CHAPTER 111

In mathemntice the motion of remndos events defimed in the
preceding seetica corresponds to what is culled & ramdom sveant im
everyday uas, A svstem of .xloms makes precise the notiom of the
probabilily of & rendos event. It is the muthemutioul formilisstion
of certain regulurities in the frequencies of cecurrences of rendom
svents observed during u long series of t.rh.ls performed uader constant
oonditions,

m= aystem of uxioms is ddfinmed wivhin a probability spuoce,
vhich can be used as & muthematical model of readozm phemomena, A
prcdabllity spaoe is sn abstruot comception satisfying the following:-

(1) 4 set . oalled the sample spsce.
(44) . Barel Field @ of sudsets of _ ..

(141) A set function P defined for euch set int i for which
the follovwing axiems hold.

~8 hus already bsen sesn (I) the frequencies of ocourrence
of rundom evente oscillate adout some fixed aumber when the mumber of
experigents ies lurge. This observed regularity of the friy;uencies of
rendon eveats is & non-degative fruotion luss or equil to one.

‘xiom I (To every random event : there ocorresponds & certaim
auaber P(A), oslled the mrobubility of A which sutiofiss the inequalityf

bete

0 £P(a)s 1

Comsider the students in & weiool. luppose the school
conaist of only boy studemts. Let the rendowm event oconstitute tne
selection of u boy student from the school. If m/« denotes the
frequsney of choosing a boy student it is obvious that we eshiull alwauys
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pege 3. pares 4.

gOpﬁ.. Cite. K. Fisa: Prodobility theory wnd mathematicul
probubility. page 12. '
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. f,auvc ®// = l. Here ehocosing a boy is & some eveat and
i frequendy eqaulu one.

Axioa 11 Feonw | P({; ) =1
5 i;e,‘%ho probability of the sur- event aquals 1.
£ In the throvimg of a die the fregueasy of appeuraace of any
fnoe osoillates about the nmumber 1/6. Theue events ure sxolusive and.
the frequensy of oceurrence of the event an even fuce [ A ~ - 2, 4y 6 _37
equala the sua of their fraguousieaa
P(.ﬁ) - 1/6 2 4 3./6 + 1/6 w 1/9
¥rom here we have un sxunple of
Axiom IIX o
1r A "z— *se BT m b oead g0y Ay = ¢
whonaver i ¢ J then

JPAC E ). *-; P(4, )

B l.0. the probability of the sum of & finite or denumerible numbor of
® puirvise exelusive svents oqual the sum of the probabilities of
tnese evemts.

.5 Frea these Axioms we cun derive eoms elerantury consequences.
~ Let i and B be 2 arbitrary events exolusive er net , we shull find
B the probubility of their unioa.
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*h right si&ee of ths |
avents wal Mag %0 ixiom zu‘: pr@uiaau are uaioas cf sxelusive

Aug) = A P
Qi) - ;il)!)*% ;?3 ‘ﬁ)
Je HAUB) - Ha) + 2(3) - B(a3)

It 1e olear that if 4B are mitually exslusive eveats
Bag  pan) .0 |
1.90 P(A ‘) ﬁP(A) + P(B)c

which ie aa‘mp;u: with sxion 1L
.7- ‘& lat m\xma wvo have is
P(Aul) = 2(a) + P(3) - P(ap)}

m tbl énfmucn of L 1t followe that the union A of
» wad T 1s &a m event. Therefare aocording to ‘xiom II

P(l\,-) - 1

But since a m&f are exolusive bty Agics III
‘P(Ava - P(a) + P(D)
l’(l) -s» Pm - 1?

The eus a& tln mw:uu of w event A und ita oomplement T is the
| mt.

?u' mw mm event A we have the equality 4 e -

' RDO! 'm eveat (uon lnt eoatain any of the slementary
cmu) A nal —fnm mladw hmu they have no common event.
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P(a; r(a) . ?(s -n)
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1.0, u’ cmu A n ututy the mditioa 2B (A is included in
B), thea P(A) = P(B

e A R e, g Bl T MM A

hnt !haaﬂmmmn utofclmtary svents - .
Set < will be an elament of the Borel field - of subsets of the
Asmme P(C ) > 0. lat ‘consider € a8 8

mpu Spaes . e
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mbsots&cmahﬁmtothsmmn.

‘ M WW A from the field 2 may belong to the

‘field B‘ ﬁu ‘vhen iis bu's of Bs Ii msv:r A e;a:a.it 5 Bl
) 5 m bl t0 C not an elemen
ﬂ‘h M youd ’ ?vu.MAms

_some part of A may be o reades event
but scme M of | W when wwg or intersection AC is not
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eloments of i@e are gredacts of tiu s A, To stress mirut that
the produet umwmmﬂ;namnd (and

2";:' ) " my ¢ 1% by the aymdel A/é Which reads "A prodided

xz A m c' A/c 18 the xo evest ia field 3‘. =

e ma:m s
. CCNPITIONAL PROBABILITY -

m& A/S is i.mudiath aia.gmn Here the square
rapwmmlomu,_marauamchmumm&ﬂ
sveat, The shaded area represecats ovent C and the doubly shaded areu
m;we«ntam wutlf!, Lees "svemt A provided £ has ocourred”.

m Mw of event A/c in the field [ will be demoted
(L/c) and resd “the mﬂinml probability of A provided C
hns W q, E

‘ i : An u mh ,W weo un pnrfmeﬁ n: rmdoa oxperiunta
und have obtained the event Bum times; moreover i ak (kem) of these
awg”mmmmmmmtk. mfnmawcf

:B equals k/n and frequency of B = n/e.

Wﬁl th oeu!—it: %-%
i.0. the w of A yrwidod B ma omma is k/m. Therefore
ve obtala m mum of Cepditiomal Probabillly

m ehmuty of an event B ba positiive. The
oonaitim? ;wpbnhﬁiw of event A provided eveat B has ocourred equais
the mu&ntr et AD ﬂﬂm hﬁv Pmbsuntyof B.

ﬁ. re P(B) >0
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r(n} = ?(!}, nim P(AB) 0 and P(B) - O

Thus ABZ a, i ‘s._
4nd P(A/S)
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If;{l {s the sure evemt in field ', i.e. AB =3
then P(AB) B). REemee P(4/B) =1 |
Thie mﬁcﬂu Aﬁm I1.

Conaim m tb 1&« of peirwise exclusive eveate ; (A&/B)
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Ceel B(B)
J - : r(u/l)

This i’mﬁ.&u ﬁﬁaﬁw Axim III, 1.1‘ Mﬁml proba‘bility is
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the mwuw &At we obtain & greem hsu§m shat wme  Wat is

m&h ad recpectively the events of esti
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The fcmm Maod in this example is & apoc&al ease of the theorem
of &aalﬁts muws: ma ie gm a8

If &Q mm- s seo are pairvise exelusive
mnta au exhanst the set 01 ary events and if P(AL1)>0
i’ori-l, ag L Mf&ﬂm&m‘l

rm = m,) r(a/A,) + P(A,) P (n/A,) + sess

= M m AL satiafy the Wtiw of Aibsolute Probability.
Suppose M 3 has md. ‘How what ie the probabdility of AL?

"Ifcm a?, ees BTG p.im“ exslusive eveats und
exhaust the mh .9:1.4_ of elementary eveats and if
’(Ai),»e :aa..;. g, 3. ces WO Inve
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"(A) = 0999 rm - o001
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misuthm muuuw etapemie froe of suberculosis
given that kis Z-gay is positive is adbout 92%. Ve mote here tie
temm eften used when Bayes Theorea is appuud. Tas events
.“j‘mmmmemsi and are assumed to be
d}sa Y - The pro‘bmnt: P(AL) is oalled the &
;riord mhunthn cf hypothesis Al. The conditiomal prodability
#(41/8) is eslled a postexiod prodadility of the thesis 41 given
the odsorved event_B. Thus ia the example eveats A perscn is free of
tubereulosis) and A (person has tubereuloais) are the hypethesis. The
spriord munu of a seleoting person not bavimg tubereulosis is
(1) = 0.999. But the aposteriori probability of a person es from
tubmm am sm bie E-ray is positive is r(u/xs) = 0,917«

n gen m mnm probebility of P(A/B) differs
from P(A)& m, m cage whon we have the equality
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