CHAPTER THREE

Investigation of absorption-dispersion relation with

dipole-dipole interaction (on-resonance case)

3.1 Introduction

In recent years there has been a lot of interest in studying the absorption-
dispersion relation for various atomic systems [3.1-3.5]. Ling and Barbay [3.4]
have shown that the index of refraction can be enhanced at vanishing absorption by
incorporating Doppler broadening. Quang and Freedhoff [3.6] have shown that a
high index of refraction can be accompanied by vanishing absorption for a certain
range of Rabi frequencies from coherently driven two level atoms. As a result.
preparation of matter in such a state would provide us with a new type of optical
material with many applications in fundamental and applied physics [3.2]. In
particulars, enhancement of index of refraction at zero absorption has a potential
application with respect to laser particle acceleration [3.7], optical microscopy [3.8]

and atomic tests of electroweak physics [3.9].
In this chapter, we investigate the absorption-disperson relation from two

collective atoms with the inclusion of dipole-dipole interaction driven by a

resonant laser and damped by a normal vacuum.
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3.2 Master equation with dipole-dipole interaction

The model that we consider is the two-atom coherently driven Dicke system
[3.10] in which the atomic separations is assumed to be much smaller than the
resonant wavelength and we take into account the dipole-dipole interaction
between the two atoms. The master equation for the reduced atomic density
operator which describes the atoms coherently driven and damped by a normal

vacuum in a rotating frame at the laser frequency o [3.11] is

%" = ~ia[S*.p]-iQ[S" +8.p] ~ic,[$"S™.p]

+4(287pS* -S*S7p-pS'S7)

=

where S*,S” are the usual collective spin operators, y is the Einstein A coefficient
and 2Q is the Rabi frequency. o, is the static dipole-dipole interaction potential

such that [3.12]

(32.2)

where (i and f; are unit vectors along the transition electric dipole moment and

. L . . 2n )
the interatomic distance T, respectively; k =k_ where A is the single-atom
o
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resonance wavelength. The dipole-dipole interaction arises from the virtual photon
exchange between pairs of atoms and becomes important only when the spacing
between atoms becomes comparable with the transition wavelength [3.13]. The
significant changes can be expected in the structure of the absorption-dispersion
spectra. A=, —_ —o_,where o, is the atomic transition frequency. Clearly.

if A =-a, . the laser is tuned to the atomic transition frequency.

We now project equation (3.2.1) into the Hilbert space of the energy

S,m) with S = 1 and m = 0,#1, i.e. the Dicke states [3.10]. The

eigenstates

collective operators S* and S* satisfy

S?[S.m) = S(S + 1)} S,m) (3.23)
$7[S.m) = m|S,m) (3.24)
where m = -S, -S+1, ..., S-1, S. The atomic polarization operators S* and S~ are
given by
S*[S,m) = V., [S,m+1) (3.25)
S7[S,m) =V, |S,m-1) (326)
where
V. = (S+m+1)S-m) (327
V, =(S-m+1)(S+m) (3.2.8)°
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The following relations have been used to obtain a complete set of coupled

differential equations for the matrix elements of the atomic density operator (see

later).

[m) =[S, m)
(mis*pin) = V,ilpm.l 5
(mlpS*In) = V2P0

(mlS ps*In) = (V,., .,.,)%pm.....‘.
(55 In) = (Vo V, P
(miS™S"pln) = V1P

mlS"S pln) = (Vi Vi ) Pims2a

(
(koS ST} = (¥, Vi e
<m|pS'S \n) P

(s D]In)—(m np,,.,
. (mispln) = v, .pm "
. (nlps7In) = vi [
(mls~psIn) = ( pm,",

mis*

( n> V..
(mls*S7pln) = V,p.0,
(mis*s*pln) = (V,,V,,.,) p,m
(mlps*s7In)=(V,.,V,.,) T
<mlpS'S |n)= ViPaa

Pmlul

(3.2.9)

The master equation in terms of the matrix elements p, (t) of the reduced atomic

density operator satisfy [3.14]

1
+5[2(Vm..\’....

m-n)p,, i

o
— (Vo = Va)Pra
(V- V)
1 1 ! 1
V2P + V0P pin = V1P = V?.\p,,,.,,_,]

Pua = (Vo Vo |

(3.2.10)

where t = yt is dimensionless time describing the evolution of the system and'

= (m|p|n). The matrix elements p,, ,(t) of the atomic density operator satisfy

the matrix equation.,

AS 05405042
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where t = yt is dimensionless time describing the evolution of the system and

Pun = (m|p|n). The matrix elements p,, ,(t) of the atomic density operator satisfy

the matrix equation.,

o.|9-
ale
1
=
<
+
<

(3.2.11)

where L is a non-singular 8 X 8 matrix and Y is a column matrix:  is an eight-

dimensional vector composed of the density matrix elements

P =Y, , Poi =Wy . Po =Wy
Poo =Wy - Pia=V¥s Pao =Wy
Po=VWs P =Ve Paa =We

where , =1-y, —y,. Equation (3.2.11) can be decomposed into eight coupled

differential equations

iQ
Wy =-2y, *’l—_fﬁ(‘% "V\)

iQ
-2y, +2y, +Tﬁ(ws —y,— s +ys)

X iQ iA
s =—7J§(\u. SV tY) -2+,

BT i
Vs =7\/5(w. SAZRA DRIl

2io,

. iQ 2iA
W =’7Jiw, w0 ==+
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iQ

. iA o,
Wy =T~/§(1-\v| -2y, +w,)—(7+1+27]w, +2y,

i

s A ia,
W =7\/5(2w3 —We W, —1)+(7—1+2T)w,,+2\,,,

The matrix L is

-2 o WT 2 0

2 2 W 0

ST T -(: . ﬂ} 0 -
v

W0 2o 0

i =
where B=7, y and Y are
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L=lp. 0. -p2 0 .[hsi,:“‘_‘J
a 1
0 0 0 B2 0
N N 0 Bz
[N TN ) 2 0

(3.2.14)




_\V|~ [0 ]
W,

Vs

=l and ¥ = (3.2.15)

Ws

0

0

0

] 0
0

WV, 0
i

v,

Vs

Laplace transforming equation (3.2.11) gives

7(2) = M§(0) + ' MY (3.2.16)

where M =(z—L)—‘ and z is the Laplace transform variable. The steady-state

solutions is thus

(o) = limzy(2)

=-L'Y (3.2.17)

The elements of the inverse of a non singular 8 X 8 matrix can be obtained by

using a symbolic manipulating software like Mathematica and we have done this in

the Appendix .

The exact steady-state solution of the master equation for two coherently

driven identical two-level atoms with the inclusion of dipole-dipole interaction and
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damped by a normal vacuum in the steady state can be solved exactly by setting the
left hand side of the equations (3.2.13) to be zero [3.15]. It simply involves solving

eight simultaneous equations. The steady-state expressions for the components of

Wy are
4Q"
Y=
20° ) 3 3.
W, = D (2{2'+4A‘+8Aa.+4a;+y')
20
Y=y =- (21A+2ia‘—y)

W=, =%[2A] -3ia2ia, —7)+ 4o, (a, +ir) -7’
W, =y, =giﬂ{iA[—4AJ +iA(16i(x' —4‘/)—20uf —8ia,y —y"]
(= 8ia! +daly —2ia.y? +7")-20(2iA + 2ia. ~v)}

(3.2.18)

where

D= 2(12[691Z +2(4A2 +8a, +4a’ +y’)]+A[4A" +240%a, +A(52a2 +573)

48a + 1241,7’]4» 16a! +8a’y? +v*
3.3 Absorption and dispersion spectrum

We now study the absorption and dispersion spectra of two two-level atoms

in a normal vacuum. Absorption and dispersion spectra are represented by the real
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We now study the absorption and dispersion spectra of two two-level atoms
in a normal vacuum. Absorption and dispersion spectra are represented by the real

and imaginary parts of a complex linear susceptibility [3.16]:

)= Idt exp(-iot) !im([S' (t+1),8° (t)]) (3.3.1)
0
The two-time correlation function in equation (3.3.1) can be evaluated by using the

quantum regression theorem [3.17]. For a quantum mechanical system which is

Markovian. the one-time expectation values

(A) = £, (L), (1) (3.3.2)

where r‘u(t.!') is a c-number function and t > t, leads to the two-time correlation

function

(A®B) = T £, (L )(A, (1)B(D)). (3.33)

u

where A.B are arbitrary operators. In the present case, the one-time expectation

values of (S'(t)) can be expressed as

(S'(!)) = Tr{p(t)S‘} = exp(imLt)Tr{?)(l)S‘}

= V2[ () + (0] expioLt) (334)
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Applying the quantum regression theorem to equation (3.3.4) we can evaluate
(S’(t + I)S‘(l)), and in a similar manner <S'(t)5'(t +1)) which in turn results in

equation (3.3.1) taking the form

o) = [(Mu +My, )(‘Vz(w)' Wl(w)) +(M1_o + Mg fw(0) = \y,(oo))
(M + My, (w5 () =y (0) + (Mo + My (12w, (00) =, (0)

—(M“ +M8.)w5(w)+(M,_, +M,_,)w.,(m)+(M“ +M“)\y5(oo)]

P

(3.3.5)

Note that My 4 etc. are the elements of the matrix M in equation (3.2.17) and are

given in the Appendix . Equation (3.3.5) can be written as
I()=R(o)+ix() (3.3.6)

The absorption spectrum is given by
R(w)=Re ;[dt exp(—iot) lim([S* (< +1)."(1)]) (3.3.7)
The dispersion spectrum on the other hand is given by
#(©) =Im ;jdr exp(-io)lim((s" (z + 1), (1)) (338)
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3.4 Results and discussions

By using equation (3.3.7), we can calculate the absorption spectrum from two

atoms with the inclusion of dipole-dipole interaction driven by a resonant laser. We
—_— L L Q 5 . .
begin with a coherent driving field with —=40. In figure 3.4.1. the absorption
Y
spectrum without dipole-dipole interaction is symmetrical. In the presence of
: : . ’ o . . .
dipole-dipole interactions, (e.g. —-=20), we observe a splitting of the Rabi
Y

sideband of the absorption spectrum into symmetric doublets (see figure 3.4.2).

The splitting is caused by the dipole-dipole interaction between the atoms. As we

increase the dipole-dipole interaction (e.g. Ol—'=40) the widths of the lines
Y

become modified as in figure 3.4.3. The negative values of the absorption spectrum

mean amplification of the probe beam.

We now use the expression (3.3.8) to briefly study the dispersion spectrum

from two atoms resonantly driven by a laser and damped by normal vacuum. When

a strong coherent field is applied (e.g. Q =40) in the absence of dipole-dipole
Y

interaction, we observe a symmetrical dispersion spectrum as shown in figure 3.4.4
This spectrum belongs to the Lorentzian type. Large dispersions can be obtained on
the right-hand side and the left-hand side of the central frequency. Note that the

refractive index vanishes at the central frequency. In the presence of dipole-dipole

interaction (e.g. e 220 ), we observe the splitting of the Rabi side band of the
Y

38



dispersion spectrum into doublets. We also observe additional Rabi side bands at
both sides of the central frequency (see figure 3.4.5). All these effects are due to the
dipole-dipole interaction between the atoms. Since, regarding figure (3.4.6) as
compared with figure (3.4.5) we see that in both figures the higher peak is 0(10%)
(compared with 0(10?) in case of no dipole-dipole of figure (3.4.4) but the second
peak in figure (3.4.6) reduces in height and the third peak increases as a result of
increasing the dipole-dipole strength, compared with figure (3.4.5).. Again, the

index of refraction vanishes at the central frequency.

Now we report behaviour of the absorption-dispersion relation (see figures
- Q :
3.4.7-3.4.10). Clearly for strong coherent driving fields (e.g. — =40) with and
Y
without dipole-dipole interaction when the laser is tuned to the atomic transition

frequency (i.e A=-a,), the possibility to obtain a large index of refraction

accompanied by vanishing absorption is evident (see figures 3.4.7-3.4.9). However,

interestingly when the laser is not tuned to the atomic transition frequency (i.e.

A#-a,), (eg. e 40.A = -20) such as in figure 3.4.10, we do not find large
Y Y

refractive index accompanied by vanishing absorption. We can therefore conclude

that large dispersion accompanied by zero absorption is a feature unique for a

strongly driven atomic system with dipole-dipole interaction only when the laser is

tuned to the atomic transition frequency.
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Figure 3.4.1  Plot of absorption spectrum for two atoms driven by a resonant laser.
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Figure 3.4.2  Plot of absorption spectrum for two atoms driven by a resonant laser.
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Figure 3.4.3 Plot of absorption spectrum for two atoms driven by a resonant laser.
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Figure 3.4.4  Plot of dispersion spectrum for two atoms driven by a resonant laser.
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Figure 3.4.5  Plot of dispersion spectrum for two atoms driven by a resonant laser.

45



.003

.002

.001

.000

.001

.002

.003

).004

).005

| L | L | L | ! 1

-200 -100 0 100 200 o-o,
Y

Figure 3.4.6  Plot of dispersion spectrum for two atoms driven by a resonant laser.
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Figure 3.4.7 Plot of absorption-dispersion spectrum for two atoms driven by a resonant
laser. The solid and dashed lines represent the absorption and dispersior.

spectrum respectively.
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Figure 3.4.8 Plot of absorption-dispersion spectrum for two atoms driven by a resonant
laser. The solid and dashed lines represent the absorption and dispersion
spectrum respectively.
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Figure 3.4.9 Plot of absorption-dispersion spectrum for two atoms driven by a resonant
laser. Thesolid and dashed lines represent the absorption and dispersion
spectrum respectively.
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Figure 3.4.10 Plot of absorption-dispersion spectrum for two atoms driven by a detuned

laser. The solid and dashed lines represent the absorption and dispersion -

spectrum respectively.

50



	BLF0035.TIF
	BLF0036.TIF
	BLF0037.TIF
	BLF0038.TIF
	BLF0039.TIF
	BLF0040.TIF
	BLF0041.TIF
	BLF0042.TIF
	BLF0043.TIF
	BLF0044.TIF
	BLF0045.TIF
	BLF0046.TIF
	BLF0047.TIF
	BLF0048.TIF
	BLF0049.TIF
	BLF0050.TIF
	BLF0051.TIF
	BLF0052.TIF
	BLF0053.TIF
	BLF0054.TIF
	BLF0055.TIF
	BLF0056.TIF
	BLF0057.TIF

