))]H

l

820w, (x,1) l.fﬂ"Pl(x,z) l.ﬁ‘sll’l(x,t)
o128 axY a0

:_(fx)—l(ft) I[ZLPM{I
1

+X (T [2%0 ¥ \Pgwgw;]]

X2 X2 H20 el s o ‘ }
Ty | Ty FE@ =200 - E@1-6.0)]+¢")
x% Y X2
—i——— | [(iE(t,1 = 26,i) — E(t,1 - 6,i)] +€" _
‘T2y+1) [(FEG1-26,0) = EGt. 1 =6.D)] + ") | 75 ( F(27+1))
x2Y X2 ) B 125 C s B}
7 t , N t, _ i .
Tay+n | Tayrnas 1E i) = E(1,1-6,0)] +¢")
_ x2Y (26" |- x%r ([E(t,1 = 26,0) — E(t,1 = 6,i)] + ) (™)
'2y+1) r2y+1) ’ ’ ; ,
— x2v (e 211) L ([—iE(t 1-26,0)—E(t,1=6,i)] +e_i’) (e_”)
F2y+1) 2y +1) : : ’ ,
al 1-4 1-3 1=2
= = [E(t,1-46,0) = E(1,1-306,i) +iE(t,1 - 26,i
C(4y +1) [iE(z, ,0) (1, ) +iE( 0]
X3 s | )
— E(t. 1 =26.1) —iE(t.1 = 0.1 .
+F(37+1)[ (& i) —iE( 1= 6,0) +ie”]
Y 1-3 1-2 1
- _E t _ 6 N E _ 6 . —E _6 .
trayen EE i) —IE, ) - E(t1-6,0)]
xr . ' ' )
+ T+ D [-2iE(t,1-26,i) — E(t,1 - 6,i) + "]
+L[—i€2itE(l 1=26 l-)_eZitE(t 1=-6 l')+eit]
C(4y +1) Nl 14,
_ L [E(t 1-26,i)—iE(t,1-0 i)+iei’]
CT@y+1) ’ : ’
4y
+ .F(:y ~ {iE(t,1—-46,i) — E(t,1 =36,i) +iE(t,1 - 26,i) — E(t,1 —36,1)

—iE(t,1=26,i) —E(t,1 =6,i) = 2iE(t,1 =26,i) —E(t,1 = 6,i) + "

—ie®E(1,1-26,i) - e E(t,1 - 6,i) + €"}.

and so on.
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By using all above obtained results, the general approximate-analytical solution to

Eq. (3.53) can be written as follows:

. 2y .
\P(X,l‘) = €lt - m [[lE(t, 1- 26, l) - E(t, 1- 6, l)] + e”]
3y " 4y
—— |E(t,1=206,i) —iE(t,1 = 6,i) +ié —{iE(t,1 -46,1
+F(3y+1)[ (¢, 0,i) —iE(t, 0,i)+ie ]+F(4y+1){l (t, 0,1)

—E(t,1-36,i)+iE(t,1-26,i) — E(t,1-36,i) —iE(t,1 -26,i) — E(t,1 —0,i)
—2iE(t,1-268,i) — E(t,1-6,i) +e" —ie®"E(t,1 -26,i) — e*"E(t,1 - 6,i) + €"}.
+ ...

(3.54)

Hence, the approximate-analytical solution for the Eq. (3.6) in the sense of CpFD

has been easily obtained via the double Laplace transform coupled with the ADcM.

Numerical Experiment 2:
By applying the definitions and properties of ComD and double Laplace
transform, the following numerical experiment solves Eq. (3.29) analytically:

.16
Let w; = wy = w3 =1, and mg(t) = €' 5;m(t) = 0;np(x) = n;(x) = 0 in Eq.

3.29, we have:
y t6 y té y td y td
2w (L) = —w [T L) v [ D) — i [,
y o Yy o y o y o
— | .
subject to the following initial and boundary conditions:
ey ey (3.55)
v (—,0) =0and D;¥Y (—,0) =0
Y Y

Y10 —t6 = il(s and D, ¥ (0 —t6 =0
— 5 —
( ’ ) ¢ * ( ’ ) '

wherei = V-1,0<vy,6 < 1,t,x > 0; x,t € R™.
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To solve Eq. (3.55), we use our result in Eq. 3.39 as follows:
.[6
Po(x,t) =€'s,
Wix, 1) = =67 (€)%

[Y%[M [0 15 Jrioito (515 JiD2 o (515 ) [ on e ”””
it

:—(ﬁ)-l(ﬂ)—l[%[ﬁﬁ | D2ow (5,5 )HiD Vo (31,55 J+iDp wo (5. 5 ) [+eve 193 %5
%1

x2r-1 H 16 16
= - —617 - el?
Y11 (2y)

27 1 t(s
- s
Y~ (2y) [ ]

W) (x,1) = —(£9) 71 (€)%

L%[f*{’ [bf‘s‘l’l(%,g)ﬂ'iﬁ‘l’l(% %)+11)6T1("7 %)]+€x5’[¢1(‘1‘(x f))]]]
1

= -7

H[M [mww (2.5 )+::0“1/1(*7 §)+mfwl(x7 ?)] +OV O 2% W+ 2 ]]

;19 5
el (_ 2y-1 ) v s ( 271 ) i
y27*1r(27){ Y2y=1r(29) +(27 DA y2r=1r(2y) 2r=Ir(2y) °
2y-1 G 2y 1 L
(s ) e ) )
y r'(2y) I'(2y)
_ 2 i% L (2y=1)x3Y2 % Kr-2 % 2x4y-2 fiﬁ x4r=2 %
_y47’2r(4‘y)e Y321 (4y) ¢'v+ y4r= 2F(4y) yAr- 2F(4y) Y- Zr(47)
2y = DX e xR [ s e it it
= #e e B 4 > ) s +2¢7'5 —€'s
Y~ I'(4y) 772I(4y)
2y —-Dx2 e x=2 t_ i
= ey ¢ ey €0 T
vy =T (4y) Y- F(47)
and so on.
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By using the above obtained results, the general approximate-analytical solution to

Eq. (3.55) can be written as follows:

+o.. (3.56)

5 5 5 5 5
s 2y-1 i1 C(2y—1)x3Y"2 it 4y-2 i1 it
WY(x,t) =cs - ——|-¢'3 i z _%X e'd +—25 e 54275
YV Ir(2y) Y*V T T (4y) YT T (4y)

Hence, the approximate-analytical solution for the Eq. (3.6) in the sense of ComD
has also been easily obtained via the double Laplace transform coupled with the

ADcM.

3.5 The Graphical Comparisons of Solutions

A variety of soliton solutions in Egs. (3.43),(3.44),(3.48),(3.49),(3.50),(3.51),
(3.52) are graphically represented using Wolfram Mathematica and compared
in both 3D and 2D plots in Figs. (3.1),(3.2),(3.3),(3.4),(3.5),(3.6),(3.7) for
various parameters’ values and £ to show the WaBeBoMaEq solutions’ dynamics
and behavior. The obtained approximate solutions in both Eq. (3.54) and Eq.
(3.56) have been graphically compared for various values of y and ¢ (see Figs.
(3.8)—(3.17),) where each graph shows both real and imaginary parts of solution.
From our results, solving NLPrDfEgs in the sense of CpFD and ComD are highly
recommended. Exploring the definition of other fractional derivatives are also

essential, and any new mathematical definition has to be investigated further.

3.6 Conclusion

In the first part of this chapter, GeKM and ExM have been employed to investigate
exact soliton solutions of the (3 + 1)-dimensional conformable WaBeBoMaEq in
the context of ComD. The obtained solutions are new which indicate that GeKM
and ExM provide efficient and reliable results. 2D and 3D graphical profiles have

been represented for all obtained solutions at various parameters’ values and orders.
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The GeKM and ExM can be further employed to solve various NLPrDfEqs arising
in several nonlinear scientific phenomena. A possible extension of our obtained
results into higher dimensional NLPrDfEqs is a new direction of study in the future,
which will provide a novel contributions to mathematical physics. In the second
part, a powerful mathematical tool have been successfully proposed to solve the
nonlinear Schrodinger equation in the context of CpFD and ComD. The generalized
double Laplace transform method can be efficiently applied in solving MoNLSEq

and all other fractional-order NLPrDfEqs.
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Figure 3.1: The plots of Eq. (3.43) are represented in 3D in (a), (c), (¢) and
in 2D in (b), (d), ) for y=-1;g=p=11=1;t =15y =2=0;=0.50;¢ =
0.8; ¢ = 0.90 for ComD, respectively.
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Figure 3.2: The plots of Eq. (3.44) are represented in 3D in (a), (c), (¢) and
in2D in (b), (d), ) for y = -1;9g=p =1, =1;t =15,y =2=0; =0.50;¢ =

0.80; ¢ = 0.90 for ComD, respectively.
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Figure 3.3: The plots of Eq. (3.48) are represented in 3D in (a), (c), (¢) and
in2Din (b),d), ®)fory=1;9=-1;9g=p=x=1=1;t=15y=2=0;{ =
0.50; ¢ =0.75; ¢ = 0.90 for ComD, respectively.
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Figure 3.4: The plots of Eq. (3.49) are represented in 3D in (a), (c), (¢) and
in2Din (b),(d), ) fory=1;9=19g=p=x=1=1;t=15y=2=0;{ =
0.50; ¢ =0.75; ¢ = 0.90 for ComD, respectively.
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Figure 3.5: The plots of Eq. (3.50) are represented in 3D in (a), (c), (¢) and
in2Din (b),(d), ®)fory=-1;9=0;g=p=x=1=1;t=15y=2=0;{ =
0.50; ¢ =0.75; ¢ = 0.90 for ComD, respectively.
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Figure 3.6: The plots of Eq. (3.51) are represented in 3D in (a), (c), (¢) and
in2Din (b),(d), ) for y=1;9=0,9g=p=x=1=1;t=15y=2=0; =
0.50; ¢ =0.75; ¢ = 0.90 for ComD, respectively.
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Figure 3.7: The plots of Eq. (3.52) are represented in 3D in (a), (¢), () and in
2Din (b),(d), ) fory =-1;9=0;9g=p=1=1;x=0;t=15;y=2=0; =
0.50; ¢ =0.75; ¢ = 0.90 for ComD, respectively.
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Figure 3.8: 3D Plot of the real part (a) with its contour plot (b) and imaginary
part (c) with its contour plot (d) of the Approximate Analytical Solution in Eq.
(3.54) for y =6 =0.25

Figure 3.9: 3D Plot of the real part (a) with its contour plot (b) and imaginary
part (c) with its contour plot (d) of the Approximate Analytical Solution in Eq.
(3.54) for y =6 =0.75
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Figure 3.10: 3D Plot of the real part (a) with its contour plot (b) and imaginary
part (c) with its contour plot (d) of the Approximate Analytical Solution in Eq.
(3.54) for y = 0.50; 6 = 0.85

Figure 3.11: 3D Plot of the real part (a) with its contour plot (b) and imaginary
part (c) with its contour plot (d) of the Approximate Analytical Solution in Eq.
(3.54) for y = 0.75;6 = 0.85
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Figure 3.12: 3D Plot of the real part (a) with its contour plot (b) and imaginary
part (c) with its contour plot (d) of the Approximate Analytical Solution in Eq.
(3.54)fory=06=1

Figure 3.13: 3D Plot of the real part (a) with its contour plot (b) and imaginary
part (c) with its contour plot (d) of the Approximate Analytical Solution in Eq.
(3.56) for y =6 = 0.25
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Figure 3.14: 3D Plot of the real part (a) with its contour plot (b) and imaginary
part (c) with its contour plot (d) of the Approximate Analytical Solution in Eq.
(3.56) for y =6 =0.75

Figure 3.15: 3D Plot of the real part (a) with its contour plot (b) and imaginary
part (c) with its contour plot (d) of the Approximate Analytical Solution in Eq.
(3.56) for y = 0.50;6 = 0.85
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Figure 3.16: 3D Plot of the real part (a) with its contour plot (b) and imaginary
part (c) with its contour plot (d) of the Approximate Analytical Solution in Eq.
(3.56) for y = 0.75;6 = 0.85

Figure 3.17: 3D Plot of the real part (a) with its contour plot (b) and imaginary
part (c) with its contour plot (d) of the Approximate Analytical Solution in Eq.
(3.56)fory =06 =1
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CHAPTER 4: NOVEL INVESTIGATION OF MULTIVARIABLE
CONFORMABLE CALCULUS FOR MODELING SCIENTIFIC
PHENOMENA

4.1 Introduction

The conformable version (ComV) of multivariable calculus (MuCL) are proposed
and investigated in this chapter. A real-valued function (ReVaF) of several variables
(SeVs) is studied in the context of ComD with all associated properties. We extend
it to investigate the vector valued functions (VeVaFs) of several real variables
(SeReVs). The ComV of chain rule (ChR) for functions of SeVs is also proposed.
The ComV of implicit function theorem (ImFThm) for SeVs is proposed. All our
results can be employed in several modeling scenarios arising in oceanography as a
computational tool to investigate such models. The ComV of analytic functions’
theory has been studied in (Khalil et al., 2018). In addition, new results on the
contour conformable integral are mentioned in (Martinez et al., 2020; Ucar et al.,
2019). Studying ComD and integral is essential in modeling natural sciences and
engineering phenomena. While there are some recent research works that have
dealt with the conformable calculus in terms of analysis such as the multivariable
conformable calculus (N. Y. Goziitok & Goziitok, 2017), the ComD’s behavior
of functions in arbitrary Banach spaces (Kiskinov et al., 2021), the differential
geometry of curves (U. Goziitok et al., 2019), and the behavioral framework for the
ComV of linear differential systems’ stability (Mayo-Maldonado et al., 2020) to
utilize the importance of ComD in modeling scenarios of control theory and power
electronics, our results provide a comprehensive investigation of {—derivative of a
function of SeVs and all related properties, the ComV of ChR for functions of SeVs,
and the ComV of ImFThm with many associated numerical examples to validate

our outcomes.
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4.2 Fundamental Notions

From Eq. 1.3, the ComD of some functions are expressed as:

1. D4(1) =0,
D¢ (sin (at) ) = at'Ccos (at),

D¢ (cos (at) ) = —at'Csin (at),

el

D¢ (e‘”) —at'%e" aeR.
Definition 10. (Khalil et al., 2019). The left ComD beginning from a,
of function ¥(t) : [a,0) — R of order { € (0, 1]is expressed as:

v (r +Q(f - a)l—é“) ()

0 > a. 4.1

¢ qf) £ = i
(«D%) (0 = lim
For a = 0, it is written as: (D{‘P) (t). If ¥ is £ — DF in some (a, b), we get:

(a:oé ‘P) (a) = lim, (a:Df lp) (t) . (4.2)

Theorem 2. (Abdeljawad, 2015). (ChR). Suppose that ¥, ® : (a,0) — R
are left { — DFs, where { € (0, 1].
Let us assume that h (t) = Y(®D (1)), h (t) is{—DF VYt # a and ®(t) # 0, we get:

(«D8) (1) = (D) (@ (1)) - (D®) (1) - (@) (4.3)
Ift = a, then we obtain:
(«D%h) (@) = lim (D) (@ (1) - (sD@) (- (@) @4

Theorem 3. (Khalil et al., 2014). (Rolle’s Theorem (RoThm)). Suppose that a >
0, ¢ € (0,1], and function ¥ : [a,b] — R satisfies:
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1. ¥ is continuous function (CF) on |a, b].
2. Wis{—-DFon(a,b).
3. ¥(a)=Y(b).

Then, A ¢ € (a,b), 3 (DY) (c) =0.

Theorem4. (Khalil etal., 2014). (Mean Value Theorem (MeVaThm)). Suppose that

a>0,¢¢€(0,1], and function ¥ : [a,b] — R satisfies:

1. ¥is CFon |a,b].

2. Wis{—-DF on(a,b).

Then, 3¢ € (a,b), > we have:

¥ (b)) —-¥(a)
(o7) (0= = (45)
¢ 4
Theorem 5. (Al Horani & Khalil, 2018).
(Modified Mean Value Theorem (MoMeVaThm)).
Assume that a > 0, { € (0, 1], and function ¥ : [a, b] — R satisfies:
1. Wis CFon|a,b].
2. Wis{—-DFon(a,b).
Then 3 c € (a,b), > we have:
DY ¥Y(b)-¥
EH© _*G) - “6)
4 b_4a
Z ¢ <

Theorem 6. (lyiola & Nwaeze, 2016).Assume that a > 0, { € (0, 1],

and function ¥ : [a, b] — R satisfies:
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1. ¥is CFon |a,b].
2. Wis{—-DF on(a,b).

Then, we get:

1. If(@»“l’) (t) >0Vt e (a,b), then V¥ is increasing on|a, b].
2. If (Dg‘l‘) (r) <OVt € (a,b), then ¥ is decreasing on|a, b].

The ComV of partial derivative (PaDr) of a ReVaF with SeVs can be expressed

as follows:

Definition 11. (Aranganaetal., 2015; N. Y. Goziitok & Goziitok, 2017). Suppose that

Y is a ReVaF with n variables, and there is a point: a = (ay, . ..,a,) € R" where its

i'" component is positive. Then, the limit is written as:

] ‘P(al,..,a,-+Qa,-1_§,...,an)—‘P(al,...,an)
lim .
Q—0 Q

4.7)

If the above limit exists, the i'" ComV of PaDr of ¥ of the order ¢ € (0,1] at a,
, represented by %‘P (a).
4.3 The {-Derivative of a ReVaF of SeVs
Definition 12. Let ¥ be a ReVaF with n variables x1, . . ., x,, and
, €(0,1]. Then, we say that ¥ is { — DF ata = (ay,...,a,) € R",
each a; > 0, if any of the three conditions which are equivalent to each other

is verified:

1. There is a linear transformation L : R" — R such that

R 4 (a1 +hia'7¢, L a, + hnanl_g) -Y¥(ay,...,a,) — L(h)
lim =
h—0 || 2]

where h = (hy, ..., h,), ||k]| :,/h%+~~~+h%and{€ (0,1].

0. 4.8
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2. There is a linear transformation L : R* — R and a function Q : h — Q (h)

such that
P (al +ha 't L a, +hna,,1—4) W (an,...,a,) =L (k) +Q(h) |k, 4.9)
andlimu_o Q (h) = 0.

3. Thereis alinear transformation L : R" — R and n functions Q; : h — Q; (h)

vVi=1,2,...n,3

¥ (a1 +hiay'" ¢, . a, + hnanl_g) -Y¥(ay,...,a,) =L (h)+ Z Q; (h)h;,
(4.10)
andlim,_,0Q; (h)=0fori=1, 2, ...n.

The linear transformation L : R" — R is defined by L (h) = 3., {ih;, with
h=(h,...,hy) and {y,...,¢, € R. This linear transformation is denoted by

D f(a) which is called the ComD of ¥ of the order ¢ € (0,1] at a.

Remark 1. The equivalence of conditions (1) and (2) is immediate, since
lim Q(h) =0 < Q(h) k] =o(]h]]).
h—0

To see the equivalence between conditions (2) and (3), we take: €Q; = Q(h)ﬁ and

Q(h) = % 1 Qi (h) h;, As

ﬁ) < 1, then we have the following:

1. Iflimp—g Q(h) =0, then limp_0<; (h) =0
2. Iflimp0Q; (h) =0 fori=1,..., n, then we obtain:

lim || ()| < lim m Z 12: ()] < lim Z 12 (B)| =
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i.e, limp_ Q(h) =0. Hence, the conditions (2) and (3) are equivalent.

Example 4.3.1. Consider a function ¥ defined by ¥ (x,y) = ¢ — 2cosy and a
point (a,b)e R%, witha > 0and b > 0, then

DY (a,b) (hy, hy) = hya' =5 e® + 2hyb'~Csinb.

Solution: To show this, it is noticeable that

¥ (a+a'™h,b+b"Chy) =¥ (a,b) — L(hy, h2)

lim
(h1,h2)=(0,0) (A1, )|
_ lim caral ~Eny ~2c0s (b+b1 =€ hy ) —(e¥-2c05b)-(hya' =& e@42nyb! ~E sinb )
(h1,h2)—(0,0) Vigen
e h _pa _pygl=Cea . cos (b+b"¢hy) — cosb + b sinb
< lim -2 lim
h1—0 h h,—0 ho
a+a'Shy _ La cos (b + bl_gh —cosb
Cgim [ it i [ 2 + b sinb
h—0 hy ha—0 ho
= (a' e —a'e) = 2 (=b'Csinb +b'sinb | = 0.
Theorem 7. If a ReVaF ¥ with n variables { — DF at a = (ay, . ..,a,) € R",

each a; > 0, then ¥ is CF at a € R".

Proof. Since ¥ is {—DF at a, we can write the following:
n
W (ar+ a4, ) =W an ) = Y G+ o ().
i=1
By taking the limits of both sides of the equality as k — 0, we get:

lim ¥ (a1 +hia,'" ¢, . a, + hnanl_f) =¥ (ay,...,a,).
h—0
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Hence, ¥ is CF at a € R".

Theorem 8. If a ReVaF ¥ with n variables is { — DF ata = (ay,...,a,) € R",

each a; > 0, then ;—i‘l‘ (a) exists for 1 <i < n and the ComD of ¥
X

13

of the order { € (0, 1] is written as:

n 4
DY (a) (h):Za—é,

iz1 0x

Y (a) h;. (4.11)
where h = (hy, ..., h,).

Proof. By setting h; = 0,V # i in the formula (4.10), we get:
¥ (d], L a;pt+ h,-a,-l_{ + -+ a,,) -y (al, e ,an) = gihi + .Q.l' (h) l’li.

By multiplying by hii, we can write:

‘P(al,..,ai+hia,-1_5+---+an) -Y¥(ay,...,a,)
hi

=i +Q;(h).

By taking the limits of both sides of the equality as #; — 0, we have:

o¢
g,-:—{‘I’(a), Vi=1,2,...,n.

0x ;

Finally, by substituting the values above /; in the formula DY (a) (h) = X1, (il

the result is followed.

Corollary 1. If a ReVaF ¥ with n variables is (—DF at a = (ay,...,a,) € R",

each a; > 0, then DY (a) is unique.

Remark 2. If a ReVaF Y with n variables is (—DF at a = (ay,...,a,) € R", each
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a; > 0, then the ComV of gradient of ¥ of the order { € (0,1] at a is:

i d¢
VY (a) = |—¥ (a),...,—¥(a)]. (4.12)
xf Bxf;
In addition, the matrix form (MF) of Eq. (4.11) is expressed as:
h
d¢ 9¢
DY (a) (h) =V’¥(a) -h=|—¥(a),...,—P(@)|-| : |[. 13
ox! axt
hy,

Theorem9. Let £ € (0,1], ¥, D : X — R be a ReVaF defined in an open set (OS):
XcRY >V x=(x1,...,x5) € X, eachx; > 0, and a pointa = (ay,...,a,) €

X. If Y, ® are { — DF at a, then we get:

1. DAY + u®) (a) = 1D (V) (a) + uD¢ (@) (a), VA, u €R.
2. DY(PD) (a) =D (P) (a) D (a)+ ¥ (a) D (D) (a).

Proof. (1) follows from definition (12), thus it follows the proof of (1). For (2), let

A = (ay +ha'%, .., ay + hya,'~¢), then we have:

(VD) (4) - (¥0) (a) - (D4 (@) - @ (a) + ¥ (a) - D°0 (@) ()
1m
i I

= ;l,m})( (T(A)—‘P(al)lglﬂbgw(a)(h) ®(a)+¥(a) (<D(A)—¢(a‘)|;lﬂ:0§¢(a)(h) )
—_

+ lim (Y(A)-¥(a) (®(A)-P(a))
h=0 Al
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0404 1im (DY@ (1)) - (D@ (a) (1))
h=0 IRl

T P L))(( (L)) _
m(bww(”h” D0 (@) | ) ) Il =0

Theorem 10. Let { € (0,1], Y : X — R be a ReVaF defined in an OS: X C

R", aVx=(x1,...,x,) € X, each x; > 0, and a point a = (ay,...,a,) € X.
If the function ¥ has all ComV of PaDrs of the order {
at each point of a neighborhood of the point a, U(a), with U(a) C X,

and they are continuous at a, then ¥ is { — DF at a.
Proof. The proof of Theorem (10) is mentioned in (Al Horani & Khalil, 2018).

Remark 3. Theorem 10 allows defining the space of ReVaFs with n variables by
having continuous ComV of PaDrs of order { € (0, 1] in a domain X C R", which

can be denoted by C;(X, R).
Thus, we can easily extend all of the above results to the VeVaFs of SeReVs.

Theorem 11. Suppose that { € (0,1], ¥ : X — R™ be a VeVaF defined in an OS:
XCR' a5Vx=(x1,...,x,) € X, eachx; > 0,

and the point a = (ay, . ..,a,) € X. The function ¥ is { — DF at a

iff its components are { — DF at a and if these components are ¥y, ¥, ..., ¥,
then the components of DY (a) are the { — derivatives denoted by

DY (a), forj=1,2,...,m, ie,

Y=Y, Y ..., ¥ = D¥0)=(D¥(a), D¥(a), .., D¥.(a)). (4.14)

Proof. This can be proven similarly by applying D¢ instead of derivative.

Remark 4. Suppose that { € (0,1], ¥ : X — R™ is a VeVaF defined in an OS:

XCR'>5Vx=(x1,...,x,) € X, each x; > 0, and a point a = (ay, ...,a,) € X.
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If function ¥ is ¢ — differentiable ar a, then %Tj (a) exists fori =1,2,...,n,

Jj=12,...,m, and the ComV of {— Jacobian of ¥ of order { € (0,1] at a is

written as:
oL 9¢
6x1§ ‘Pl (a) . 8xf, ‘Pl (a)
JEY (a) = : . : : (4.15)
KL 05
p: Y, (a) ... axC Y, (a)
4.4 The Chain Rule

The ChR will be shown for the functions of SeVs in two cases. For the proof’s aim,

the continuity’s hypothesis of PaDrs is mentioned in (Marsden & Hoffman, 1996).

Theorem 12. (ChR). Assume thatt € Randx = (x1,...,x,) € R". If¥ (t) =
(Pi(1),...,¥,(t)) is{ —DFata >0 > (€ (0,1]
and a RVF ® with n variables x, . ..,x,, is { — DF at¥(a) € R", all ¥; (a) >

0 ¢ €(0,1]. Then, the composition ® o ¥ is { — DF at a and

1 e
D@ W) (a) = )~ O(¥ (@) - (¥ (@) (D) (@), (@416)

i=1
Proof. Assume ® € C'(U(¥ (a)), R), > U(¥ (a)) is the point ¥(a) neighbor-
hood. Suppose that & (1) = (® o ¥) (1) = ®(¥ (¢)). By setting u = a + Qa'~¢ in

Eq. 1.3, we see that

h(t)—h (a)al_g tim O(¥ (1) - (¥ (a))al_g
t—a i>a t—a '

Dé(h) (a) = lim 4.17)
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Without loss of generality (WLOG), let U(W(a)) be an open ball (OB), denoted
by B(¥(a),r). Since ¥ is a CF, then along with points: (¥; (a),...,¥, (a)) and
(W1(1), ..., ¥ (1)),
the points (¥ (a), W2(2), ..., ¥u(1)),..., (Yi(a),Y2(a),..., V(1))
and lines connecting them must also be the ball B(¥(a), r).

From the known MeVaThm for differentiable functions (DFs), there is one variable

(Marsden & Hoffman, 1996) as follows:

h(t)—h (a)al_g DY (1) -D(Y (a))al-g
t—a B t—a
_ M), () — @ (), o (1) ., WD) 1y
t—a
LMW (@, 0. W () -dW (@), Y2 (@), W5 (1), WD) g
t—a

L2 (@) (@) W (0) = O (W1 (@) W (@) 1

I—a
:aiq)(cl,‘l‘z(t)...,q‘n(t)) \Pl(f)—‘Pl(a)al_g
X1 p—
bl () (a) . W () T2
%) —
+axn ’ seeesCn) qln(tz‘:‘:n(a)al—{,

where ¢; is between ¥; (a) and ¥; (1) Vi=1,2,...,n
By taking limits as t — a and using the continuity of PaDrs of @ in addition to

taking into our account that c; —» ¥; (a) Vi =1,2,...,n, Eq. (4.17) is written as:

tlmh(t) —h(@)

Dh) (a) = 1 — lim O(Y (1)) —O(¥ (a))al_{

t—a t—a t—a

= lim aicp(cl,%(z) P, (1)) kd (t) ¥ i

t—a —a
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. . - _ - _
+tlgr;(%cp(w,(a),cz...,lyn(z))wa' Eot g (W1 () F2(@). ) T ) 1 é“)

96 (P(a) - PV (a) -a' + I o (¥ () - (@) -a' ™+ ...
oxi x>
+=0 (¥ (@) - ¥ () -
- Lo @) ¥ @ @9 (@)
8)61
+ o (¥ (@) - P2 ()¢ - W2 () 9 (@) -0 4.
8x2
20 (¥ (@) ¥ (@)W (@9 (@)
a¢ -1 ¢ 0° -1 o¢
= —@ (¥ (a) ¥ (a) DY) () +—— P (¥ () P2 (a)" - D W) (a)+...
8xl (9x2
o¢ B
+— @ (®(a)) - ¥, (@)t~ DY, (a).
xn

Thus, our proof is complete.

Remark 5. The MF of Eq. (4.16) is written as:

D¢ (Do W) (a) (h)

v @i~ 0 0 D4, (a)
= 9% o). 25 o(¥(a)) | .. - : . 4.18
axf 3 axg “ 0 . O . ( )

0 0 wwé! D4y (a)

The following is a generalized ChR Theorem for RVF with several variables:

Theorem 13. (ChR). Let x = (x1,...,x,) € R"andy = (y1,...,ym) € R™.
IfY (x1,...,xp) = (W1(x15. .5 x0)s oo, (X1, ..., xp)) isal — DF
ata = (ay,...,a,) € R", eacha; >0 > € (0,1], and a RVF ® with variables

ViseoosYmis { — DF at¥(a) € R", where all ¥; (a) >0 > € (0,1].
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Then, the composition ® o ¥ is { — DF at a, and we have:
¢ ULpTe I 14
— (oY) (a) = > — (¥ (a)) - ¥ (@) - —¥)(a). (4.19)
Vi=1,2,...,n.

Proof. From the PaDr’s definition and Theorem (13), we indicate the following:

Remark 6. The MF of Eq. (4.19) is expressed as:

D (Do W) (a)(h)

9% 8¢

v@é1 0 0 xf Yi(a) ... P ¥ (a) hy
= Zotr@).. Lroranll 0 -, 0
6yi Aym

0 0 wn@s¢! Liuqf,,(a) e 3’(5 ¥, (a) hn

f)xi oxy,

(4.20)
4.5 The ComV of ImFThm

The ComV of ImFThm for SeVs is discussed by formulating the ComV of the

implicit function for a single equation and investigating its existence and regularity.

Theorem 14. (Conformable InFThm for the Case of a Single Equation).
Assume that € (0,1], F : X — R is a ReVaF defined in an 0S: X ¢ R™!, >

YV (x1,...,Xx5,y) € X, each x;,y > 0, and point (ay,...,a,,b) € X. Suppose that

1. F(ai,...,an,b)=0,
2. FeCiX.R),

3. %F(dl,...,an,b) # 0.
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Then, there is a neighbourhood, U C R", of (ai,...,ay,) > there is a unique
function (UF)y = ® (x1,...,x,) that satisfies: ® (ay,...,a,) =b and
F(xi,....,x0,®(x1,...,%x,)) =0, V(x1,...,x,) € U.

Finally, y = ® (x1,...,x,) is Cz in U, and for every i = 1,2, ...,n, we have:

* F )

PY: Py ((x1yee s xn), @ ((x1,...,X,)))
—{Q(xl,...,xn):— !

ox; 2 F (Ot ) @ () - @ ()
4.21)

Proof. WLOG, let X be an OB, denoted by B((ay,...,a,,b),Qp). Assume
that p € (0,Qp). If we say: 6 = \/Q2 — p2, we get:

(I Gerseesxn)= (a@rse-san)||<6 and |y=b|< p]=(x1,....xn,y)EB((a1,-.-,an,b),L0).

Note thatin particularif |y — b| < p,then (ay,...,a,,y) € B((ai,...,a, b),Qp).
Since %F (ai,...,an,b) # 0, it is assumed to be positive (otherwise, —F is
considered instead of F). From fact that F (ay,...,a,, b) =0, it implies that
F(ay,...,ap,b—p)>0and F (ay,...,a,,b—p) <O.

By the continuity of F at (ay,...,a,, b —p) and (ay,...,a,, b + p), there exists

6 €(0,0) >
[ (X1seeerXn)— (@15esan) || <O D[F(X1,eesXn,b—p)>0 and F(xy,...,x,,0+p)<0].

Since the function y — F (xy,...,x,,y) is CF on the interval [b—p,b+p ],
VY (x1,...,x,) € B((ay,...,a,),06’), and from the known Bolzano’s Theorem,
it indicates that 3 y, € (b—p,b+p) 2 F(x1,...,X,,yx) = 0, for each x =
(x1,...,x,). Then, y’s value is unique since a function whose derivative is positive

have more than a zero. On the contrary, from: U = B((ay,...,a,),0’), for
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each (xy,...,x,) € U, Jaunique y > F (x1,...,Xx,,y) = 0, we can write y =
® (x1,...,x,), and then this function will be shown tobe CFon B((ay,...,a,),9’).
The continuity of the function @ at the point (ay, .. .,a,) is obvious since for each

p>0,Favalued’ >0 >
I, eesxn) = (an, .. an)ll <=2 |b -yl <p & [b-g(xi,...,x0)] < p.

The function @ continuity will be shown at any point

(x1,...,x,) € B((ay,...,a,),0’)

by simply substituting B((ay,...,a,),0’) for an OB: B((xy,...,x)) contained in
B((ay,...,ay),0’).

At the end, the formula (4.21) will now be shown. From using Theorem (13) in
equation:

F (x1,...,x,,y) =0, we have:

a—iF (x,® (x)) + G F(x,®(x)) -®x)>". a—'(cb (x) =0,
dx’ ay* dx®

i i

Vi=1,2,...,n,5x = (x1,...,x,). Solving aa—iCI) (x), we get: formula (4.21).
x;

In addition, the formula (4.21) right side is continuous, so the continuity of the

ComV of PaDrs: ;—2@ (x)Vi=1,2,...,n, follows.

Theorem (14) will help us compute the ComV of PaDrs of implicit function of SeVs.

Example 4.5.1. Consider:
F (x,y,2) = x> +3y> +4xz> - 3yz2 -5=0.

This equation’s one solution is (1,1,1). F is obviously in C; which is an OB,

75



denoted by B((1,1,1),Q0), with x,y,z > 0, for some { € (0, 1] since

%
— F(1,1,1 =( -0 _ 2‘4)] =20,
727 ( ) = (8xz 6yz (LD #0

Theorem (14) implies that there is a neighbourhood, U C R?, of (1,1) 3 3 a UF:
7z = ® (x,y) that satisfies the following:
d(1,1)=1and F (x,y,®(x,y)) =0, V(x,y) € U.

Moreover, z = @ (x,y) is C; in U, and we have:

¢ 3x +47%) x1 ¢
7P y) = —( )
o0x¢ (8x —6y)z

¢ 6y —3z%) y'~¢
O () = 23D
ays (8x —6y)z

. . ¢ ¢
Finally, we obtain: aax—{d) (1,1) = —% and 367@ (1,1) = _%.
At the end, the ComV of ImFThm for a system of several equations and SeReVs is

found.

Theorem 15. (The Conformable General InFThm). Let { € (0,1], F : X —
R™ be a VeVaF defined in an OS: X C R™, 3 V (x3¥) = (X1,.. .2 X0 V152 Vm)

€ X,eachx;,yj >0, and point (a3b) = (ai,...,as;b1,...,by,) € X. Assume that

1. F(a;b) =0,
2. FECg (X,Rm ),
3. det [J§F (a;b)] #0.

Then, there is a neighbourhood, U Cc R", ofa> 3aUF:¥ :U — R" , x >
y =¥ (x) that satisfies:
Y(a)=band F (x;¥ (x))=0, Vx € U,

Finally, y =¥ (x) is class C;inU, and for everyi =1,2,...,n, we have:
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t t
‘Y -1 | 9°F
S| =) - (iE) 52 (4.22)
axl: axl:
where
il 0
1
6{\1' — agqll aéVle \I}{-l -
Bxf ﬁxf ’ ’ (')xl:( ’ ’
0 il
0% F 0% F
_ayf _8yi,
{p OSF | _ | 0%F ¢ F,,
JyF_ “ .. PR PR anda_( _(a{l’ c v ax()
0¢F,, 0% F,,
_ayf _6y£1

Proof. The existence and uniqueness of the implicit function can be proven
same as the known MuCL via the mathematical induction on ¢ and using the ComV
oF ImFThm for several variables (Marsden & Hoffman, 1996).

To prove formula(4.22), we suppose that a system with several equations and

SeReVs is expressed as:

Fr(xi,...,X05915.-.,Ym) =0
F(x;y)=0 or : , (4.23)

Fon (X155 X3 Y15+ 05 Ym) =0
satisfies hypotheses (1)-(3) of the theorem, then this system is defined in a
neighbourhood, U c R", of a the implicit function y = ¥ (x) class C¢ in U, such

that ¥ (a) = b which satisfies Eq. 1.3, i.e.,

Fi(x;¥1(x),...,Pu(x) =0
F(x;¥%(x)) =0 or . (4.24)
Fin (x;%1(x), ..., ¥n(x)) =0

By employing the ComV of ChR to the above equation, we get:
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¢ Fy + ¢ Fy -‘P§_1 L 0%, + ¢ F .Tg—l )
8xf 6yi( 1 Oxl:[ Byf;, n ﬁxf
0¢F, O¢F, -1 9fY 0¢F, -1 9%y,
m m \PY . Lo+ m P L Im
Oxl:( 6yi( 1 ﬁxf 6y,’(n n ﬁxf
or
¢ n o a¢ 4\
aF+ZaF‘P4_16Tj:O
¢ ¢ J ¢ ’
dox; 4 ay]. ox;
Vi=1,2,...,n.

Additionally, the MF of Eq. (4.25) is provided as follows:

8¢ Fy 8¢ F 8¢ F ’-1
axf [)yf 6yf,, ‘Pl 0
9% Fy, 9% F,, 9% F, -1
6x1':: 6yf 6y§,, 0 le
or
4 ¢
oF » 4 J§ F.wyé 1. oY
axf éxf

Since J§ F and W4~ ! are regular matrices by hypothesis, we have:

-1

(k4] -1 fiaa) I°F
8x;; ‘Pl 0 3)’1( a)’fn
9¢F, -1 0¢F, 9¢F,
m O \Il m m
Bxf m Byf ('3)/,‘;1
or

t t

i e\ (ee\t | OOF
o :—(\1' ) -(JyF) A==

axl: (9xl:

which finalizes the proof.

o4, ~0

=0

-1

(4.25)

Y
ox?¢

‘Y,
ax’

(4.26)

0% Fy
ax,:(

0%F,,
Bxl:(
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Theorem (15) will be shown to compute the ComV of PaDrs of systems with several

equations and SeReVs.

Example 4.5.2. Consider a system of 2 equations and 2 real variables:

F (X,y,z,w):x2+y2+z2+w2—6=0

Fr(x,y,z,w)=x>—y2+22—-w?=0

One solution of this equation is (x,y,z,w) = (1,1, V2, \/5). Clearly, F = (F, F»)
is in Cy which is an OB: B((l, 1, \/i, \/5) ,Qo), with x,y,z,w > 0, for some
L € (0,1] since

27275 2wt 32
det [JZ{WF((\/E,\/E,I,I))] = det =-— %0,
27276 —ow? (1752 2
1L1V2,2

Theorem (15) indicates that there is a neighbourhood, U C R?, of (\/5 \5) >3da
UF: ¥ = (¥,,Y;) given by

z=" (x,y)

w =Y (x,y) ’
that satisfies:

¥ (1,1) =2

Yo (11)=V2
and

F (x7 ’lP (x? )?\Il (x’ )):0
1 Y, 1 y 2 y Y (ny) eU.

Fy(x,y,¥1 (x,y),¥2(x,y)) =0

Moreover, ¥ = (¥1,Y>) is class Cy in U, and we have:
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-1 -1

z
% _ 741 0 . 27276 2wt . 2x*¢
z
e 0 wi! 27276 2wt 24274
1 [ 274 0 572 2 2x2 ¢
4 0 w!¥ w2 —yi2 2x*¢
1 1 7 2x% ¢ _x2;;
4 wl —wl 2x2¢ 0
o -1 -1
| 20 |22 i ) [ 2y
9°w - - _ _
s 0wl 22274 2w —2y*¢
1 [ 27 0 72 2 2y
4 0 w!=¢ wi=2 w2 —2y2~¢
1 ! 2y2¢
= —— = 1g
Al wt —2y2~¢ -1

Finally, we have:

5, 1 g 0
0x¢ — \/E Clnd ay§ =
(9§l1‘2 O ¢ ¥, _ L
o/ (11V2V) 0 ) (11V2 VD) V2
4.6 Conclusion

The ComV of MuCL have been studied in detail. The {—derivative of a function
of SeVs and all related properties have been discussed. The ComV of ChR for
functions of SeVs has also been investigated. The ComV of ImFThm has been

proposed, and numerical examples have been provided to validate our theoretical
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analysis. All our results in the context of ComD are compatible with the integer
order ones. Various scientific systems can be modelled by using our results. Further
extensions or generalizations can be considered as a new direction in our future

works.
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CHAPTER 5: ON ABU-SHADY-KAABAR FRACTIONAL DERIVATIVE
WITH APPLICATIONS

5.1 Introduction

The ComD satisfies some important properties that cannot be satisfied in RL and
Cp definitions. In (Abdelhakim, 2019), the author proved that the ComD in (Khalil
et al., 2014) cannot provide good results in comparison with the Cp definition
for some functions. Therefore, to overcome all such issues, we have proposed
in this chapter a new generalized definition of fractional derivative, known as
Abu-Shady—Kaabar (ASK) fractional derivative, that has advantages in comparison
with other previous definitions to obtain simple solutions of fractional differential

equations.

5.2 Basic Definitions and Tools

This ASK definition is written as follows:

Definition 13. For a function: ¥ : [0, ) — R, the ASK fractional derivative of
order 0 < ¢ < 1of Y(t) att > 0is defined as:
Pt + B _0rl=¢) — p(r)

DASKY (4) = L(p-{+1)
(1) Ql—>mo Q

;B> -1,8€R", (5.1)

and the fractional derivative at 0 is defined as: D*SK¥(0) = limg_,or DASKWP(1).

Theorem 16. If ¥ (t) is a {—DF, then DA5KW¥ (1) = r(ﬁrflzll)tl_g d\gt(t) ;B>—-1,B¢

R™.

We formulate the ASK fractional derivative for some functions to prove that our
new proposed definition is powerful in obtaining analytical solutions for solving

various types of fractional differential equations, and ASK definition in Eq. 5.1
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coincides with the results from the well-known classical fractional derivatives such

as Caputo and Riemann-Liouville fractional derivatives.

53 Theoretical Investigation
Let us first prove our proposed Theorem 16 as follows:

Proof: From Eq. 5.1, we have:

ry 1-2y _
D4%W(1) = lim Pt g ) =0
Q—0 Q

;B >-1,8€R", (5.2)

where at = 8 = 1, the classical limit-based derivative of a function is obtained.

Now, let
'(B) 1-¢
h=—""—"Qr °, (5.3)
TB-(+1)
F(B-0+1)
= pt (5.4)
IN0))
By substituting from Eq. 5.4 into Eq. 5.2, we get:
'(p) . W(t+h)-Y(r)
ASK \ 4
DRY(r) =i+ l)t %1_% N , (5.5)
thus
I'(B) _d¥ (@)
ASK — 1-£
DRY(r) =i+ l)t FTE (5.6)
For a function: W(¢) = tX, k > -1,k € R*, we prove that
r+1) 4
ASKg ()= —= 2 F¢ .
D (1) F(,B—{+1)t (5.7)
By using Eq. 5.6, we obtain:
I'(B) e ke
DKY (1) = —— 1=k (5.8)
W=rE-c+
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kL(B) k¢

EASKT(I) = ml’

By taking k = 3, we get:

askp_ BUB) 5y
A V7R TA

then

rp+1) _
ASK B _ B¢
D _F(,8—§+1)t .

(5.9)

(5.10)

(5.11)

Eq. 5.11 is compatible with the results of Cp and RL derivatives (Podlubny, 1998).

Theorem 17. For a function derivative of ¥(t) = t* , k € R*, we obtain: D¢ DPtk =

DEAK,

Proof: By using Eq. 5.11, we get:

r'tk+1)
Bek _ _~\* T ) k=B
v F(k—,8+1)t '
I'(k+1) _
{yBik _ ¢ k=B
DDt F(k—,8+1)bt .

(B ik _
D% T T(k=-B+D)T(k=B-C+1)

I'(k+1) B
L.H.S=DDPtk = k=p-¢
§=0 F(k—ﬁ—§+1)[

Also, we have:

I'(k+1) k=P

= DEBE =
R.H.S =Dt Tk—p-C+D)

C(k+1) T(k-B+1) kB=C

(5.12)

(5.13)

(5.14)

(5.15)

(5.16)
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thus by Eq. 5.15 and Eq. 5.16, we get:

DEDE = DAL, (5.17)
This property is not satisfied in the ComD (Khalil et al., 2014).
Theorem 18. For a differentiable function: Y(t) that expands about a point such
as (1) = 200, %t", we have: D¢ DPY (1) = DEFPY(1).

Proof: The expanded function by Taylor theory is given by: W(r) = 3,77, %tk,

o PE0)

!
= k!

DPY(1) = DA, (5.18)

o PRO0) T(k+1) g

B _
fD‘P(t)_k:O 0 TG grD (5.19)
o PE0) T(k+1) _
(B _ ¢ k=P
CDCD‘P(I)—k:O > F(k_ﬁ+1)bt , (5.20)
S PEO0) T(k+1) T(k=B+1) , 4
{\B A k-p-¢
>3 \P(I)_kzo k! F(k—ﬁ+1)l“(k—,8—§+1)t ’ -2
o PK0)  T(k+1) A
NN _ k—p~¢
L.H.S=D"D°%(r) = Sy F(k_ﬁ_§+1)t , (5.22)
— WX (0)
— DB = N ) ek
RHS=D9 ‘P(r)_éo o DEPLK, (5.23)
RH.S = DEPW(r) = SEAORN S (5.24)

kI T(k-B-C+1)
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Thus by 5.22 and 5.24, we have:

VDY (1) = DEPY(1).

This property is not satisfied in the ComD (Khalil et al., 2014).

Theorem 19. Let € (0,1] and ¥, ® be {—DFs, then

() DK (o) = DK (@) + DK (9),

(if) DASK (%) _ QDK (‘P)q:z‘PDASK (‘D)'

Proof: By using Eq. 5.6, we have:

L.H.S =YK (yp),
R N 5)) tl_gd(‘l’@)
T T(B-C+1) dt
r'(B) tl—f[ do d‘P]

“Te-c+n Yo t%ar

L) acd® o L) d¥
rB-7c+1) dt rB-c+1) dt

= P5K (@) + DK (¥) = R.H.S.

This proves (i)

(5.25)

(5.26)

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

(5.32)
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Now, to prove (ii), we use Eq. 5.6 as follows:

_ ~ASK E

LHS=29 (CD), (5.33)
__I'® 44 (¥
T L(B-C+ 1)’ dt (CD)’ (5:34)
“TGois 1)’ o , (5.35)

I'B) . 1-¢d¥® ') 1-;de
® [rw—w)f 47] -v [r(ﬁ—m)f gﬂ
= ) (5.36)
@2

_ @DASK ("P) _ T@ASK ((I))
= 2

=R.H.S. (5.37)

The rules (7) and (ii) are not satisfied in the Cp and RL definitions.

Theorem 20. (Rolle’s Theorem for the Generalized Fractional Differential Function).
Leta > 0and ¥ : [a,b] — R be a given function that satisfies the following:

i) W is continuous on [a, b].

ii)¥ is {—DF for some { € (0,1] .

i)Y (a) =Y (b) .

then, there exists ¢ € [a, b], such that P9 (¢) = 0.

Proof: Since ¥ is continuous on [a, b] ,and ¥ (a) = ¥ (b), thereisac € (a,b),
which is a point of local extrema, and ¢ is assumed to be a point of local minimum.

So, we have:

r'y) 1-¢y _
DAKP(c*) = lim et myem @ ) = )
Q—0* Q

B>-1,8€ R, (538)
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W(c + rpbi Q') - ¥(o)

Q

B>-1,8€ R, (539

DAY (™) = lim
Q—0~

But, DA5K¥(c*) and DASKWP(c™) have opposite signs. Hence, DK (¢) = 0.

Theorem 21. (Mean Value Theorem for the Generalized Fractional Differential
Function) Let a > 0 and ¥ : [a,b] — R be a given function that satisfies the
following:

i)W is continuous on [a, b]

ii) ¥ is {—DF for some ¢ € (0,1).

then, there exists ¢ € [a, b], such that

Y () -¥(a)

DAK Y = [— , 5.40

©= | S o —at) (5.40)
where h = ﬁ

Proof: Consider a function such as in (Khalil et al., 2014)
_ Y (b)-¥(a) bg bg

(I)(t) —‘P([)—‘P(CI)— [W (ht — ha ), (541)

where h = Nt3R

DASKD (1) = DASKY (1) — DASKY (¢) — [‘P (b) =¥ (a)] (hDASKt{ _ thSKas“) ,

h (b¢ — af)
(5.42)
By using Eq. 5.6, we get:
VY (b) -¥(a)
DK (1) = DVKW (1) - [—] : 5.43
(1 O | or—a (5.43)
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atc € [a, b]

(5.44)

DK (¢) = DAKW (¢) - [‘P(b) - ¥ (a)} ,

h (b¢ — af)
the auxiliary function: ® (c) satisfies all conditions of the Rolle’s theorem. There-
fore, there exists a ¢ € [a, b] such that DA5K® (¢) = 0. Then, we have:

(5.45)

DAKY (¢) = [M] ,

h (b¢ — af)

Definition 14. 1¢ (¥) (1) = 19 (#~1W (x)) = "& 1 28 dx and £ € (0,1)

Theorem 22. D1, (V) (1) =¥ (1) fort > 0 where¥ is any continuous function

in the domain.

Proof: Since W is continuous, then Igf (W) (r)is differentiable. Hence,

I'(B)

Dglév (‘P) (l) = m

=< %1; (P) (1), (5.46)

be A L'(B) 1—41 LB-¢+1) [T¥(x)
DI () (1) = —F(,B —+ l)t 7 ) i dx, (5.47)
d [T¥(x)
DL (9 (1) =1 /O “Hax, (5.48)
DI, (W) (1) = 11 ‘if?, (5.49)
DL, (P) (1) =P (1) (5.50)
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54 Computation

The fractional derivative of the exponential function: ¥(r) = e, 1 € ¢

At o A k
= ot (5.51)
k=0
DASKe/U _ i /l_k DASKtk (5 52)
- Lk ' '
k=0
From Eq. 5.11, we get:
DASKR = DO, (5.53)
Let us now write Eq. 5.52 as:
DK = i 2 e (5.54)
Lk ’ '
k=0
DAK A = pCet, (5.55)

Fractional Derivative of Sine and Cosine Functions: For sine function, we define:

Y(t) = sin wt as:

1. .
sin wt = % (e =), (5.56)
1 . .
DK sinwr = o (DK — pASK =) (5.57)
l
From Eq. 5.57, we obtain:
l Lt Lt
DK sinwr = (:ocel _ pCe ) , (5.58)
l
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1, . .
ASKDQV sin wt =C D{_ (elwl‘ _ e—la)t) ’

5.59
% (5.59)
ASK D sinwr =¢ D sinwr. (5.60)
Similarly, we can prove the following for W(¢) = cos wt:
ASK D cos wi =€ DY cos wt. (5.61)

5.5 Numerical Validation

To validate our obtained results, we provide the following illustrative example:

Example 5.5.1. Consider the following Riccati fractional differential equation
(Yiizbasi, 2013):

Dy () +y’(x)=1,y(0)=0,0< ¢ < 1.

(5.62)
Solution: By applying Eq. 5.6, we obtain:
'(B) 1—cdy o
—_— X T — =1,y(0)=0,0 <1 5.63
Fo e a0 =Ly 0 =00<¢ (5.63)

To solve this equation at { = % and { = %, the package of Wolfram Mathematica

has been used to obtain the following:

— A
—%, (5.64)

where A = %andﬁ =(= % as in (Krishnasamy et al., 2017).
1
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Table 5.1: Comparison of the results of the ASK with other works at { = 3

[t [|ASK | BPM | EHPM [ IABMM | ComD |
0 0
H 0.2 H 0.31439 H 0.30996891 H 0.3214 H 0.3117 H 0.37889 H
| 0.4 ][ 0.49848 || 0.48162749 || 0.5077 || 0.4855 [ 0.58539 |
1 0.6 ]| 0.63022 || 0.59777979 [| 0.6259 || 0.6045 [l 0.72064 |
| 0.8 ]| 0.72609 || 0.67884745 || 0.7028 || 0.6880 || 0.81029 ||
[ 1.0 [[ 0.79618 ]| 0.73684181 [ 0.7542 ][ 0.7478 [[ 0.87006 |
y(x) = % (5.65)
l+e 51

where A = r(/gﬁ)l)andﬁ (= 0 as in (Krishnasamy et al., 2017).
5.6 Comparative Study

Some results for Riccati fractional differential equation are provided in Table
(5.1) and Table (5.2) for different values of £, where parameters are taken as 8 = {
(Krishnasamy et al., 2017). In Table 1, our results are compared with previous results
using other methods and approaches such as Bernstein Polynomials Method (BPM)
(Yiizbasgi, 2013), Enhanced Homotopy Perturbation Method (EHPM) (HosseinNia
et al., 2008), Improved Adams-Bashforth-Moulton Method (IABMM) (Yiizbast,
2013), and ComD (Khalil et al., 2014) at { = 3

In Table (5.2), our results are compared with previous results using other
methods and approaches such as Bernstein Polynomials Method (BPM) (Yiizbas,
2013), Modified Homotopy Perturbation Method (MHPM) (HosseinNia et al.,
2008), Improved Adams-Bashforth-Moulton Method IABMM) (Ylizbasi, 2013),
and ComD (Khalil et al., 2014) at { = %.
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Table 5.2: Comparison of the results of the ASK with other works at / = %

[t ||ASK | BPM | MHPM || IABMM || ComD ||
[0 [0 o [o o Jo 7]
0.2 ] 0.23952 [] 0.23878798 ][ 0.2391 [ 0.2393 [ 0.25526 |
| 04 ] 0.42667 | 0.42258214 || 0.4229 || 0.4234 [/ 0.45191 ||
0.6 [ 0.57607 ]| 0.56617082 ][ 0.5653 [ 0.5679 [ 0.60539 |
| 0.8 ]| 0.69138 || 0.67462642 | 0.6740 || 0.6774 [ 0.72063 ||
| 1.0 ][ 0.77780 || 0.75460256 || 0.7569 || 0.7584 || 0.80445 |
5.7 Discussion of Results

It is noticeable from the above Table (5.1) and Table (5.2) that our results are in
a good agreement with BPM, MHPM, EHPM, and IABMM results. In addition,
the ComD (Khalil et al., 2014) has been used to solve fractional Riccati differential
equation. However, the results of conformable derivative do not coincide with
other works and our present results. Therefore, the obtained results that have
been calculated analytically via ASK are in good agreement with other methods.
However, in comparison with ComD, the present results are better than ComD’s
results as suggested in (Khalil et al., 2014). In Fig. (5.1), the absolute relative
error shows that the present result of Riccati fractional differential equation is
exactly obtained at @ = 1 in (Ylizbasi, 2013), by comparing it with @ = % using the
proposed definition and the conformable one. The figure shows a good accuracy

for the results of the proposed definition in comparison with the conformable one.

2

A similar situation is provided in Fig. (5.2) at @ = 3.

5.8 Conclusion
In this chapter, ASK derivative has been suggested to provide more advantages

than other classical Cp and RL definitions such as the derivative of two functions,
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Figure 5.1: The absolute relative error is plotted for Riccati fractional differ-
ential equation for the conformable derivative and ASK derivative at = 0.75

the derivative of the quotient of two functions, the Rolle’s theorem, and the mean
value theorem which have been satisfied in ASK. The present definition satisfies:
DEDAY(1) = DFBY(¢) for a differentiable function: W(r) expanded by Taylor
series. The fractional integral is introduced. Compatible results with Cp and RL
results have been obtained for functions that are given in sections 5.3 and 5.4. Also,
a comparison with ComD is studied. We conclude that our proposed ASK definition
gives a new direction for solving fractional differential equations in a simple manner

in which the results of the Cp and RL definitions are exactly deduced. In future
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Figure 5.2: The absolute relative error is plotted for Riccati fractional differ-
ential equation for the conformable derivative and ASK derivative at = 0.90

study, a full application example of the Chebyshev differential equation of first kind
will be studied in the context of ASK definition by establishing the drivability and
integrability results of the sum function of functional power series, introducing
the generalized fractional power series technique, studying solution’s existence
around an ordinary point of a homogeneous sequential linear generalized fractional
differential equation of order 2¢, and applying the proposed technique to study the
series solutions including the properties of the generalized fractional Chebyshev

polynomials.
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CHAPTER 6: INVESTIGATION OF THE EXISTENCE AND
ULAM-HYERS-RASSIAS STABILITY OF SOLUTIONS TO THE
IMPLICIT NONLINEAR FBVP IN THE VARIABLE ORDER SETTINGS

6.1 Introduction

In this chapter, the solutions’ existence and its stability to the fractional boundary
value problem (FBVP) are studied for an implicit nonlinear variable order fractional
differential equation (VOFDfEq). The FrCL of variable order extends the theory of
the constant order one. The order of a system varies continuously to describe the
changes of memory property with space or time (Baleanu et al., 2011). Bouazza et
al. (2021) studied the multi-term variable order fractional boundary value problem
(VOFBVP) by showing that there exists exactly one solution to such a system under
some conditions. In (X. Li et al., 2020), by proposing a novel kernel function via
polynomial form, a general structure of Atangana-Baleanu VOFBVPs was studied.
Derakhshan (2021) solved a Cp linear time-fractional VOFDfEq arising in fluid
mechanics and displayed the existence-uniqueness-stability. Refice et al. (2021)
carefully studied the Hadamard VOFBVP and derived solutions via the Kuratowski
measure of noncompactness (KMNC) technique. Recently, a few contributions
to the solutions of fractional constant order BVPs have been previously provided.
However, the solutions’ existence to FBVPs of variable order have been rarely
studied (see (Sousa & de Oliveira, 2018; Tavares et al., 2016; Yang et al., 2018)).

Inspired by all mentioned works along with the paper (Benchohra & Lazreg,
2014), we investigate the solutions to the following FBVP for implicit nonlinear

VOFDfEq:

Dps k(1) = m(t,x(1), D x (1),
6.1)
x(0)=0, x(Q) =0, teJ:=[0,Q],
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where 0 < Q < +o0, u() : § — (1,2], m : xR xR — R is a CF, and ‘”g@,

D“(t) are the Riemann-Liouville fractional (RLFr) integral and derivative in the

context of variable order u(t).

All existence criteria in our investigation are derived via Krasnoselskii’s fixed
point theorem (KFPThm), and then its Ulam—Hyers—Rassias (U-H-R) stability is

also verified.

6.2 Essential Notions

Some important notions are presented to be used later in our results.

By €(J,R), we illustrate the Banach space (BS) of CF from J into R via

o~

llxll = sup{lx()[ = € J}.

Definition 15. (Samko, 1995; Samko & Ross, 1993; Valério & Da Costa, 2011)
Let —co < ¢ < d < +00, and u(t) : [c,d] — (0, +00), the left RLFr integral in the

context of variable order u(t) for h(t) is expressed as:

u(t)—
u(l)h(t) / (t F( )( )) lh(W)dW, t>c, (62)

where the gamma function is denoted by I'(.).

Definition 16. (Samko, 1995; Samko & Ross, 1993, Valério & Da Costa, 2011) Let
—o<c<d<+oo, reNandu(t) : [c,d] — (r — 1,r),; the left RLFr derivative
in the context of variable order u(t) for h(t) is expressed as:

d\r r— d ' (t— r—u(t)-1
u(z)h(t) _ (E) SC+”(’)h(t) _ ( (t—w)

E) C Wh(w)dw, t>c. (6.3)
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Obviously, if u(¢) is a constant function u# € R, then the variable order Riemann-
Liouville fractional (VORLFr) derivative (6.3) and integral (6.2) are the usual RLFr
derivative and integral, respectively (see (Kilbas et al., 2006; Samko, 1995; Samko

& Ross, 1993)). Some essential properties are provided as follows:

Lemma 1. (Kilbas et al., 2006) Assume that 5 > 0, then
D% h=0
has a unique solution
W) =w1(t=0)° T+t =) 2+ . +wp(t — )"

wi€R, j=1,2,..,r,herer -1 <6 <.

Lemma 2. (Kilbas et al., 2006) Let ¢ > 0, h € L(c, d), D(Clh € L(c,d), then
D% A1) = h(t) +wi(t — ) +wa(t =) P+t w (=)

wj€R,j=1,2,...,r, herer —1 <6 <.
Lemma 3. (Kilbas et al., 2006) Let 6 > 0, then we get:
D%, 3%, (t) = h(t).
Lemma 4. (Kilbas et al., 2006) Let 6, > 0, then we get:
3030 h(1) = 32,30 h(t) = 30 ().
Remark 7. (S. Zhang, 2013; S. Zhang & Hu, 2019; S. Zhang et al., 2019) For
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general functions u(t), v(t), it is noticeable that the semigroup property is invalid,
ie:

(wu(t)cwv(t) (wu(t)+v(t)
S.3 . h(t) £33 h(t).

Example 6.2.1. Let

12 3, te[0,1]
u(t) = 3 t€[0,4], v(r) = h(t) =2, t €]0,4].
2, te€]l,4].

Then

- [ [
_ / U F(V;)(j;l)) 1 01 (Wrz3;)22d7'+ lw (»;(—2)7 ) 2drldw
[ e
and
OOy = 0 ' (; Euv:t))ui):((;;l ).
It is clear that
SO O (1)) ey = TOow DY

EYE) 3
1 3 5

- —/ gt s 12w3 — 2202 4 350 — 12)aw
2 ) '3 3

21
10°
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and

3 _ u(t)+v(r)-1
<~u(t)+v(t) 3 3-w)
hB)li=s = /0 Tl +v() 4w

1(3—W)5 3(3_W)4
; —F(6) 2dw +/1 —F(S) 2dw

1 1
= o / (-w> + 15w* — 90w + 270w? — 405w + 243)dw
0

1 3
+ ﬁ/ (w* — 12w> + 54w? — 108w + 81)dw
1

665 32 857
360 60 360

Therefore, we obtain

S0 ()= # 150 (1) 3.

Lemma 5. (S. Zhang et al., 2018) Let u : 3 — (1,2] be a CF. Then for

y € € (J,R) = {y(1) € €I, R), 1y(1) e €(J,R)}, (0<¢ < rtréi%llu(t)l)

the variable order (VO) fractional integral 35, y (1) exists for any points on .

Lemma 6. (S. Zhang et al., 2018) Assume that u : J — (1,2] be a CF, then

34y(1) € €(3,R) for any y € €(3, R).

Definition 17. (An & Chen, 2019; S. Zhang, 2018; S. Zhang & Hu, 2020) The set
3 in R is named as a generalized interval (G-interval)if either it is an standard

interval, a point {c}, or the empty set ().

Definition 18. (An & Chen, 2019; S. Zhang, 2018; S. Zhang & Hu, 2020) If J is a

100



G-interval, then the finite set P of G-intervals belonging to J is a partition of J

whenever each x contained in J lies in exactly one of the G-intervals.
Let E be a BS as follows:

Definition 19. (An & Chen, 2019; S. Zhang, 2018; S. Zhang & Hu, 2020) Assume
that J is a G-interval, g : 3 — R a mapping, P a partition of 3. In this case, g is

a piecewise constant by terms of P if for every E € P, g is constant on E.

Theorem 23. (Kilbas et al., 2006) (KFPThm) Suppose that S is a closed, convex,
bounded subset of E and suppose that W\ and W, are operators on S satisfy:

(i) Wi(S) + W2(S) C S,

(ii) Wy is continuous on S and W1 (S) is relatively compact in E,

(iii) Wy is a strict contraction on S, that is; 3 k € [0, 1) s.1.

[W2(x) = Wa(p)I| < kllx =yl

for every x,y € §.

Then, 3x € S s.t. Wi(x) + Wh(x) = x.

Definition 20. (Rus, 2010) (U-H-R stability) The equation of (6.1) is U-H-R stable
wrtyp € C(J,Ry) ifJa, >0s.t. Ve > 0andV z € €(J,R) satisfying

D5 2(1) = m(1, 2(1), 34" 2(1)] < e(1), 1 €3,
dx € (3, R) as a solution of equation (6.1) with

|2(1) = x(1)| < amep(t), 1 €.
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6.3 Existence of Solutions

Some assumptions are presented as follows:

(H1) Letr € N, = {31 := [0,Q1], 32 := (Q1,Q],J3 = (,Q],..3, =
(Q,_1,€,]} be apartition of J, and u(z) : J — (1, 2] be a piecewise constant

mapping by terms of P, i.e.,

up, ift €3,

uy, ifteIo,

ur5 ift 63}’5
in which 1 < u; < 2 belong to R, and J; is the indicator of J; := (Q;_1,Q;], j =

1,2,..,r, (0 =0, Q. =T)s.t.

A, 1, forted,,
;1) =
0, for elsewhere.

(H2) Assume that #5m : X RXR — Rbe a CF: (0 < ¢ < minyex |(u(1))]), there
exist constants, K, L > 0, s.t. t5|m(t, y1,z1) — m(t,y2,20)| < K|y1 — ya| +

L|zy — zo|, forany y;,z; e Rand t € J.

By E; = €(3,,R), we denote the BS of CFs from J; into R with the norm
lxlle; = sup |x(2)],

IGSJ'

where j € {1,2,...,r}.
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We firstly do the analysis of the FBVP (6.1) to obtain novel results.
By (6.3), FDfEq of FBVP (6.1) can be written as:

d2 t (l‘ _ w)l—u(l)

_— — u(t) ~
a2 Jo T2 —u(0) x(w)dw =m(t,x(1), Dy, "x(1)), t€3J. (6.4)

According to (H1), the equation(6.4) on J; can be represented by

2 [ Q) (r-w)l"1 ' —wy 7Y uj ~
#(/0 1 (rr(‘;lul) x(w)dw+...+fgj_l %x(w)dw)=m(t,x(t),3301x(t)), €3, (6.5)

for,j =1,2,...,r. The solution of the supposed FBVP (6.1) is presented due to its

essential role in our results as follows:

Definition 21. The FBVP (6.1) is said to have a solution, if 3x; € €([0,;],R)
satisfying equation (6.5) and x;(0) = 0 = x;(Q;).

From the above, the FDfEq of FBVP (6.1) can be indicated as the FDfEq (6.4),
which can be formulated on J;, j € {1,2,...,r} as (6.5). For0 <t < Q;_;, we set

x(t) = 0, then (6.5) is illustrated as follows:
uj _ uj & .
’DQ;_]x(t) =m(t,x(1), DQ;_]x(t)), tey;.

Let us now regard the following equivalent standard FBVP:

bg;‘]tlx(r) = m(1,x(1), @d']tlx(t)),

(6.6)
X(Qj_l) = O,X(Qj) =0, te Sj-

For the existence of solutions to the equivalent standard FBVP (6.6), an auxiliary

lemma is indicated by follows:
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Lemma 7. x € E; is the solution to the equivalent standard FBVP (6.6) iff it satisfies

x(1) = =(Q; — Q) ™ (1 - Q)" '3, Y(€) +35 Y@, 1€3;. (67)
J= J=

where

—u: . Ui o
yo = m(l,—(Qj—Qj—l)l Y(-Q)" IS y@)+S Y(f),y(f))7 1€3;.
J-1 J=1

Proof. Let x € E; be a solution to the equivalent standard FBVP (6.6). Now, we
take Dg';ilx(t) = y(¢) and apply SMQ’#I to both sides of the FDfEq of the equivalent

standard FBVP (6.6). By Lemma (2), we have:
x(t) = w(t - Qj_l)“f_l + wy(t — Qj_l)“f_z + Sgﬁ (), tey;.
j-1

By x(L;-1) = 0 and the given assumption for the mapping m, we obtain w, = 0.
Assume that x () satisfy x(€2;) = 0, thus we get: w; = —(QJ-—QJ-_l)1_”1‘33771)7(9]-).

Then, we have:

x(t) = —(Q7—Q_)' (e —Qj—l)“f‘li‘sg; 1)’(Qj) +SZ{+ 1y(f), te3,
J— J—
where
¥y = m(z,—(Qj—Qj_l)l‘“j(r—Qj_l)“.f‘lng ly(szj)+3ZZQ 1y(z),y(z)), 1€3;.
J- J-

Conversely, assume that x € E; satisfies the integral Eq. (6.7) as its solution.
Then, according to the continuity of tm and Lemma (3), x is a solution to the

equivalent standard FBVP (6.6).
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Our existence result is derived with the help of Theorem 23.

Theorem 24. Suppose that (H1) and (H2) are fulfilled and by assuming

(Q; -Q; 1)1 (Q;' —Q;,'79) (K(Qf —Q-)Y L) 1
(1-OT(u;) T(u; +1) 2) S ¥

the FBVP (6.1) admits a solution on E.

Proof. In the first place, convert the equivalent standard FBVP (6.6) to a fixed point

problem. Consider the operators:

Wl,WzIEj —>Ej

defined by:

Wiy(t) = =(Q; — Q1) ™ (1 - Q)" '35, ly(Qj), Way(1) =3, IY(l),
J= J-
(6.9)

in which
y() = m(t,x(1),y(1)).

It is followed, from the specifications of fractional operators and in view of the
continuity of m, that the operators Wi, W, : E; — E; illustrated in (6.9) are

well-defined. Let

2m*(Qj—Qj,1)uj
I(uj)
2(Q;-Q;-1)" Q14— 1Y) (2K(Q;-Qj-1)" I3
- =0T (u;) ( TG +1) +)

R; >

)

1
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where

m* = sup |m(¢,0,0)|.

tefs_,»
We consider the set:

Br; ={x € Ej, |Ixllg; < R;}.
Obviously, Bg; is nonempty, bounded, convex and closed.
Let us prove that Wy, W, satisfy Theorem’s (23) assumption. The proof is
divided into 4 steps.

Step 1: Wi (Bg;) + Wa(Bg;) C (Bg,)-

Lety € Bg,, we show that Wi (y) + W2(y) € Bg;.
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For t € J;, we have:

IA

IA

IA

IA

IA

IA

IA

1-uj -1
_p e

|(Way) () (Way) ()| < 220
J

—U P (\,Lt‘ mu‘
m(W,—(Qj—Qj—l)l Y (w=Qj1)" l\sgff ly’(Qf))Jr‘sngf 1y(w),y(w))‘dw
-

Q-
J i—1
-/Qj—l (Qj_w)uj .

#j)féj_l("w)uﬂ m(w,_(gj_gjil)lfuj(W—ijl)ujflsgf 1y(gj))+szﬁ ly(w),y(w)))dw
J= J=

Qi L l—u: 1M U
F('ij)fﬂjj_l(gj—w)”_l l‘m(w,—(Qj—Qj_l) “](W—Qj_l)“_/ JQJ;_ly(Qj))+\sQJ+-_1y(w),y(w))‘dw

Q; L —u U u;j
i o, (@) lm(w,—m,-—sz,q)‘ I (w=Qj-1)" 13917ly(ﬂ,-)>+sgf;1y(w),y(w))

Q: L
m(w,0,0)‘dw+#j> /ij_ 1 (Q;-w)"i ~ m(w,0,0)|dw

—1
2Qi-Q;_ " Q l—us T uj
Jr+j>fsz_fj_1 w (K |=(Q=Q;1)' ™ (w=Q;j_1)" sﬂf;ily(gj))+sgf771y(w)|

2m*(Q;-Q ;1)
LWWWWM

l"(uj)

1 uj
2Qi-Q;_ " Q; u; u; 2m*(Q;-Q; )"
ST [ W KOS y@)HISL yn DLy ()] dws "L

J j-1 -1 -1 J

_ il 1-¢_ 1-¢ ) Q. uj
2(Q; Qj,l)"l ©Qj1=¢-0;_1=¢) ol 2m*(Q-Q;_1)"]
T=DT ()) 2K”\SQ+ 1y||Ej+L||y||Ej +T

Z(Qj—Qj_])uj_l(Qj]—§—9j_l -4 2K(Qj—Qj_])uj zm*(gj—gj_])”j
=0T ;) T(u+1) +L|R; ;)

R;,

which means that Wy (Bg,) + W2(Bg;) C Bg;.

Step 2: W, is continuous
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Let (y,) be a sequence s.t. y, — yin E;. Then, V¢ € J;, we obtain:

I-u; uj—1
e i D G o i D

|Way)(0-(Wy) ()]s s

P —U - . wu' Nu'
Ja, =) l‘m(w,—mj—sz,-_l)l Yw=-Q )" IS v (@))+3 ) yr(w>,yr<w>)
- j-1 j-1

_ m(w,—(Qj—Qj,l)l’uf(W_Q.ffl)uj713;Q 1y(Qj))+S;{f 1y(w),y(w)))dw
j- J-

1-u; uj—1
(Q"Q'—l) -l(tfsl',l) J t 1
! : F(uj) ! ‘/Q]'*l (t—W)uJ w 4

IA

X (K(Qj—ﬂj_o““f<w—9,~_1>”f*lsgf; V7 () =y(Q)+KS L |yr<w>—y(w)|+L|yr(w>—y<w>|)dw
Jj=1 Jj=1

< #t]) fﬂtjq (t-w)"i Tlw=¢ (2K$Zl§'—1 ||yr_y||Ef+L||y’_y”Ej)dw
< O (K o
< @;1=¢ —ﬁi?)ﬁ.;?j—l)url (2’(“;1‘(;?1‘1‘)‘ il +L) lyr=vllE;-

Thus

[(Wiy,) — (le)”Ej — 0 as r — oo.

As aresult, W is continuous on E;.

Step 3: W, (Bg;) is relatively compact
Let us now prove that W;(B R_,-) is relatively compact. Obviously, W (B R_].) has
the uniform boundedness, since by Step 2, Wi(Bg,) = {Wi(x) : x € Bg,} C
Wi(Bg,) + Wa(Bg;) S Bg,;. Thus, for each x € Bg,, we have: |[W(x)|[g; < R;
which means that Wi (Bg,)is uniformly bounded. Lastly, it is necessary that we

verify that WI(BRj) is equicontinuous. Fort;,#, € J;and y € Bpg;, we estimate
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(11 < 1p):

O, I-uj
|(WIY)(f2)—(WIY)(f1)|S%((IZ—Q,i—l)url—(tl— H)”f*‘)

Qi L —u: 1M U
Ja @i=w)" lm(w,—mj—szj_l)l Y w=y)" IS @)+ y(w),y(w))‘dw
- -1 j-1

-

1-u;
(Q;-Q;_1) J . o
< %((zz—ﬂm“f = (1-Qj)" 1)
Qi . —u 1M U
Joj (@) “m(w,—m,—sz,-_l)‘ 4 (w=Q, )" S, RICTIAAAS ly(w),y(w))—m<w,o,o> dw
- -
1—u;
(Q;-Q;_1) J L 1 Q; 1
+ Jr#((h—gj—l)u] (119" fQj"_l(Qj—W)u-’ [m(w,0,0)|dw
1—u;
(Q;-Q;_q) " - -
< JF#((Q—QJA)”J ' (11-Q;-1)" I)
fgj Q. u/-—l -4 Kk(Q.—Q; l—uj Q; uj—l ~HT Q; ~H L d
o @)™ (K@) (-0, ) ISGL @)l yOnILIy o0 Jaw
= -
I-u; *
+ (@0, ) m* (t=Q; ) (1=, ) V) [ (@—w) i W
F(uj) 278sj-1 —Ul1—=345-1 /S..zj—l j—wW w cdaw
1-u;
Q;j-Q;_) _ -
< %((m—@,_o“f = (n-Q-1)" ‘)
S (@) (2K Iyl +LI e, )dw
Qj—l J 'Q‘}_l y E; y Ej
1-u;
Q;-Q:_1) Tm* L L Q: 1
+ %((Q-Qﬂ)“} (1 -Qj1)" 1)fgjffl(gj-w)”f "w=¢aw
@;1¢—q; ,1-¢) - . e
< oy () 00,0 ) (2K e b
(Q'l_g—g'fll_g)m* | .1
+ ! —(1—{)JF(uj) (12=Q; 1) ™ =(11-Qj-1)"
@1 oq; [1=6) [ . . -
< W ZKJQ'];_I||y||Ej+L||Y||Ej+m (2=Q;_1)" ™ (1 —Q;_)" T ).

Hence, [(W1y)(12) — (Wiy)(t1)| — O as [t — 11| — 0. It implies that W, (Bg;) is

equicontinuous.
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Step 4: W, is a strict contraction on B R,

For y;(t), y2(t) € Bg,, we obtain that

[(Way2) ()= (W2y1) (1)

P —uy P (‘M' (‘M‘
<t oy, )Y l‘m(w,—m,-—sz,-_l)l “(w-Q; )" 'S, 32A@)+Sg 1y2<w>,y2(w))
_ : a
- m(w,—(szj—sz,»_l)“"f(w—sz,-_1>"fls;f; Y@+, y1<w>,y1(w)))dw
Jj=1 J-1
P —y L (‘u-
<t oy, )Y 1w*4(1<(9,—sz,-_1)1 “(w-Q )" 'S, 2(2) =31 (@)

=

+ Kssuz]’f 1 |YZ(W)_YI(W)|+L|y2(W)—y1(w)|)dw
i

t -1 _ Ui
< r(:llj) /jSl (t-w)"i T w¢ (2KJQJ;I ||y2_y1||Ej+L||J’2—y1||Ej)dW
- 1-£ uj-1 u;
@;'=¢-a. T @-e; " 2UK(Q;-Q;_ )"
< (=0T e o=yl +LIy2 -l
- 1-Z u;—1 4
©@1=¢-a.7%)@Q;-a;_ " (@0, )Y
j—1 J J j -1
< (=0T () e L Iy2-yille;

Consequently, by (6.8), W, is a strict contraction. Hence, by KFPThm, 3
X; € Bg, s.t. Wi(x) + Wa(x) = x, which is the equivalent standard problem’s (6.6)
solution.

We let

0, e0,91],
x; = (6.10)
fj, IESJ'.

On the other side, it is known that x; € €([0,Q;],R) given by (6.10) fulfills

a2 -w)'tn t ew) T B u;
ﬁ(/o F(V;—ul) xj(w)dw+~-~+/gj_1 —F(v;—uj) xj(w)dw —m(w,xj(w),Doixj(w)),
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for t € J;, which indicates that x; will be a solution to equation (6.5) furnished

with x;(0) =0, x;(Q;) =X;(R;) =0.

Then,

x1(t), teJ,
0, te€3,

x(t) =
X2, t€F

x(t) =

0. 1e[0.Q 4],

xr(t) = !
;C}, t e Sj

is the solution for the main variable order FBVP (6.1).

6.4 U-H-R Stability

We study a general form of such a notion in sense of U-H-R.
Theorem 25. Consider (H1), (H2), (6.8) and assume:

(H3) ¢ € €(3,,Ry) is increasing and 3 A, > 05.1. Vt € Jj, we get:

3?{;71#0) < Ag(n (D).

then, the given implicit nonlinear VOFBVP (6.1) is U-H-R stable w.r.t ¢.

Proof. Assume that z € €(J;,R) is an inequality’s solution as follows:

DY 2(0) = m(t,2(0), D 2(0)] < epln),1 € T (6.11)
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For any j € {1,2,...,n} we define the functions z;(¢) = z(t),t € [1,Q] and for

j=2,3,...,n:

0, te[0,Q;1],
Zj(t) =
z(t), te ;.

By considering SMQ’ +on both sides of the inequality (6.11), we obtain for t € J;
J=

l—uj i—1
©Q-;_) "a-;_"

Zf(t) + T(uj)
Qi .
ﬂlj]—1(gi_W)Llj 1m(w,—(Q_,-—Qj_l) Y (w=Qj1)" 139+ z,(Q ))+39Jr z,(w) z,(w))
t . <\/

~ ri ) 1m(w (@m0 =0y )L @1 z,<w>,z,-(w))dw
< t (1—w)u()=1
= G/Qj—l r(u—(j))go(w)dw
<

/1‘/;([)61,0(1‘).

In accordance with above argument, VOFBVP (6.1) involves a solution y which is

defined by y(¢) = y;(¢) fort € J;, j =1,2,...,n, where
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and y; € E; is a solution of FBVP (6.6). By Lemma (7) the integral equation

1—u; i—1
Q-9 “Ta-;_ "

() (@)=

F(Ltj)

Qi . —u: e —~ M~ ~
sz] 1 (Qj_w)u_] lm(w,—(Qj—Qj_l)l uj (W_Qj—l)”] I‘SZZJ+ yj (QJ))+\SQJ+ yj (w),yj(w))dw
- J-1 J-1

P —_1y s - uj —_ uj —_~ —_
#j)/gtj_l(t_w)w lm(W,—(Qj—Qj,l)l uj (W—jSl)uj 1394 lyj(Qj))+ngf 1yj(w),yj(w))dw
j- j-

holds. Then, we arrive at, for each t € J;

IA

l2(0)=y (@) |=lz(t)=yi (1) |=lzi (1) =yi (1)]

1-u; uj-1
J(I*Qj,l) J

F(uj)

(2 () + 2220

J

t P —_ (\/u‘
#j)fgj_l(t—w)“l lm(W,_(Qj_ijl)] “w-Q-)" 'S

1-u; uj—1
j-1) T

F(uj)

(Zj)(f)"'(gj_Q

Qj

J

j)

-1

1-uj u;
J (-0, )"

r(uj)

(Qj-Q;_1)

Q . —u L i
Jo,, (@=w)" l""(w’-@f—ﬂf—l)‘ “(w-Q; 1) 'S

fo _1<9,-—w)“f*‘m(w,—(szj—szjfl)“"f(w—sz_,-q)“f*‘s;’;

Q; ui— —u; T P ujp = =~
Jo. o (@j=w)" 1m(w,—<sz_,~—sz,-_1>1 (=)L T @)+, yi<w>,yi<w>)dw
- j-1 j-1

_ — Ui~ ~
o lyz'(Qj))+JQJ+_ lyt'(W),yt'(W))dW‘
= -

IZj(Qj))+3;’% 1Zj(W),zj(w))dw
J

- —uy P ("u' ("u-
My oy, (7)Y lm(w,—@j—sz,_l)l Y (w-Q- )" IS, @G ]zj<w),z,~<w>)dw(
)

-

y
o (@S

zj(w),zj(w))dw
j-1 j-1

m(w,—(gj—gj_l)lfuj(w—gj_l)”rls;f; Ti(Q)+3 ), y,»(w),yi(w))dw)
-1 -1
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IA

IA

IA

IA

IA

IA

1 t u;i—1
ep) /§2j71([_w) J

—u - P ujy uj
m(w,—(ﬂj—ﬁj—l)l U (w=Qj-1)" lﬁgﬂ' IZj(Qj)"'SQJ-;: IZj(W),Zj(W))dW
- -

m(w,—«z_,-—sz,-_l)‘*“f<w—sz,»_1)“f”sgf; lii(sz_»wgf; lii(w>,§i(w>)dw
J= J-

1-u; —1
~Q;_1) “J(t_gjil)"l

©@;-Q
/190(’)690([)-'- F(Ltj)

Qi 1 l—u; 1HU] ~
ﬁljl—l (Qj-w)" ™ w g(KI:(Qj—Qj—l) (=) Jgjf 1|(Zj(Qj)_)’i(Qj)|
T

3, l|z,-(w)—i,-<w)|]+L|z,~<w>—ii(w>|)dw
i+

o /s;j_l(,_w>uf-1w—4(m,._g,_l)l-“f (w—fz,»_n“f‘lsgg_l 12(Q)-3:(Q))]

S;jil |z,-(w)—i-(w)|+L|zj(w>—i,»<w>|)dw

Lo e () +y /Qf;f_l Q=) (m:‘%_l |z,-(g,-)—y,-(g,~)|+k3;%_l |2 (w)=5: (w)]
lej(w)—i,-(w)|)dw+#j) fg‘j_l(,_w)uj—nw:(ng§1|z,-(gj)-y,-(gj)|

u; —_~ . * Pa—
= |z,-<w>—yi<w>|+L|z,»<w>—yi<w>|)dw+#j) o, =)

—1
@-9;_ " u; _ _ Q
/l‘p(t)f‘/’(f)“Lro) 2K39;_1”Zj_)’i||Ej+L||Zj_Yi||Ej A?jq w¢dw

(ffﬂjfl)uj_l U — — t -z
—twp ZKJQ}LI”Zj_)’i”Ej"'L”Zj_)’i”Ej fgj_lw dw

A _ 1 w;
(le ‘o ! é)(gj,g._l)uj (@j-9;_1)" _ _
/Lp(,)ﬂp(l)+ j(l—{)l"(uj) ! 2K r(u;+1) ”Zj—yi”Ej"'L“Zj_yi”Ej

A,I _ _ u;
(t-Q;_ )" t1=¢-q; 1=¢)@;-0; )" _ _
lz(uj) j(l—{)l"(uj-i-—l) 1 ”Zj_yi||Ej+L||Zj_yi||Ej

_ _ i—1 u;
2Q;17¢-q; 1 1=0)@;-9; " ©Q;-Q;_" ~
ﬂ¢(,)6<p(l)+ j(l—{)l"(uj) : 2 r(ujj.+1) +L ||Zj_yi”Ej~

Ay ep()+ullz=yl.
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where

2 Q,l—{_g._ 1-¢ Q. —Q. uj—1
[ = max (& -t ) i) (ZK
i=12,..n (1 =T (uy)

(Q; —Qj_1)"
T(u, +1) +L)

Iz = YII(1 = p) < Ay ep(2).
It gives, for each t € J, that
l2(t) = y(O)] < [lz =yl < Ll Iuéso(t) = amep(t).
Then, the given implicit nonlinear VOFBVP (6.1) is U-H-R stable w.r.t ¢.

6.5 Numerical Example

Example 6.5.1. Let us consider the implicit nonlinear VOFBVP by assuming Q = 2,

as follows:
1 o
2
(0 = (B2 2o+ 5)i%, re3 =102
10 3 (6.12)
x(0) =0, x(2) =
Let

mit,v,2) = (52 + e+ 207, (1,3,2) € [0,2] X [1,400) X [1,400),
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and

(6.13)

Thus, we obtain:

55y, 2
|E(y] _y2)+E(Z1_Z2)|

1
t4|m(t, y1,21) —m(t, y2,22)]

Ly =yl 21z = 2]
10)’1 y2 15Z1 221.

1 1 2
Therefore, (H2) holds with { = 1 and K = 1o L= s
By (6.13), the implicit nonlinear VOFBVP (6.12) is divided into two expressions as
Jollows:
8 8
z 1,1 2 .z |
S — 5 - o~
Dg.x(t) = (E|X2(f)| + E|DO+X(I)| + g)l‘ 4, e IS,
9 9
z 1 1 2 = 1. _1
5 - 5 - ~
DLx(t) = (E|X2(f)| + E|Dl+x(f)| + g)t 4, tE S

Fort € 31, the implicit nonlinear VOFBVP (6.12) is corresponding to the following

FBVP:

8 1 1 2 8 11
ngJC(t) =~ (F)|x2(f)|+g|393+x(l)|+§)f 4, teJn,
(6.14)

x(0)=0, x(1)=0.

We can immediately check that (6.8) holds

@' ~€-0)7) (@ -9)"17! (2K<91 0 )_ 1

1
5 24
A-OT)) T 1) _3F<§> ( +13)~0.4076<1.
q

ri)
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=

Let ¢(t) =t2. Then
1o = —— [ (1= wiwid
Lot :—/ t—w)Sw2dw
0 F(%) 0

1 ! 3
< T%)/o (t—w)Sdw

5
< 1) =41 t).
81”(%)"0( ) == Apn (1)
1 5
Hence, (H3) holds with ¢(t) = t2 and A,;) = — 5
8I'(3)

By Theorem (24), the equivalent standard implicit nonlinear FBVP (6.14) has a
solution x| € E1, and from Theorem (25), the same FBVP (6.14) is U-H-R stable.
Fort € 3J», the implicit nonlinear VOFBVP (6.12) can be converted to the equivalent
standard implicit nonlinear FBVP as follows:
DLx(0) = (L3O + DT+ 2 F, e %
(6.15)
x(1) =0, x(2) =0.

We simply see that

i, N7 ur—1 3 1
@ =¢-0, ) @027 (2k(0,-0))"2 24 5 42
T2 ey L |=3ry (ram +is)=0.2465<1.
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Thus, the condition (6.8) is satisfied. Also

S2p(r) = — /t< Y3wid
I20(t) = —— t—w)Sw2dw
! F(%) 1

1 4
< o\ (l — W)SdW
F(g) 1
5
< t):=A4 ).
9F(%)<ﬁ( ) = Ay ()
1 5
Hence, (H3) fulfills with ¢(t) = t2 and Ay ;) = — 5
9Ir(z)

By Theorem (24), the equivalent standard implicit nonlinear FBVP (6.15) has a
solution X, € E», and from Theorem (25), the same implicit nonlinear FBVP (6.15)
is U-H-R stable.
Clearly, we have:

0, 1€3

x2(1) =

x(t), teJn.
Accordingly, by Definition 21, the solution of the implicit nonlinear VOFBVP (6.12)
admits a form as
x1(2), €3,

x(t) = 0,

t € 3,
x2(t) =

x(t), teFn,
and, by Theorem (25), the implicit nonlinear VOFBVP (6.12) is U-H-R stable w.r.t

Q.

6.6 Conclusion

New results concerning the solutions’ existence and stability of our proposed

FBVP as an implicit nonlinear FDfEq in the variable order settings have been
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carefully studied in this work. With the aid of both KFPThm and the criterion of
U-H-R stability, our results have been successfully obtained. A numerical example
has been presented to show the applicability of our theoretical analysis. In future
work, our results can be extended or generalized include various classes of implicit

nonlinear FDfEq in the variable order settings.

119



CHAPTER 7: A GENERALIZED MITTAG-LEFFLER-HYERS-
ULAM STABILITY OF QUADRATIC FRACTIONAL INTEGRAL
EQUATION

71 Introduction

Various integral equations (IEs) types are essential in functional analysis because
of their diverse applications in science and engineering. Many real-life applications
can be well modelled via quadratic fractional IEs. Quadratic integral equations
(QIEs) are encountered in kinetic molecular, radiative, neutron transport, traffic, and
queuing theories (Argyros, 1985; Busbridge, 1960). While QIEs have several appli-
cations, studying QIEs in the context of FrCL offers a powerful computational tool in

many modelling scenarios, particularly queuing theory and biology (Darwish, 2005).

This work investigates the following quadratic fractional integral equation’s

(FIE) stability:

y(r>=(V<r,y<t>)[ﬁ [ a-omargw-onwere) | an

where V, W : J xR — Rare CFs, g € [1,2), I" represents Gamma function(GF),
and QZZ; is the generalized Mittag—Leffler (ML) function. The quadratic operator
equations’ existence can be proven under the conditions of mixed Lipschitz and
compactness along with a certain growth condition on the nonlinearities included

in the quadratic operator.
In this chapter, a proposed quadratic fractional IE is studied via a generalized

ML function. The generalized ML-Hyers—Ulam (ML-H-U) stability is obtained.

Hyers—Ulam (H-U) stability and ML-Hyers—Ulam—Rassias (ML-H-U-R) stability
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are investigated.

7.2 Essential Concepts
For a nonempty set Y, the generalized metric on Y is initiated in this section.
Given a function: p : ¥ XY — [0, +oo], known as a generalized metric on VY iff

the given assumptions are satisfied as follows:

(A1) p(y1,y2) =0iff y; = yo.
(A2) p(y1,y2) = p(y2.y1) Yy, 2 € Y.
(A3) p(y1,¥y2) < Pp(y1,y3) +p(y3, y2) Vyi € Y withi =1,2,3.

Obviously, the above definition differs from the known complete metric space where
not every 2 points in Y have necessarily a finite distance. Therefore, this space can
be called as a generalized complete metric space (GCMSp).

Banach’s fixed point theorem (BFPThm) in a GCMSp is expressed as:

Theorem 26. Assume that (Y,p) is a GCMSp. Let O : Y — Y be a strictly
contractive operator with the Lipschitz constant € < 1. If 3 a nonnegative integer k

B

ﬁ(Ok”(y),O"(y)) < oo,
for some y € Y, then the following are true:

(I) The sequence O"(y) converges to a fixed point y* of O.

(I1) y* is the unique fixed point of O in

y*z{yey‘ﬁ(()k(y*),y)<oo}.
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(Ill) If y € Y*, then we have:

b (7)) < 5P (00 ).

Definition 22. (Mittag-Leffler, 1903) (ML function) The one-parameter ML function,

represented by €,(z), is expressed as:

Ea(2) = (7.2)

> et
LT (1+ak)

where 7, @ € C, Re(a) > 0. If we substitute a = 1 in the above equation, then we

get:
ACIE) Y o
T LTk T Ak

In 1905, the generalized form of &, (z) was proposed by (Wiman, 1905). Then,
both Agarwal (1953), and Humbert and Agarwal (1953) introduced a function as

follows:

Definition 23.
- 1
Euplz) = y ——7F, (7.3)
@b ; T(B + ak)

where z, a, B € C, Re(a) > 0, Re(B) > 0.

Prabhakar generalized in 1971 this function in the following form:

_ (Y« k
5( 2 = Z ST (B + ak)

where z, @, 8,y € C, Re(a) > 0, Re(B) > 0, Re(y) > 0, such that y # 0,

k-1
=] [r+0), (7.4)
i=0
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which is named as the Pochhammer symbol (A. Shukla & Prajapati, 2007) >

(V) = Fl(:{;;‘) Further generalization of this function was initiated by (A. Shukla

& Prajapati, 2007) as:

(Y)qk k
Y4
Bapl?) = Z KT (B+ak) (75)
where z, @, B,y € C,
min {Re(a), Re(B), Re(y)} >0, (7.6)

and g € (0,1) UN. In 2009, again A. K. Shukla and Prajapati (2009) introduced a
generalized ML function. In 2012, a novel generalized form of ML function was

proposed by both (Salim & Faraj, 2012) and (Chouhan & Saraswat, 2011) as:

(V)qk k
Y.q —
E1hs(2) = kZ;) ST an" (7.7)
where z, @, 8,y € C, Eq. (7.6) holds, g € (0,1) UN and
r k I'(6 +qk
(gt = (Q T Hral) - () = % (7.8)

denote the generalized Pochhammer symbol (A. Shukla & Prajapati, 2007). After

them, Desai et al. (2016) proposed another definition of generalized ML function.

Definition 24. (Mazhar-ul Haque & Holambe, 2015). The generalized ML function,
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denoted by QZ’Z’; (y), can be expressed as:

»q,r g,
Qg’gﬁ(z) = Q(Z’Z’é‘(alaa2a .. "ar7 bla bz’ .. "br’ Z)

(7.9)

— i H:lzl ﬁ(bn’s) (y)qs Zs
pur [1,_; B(bu,s) (8)gs T(B+ as) ’

where y, «, B, v, 6, a;, b; € C, Equation (7.6) holds, g € (0,1) UN, ()4 and
(6)gx are defined in (7.8).

7.3 H-U-R Stability
The H-U-R stability and H-U stability of equation (7.1) are studied on a compact

interval [0, a].

Definition 25. If for each given function y satisfies

< ep(1),

Y=V (1, (1) [ﬁ /0 (1= )7 QLY (1 - )T W (£,7(6)) dé

3 an equation’s (7.1) solution uy and a constant, ¢ > 0, which is independent of

both y and ugy >

[y(1) —uo(0)| < ce(2),

fort € |a, b], then equation (7.1) is named as H-U-R stable. On the other hand,

when @ is formed as a constant function, equation (7.1) is known as H-U stable.

Theorem 27. For a closed and bounded interval J = [0, a| of the real line R for
some a > 0, suppose that V and W : J xR — R are CFs, q € [1,2) and a

gamma function, denoted by T, the following are satisfied:

[V (&, y(1)) =V (1, u(1)] < My|y(t) - u(?)] (7.10)
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and

(W, y(1) = W(t,u(@®)| < Myly(t) —u@)], (7.11)

foreacht € J, y,u € R, and suppose that

<eg,

Y(0) =V (1. y(1) [%q) [ a-eriarsa-ome e i

(7.12)

and we also assume that

0 < (M,M,Ke + M,||W| + M,||VI])

1 i H;:l B(b,, m) (Y)qm ( 12 (m+1) ) ]
T(q) 24 T, Blan m)@)gn T(B +am) \q(m+ 1)

X

=K <1.

Then, the quadratic FIE is H-U stable.

Proof. Let us consider the CFs’ space: Y = C([0, a], R) with a generalized metric

(GMr), expressed as:
p(g, h) = inf {K € [0,00] : |g(x) = h(x)| < K&, V1 € J}.

From Sec. 8.2, (Y, p) is a GCMSp (see Theorem 26). Let us now formulate an

operator: O : Y — Y as:

O(y(1)) :(V(”(t))l%q) /O (1= &) QLE (1 = EIW (£,5(8)) df].
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From the definition of O and equations (7.10) and (7.11), we get:

1 t
0(:(1)-0w(n)] = ‘*V(t,y(t))[mfo (1= &)1 551 = E)TW (£, y(£)) df]

—(va,u(r))[%q) /O (£ = )11 Q% (1 — £Y1W (£,u(€)) df”
< [V, y(0) -Vt u(0))

X

%q) /Ol (t_é_-)q—lQZ”%’,%([‘—._S)([|(W(§,y(§))—(w(§yu(§))| d§:|
+ |V (2, (1) —V(t,u(1))]
% #q)/ol(t_é:)qIQZ%%(I—f)qVW(f,M(f)Hdf]

+ |V (2,u(1))|

X| vty Jo (=T QUG (=6 UW (EN(E) =W (£ ()] dg]
< M, |y(t) — u(1)]
C t
iym— — q_l Y.q,r _ q .
8 _F(q)/o (t =& 0055t = )M, [y(&) —u(é)] dg]

+ M, |y(1) - u(?)]

C ,
“| 5 /0 (=&)L (1= O)T |W df]

[ : t r

+ |Vl [W/o (¢ —§)q‘1QZ,’,}’;,5(t =& IM,, |y(&) —u(é)] df]
< (MVMWKZSZ + M, Ke||'W| + Mvall(Vll)

X

1o )
m/o (1 =& QUA (1 = &)1 df]

< (MVMWKst + M,Ke|W|| + MWK8||‘V||)

L ' _ g1
X[F(Q)/o(t 2
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& T B Dan ]
" mZ_o T1._, B(anm)(8)gm L (B +am) (t— &)™ d¢

- (MvaKzsz + M,Ks| W] + MWKs||fV||)

x[ 1 i [Tz Bbu,m) (¥)gm

I'(q) =0 H;:l Blan, m) (5)qm I'(B+am)
t —O (= gyma g

< [u-oru-g f]

< Ke (MyM,, + My | W + M, |VI)

1 i [T, Bbam) (V)gn ( galm+) )]
I(q) Z4 T, Blanm)(8)gn T(B+am) \g(m+ 1)) |

X

Because 0 < K’ < 1, we conclude that O is contraction mapping. Let us take
¥y € Y, from the continuous property of y; € ¥ and O(y;) € Y, 3 a constant

0 < Cq < oo with

|(0y) -y, <Cie.  (71.13)

V(ty (1) [ﬁ B 11 QLE" (-6 IW (£.y(9)) d,f] RA0)

Vtel0,al. sop (O(ya), y’o) < oo0. Therefore, Theorem 26(I) indicates that 3 a
CF: y;, : [0,a] — R such that 0"y, — y; in (Y, p) asn — oo, yi = O(y;) where
¥, satisfies equation (7.1) for any ¢ € J. If y € Y, then y; and y are CFs defined on

a compact interval [0, a]. Thus, 3 a constant C, > 0 with
o (1) = y(1)] < Ce,
Vt € [0,a]. This indicates that p(y;, y) < oo for every y € Y or equivalently
{yew : p0py <l =y
Hence, from Theorem 26(II) y;, is a unique continuous function (UqCF) with
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property (7.1). Also, it implies from (7.10)

pOG®).y1) <&,

Vte[0,a]. Atlast,

. , 1
p(3y0) < 777 P (O3, )) < =&

Thus, the quadratic FIE is H-U stable.
The H-U-R stability of equation (7.1) is studied as follows:

Theorem 28. For a closed and bounded interval J = [0, a] of the real line R for
some a > 0, suppose that V, W : J xR — R are CFs, q € [1,2) and a gamma

function, represented by T, the following are satisfied:
[V (2, y(2)) = V(t,u(®)] < My|y(t) - u(1)] (7.14)

and

|W(t,y(1) =Wt u(®)| < Myly(t) —u(1)] (7.15)

and

t P
[ /0 (@& df] < Co1),

foranyt € J, y,u € R and suppose that

< e@(1),
(7.16)

0 —(va,y(r))[%q) /O (- &) Q1" (1 —f)"W(f,y(f))df]
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and we also suppose that

0 < (MyM,KCeq(t) + M,,C||'V|)

o

mg+q+w—1

[T, B(bu,m) (¥)gm ]l/w( Wi )
[T, B(an, m)(8)gm I'(B +am)

L T B m) (gm ( ) )
V|| W '
+ M, || ”F(q) r;) T1._, B(an, m)(8)gm T(B +am) \q(m +1)

mg+q+w-1

=K <.

Then, the quadratic FIE is H-U stable.

Proof. Consider the CFs’ space: Y = C([0,a],R) and g € Y, with a GMTr, written

as:

p(g, h) = inf {K € [0,00] : |g(t) = h()| < Keo(1), V1 € J}.

Clearly, (Y, p) is a GCMSp. Let us now formulate an operator: O : Y — Y as:

O(y(1)) = V1, y(1) [ﬁ | e-orargia-rwie o) de]. (7.17)
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From the definition O and equations (7.14) and (7.15), we get:

0G()-0u(n)] = ‘(V(t,y(t))[%q)/o (r=&)T QN (1 —f)qW(f,y(f))d§]
— V() [%q) /O (= )11 Q7% (1 - £)IW (£, u(€) dg”

< V(6 y(0) = V(e u@®)|

X

Ty o G=OTTIQNET (1-) 1| W (£,5(£)~W (£.u ()] dg]
+ |V (1, y(1)) = V(1,u(1))|
I o
) [Tq)/o (1= &) QuEL(t = HTIW(E u(©)] dg]
+ |V (2, u(?))]

X

L [ (=697 Q7 (=)W (£.3(€)~W () dg]
< M, |y(t) — u(1)]
- /t \
X|=— [ (=807 (t —&)IM,, |y(&) —u(é)| df]
[ I'(q) Jo @0 v
+ M, |y(t) — u(1)]

U -
8 W/o (1= &) Qr (1 = E) T IW| df]

VI [%q) /0 (1= &7 Q7 (1 - M, (&) - u(E) df]
< M,M,K*c*¢(1)
<o [ - - e ]
+ M,Ke | W[ (1) [%q) /0 (- 011079 1 - £ df]
ke VI | s [ o omopta- et i
< (MM, K22 () + M Ke |V]))

X

%q)/o (1 =)0 551 - 6)T9(6) df]

+ MKe [ W] @(z)[%q) /O (1 - )71 QL4 1 —f)qdf]



< (MVMWKZSZ(p(t) +M,Ke II(VII)
X %q)[/o (1 =& QLA (1 =)D df]
P p

/0 (p(e))'” df]

1 [ ,
+M,Ke ”(W” [m/o' (t _g)q_ngiqﬂl(s(t _f)q df]

X

< (MM K2e29 (1) + MKe |VI]) Cor)

L e
XF(q)/o (r=¢)

3 [Tz1 BBns 1) (¥)gm ]l/w _ £)aymalw
><nz;) [HZ:I ﬁ(an, m)(d)qm F(ﬁ+am) ((t é:) ) dé;

+ M,Ke || W cp(r)%q) /0 (1 — &0

3 [T, B(Busm) (¥)gm ]1/w )
Xn;)[HZ=1ﬁ(an,m)(6)qmr(lB+am) (t — &)™ d¢

< (M, M,K2 629 (1) + M,Ke |V]]) Cor)

% 1 = [ H:l:] ﬁ(bna m) (y)qm
T(q) 24 | T, Blan m)(0)gn T8 +am)

% /t(t _ f)(mq+q—1)/w dé
0

1/w

+ M,Ks || W] (pmﬁ

3 [Tt Bbnm) (V)gm ' _ #\mg+q—1
} n;) H:LZI IB(an, m) (6)qm F(ﬁ + a/m) /0 (t é:) df

< (MM, K22 (1) + M Ke |VI]) Cor)
1 w[ [T-1 B m) (¥)gm ]“W

*T(q) £ | TT_, Blan, m)(8)gm T (B+am)
% w t(mq+q+w—l)/w
mqg+q+q-—1
1
M, Ke |'W _—
+ MK W o) 5
% < H:,:1 B(b,, m) ('}’)qm ¢(m+hq
24T, s m)(©)gn T(B+am) (m+ 1)q

< Kep()K'. 131



Note that 0 < K’ < 1. We conclude that O is contraction mapping (CoMp). Let us
take y; € Y, from the continuous property of y; € Y and O(y(,) € Y 3 a constant

0 < C; < oo with

[IOAIORAG] :‘(V(t,y(t)) [ﬁ fot(t—f)q'lQ(y,’j;f(;(t—f)qw(&y(?))df] =y (1)

< Creg(t),

Vit e [0,a]. So, p(O(yo),y,) < oo. Thus, Theorem 26(I) indicates that 3 a
CF: ug : [0,a] — R such that O"(yo) — ug in (Y, p) as n — oo, uy = O(uy);
therefore, uj, satisfies equation (7.1) for any t € J. If y € Y, then y;, and y are CFs

defined on a compact interval [0, a]. Thus, 3 a constant C,, > 0 with

o) —y(@)| < Cye(r), Vi€ [0,a].

This indicates that p(yg,y) < oo for every y € Y or equivalently {y € Y :
p(yy, y) < oo} = Y. Hence, from Theorem (26)(II) u; is a UqCF with property (7.1).

As a result, from (7.16), it implies that

p(Ou(1)),u(r) < £9(1),

Vte[0,a]. Atlast,

ep(t).

. , 1 1
p(u,upy) < mp(()(u),u) < K

Thus, the quadratic FIE is H-U-R stable.
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7.4 ML-H-U Stability

The ML-H-U stability of equation (7.1) is investigated.

Definition 26. If for each function y satisfies

3(1) =V (5, y(1) [ﬁ [ u-omargia-erwie )|l < oE, ),

3 an equation’s (7.1) solution yq, and a constant, ¢ > 0, which is an independent

of both y and yq such that

() = yo(D)| < ceEq(19),

foreacht € [0, al], then equation (7.1) is named as ML-H-U stable.

Theorem 29. For a closed and bounded interval J = [0, a] of the real line R for
some a > 0, suppose that 'V, W : J X R — R are CFs, q € [1,2) and a gamma

function, represented by T, the following are satisfied:
|V (2, y(2)) = W(t,u(r))| < My|y(1) —u(1)] (7.18)

and

(W (2, y(1)) = W(t,u(@®)| < Myly(t) —u(@)], (7.19)

foranyt € J, y,u € R, and suppose that

y(r)—(vu,ym)[%q) | e-omargie-erwie e e

< gE, (7).

(7.20)
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Also, suppose that

0 < (MyM,KeE,(t7) + M,,Ke||V||)
y 1 -« [T, B(bu,m) (¥)gm
I'(q) 22 [T, B(an,m)(6)gm I'(B + am)

1 < [T1 B(bn,m) (¥)gm D
+ M, ||W|| X0 n;) T1._, B(an, m)(8)ym T (B +am) (q(m + 1))

I'((m +1)q)

=K <1,

then quadratic FIE is H-U stable.

Proof. Consider CFs’ space: Y = C([0,a],R) and g € Y, with a GMTr, expressed
as:

p(g, h) = inf {K € [0,00] : |g(x) — h(x)| < KeE,(19), V1 € J}.

Clearly, (Y, p) is a GCMSp. Let us formulate an operator: O : Y — Y by

O(3(1)) = V1, ¥(1) [ﬁ | a—oriargia-erwie o) df]- (7.21)
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From the definition O and equations (7.18) and (7.19), we get:

0G()-0u(n)] = ‘(V(t,y(t))[%q)/o (r=&)T QN (1 —f)qW(f,y(f))d§]
— V() [%q) /O (= )11 Q7% (1 - £)IW (£, u(€) dg”

< V(6 y(0) = V(e u@®)|

X

%q) fol (t_f)q—le’”qB’:s(t—g)q |‘W(§,y(§))—(W(§,M(§))| d§:|
+|V(¢t, y(1) —V(t,u(1))]
X| /J(z—g)q‘Qﬁ’,%l%(t—f)‘f|"W(§,u<§))|df]

+|V(2,u(1))|

X| may o (=991 QL LT (1= W (£.3(£) =W (£ ()] dg]
< M, |y(t) —u(1)]

. ;

Em— —_ q_l Y.q,r _ q .
X_F(q)/o(t 10, st =E)IM, y(£) u(f)ldé-‘]

+ M, |y(1) - u(?)]

X %q) /O (t =&)L (1= O)T |W df]
1 t
VI [@ /O (1= &)1 QLY (1 - £)1M, |y(€) - u(©)] df]
< MM, K*&*E,(19)
et [[a-orersia-oEena
() Jo 787 Cupalt ZEEED G

1
['(q)

+ MKz ||V [%q) /0 (1= )71 QL4 (1 = )TE, (&) df]

+ M Ke W] Eqaq)[ /O (1 = )17 Q10" (1 - €)1 df]
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< (MVMWKzngq(tq) +M,Ke ||(V||)

e [ - -y en ]

+Mva||(W||Eq(tq)[F(

< (MVMWKzaqu(tq) + M,Ke ||(V||)

1 ! .
" /O (r—f)Q‘lez;ézé(r—g)qdf]

L S T BBam) Mg
“T(Q [/0 (=9 n;) [Ty A m)(8)gn T (B + am)

(o)

s

x (t—f)""’z(:) T %

+ M,Ke |W| E,(t9) [r(lq) /0 (t— &)

& ey Blbum) W
§ ,;) IT._; B(an, m)(8)ym T(B + am) dé¢

< (MVMWKzngq(tq) +M,Ke ||(V||)
H:lzl B(b,, m) (Y)qm

« Ly
T(q) £ T, B(dn. m)(8)gm T(B +am)

o0

s

n=0

“ MKe |WIE,() o [ (-6

- r— bl’l’ m
Ny o PO i, _ eyna g

1 Blan, m)(6)gm T'(B + am)

< (MVMWKzsqu(tq) + M,Ke ||(V||)

' -1 mq gn
xzr(qnﬂ)/oo—f)q (1= &mign dg

136



o ! R [1,-1 BBy, m) (¥) gm
[(q) == T1,,=1 B(an, m)(8)gm T'(B + arm)

S ™ ! mqg+q—1 n
X;m/o (t=&mTa s dé
1
I'(q)

o Ty Bbaym) ()gm
g mzzo [1,=1 B(an, m)(6)gm T'(B +am)

! _ mq+q—1d
x /0 (1 - £ymral g

+M,Ke || W E,(t7)

< (MVMWKzsqu(tq) +M,Ke IIVII)
y 1 « HZ:I B(bn, m) ('}’)qm
I'(q) =0 HZ:] IB(an, m) (5)qm ['(B+am)

xT((m+1)q) ) ﬁt“j)
s=0

+M,Ke || W E,(t7)

b §0 Mo o) (Do ( fmet)g )
I'(q) = T1._, B(an, m)(8)gm T(B +am) \ (m + 1)g

< (MVMWKzsqu(tq) + M, Ks ||(V||)

o1 i [T)=1 B(bn,m) (V) gm
['(q) =0 H:z:l B(ay, m) (6)qm L(B+am)

L((m +1)q)Eq(17)

+ M,Ke || W E,(t7)

X 1 i HZ:I B(bn, m) (Y)qm ( t(m+Dg )
I'(q) m=0 I—[:l=1 Blap, m) (6)qm '(B+am)\(m+1)q

< KeE,(t)K'.

We note that 0 < K’ < 1. We conclude that O is contraction mapping. Let us take

Yy € Y, from the continuous property of y; € Y and O(y;) € Y, 3 a constant
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0 < C; < oo with

oGy (N-yy(0)| = ‘(V (2, (1)) [%q) [ (1=6)371QL LT (1-€)TW (£,3(£)) d-f] ~y5(1)

< C18Eq(l‘q),

Yt € [0,a]. So, p(O(yy),y;) < oo. Thus, Theorem 26(I) indicates that 3 a CF:
uy @ [0,a] - R> 0", — uyin (Y,p) asn — oo, uy = O(uy); therefore, uj
satisfies equation (7.1) forany ¢ € J. If y € Y, then y; and y are CFs defined on a

compact interval [0, a]. Thus, 3 a constant Cy, > 0 with

[o(1) = y(D)] < Cye&q(19),

V't € [0,a]. This indicates that p(y, y) < oo for every y € Y or equivalently

{yey PPy, ) < 00} =Y.

Hence, from Theorem (26)(1I) u6 is a UqCF with property (7.1). From (7.20), it
implies that

P (O(u(1)), u(r)) < £84(17),

Vit e [0,a]. Atlast,

p(O(u),u) <

p(u, up) < £&,(17).

1-K 1-K

Thus, the quadratic FIE is ML-H-U stable.
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7.5 Conclusion
Quadratic fractional IEs have been employed in inner product spaces’ characteri-

zation.

ly+zll* +lly +zlI* =2 (Ilyll2 + ||z||2) :

which is a parallelogram equality that is satisfied by a square norm on an inner
product space. H-U stability and ML-H-U-R stability have been studied in this
chapter. ML is an essential tool in showing differential equation’s stability. Various
differential equations’ classes can been unified via our new proposed procedure
which can inspire interested engineers and scientists to work on future research

studies.
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CHAPTER 8: MONOTONE ITERATIVE METHOD FOR y-CAPUTO
FRACTIONAL DIFFERENTIAL EQUATION WITH NONLINEAR
BOUNDARY CONDITIONS

8.1 Introduction

In this chapter, the extremal solutions’ existence is proven for a novel class of
fractional differential equation (FDfEq) in the context of y-Caputo formulation
with nonlinear boundary conditions (NLBCs). The monotone iterative technique
is employed along with the technique of upper solution (USo) and lower solution
(LSo). We investigate the y-Caputo fractional differential equation (CpFDfEq)

with NLBCs as follows:

DY (DY - o) 3() = F (9,39, DY (9)).
(8.1)
H(DY3(0), DLY3(0)) =0, GG(@).3(5) =0,

for 9 € Q := [a, b], where CD;\V and cDji‘V represent the y-Caputo fractional
derivatives of order T and A, respectively, 3 7,1 € (0,1],0 > 0,F € C(Q xR2,R),
G, H € C(R%,R). The CpFDfEq (8.1) is subject to NLBCs. Equation (8.1) is
the deterministic FDfEq where the FDfEq with its deterministic solution is only

investigated in this chapter without including any random processes.

8.2 Preliminaries
Some fundamental definitions and tools of FrCL that will be used later in this
chapter. Assume that Q = [a, b],0 < a < b < coisafiniteinterval and y : Q — R

is an increasing differentiable function > ¢y’ () # 0,V & € Q.

Definition 27. (Almeida, 2017) The Riemann—Lebesgue (RLb) fractional integral
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of order T > 0 for an integrable function 3 : Q — R w.r.t. y is expressed as:

¢
Y309 = % / W) (w(®) —w(m)™ 307 d. 8.2)

where I'(1) = 0+O° 97 le™? A9, T > 0 is the Gamma function.

Definition 28. (Almeida, 2017) Let y, 3 € C"(Q,R). The RLb fractional derivative

of a function 3 of order n — 1 < T < nw.r.t. \y is given as follows:

DIY3(0) = (WI,)(;)) 1)

o (qu
S T(n-1) \W'(9)

n 9
) / W)y (8) = w(m)™™" 3(n) dn.

where n = [T]+1,l’l€Nal’ldDﬂ:%.

Definition 29. (Almeida, 2017) Let y, 3 € C"(Q,R). The Cp fractional derivative

of3of ordern — 1 < v < nw.rt. y is defined as:

DUY3(9) =173 (9),

wheren = [t]+1fort ¢ N,n=r1fort € Nand3g’](ﬁ) = (W?(%)) 3(). Fromthe

definition, we get:

9 9) — n—-1t-1
/ % (n)(wﬁ(})q_jf)(n)) 3571(,7) dn, TeN,
‘DY3(9) =4 ““ (8.3)
3[(;] (), T eN.

The following Lemma lists some essential properties of the y-fractional opera-

tors:
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Lemma 8 ( (Almeida, 2017)). Let 7, A > 0, and 3 € C(Q,R). Then, for each

9 € Q, we have:

1 “DEYIEY(9) = 3(9),

2. T°VDUY3(9) =3(9) — 3(a) for0 <7 < 1,

3 L (w(@) - w@)™ = rmr) (y () — y(a)™,

4 DR (@) - wa)™! = mE (v @) - w(@) T

5. DY (w() —w(a)* =0, forallk €{0,....n— 1}, n > 1.

Definition 30. (Gorenflo et al., 2014) The Mittag—Leffler functions (MLFs) of 1

and 2 parameters are written as:

b k

w
EV(TD') = kZ:(:) m, (TD' eR,v > O), (8.4)
and
°° k
w
Ey (@) = kzz(:) m, (v,A1>0,@w €R), (8.5)

respectively. It is obvious that By | (w) = E|(w) = €.

We represent the set X by:
X = cY(Q) = {x LD x(£) € C(Q)} .
Equipped with the norm, we get:

[l = llxlleo + (1T,

A;
‘D +"’xH :
o0
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where [|x]|co = maxgeq |x(£)] and one can conclude that (X, || - [[x) is a BS.

Lemma 9. Fora given { € C(Q,R), A,7 € (0, 1] and o > 0, the linear fractional

initial value problem is as follows:

DY (DY - o) 3(8) = (),
(8.6)

ey
D3 =30 3(a) =34
for & € Q is equivalent to the following Volterra integral equation.

31

ru 1)< (@) - w(@)' + oIV + TV e). (8.7

3(0) =34+

In addition, the Volterra integral Equation’s (8.7) explicit solution can be

expressed as:

5(0) =30 +31 (W(0) = w(@) Evae (o (w(9) - w(@)')
9
+ / W) (w () - w ()" 8.8)

XBase (o (w(®) = wim)*) € dn.

Proof. Employing the y-RL fractional integral of order 7 to both sides of (8.6)

and using Lemma 8, we get:

a+ Y3(9) =3+ 0 (3(9) —30) + LV E(D). (8.9)

Hence, we have:

32

T 1 ) = w@) + oY) + 1Y) 310

3(F) =34+
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The converse can be proven by direct computation. The technique of successive

approximations is now applied to show that the Equation (8.7) can be expressed as:

3(9) =3+ 31 (W (@) — w(@) By (0 (w (@) - w(@)?)
)
¢ [ W mu® - it

X Ejaer (0 (w(®) = w(m)") €n) dn.

For this, we set the following:

31

T ) =~ w@),

30(F) =34+
(8.11)

3m(9) = 30(9) + LY 31 (9) + TV ().

It implied from Equation (8.11) and Lemma 8 that we get the following case:

31(9) = 30(9) + oI5 30(9) + 1TV ()

31—

=3q+ F(“1)( y(9) — y(a)'+ F(“l) [w(®) - w(@]' (8.12)
31— 03a 2 A+T;

+ o DT 0) - (@) + 1),
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Similarly, Equations (8.11) and (8.12) and Lemma 8 yield the following:

32(9) = 30(9) + LY 31 (9) + IV e(9)

_ _ A
=50+ 22T () - w(@)
b oIty (sa LTy (9) - wia)!
2 34— 03a
e W) - w@) s o 2T ()

w(@)* + ﬂit““’f(ﬂ)) + LTV ()
2

ZFW (w(#) = w(a)™
k=0

k

o +
+ (31— 034) Z:: m(\v(ﬂ) 3 \V\I!(a))kl 1

O'
bt ;) D V@ - w@)

S ot kA+A
+ (31— 0730) ;) re @ - v@)

# 2 k-1 _ kA+r—1
N / Y C O v

p '(kd+71)
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Similarity, we derive the following:

m k
on(®) =3+ S (Y@ - w@)

+ (34— 03a) Z m(w(ﬁ) — y(a))*!

I ( (9) )
[ wo )Z e — ()

mZFW (w(®) = w(a)™

(34—0341) ot K
+ ZF(M 5w (@ —w(ap™

o (w (@) - w o)
(kA +7)

. / W () (w (D) - w(n))“”z £Gr) dn.

Taking the limit as m — oo, we get the explicit solution 3(#) of the Equation (8.7)

as follows:

ok

3(9) = awZF(M 5@ - w@)

+ (3/1 - 0-361) k

= > @ - w@)
k=1

9 \ . s o-k(\p(ﬁ)—\ll(n))kﬂ
+/a v () (W (9) =y ()" IZ C(kA+A+7T)

k=0

(y () - w(a)*

t(n) dn

Z F(k/l +1)
)
+/ W' () (w () = W) B (0 (w (8) = w(m)*) () dy
= 30+ 30(w(®) = w(@) Eaa (o (w(9) - w(@)')

4
+ [ W) - vy B (o (w @) - wn!) e an
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Thus, this finalizes this proof.

Lemma 10 (Comparison Result). Let A, 7 € (0,1], and o > 0. If A € C(Q,R)

satisfies:
DY (ij;"’ - 0') A®) =0, 9 € (abl,
Ala) 20,  “DE¥A(a) 20,

then A(9) = 0 and ‘DY A(9) 2 0 for all © € Q.

Proof. Since E,, ,,(x) > 0for p1 € (0,1], p2 > p1,x € R, we allow the following:
£(8) = DY (ij;"’ - 0') A®) > 0,

A(a) = 34 = 0 and CD’;i}"A(a) = 3, = 0 in Lemma 9. Then, it implies by
Equations (8.8) and (8.9) that Lemma 10 holds.

Let (X, 7) be a topological Hausdorft space and g1, g> : X — R be a lower
semi-CF and an upper semi-CF, respectively. Thus, for every r € R, the subsets of

the following:

{g1>r}={xeX : gi(x)>r}, {g2<r}={xeX : g2(x) <r},

are open in X. Suppose that g;(x) < g>(x) for all x € X, and we allow the interval
[g1, g2] that contains those upper or lower semi-CFs 4 : X — R > g1(x) < h(x) <
gr(x) forall x € X. Let Q : [g1,22] — [g1,£2] be a monotone mapping in the
sense that gy < hy < hy < g implies g; < Q(hy) < Q(hy) < g». Additionally,
we assume that the sequence {Q(%,) }ren C [g1, g2] contains lower semi-CFs that
increase pointwise to (/) whenever the sequence {h,},en C [g1,£2] contains

lower semi-CFs that increase pointwise to 4. A similar assumption is done when the
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sequence {/,}n.en C [g1, g2] contains upper semi-CFs, which decreases pointwise
to h € [g1,g2]. In particular, we suppose that Q(#%) is lower semi-CF whenever
h is lower semi-CF and that Q(%) is upper semi-CF whenever 4 is so. Then, for

every n € N, we get:

g1 <Q'(g1) < Q"' (g1) < Q" (g2) < Q'(g2) < g

Substitute w; = sup, 2"(g1) and wy = sup,,p; 2"(g2). Then, w; and w;
belong to the interval [g1, g2], the function w is lower semi-CF, the function w is
upper semi-CF, and the equalities Q(w;) = w; and Q(w;) = w; are valid. If the
monotone mapping € has at most one fixed point, then w; = wy = Q(w1) = Q(w»)
is a CF. When the mapping Q : [g1, g2] — [g1, g2] does not posses this sequential
continuity property, then one needs a more subtle version of the Tarski—Knaster fixed
point theorem. We carefully define the functions 7, fix and hpg fix, respectively,

by the following:
hprefix = inf {h € [g1,82] Q(h) < h, his upper semi-CF },
and the following:
hpostfix = Sup {h € [g1,22] Q(h) = h, hislower semi-CF }
Then, we get:

Q(hpreﬁx) = hpreﬁx < inf Qn(gZ), Q(hpostﬁx) = hpostﬁx 2 sup Q" (gl)~
neN neN

Moreover, the function Zpefix 1s upper semi-CF and the function /pofix 1S lower
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semi-CF. Consequently, if € has at most one fixed point, then

Q(hpreﬁx) = hpreﬁx = Q(hpostﬁx) = hpostﬁx,
and, therefore, this unique fixed point is a CF.

8.3 Main Results
The extremal solutions’ existence for problem (8.1) is shown in this section.

First, the definitions of LSo and USo of the problem (8.1) are provided.

Definition 31. A function 3¢ € X is named as a LSo of Equation (8.1), if it satisfies:

DY (DY - o) 30() < F (8, 30(9), D 30(9))
eyl ey
H (DY 30(a), ‘DY 30(0)) <0, G (o(@),30(b)) <0,
Jor ¥ € Q.

Definition 32. A function 3p € X is named as an USo of Equation (8.1), if it

satisfies:

DY (DY - o) 30(9) 2 F (9, 50(9), D" 50(8))

2 (“D)30(a). DM 30()) 2 0. G (Gola).Fo(b)) > 0.
for each © € Q.

Theorem 30. Assume thatF : QxR? — Risa CF 3 the following assumptions hold:

(H1) 330 and 3o as LSo and USo of (8.1) in X, respectively, with 3o(9) <
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30() and;
DY) < DV30(0),  deQ.
(H2) F satisfies the following condition:
F(@,y(9). DY y(9)) < F(@.3(9). D¥3(8)),
for yo(9) < y(9) < 3(9) < 30(F) and the following:
DY yo(®) < DL y(9) < DL¥3(8) < ‘DY 30(8),

for each ¥ € Q.
(H3) 3 constants ¢ > 0 and d > 0, 3 for 30(a) < & < & < 30(a) and

30(b) < &1 < &2 < 30(b),
G(&2,02) = G(&1, Q1) < c(§2-&1) —d(L = ).
(H4) 3 constants e > 0 and f = 0, 3 for the following:
Dp'30(a) < &1 < & < DM Fola),

DEY30(b) < &1 < o < D Y30(b),

and the following is obtained:

H(&2, o) —H(é1, 1) < e(é2 - €1) = f(L— Q).

Hence, 3 monotone iterative sequences {3, } and {3,}, which converge uniformly
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on Q to the extremal solutions of (8.1) in the sector 30, 30], where

(30,300 = {3 € X : 30(0) <3(9) <50(®), v eQf.
Proof. For any 30,30 € X, we define:
DY (DEY - o) 30 (9) =F (8,3,(9), DpY3.0)) . 9eQ

a a

Dy 31 (@) = “DLY30(a) - L (DY 50(0), DY 3())

3n41(a) = 3,(a) = 1G (34(), 3a(b)) ,

(8.13)
and the following as well.
DY (DY - o) 3t () = (8,5,(0),DLY5.(8)) . e
§ D3 (a) = “DLY50(a) - LE (D50 (@), DY)
3ns1(a) = 3u(a) — 2G (3u(a), 3u(D)) .
(8.14)

By Lemma 9, we know that (8.13) and (8.14) have unique solutions in X that are
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the following:

&HW%ﬁAw—lGGAMJAM)
+( Van(a) - ( V3 (a), DY 3n(b)))
xowm—ww»%MH@ﬂwm—ww»ﬁ
o [ won wo -y
X Baaer (o (W(®) = W) F (0,301, D530 ()) .
3t (9) = 30(0) ~ 26 (3(@), 3(5))
(j%A@ SHCDLY5, (0, D5, 0)
X (@) = w(@) By (o (W) - w(@))
+LﬁwmewrammV”*

X Baaer (o (@) = W) F (1,300, D35, m)) o

First, we show that the sequences 3,(1) and 3,(®)(n > 1) are LSo and USo
of Equation (8.1), respectively, and 3,(:?) and 3,,(¢})(n > 1) satisfy the following

relations:
30(7) <31(F) <+ <3,(F) <+ £ 3(F) <2 < F1(F) < 30(F),  (8.15)
for ¥ € Q, and we get:

DEY30(9) < DY (9) < - < DEY(9) < - < DEY3(0) < -

< DIVE(9) < DLY30(9), (8.16)
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for 9 € Q, respectively. Now, we show that 3o(#) < 31(#) < 31(9#) < 30(9), for
¥ € Q and

D 30(9) < DM31(9) < D5 (9) < DLM30(9),

for each ¢ € Q. For this end, set A(?) = 31(F) — 30(#). From (8.13) and

Definition 31, we get:

DY (DY - o)A@) = DY (DL - o) 31(8) — DY (DY - ) 30(9)

=7 (8, 30(9), D" 30(9)) - DY (DY = ) 30(9) 2 0.
Again, we have:

A(a) = —1G(30(a),30(b)) > 0,
DEYA(a) = —LH(DEY 30(a), DEY30(b)) > 0.

Invoking Lemma 10, we obtain A(¢}) > 0 and CIDiiWA(ﬁ) > 0 for ¥ € Q. Thus,

30(1?) < 31(1) and the following is the case:
ey ey ¥
Da+ 30(19) < Da+ 31(19)9
¥ € Q. Similarity, 3; () < 30() and the following:
ey ey
D7 31(9) < °DL"30(9),

¥ € Q. Now, let A(F) = 31(F) — 31(F). Using (8.13) and (8.14) together with
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assumptions (H;)—(H3) we obtain the following.
DY (DY - o) AW) =F (9. 30(9), “DLY50(9))-F (8, 30(8), DY 30(9)) = 0.
Notice the following inequalities:

Al@) = 3o(@) - 3o(@) = [ Go(a), 3o(b)) - & (3o(@), 30(5))]

d .
> = (Go(b) - 30(6)) > 0.
and the following is the case.

DY Aa) = D" 30(a) — ‘D 30(a)
1 A~ c Y~ c ) c 5
-~ [E(D¥30(0). “D5¥50(8) ) ~ H (DY 30(@), D 30(0) )|

> L (DE¥50() - D¥30(0)) 2 0.

According to Lemma 10, we obtaing; () < 3;(9) and
DEY31(8) < “DLY3(9),

? € Q. Next, we show that the functions 3; (%), 31 (%) are a LSo and an USo of the
Equation (8.1), respectively. Since 3¢ and 3¢ are lower and upper solutions of (8.1),

by (H;) and (H3), it implies that the following:

a

DY (DY - o)31(9) = F (8, 30(9), DY 30(9) ) < F(8,31(9), “DL¥31(9))
G31(a),31(0)) < G(30(a),30(b)) + ¢ (31(a) = 30(a)) = d(31(b) = 30(5))

=—d(31(b) —30(b)) <0,
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and the following is obtained:

H (CDj;“’sl (a), ‘DEY3 (b)) <H (iji"’so(a), CDji"’ao(b))
e(‘DYY31(a) - ‘DY 30(a))
FEDLY31(b) - DY 30(b))

—F(DEY31(b) - D Y30(b)) < 0.

Therefore, 3;(:%) is a LSo of Equation (8.1). Analogously, it can be obtained
that 31 (%) is an USo of Equation (8.1). By the above arguments and mathematical
induction, we can show that the sequences 3,(%), 3,(), (n > 1) are LSo and
USo of Equation (8.1), respectively, and the relations (8.15) and (8.16) are true.
On the contrary, by employing the earlier arguments, together with Ascoli-Arzela’s

Theorem, we can show:

13 = 3"1lx — 0, 13, = 3"[lx — O,

when n — oo. Finally, it remains to show that 3* and 3" are extremal solutions
of (8.1) in [30, 30]. To conduct this, let 3 € [30, 30] be any solution of (8.1). Suppose

for some n € N* that the following is the case:
3n () <3(F) < 3a(9), an(®) < DV3(9) < DY), (8.17)
for ¥ € Q. Setting A(F) = 3(F) — 3n+1 (). It implies that the following is obtained:

DY (DEY - o) A(D) = F(9,3(8)., ‘DY 3(9)) — F(8, 3a(9), ‘DY 34(9)) > 0.
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Notice the inequalities in the following:

311 () = 30(@) + < [GG(@), 3(5)) ~ B0(a), 30(5))]
< 3(a) = £ (3(6) = 3.(0)

< 3(a),

and the following is obtained:

DY 001 (@) = DY 30(0) + - [ (3(), 35(6)) ~ H (30(a). 330 ()]
< B3(@) L (D36~ D3, 0)

< “D'V3(a).

By Lemma 10, we obtain A(¢) > 0, ¢ € Q, which implies 3,+1(¢) < 3(¢) and
the following:

DEY3,(9) < DLEY3(),

for almost all ¥ € Q.

By using the same method, we can show that 3(%) < 3,+1(¢) and
DY) < DY 30 (D),

for each 9 € Q. Hence, 3,41 () < 3(F) < 3n+1(9), for ¥ € Q, and the following is
the case:

DEY3,01(9) < DEY3(9) < DEYF (),

for ¥ € Q. Therefore, (8.17) holds on Q for all n € N. Taking the limit as n — oo
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on both sides of (8.17), we get: 3" () < 3(¢) < 3*(¥) and the following:
D3 (9) < DLY3(9) < DYF (),

for each 9 € Q. Then, 3%, 3* are the extremal solutions of (8.1) in [30, 30]. Thus,

the proof of Theorem 30 is finalized.
8.4 Numerical Experiments
Our numerical experiments have been done with the help of MATLAB.

Example 8.4.1. Consider Problem (8.1) with:

T:ﬂ:O.S,O':g,a:Qb:l,\p(ﬂ):ﬂ. (8.18)

In order to validate Theorem 30, we set:

7 (#.3(9).“Dy¥3(8)) = (1 = V&)

X exp (3(19) +<D¥3(9) - % -2], (8.19)

for @ € [0, 1], and we get:

i (cmgr"g(m, CDgi"’a(l)) = D3(0),
(8.20)

G (3(0),3(1)) =3(0) - 1.

Clearly, F, G and H are CFs. In addition, we can easily verify that 3o(9) = 1

and 30(9) = 1 + 9 are LOs and USo of Equation (8.1), respectively. In addition,
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we get: 30() < 30(1}) and the following:
D 30(8) < “D¥30(9),

forall ¥ € [0, 1]. On the contrary,the assumptions (H2)-(H4) of Theorem 30 are
satisfied. So, An application of Theorem 30 shows that the problem (8.1) with the
data (8.18) and (8.19) has extremal solutions in |30, 30], which can be approximated

by the following iterative sequences:

9 / 9 —
3ne1(F) =1 +/ Eo s (M) (1=+/m)
0
: 2
X exp (3n(n) + cDéiwan(n) d 2) dn, (8.21)
with 30(9) = 1 and the following:
9 / 9 —
e (F) =1 +/ Eo s (M) (1—+/m)
0
: 2
X exp (én(n) + cDgf"%n(n) TR 2) dn, (8.22)

with 30(%) = 1 +&. Tables 8.1 and 8.2 show the numerical results of the
iterative sequences of 3,41 (%) for 9 =0, 0.1,0.2,0.3,0.4 and 0.5,0.6,0.7,0.8, 0.9,

respectively. Our results are graphically represented in Figure 8.1.
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[9=0,0.1,0.2,0.3,0.4 ]

o 2 4 6 8 10 12 14 16 18 20
n

[=0.5,0.6,0.7,0.8,0.9]

1.12

1.08

1.06

Zn+l<79)

1.04

1.02

o 2 4 6 8 10 12 14 16 18 20
n

Figure 8.1: Graphical representation of 3, () in Example 8.4.1.

Tables 8.3 and 8.4 show the numerical results of the iterative sequences of
3p+1(F) for 9 =0,0.1,0.2,0.3,0.4 and 0.5,0.6,0.7,0.8, 0.9, respectively. We plot

these results in Figure 8.2a,b.

8.5 Conclusion
A new type of y-CpFDfEq has been studied in this chapter. The addressed

problem is considered in the framework of nonlinear boundary value conditions.
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[9=0,0.1,0.2,0.3,0.4 ]

8 10 12 14 16
n

[0 =0.5,0.6,0.7,0.8,0.9,1.0]

i8 20

(V)

2l

Figure 8.2:

Graphical representation of 3,.; () in Example 8.4.1.
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Table 8.1: Numerical Experiment of 3, (%) forn =1,2,...,20 and ¢ = 0, 0.1,
0.2, 0.3, 0.4 by using (8.21) in Example 8.4.1.

n

)

0

0.1

0.2

0.3

0.4

1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
1.000000
10 1.000000
11 1.000000
12 1.000000
13 1.000000
14 1.000000
15 1.000000
16 1.000000
17 1.000000
18 1.000000
19 1.000000
20 1.000000

O 0 1O\ DN K~ W=

1.000000
1.011901
1.012044
1.012045
1.012045
1.012045
1.012045
1.012045
1.012045
1.012045
1.012045
1.012045
1.012045
1.012045
1.012045
1.012045
1.012045
1.012045
1.012045
1.012045

1.000000
1.023786
1.024359
1.024373
1.024373
1.024373
1.024373
1.024373
1.024373
1.024373
1.024373
1.024373
1.024373
1.024373
1.024373
1.024373
1.024373
1.024373
1.024373
1.024373

1.000000
1.035626
1.036918
1.036966
1.036968
1.036968
1.036968
1.036968
1.036968
1.036968
1.036968
1.036968
1.036968
1.036968
1.036968
1.036968
1.036968
1.036968
1.036968
1.036968

1.000000
1.047386
1.049685
1.049799
1.049805
1.049805
1.049805
1.049805
1.049805
1.049805
1.049805
1.049805
1.049805
1.049805
1.049805
1.049805
1.049805
1.049805
1.049805
1.049805

Our results are unique and novel due to the employment of monotone iterative

technique along with the techngiue of USo and LSo in comparison to the previous

works which were based on fixed point techniques. The applied techniques are

closely similar to the Tarski—Knaster theorem which also gets fixed point results.

Our results have been illustrated through numerical experiments using explicit

numerical values.
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Table 8.2: Numerical Experiment of 3,.;() forn =1,2,...,20 and ¢ = 0.5,
0.6, 0.7, 0.8, 0.9 by using (8.21) in Example 8.4.1.

n )
0.5 0.6 0.7 0.8 0.9

1 1.000000 1.000000 1.000000 1.000000 1.000000
2 1.059021 1.070482 1.081716 1.092662 1.103258
3 1.062609 1.075629 1.088674 1.101659 1.114490
4 1.062834 1.076019 1.089293 1.102578 1.115784
5 1.062848 1.076049 1.089348 1.102672 1.115933
6 1.062849 1.076051 1.089353 1.102682 1.115951
7 1.062849 1.076051 1.089353 1.102683 1.115953
8 1.062849 1.076051 1.089353 1.102683 1.115953
9 1.062849 1.076051 1.089353 1.102683 1.115953
10 1.062849 1.076051 1.089353 1.102683 1.115953
11 1.062849 1.076051 1.089353 1.102683 1.115953
12 1.062849 1.076051 1.089353 1.102683 1.115953
13 1.062849 1.076051 1.089353 1.102683 1.115953
14 1.062849 1.076051 1.089353 1.102683 1.115953
15 1.062849 1.076051 1.089353 1.102683 1.115953
16 1.062849 1.076051 1.089353 1.102683 1.115953
17 1.062849 1.076051 1.089353 1.102683 1.115953
18 1.062849 1.076051 1.089353 1.102683 1.115953
19 1.062849 1.076051 1.089353 1.102683 1.115953
20 1.062849 1.076051 1.089353 1.102683 1.115953
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Table 8.3: Numerical results of 3, (¢) forn=1,2,...,20and J =0, 0.1, 0.2,
0.3, 0.4 by using (8.22) in Example 8.4.1.

n )
0 0.1 0.2 0.3 0.4

1 1.000000 1.100000 1.200000 1.300000 1.400000
2 1.000000 1.018793 1.048121 1.089222 1.144311
3 1.000000 1.017327 1.041341 1.072265 1.111752
4 1.000000 1.017302 1.041061 1.071050 1.108172
5 1.000000 1.017301 1.041050 1.070964 1.107785
6 1.000000 1.017301 1.041049 1.070958 1.107743
7 1.000000 1.017301 1.041049 1.070957 1.107739
8 1.000000 1.017301 1.041049 1.070957 1.107738
9 1.000000 1.017301 1.041049 1.070957 1.107738
10 1.000000 1.017301 1.041049 1.070957 1.107738
11 1.000000 1.017301 1.041049 1.070957 1.107738
12 1.000000 1.017301 1.041049 1.070957 1.107738
13 1.000000 1.017301 1.041049 1.070957 1.107738
14 1.000000 1.017301 1.041049 1.070957 1.107738
15 1.000000 1.017301 1.041049 1.070957 1.107738
16 1.000000 1.017301 1.041049 1.070957 1.107738
17 1.000000 1.017301 1.041049 1.070957 1.107738
18 1.000000 1.017301 1.041049 1.070957 1.107738
19 1.000000 1.017301 1.041049 1.070957 1.107738
20 1.000000 1.017301 1.041049 1.070957 1.107738
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Table 8.4: Numerical Experiment of 3,,,;() forn =1,2,...,20 and ¢ = 0.5,
0.6,0.7,0.8, 0.9, 1 by using (8.22) in Example 8.4.1.

n J
0.5 0.6 0.7 0.8 0.9 1.0

1.500000 1.600000 1.700000 1.800000 1.900000 2.000000
1.216106 1.307784 1.422976 1.565785 1.740782 1.953002
1.162695 1.229793 1.320631 1.447644 1.631747 1.909249
1.154233 1.212553 1.289440 1.397764 1.566487 1.870324
1.152934 1.208920 1.280551 1.378410 1.530698 1.837098
1.152735 1.208162 1.278068 1.371156 1.512041 1.809741
1.152705 1.208004 1.277379 1.368474 1.502577 1.787890
1.152700 1.207972 1.277187 1.367487 1.497842 1.770860
1.152699 1.207965 1.277134 1.367124 1.495491 1.757843
10 1.152699 1.207963 1.277120 1.366991 1.494327 1.748043
11 1.152699 1.207963 1.277116 1.366942 1.493752 1.740747
12 1.152699 1.207963 1.277115 1.366925 1.493469 1.735363
13 1.152699 1.207963 1.277114 1.366918 1.493329 1.731414
14 1.152699 1.207963 1.277114 1.366916 1.493260 1.728532
15 1.152699 1.207963 1.277114 1.366915 1.493225 1.726435
16 1.152699 1.207963 1.277114 1.366914 1.493209 1.724913
17 1.152699 1.207963 1.277114 1.366914 1.493200 1.723811
18 1.152699 1.207963 1.277114 1.366914 1.493196 1.723013
19 1.152699 1.207963 1.277114 1.366914 1.493194 1.722437
20 1.152699 1.207963 1.277114 1.366914 1.493193 1.722021

O 01N DN B~ W=
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CHAPTER 9: ON THE OSCILLATION OF EVEN-ORDER NONLINEAR
DIFFERENTIAL EQUATIONS WITH MIXED NEUTRAL TERMS

9.1 Introduction

In this chapter, the even-order nonlinear differential equations’ (NLDfEqQ)
oscillation with mixed nonlinear neutral terms (MNLNTSs) is studied. Novel
oscillation criteria are also proposed.

Differential equations with a sub-linear neutral term have been studied in
(Agarwal et al., 2014). Grace et al. (2019) initiated differential equations consisting
of both sub-linear and super-linear neutral terms, where a 2nd-order half-linear

differential equation has been studied as:

(@ [y 0]°) + a0 @) =0, ©.1)

where n > 0 is an even integer, and

(1) = x(1) + p1()xF (12(1)) = pa(D)x° (12(1)). 9.2)

From Eq. (9.1) and Eq. (9.2), some assumptions are:

(i) a, B,y and ¢ are the two positive odd integers’ ratios with @ > 1;
(i) p1,p2,q : [to,0) — R* are CFs;
(iii) 7 : [tg,00) — R are CFs; 74 (7) <t and 73 (t) — o0 ast — oo for k = 1,2;

@iv) h(r) = TZ_](Tl(I)) <tand h(t) > oo ast — oo.

Let us suppose that

t
A*(t,10) = / (1 —5)"DA(s,t9)ds —> 0 as t — oo (9.3)
fo
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for which

t
A(t, 1) ::/ r%(s)ds > 00 as 1 — oo.
to

A CF x satisfying Eq. (9.1) on [z,, ), 1. > t9, is supposed to be a solution of
Eq. (9.1) on [t., o0) where y(¢) is defined in Eq. (9.2). We only consider those

solutions x of Eq. (9.1) which satisfy
sup{|x(1)| : t > ¢} >0 forall 1" >t..

On one hand, a solution x of Eq. (9.1) is said to be oscillatory if 3 a sequence {&,}
5> x(&,) =0and

lim &, = oo.

n—oo

On the other hand, it is non-oscillatory. Eq. (9.1) is oscillatory (or non-oscillatory)
equation if all its solutions are oscillatory (or non-oscillatory).

The higher-order differential equations with nonlinear neutral terms have not
been investigated yet in other research works. As a result, the proposed differential
equation’s oscillation in Equation (9.1) is studied in detail. Novel oscillation results
for Equation (9.1) are established via the comparison with the 1s¢-order delay
differential equations whose oscillatory characters are known via an the integral

criterion.

9.2 Main Results
Equation’s (9.1) oscillation criteria are investigated when 8 < 1 and 6 > 1.

The following lemma is essential for our results:

Lemma 11. (Grace et al., 2012) Assume that X and Y are two non-negative real
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numbers. Then, we get:

>0 for A>1,
X'+ (A -1yt - axyt! f (9.4)
<0 for 0<A<l,

where equality holds iff X = Y.

As a result, we assume:

g1(1) := (1= )PP phlB=D (1) pl/1-P) (),

- - 1/(1-6
g2(t) = (6 = &= po/ 07D (1) p 11200 1),

and

(1) = q(1) [p2(h(1))] 77"
for t > t; for some t; > to, where p : [, ©) — (0, ) is a CF.

Theorem 31. Assume that B < 1 and 6 > 1, conditions (i)-(iv) and (9.3) hold, and

suppose that p € C([tg, ), (0, )) >
p2(t) # 0 is bounded and tli)rgo[gl(t) +g2(1)] =0, (9.5)
and the equation:
(1) + Cq(AY (11 (1) 2" (11(1)) = 0 (9:6)

is oscillatory for all constant C > 0. Assume that 3 constants u;, i = 1,2,3, and
¢€(0,1)3

1 <puy <pup<upus and ush(t) <t, 9.7
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and the equations:

Z'(t) + (2 = )" 2 s e ¥/ (@) _
0(1) Wh (DA (ush(t), uoh(r)) - 27 (u3h(1)) = 0,
(9.8)
and /
v/6
X'() +Q(1) {“’Ejf_—_z;‘,‘)h"‘l(r)} X" (uyh(1)) = 0 (9.9)
are oscillatory and
/oo O(s)[A*(h(s),10)]"°ds = oo, (9.10)

then every solution x(t) of Eq. (9.1) is oscillatory, or

lim x(t) = oco.

[—00

Proof. WLOG, the solution x(#) of Equation (9.1) is supposed to be positive and
x(71(t)) > O for t > ¢t for some ¢; > t( (i.e. a non-oscillatory solution). From Eq.

(9.1), we have: x(>(t)) > 0 and

([ 0]°) = =g (m () <o. ©.11)

Hence, r(¢) [y(”_l) (t)] “ is non-increasing with a constant sign. Namely, y*~1(r) >
0 or y(”‘l) (t) < Ofort > t, for some 1, > t1, so the following 4 cases are examined

separately:
(a) y(r) > 0and y" V(1) <0;
(b) y(¢) > 0and y"~V (1) > 0;
(¢) y(t) <0and y" V(1) > 0;
(d) y(z) < 0and y"~V(r) <0.
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Let us first consider the case (a). Since y"*~V () < 0 for t > t,, we obtain:

r( [y V(0] < —c,

for some positive constant c, i.e.,

y(n—l)(t) < (_L)l/a
)

for t > t,. Integrating the last inequality (n1)-times and by condition (9.3), we
conclude that

lim y*~! (1) = —oo,
—o0

which is a contradiction.

From the case (b), we obviously note that

(1) = x(t) + [p()x(12(1)) = p2()x° (12(1)) ]
+ [P1 ()X (12(0) = p(1)x(12(1))] -

From Definition 9.2 of y(¢), i.e., we obtain:

x(1) = y(t) = [p(O)x(12(1) = p2()x°(12(1)) ]
— [P1(O)xP (12(1)) = p(t)x(12(2))] - (9.12)

If we apply the first inequality in (9.4) withd =6 > 1, X = p;/ 6(t)x(7'2(t)) and

b

1 _1js 1/(6-1)
Y- [gpa)pz (r)]
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then we have:

p(x(12(1)) = p2()x° (22(1))

< (8 = 1) p O () p )17 (1) = (). 9.13)

Similarity, by employing the 2nd inequality in (9.4) with 1 = 8 < I, X =
p}/B(I)X(Tz(I)), and

2

L iy ]MED
y=[Ep(f)p1 (t)]

we obtain:

PO (72(1)) = p(1)x(2(1))

< (1=ppl PP EN0p P = i), ©0.14)

By using (9.12) and (9.13), (9.14) turns out that

_81(1) +82(1)

0 }y(t). (9.15)

x(1) 2 y(1) — g1(1) — g2(1) = {1

Since y(#) in non-decreasing, we have: y(t) > co for some co > 0. Hence, (9.15)

turns that
x(1) = {1 _ s +e() +g2(l)}y(t). 9.16)
co
Now, we see
x(1) 2 c1y(2), (9.17)

from (9.5) and (9.16) for some c; € (0, 1). (9.17) implies that Eq. (5.9) turns to be

(ro [ 0]7) + @y (@) <o. 9.18)
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Jaconstant g € (0,1) >

0o
(n—=1)!

y(ri(1) > Oy (11(1)),

for t > t; (see (Agarwal et al., 2000)). By setting w(z) = r(z) [y(”‘l)(t)]a, we

obtain:
0o

e 1),Tl”'l(t)r‘”"(n(r))wl/“(n(t)). 9.19)

y(11(2)) 2

By using (9.19), (9.18) turns that

W) < =K (77 O Ve () gow ' (@),

where

| <o
K‘((n—l)!) '

From Corollary 2 in (Philos, 1981), we conclude that 3 a positive solution w(z)
of Eq. (9.6) with lim,_,., w(z) = 0, which contradicts the fact that Eq. (9.6) is
oscillatory.

From the cases when y(¢) < O for ¢ > f,, we assume that

v(t) = =y(t) = —x(t) = p1()xXP (12(1)) + p2()x° (12(1))

< pa(1)x° (12(2)),

which implies

V(t) ]1/5

x(12(1)) 2 [pz(l‘)

or

P RGN ]“5

pa(75' (1))
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On the other hand, we obtain:

(ro [0 ®]7) = g (m )
vz (1 (1) ]”5

=10 T )

= (VP (h(2)). (9.20)

From case (c), it is obvious that v~V () < 0, and either v/ (¢) < 0 or v'(z) > 0 for

t > t;. First, we suppose that v/(t) < O forr > ;. We get:

_ n-2
() > L2y D (). 021

(refer to (Agarwal et al., 2000)). Now, we may express

v () = v (1) = _/”2 rle(s) [r(s) [Z(n—l)(s)]a]l/“ s

uj

> Az, ) |-~ (w)v D () 9.22)

for 1y < u; < up. By taking u; = uph(t) and uy = ush(t) for t > t; in inequality

(9.22), we see that

VD ih(e) = Alush(0), uah() | uah () (uah()| . ©0.23)

By using Eq. (9.23), (9.21) turns out to be

(2 — p1)" 2
(n—-2)!

x| =71 (s () "D (s k()] (9.24)

v(ush()) = W2 (1) Au3h(t), pah(t))
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By setting V (¢) := —r(¢) [v("_l)(t)]a fort > t1, (9.24) turns that

v(h(1)) = v(u3h(1))

o (o - 1)
- (n-=-2)!

-V (ush(n) | (9.25)

h'72 () A(ush(t), u2h(t))

From (9.25) and (9.19), we obtain:

=V'(1) 2 Q(t)v""° (h(1))

- 2 v/6
> 0 { U220 A o). 1)

X [V (ushi)|
which implies

(p2 — p1)"2

v/6
(I’l _ 2)’ hn_z(I)A(ﬂBh(t)’ ﬂZh(t))} [VV/(OKS)(’H?’h(t))] <0.

V(1) +Q(1) {

The proof can be similarity done same as the one in case (a).

Letv'(¢) > 0 fort > #;. We clearly get:

v (ush(1)) = =(p2 = ) ROV (ah(1)).
Jaconstant 61 € (0, 1) such that

v(h(1)) 2 ( ——= W (P (h(1))

)

> GOV (),
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for t > t;. Now, we see that

v(h(t)) 2 ——=h"2()v" 2 (1 h(2))

( )
> (—hn_z(f)(,uz — )R [V (uah(1))].
n—2)!

The remaining part of the proof is similar to the above case.

Finally, from case (d). we clearly get: r(¢) [v’(t)]a > (0 and so
r(1) [v("_l)(t)]a > ¢,

or that

(n—1) €2 K
v (1) 2 (%) )

for some ¢, > 0. Thus, we obtain:
v(t) = el A (1, 12) (9.26)
fort > t3 > t,. By using (9.26), (9.20) turns out

(o[ @]") = 0w (hio)
> 0(0) [ey/ "4 (ko). )|

The remaining part of the proof is trivial. This finalizes the proof.

Corollary 2. Assume that B < 1 and 6 > 1, conditions (i)-(iv) and (9.3) hold and

let p € C([tg, ), (0,00)) 3 (9.5) holds. Suppose that 3 real numbers u;, i =1,2,3
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3 (9.7) is satisfied. If we have condition (9.10), then

t
lim q(s)AY(11(s))ds = c0 when vy <a,

t—o0 Tl(l‘)

t y/o
liminf/ Q(s){h”_z(s)A(mh(s),,uzh(s))} ds
u

! 3h(1)
1 - !
S ( (” 2)

y/o
e \(u2 - ,Ul)”_z) when €]

t y/o
lim / Q(S){hn_z(S)A(/.13h(S),/.12h(S))} ds =co when 7y < ad,
u

1= J ush(r)

and

lim / [h”_l(s)(,uz - ,ul)]Y/(SQ(s)ds =oc0o when vy<a,
u

t—o0 zh(t)

then Eq. (9.1) is oscillatory.

9.3 Ilustrative Examples

Two numerical examples are illustrated as follows:

Example 9.3.1. Consider the following 2nd-order equation:

(e_’ (x(t) + ;x1/3(t/2) - xs(t/2)),)
3 (21 2) s _
+ (4 (36t + 7 + t3) e )x(t/Z) =0. (9.27)

Clearly, r(t) = e, p1(t) = p(t) =t and p,(t) = 1, and hence there exists a
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t. > 3 such that

3 5 1 2) s
- =+ =+ > 0,
4 (36t 212 t3)e

fort > t.. Verifying all conditions of the Theorem 31 indicates that every solution
x of Eq. (9.27) is oscillatory, otherwise lim;_,o, x(t) = co. It is worth mentioning

that x1(t) = €' is such a solution of Eq. (9.27).

Example 9.3.2. Consider the following even-order equation:

(n=1)\’
(e-f (x(t)+%xl/3(t/2)—x3(t/2)) ) +(;e_’/2)x(t/2) =0.  (9.28)

By noting that r(t)

e, p1(1) = p(1) = 17", pa(t) = L and q(1) = ™'/t and
letting uy = 1/8, up = 1/4 and uz = 3/8, it can be easily seen that all the conditions
of Corollary 2 hold, and hence Eq. (9.28) is oscillatory.

94 Conclusion

The NLDfEQ’s oscillation with MNLNTs have been studied via the basic
inequality and some comparison results to show our main theorem. Two numerical
examples have been provided to validate our theoretical analysis. The oscillation of

Equations (9.27) and (9.28) has never been previously studied.
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CHAPTER 10: SUMMARY AND CONCLUSION

10.1 Summary

Fractional calculus is an essential field of research for modeling many scientific
phenomena arising in physics and engineering. Various definitions, generalizations,
or extensions have been proposed to formulate various classes of differential
equations in the context of fractional calculus. This field of research is considered
as an open research problem due to the fact that many research works are still under
study, and investigations are needed for many arising research problems in this field
of research. One of the most challenges that face the researchers in this research field
is that the difficulty of proposing one universal definition that can be employed for
all systems and cases. Each definition has both advantages and disadvantages when
it is applied for various models. In Physics and engineering, analytical solutions are
very important and highly needed. Another challenging part of this research field is
to find analytical solutions for the fractional-order differential equations, especially
partial differential equations. Some definitions can not be employed for finding
solutions analytically; therefore, new definitions, techniques, or numerical solutions
via generalized numerical methods are needed to overcome this challenge. Due to
all these challenges, it is nearly impossible to find a university/college curriculum
that teaches this field of research although this research field is very powerful for
many applications in science and engineering. As a result, this thesis provides
a comprehensive research work on fractional calculus in terms of computational
methods and analysis. Various definitions, techniques, theorems, generalizations,
extensions, and numerical experiments are investigated in detail in this thesis. Three
interesting techniques have been successfully employed in solving two essential

nonlinear partial differential equations, constructed in the context of conformable
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and fractional calculus, in Chapter 3. A full investigation of the conformable version
of multivariable calculus is studied in Chapter 4. While each definition in this
research field has a limited applicability, a newly proposed definition, named as
Abu-Shady—Kaabar fractional derivative, is presented in Chapter 5, to provide a new
possible direction for analytical solutions for various differential equations in the
context of fractional calculus. Then, the implicit nonlinear variable order fractional
differential equation is discussed via the Krasnoselskii’s fixed point theorem in
Chapter 6. The fractional formulated quadratic integral equation is investigated by
employing the generalized Mittag-Leffler function to provide a detailed study on the
stability of this equation in Chapter 7. A novel technique is presented in Chapter 8
to investigate the y-Caputo fractional differential equation with nonlinear boundary
conditions. In the last chapter of our main results, a unique investigation of the
oscillation of even-order nonlinear differential equations with mixed nonlinear
neutral terms is discussed in Chapter 9 to provide a new direction for further
research works and extensions related to the presented equation. The unique
research results of the problems presented in Chapter 3 are published in Q1, Science
Citation Index Expanded (SCIE), journals, namely: Journal of Function Spaces
and Mathematical Methods in the Applied Sciences. Chapter 4 research results
are published in Q2, SCIE, journal, namely: Journal of Mathematics. Chapter
5 research results are published in Q3, SCIE, journal, namely: Mathematical
Problems in Engineering. Chapter 6 research results are published in Q1, SCIE,
journal, namely: Mathematics. The results of the research problems presented in
Chapter 7 are published in Q1 Scopus/Web of Science journal, namely: Nonlinear
Engineering. Chapter 8 research results are published in Q1, SCIE, journal, namely:
Fractal and Fractional. Chapter 9 research results are published in Q1, SCIE,

journal, namely: Journal of Function Spaces. All results of our research problems
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have been cited in many recent published research works in prestigious journals.

10.2 Conclusion

Various classes of differential equations have been constructed in the context of
fractional calculus. All obtained results have been investigated theoretically and
numerically via several techniques. The following is a list of conclusions based on

our findings in this thesis:

1. The study of the Wazwaz—Benjamin—Bona—Mahony and modified nonlin-
ear Schrodinger equation with spatio-temporal dispersion in the context
of fractional calculus provides a good understanding to many scientific
phenomena arising in oceanography, optics, electromagnetism, and optical
communication.

2. The investigation of multivariable conformable calculus offers a unique
mathematical tool for modeling phenomena in physics and engineering.

3. The newly proposed definition, Abu-Shady—Kaabar fractional derivative,
solves many issues associated with other previously proposed definitions
and offers a simple direction to obtain analytical solutions efficiently for
many classes of differential equations, formulated in the context of fractional
calculus.

4. The applicability of variable-order spaces of fractional type needs a series
of systematic approaches to investigate fractional differential equation’s
solutions such as existence-uniqueness-stability.

5. The investigation of quadratic fractional integral equations provides a signifi-
cant tool in modeling scientific scenarios due to the essential properties of
fractional calculus in investigating systems’ dynamics and behavior.

6. The monotone iterative technique, along with upper and lower solutions’
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technique provides a full investigation of the y-Caputo fractional differential
equation with nonlinear boundary conditions.

7. The investigation of differential equations’ oscillation with nonlinear neutral
terms which has been rarely mentioned in other research works can provide a

new path for more related future works in the context of fractional calculus.

10.3 Future Work

This thesis has provided several novel contributions to the field of fractional
calculus. Various definitions have been proposed and investigated theoretically
and numerically. Several illustrative examples have been provided to validate the
applicability of all theoretical results. One of the limitation of the ASK definition is
that ASK is a local definition, therefore, a nonlocal version of ASK will have more
advantages than the local version of ASK due to the helpful nonlocality property
in modeling some complex scientific phenomena. This thesis provides many new
directions for many related future research works. Some examples of possible
future research works that can be done based on the results of this thesis are listed

as follows:

1. The Abu-Shady—Kaabar fractional definition can be extended further to
include chain rule and special functions.

2. The multivariable version of the Abu-Shady—Kaabar fractional definition can
be investigated.

3. The Abu-Shady—Kaabar fractional definition’s version of vector-valued
function of several real variables can also be studied.

4. Anonlocal version of Abu-Shady-Kaabar fractional definition can be proposed

in the near future.
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10.

. Many applications in science and engineering can be studied in the context

of the Abu-Shady-Kaabar fractional definition.
A universal definition can be defined based on the ASK, NComD, and

y-Caputo fractional definitions by proposing a suitable functional kernel.

. The results in Chapter 3 about wave transformation and double Laplace

transform can be studied in the context of ASK. The same applied to Chapters

6,7,8, and 9.

. The nonlinear variable order differential equation can be formulated in the

context of ASK to model various phenomena in vscoelasticity, mechanics,

and fluid dynamics.

. The NCombD results in (Lugo et al., 2022; Valdés, 2022; Valdés et al., 2020)

can be extended further to be studied in the context of ASK.
The mixed Morrey spaces results in (Guliyev, 2009; Ragusa & Scapellato,
2017) can be generalized further to be investigated in the context of ASK for

fractional partial differential equations.
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