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Chapter 3

THE UNRENORMALIZED Z-PENGUIN VERTEX

3.1 INTRODUCTION

In the Standard Glashow-Weinberg-Salam Theory of the electroweak interactions,
the coupling of the Z boson to quarks does not change their flavours at the tree-level.
However, flavour-changing quark-Z coupling arises at the one-loop or higher level as a
result of quark flavour-mixing in the charged weak current. In this chapter, we present the
computation of the explicit expression for the unrenormalized Z-penguin vertex function
in the ’t Hooft-Feynman gauge. In this gauge, the correspondence Feynman diagrams are

as shown in Fig. 3.1. The renormalization of the vertex function will be discussed in the

next chapter.

3.2 UNRENORMALIZED FLAVOUR-CHANGING Z-PENGUIN VERTEX
FUNCTION

In the ’t Hooft-Feynman gauge, besides the contribution from Fig. 3.1a and 3.1¢
where a W-boson is exchanged, there exist another four diagrams, Fig. 3.1b, 3.1d, 3.1e
and 3.1, which are due to the coupling of an unphysical scalar ¢. The unrenormalized

flavour-changi Z-p

guin vertex function, T, (p,k), may then be written as

T (p.k) = 2T (p,k) i=ab,..f @a.n

where I'\”(p,k) denote the contribution from diagram i.

In the ’t Hooft-Feynman gauge, the contribution to I, (p,k) from Fig. 3.1a

through 3.1f respectively are
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Fig. 3.1: The Feynman diagrams for the flavour-changing quark-Z vertex.
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) 1 1
where mj is the mass of the internal quark (j = u,c,1), L = E(l —7s) R= E(I +74),
s=sin’0, and A, =U,U,,.

Let us consider first the two diagrams in which the Z-boson is emitted from the

internal quark lines. Generalizing to 7 =4 —¢ spacetime dimensions, Eqs. 3.2 and 3.3

becomes

™ (p,k) =~

(a) (@)
Toarg )’ ZA,I (Zn),n F 68

r.f”(l’-")=—m(u )? Z’» I n"’ F@ 3.9

2n)"

where

Y =y l(p—g-K+m,)y, (l——s Xp—d-+m,)y,lg™

(3.10)
Y =(m,L—mRYp—g—KE+m, )yu(L—ss‘)(p—¢+mj)(ml L-m,R)
FQ =((p-q-k)' -m1"((p-9q)" -m}1"[q" - M2]" @.1n
By introducing Fey p rization, we get
1 tex ~
1"(ﬂ’=2jo dx [ " dy(q* - Dg]” (3.12)

where §=q-(1-x)p+yk 3.13)
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and Dy = xM} +(1=x)m} —x(1-x)p* = y(1-y)k* +2xy(p-k) (3.14)
Substitute Eq. (3.13) into Eq. (3.10), we obtain

2(-—v -G, - §),(@, ﬁ)l,+8m’t’y L

3.15)
e = (m,L—m RXG, - ﬁ+m,)yu(ll—;s’ XG, — & +m,)om,L—m,R)
where G, =xp+yk,and G, =xp+(y-1k. 3.16)

Odd powers of § give zero contribution after momentum loop integration. Eq. (3.15)

may then be cast into the following form:

e = By 2-n 228 g
n "
. 317
= BY +=—=CPq’

where

4 8
B = 2(-—.s'2 -0G,y,G, +-5m,'5"/..
C\ = 2(-: -0y,

4 4
B = [m,m,(;.v’ =Gy, G, +mm}(1- —s' .G, - —s’m,ml’Oi,yi.
3.18)

4
+ 3: m m,m Y :l [m,m (l——\' )G, +m ( st =Dy,

4
+ s,t’m,’ G,,G,~ ?s’m,m}yu(/i, }L

4 4
= mmy (5 st =1y, R+ 331"'}7;:14
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Substituting Egs. (3.12), (3.17) and (3.18) into Eqs. (3.8) and (3.9) and carrying out loop

integration over the internal momentum with the integral formula given in Appendix, we

obtain

1 - x D
r.‘."’(l),k)=GZ7»,deEdy( m‘i,] rG )[ BOD, 4+~ (‘""(a 2)]
J

I (p.k) = (,Zx jdxj“y{ ] rG -—B“”ng ‘o C‘“(e Z’J’
g
here G=———t——
where 327 cosé,

The limit 7 — 4 is then taken to separate the divergent term :

I (p,k) = (,Zx[ CE+= c"'+j¢rjdy(c‘“’|nl) -BD,' )]

. 1 1 1ol ~
(k) =Gy, xj[g CPE+5CP + [ e d(C In Dy - BY D, )]L
J

_,[M:e'] 2
&=In anmu?) e

o D,
and D, = M—gz.

In Eq.(3.24), y = 05772 is the Euler constant.

(3.19)

(3.20)

3.21)

(3.22)

(3.23)

(3.24)

(3.25)

By making use of the unitarity property of the Kobayashi-Maskawa matrix, we can drop

terms that are independent of mj and obtain

ASTTLLA LS U
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o . 1 1-x | 4 N 4

T (p,k) = GZ]:AIdeLdy{(Es’ ~DinDyy, +[(1—§sz)[x1pyup
. (3.26)

+x(y~l)m..l+x,vlv..ﬁy(y—l)lv.,l]+;M}S’v..]Dé'}"

" (pk)= GZl {—s gy, L+ : m,y L+Ia§zIdy{[ mrﬁ‘(gxt -y, R
2
3 /1 I]lnD - Dy ( [x’pyu’+xypy“l+x(y—l)ly“’+y(y—l)l‘yul]x
x[mm,( s —l)R+4:?1’:’[]+(x7“’+yy“l)[m,m (%—%s’)R—Zm,rﬁfﬁl.](}'n)

2
+[IPY,.+(}‘—1)!Y,,][M,'?1,’(E —s )L——s m,m R]+ smm‘mly R

- Ih’m’(— - sl)yul,)]}

Looom
where 7, = —— m, =

(3.28)

Next we look at the remaining diagrams of Fig. 3.1. Generalizing to n=4-¢

spacetime dimensions, Eqs. (3.4) through (3.7) become

1

r‘(‘ﬂ(”"‘)h’iiose @’ Z" I(zn)" n F (3.29)
ig'(1-2. _—

r;"’(p,lz)='f?M(,cT;l( )? Zx I(m" n@ F (3.30)

L2k = -7 oo, W)’ Zl I gm0 (331)

2n)"
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where

M =V AP =g+ m )Y [-8n (29 - k), + 8, (g+K), +8,,(q—~2k),]
= (m,L-m,RYp~g+m,)m,L-mR)2q k),
:‘" =(m,L=mRYp-q+m)y,L

N =y, L(p - g +m,Ym,L~-m,R)

and = ((p-q) -m g - k) - M2) g - M)

Introducing Feynman parametrization, Eq. (3.34) becomes
F =2 [ ayig’ - 0,1
where G =g - (xp+ yk)

and D, = (1-x)M} +xm] —x(1-x)p* - y(1- )k +2xp(p-k) .
Substituting Eq. (3.36) into Eq. (3.33), we obtain

) _
Ny

=[@ -#,.@a+2)+ @ -2+ @), + @+ @)@, - Dy,
(@ - DE+ Q)]
0 =, m RYG - 027 + Q)+ Omml L+ mmt 27 + 0,),
e =my (@, - @y, R-mjy, L

n =Ry, [m} —m (@~ a')]
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(3.32)

(3.33)

(3.34)

(3.35)
(3.36)
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(3.38)



where

O =(-x)p-yk,
Q, =2xp+Q2y-1k,
Oy =xp+(1+ )k,
Qu=xp+(y-2)k.

Again we omit terms that contain odd powers of

following form:

where

2
n? =BYL- [;(2 -n)+ 4]-,,,Lq’

2
n:‘n - p@ _;C,(‘d)ql

u
ne =m,Qy ,R-mjy, L

S =my, L-my, QR

Bm = Qﬂu@l +Q|Q17u +QJQ|7|¢ Yy 2.2,
__(’" "’dL"'m R)@,v,0, + QlQﬂ,.)

i(d)

+ "'"'1 (my L +m,R)(y .;Qx + Qﬂ.-)
Cm =7, (mm,R +mll)
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(3.39)

g . Eq. (3.38) can be rewritten into the

(3.40)

(3.41)

After substituting Eqs.(3.35), (3.40) and (3.41) to Egs. (3.29) through (3.32), we perform

momentum loop integration and obtain
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D,

‘mij [ ZBYD,' +(e - 6)y ] (3.42)

rp, k)_(,Zx j'drj'dy(n—s )[

i D,
I (p k) = (;Zk jdxj' '2};: (41:5) (~)[-—B“'D +C"”]L (3.43)

D, \2
T (p,k) = (,Zx jabrjdys( nz,J GG my,L-m@, k], (3.44)
(DoY)
TPk =GL, ¢ dxﬂdys’[ m‘:,) (%)F(g)[mfy JL-my QRS @as)
J

After taking the limit #—4, Eqs. (3.42) through (3.45) become

rO(p,k)= (;; A (1-s? )[s(g +%)yu +[ac[dey, mD, - BOD, )]L (3.46)
T (p.k) = G);A “2_ [;; ) [ EC + [de[d(CLOmD, + B D, )] (3.47)
I (p,k) = G;k,j:drj;d;s’(mfy"L ~m,[(1-x)p- yk}y, R)D,! (3.48)
T (p,k) = G;A,K«kj:d:w’(m}y“L—m,yu[(l ~x)p- JEIR)D;" (3.49)

= Z‘é . (3.50)

In Eqs. (3.46) and (3.47), there are terms which are independent of m, and can be dropped

as a result of the unitarity property of the KM matrix. We then obtain
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I (p,k)= Gzljﬂdxfd}(l —s’){6‘/u InD, 2x0-0py, p+ 1= x)2y - py &

(3.51)
—2xpky, p+y(1-2y)ky K +2[2x(1- x)p +y(1—2y)k’}yu]l),'}
%) 1 2 1., PR r PRSI 2
(p k) = (1-25 )G;k,{zmjiyuL+Lerdy[(m,mdL+m}R)x
M2x(x=Dpy, p+ (= x)1-2y)py £ + 2xpky, p+ y(2y - Dy & 6:52)

+2x(x =Py, + 2y = kY, 1+ st} (m, L +m,RY2x(y . p + py,.)

+ @y =00y b+ by D+ 2 e[, + i RNy, L}

Substitute Eqs. (3.26), (3.27), (3.48), (3.49), (3.51) and (3.52) into Eq. (3.1), we obtain

the following expression for the unrenormalized flavour-changing quark-Z vertex function

1 1
L, (p.k) = G;x, {- Z@‘I - l)&rﬁj’yuL+3rh}s’yuL

) 1 .
+[l«,,"yu +V(E{pyup+E,"l'yul +E py & +E,"l'yup+1:,"ply“)

1/ . - .

o (Efpy, +EFy,p+ ElEy, +L,’;,yul)]L (3.53)
e . .

+[1=."7.. g (EL Py P+ Bk kv EDpy + EDRy ps EL phy,)

1 .
-+7(E.fpyu +EMy,p+ ENKy, +£,’§,y,t)]R},

where E' and EF are given by

Bl =[ac” ayn)

. o (3.54)
Er=[af " ayn? i=12,.,10



The functions H,", H]' are explicitly given as following:

H! = {(2(1 —sh)+ %(I —25? )n‘;})(z x(x=1)p? +y(2y - )k?

+[xy(1= 25 i) = 2(x + 2y —4xy — 1)(1— 5" )k - p + 27 }I S

n 4 ~
+[6(1 -5 +%(I -2s )n‘:}]lnl)_. -iﬁ}[ss’ + -;'(%s’ - |)rir}]l)é'

+(;v —I+§s )InD'
Lo_ l _9c Wit 2 (-1 4 s? 2 2a2 [
I~I,—2x(x—l)4(l 25" iy +1-5 D' - x? 3 —l+3\'m1 2

HY = yQ2y-1) [ 1-2s’ )rﬁ’+l—s]l) +y(y—|)[ s —l-«»}sm]l)'2

li{‘:[zl(l 2y)(1=x)(1 =25 Y2 +(x + 2xp ~ y—l)(l—s)]l)'

+x[(l - y)(%s’ - ) - 3ys’rir} }DQ'

HE = Bxy(l — 25T )it + (Qxy -y +2-2x)(1 - s‘)]D;‘
4 ]
+x[y(l—§s)+ (l—y)vm ]I)

1 2 -
H =z(l - x=2y)(1-2s" )iy D}
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(3.55)

(3.56)

(3.57)

(3.58)

(3.59)

(3.60)
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HY = m,[(x —1)st + %x(l - 25 )i ]13;' - %(1 - %.;’);ﬁ,'ﬁ}[)q' @3.61)
Hy = %n‘:, ‘;[(l _25)D,) +§s'l39'j| (3.62)
HE :rﬁ,[yx’ +%(2y— (1 - 25 )m']l) L (1-y)(1-3; )m Wb (.63
Hl: =%m‘n‘; [(Zy—l)(l—Zs '+ 3 yv p, ] (3.64)

HI = %(1 ~2s )m,rﬁ,{[x(x —)pt+y(y- —;—)k’ +2xpk -p]l)w' + Inl),’,‘}

) (3.65)
_yﬁ,r?rd[—i.r’:hl’ué' +(5——r )InD ]
R_X A NG 4 2) 5
Hy =Em,m,[(x—])(l—2: ), +x(|—3s )l),Z J (3.66)
1 25 )t 4., -1
H} -—m m,,[(y—i)(l-h D, +(l—y)(§.t —I)l)e] (3.67)

1.,

H} Em m,[(y——)(x—l)(l—ls )l) +xy(l——s )D :I (3.68)



HE = %Iﬁ,rﬁ,[y(l — 25D + (1- ,v)(%s2 - 1)13‘;']

HF = %(1 —x=2y)(1-25 )i, D7

H! - L;-I;I,I;IJII:(I ~25)D;' + %“”56']

HE = 'fr,[(x —1st %(1 ~ 25! ]13;' +§(%s’ = Uyt Dg'

HP = % 'r,n‘t}I:(y—%)(l —2s)D; +§(y— 1).;’[);]

1 . 4 .
HE = m,[ yt 4 @y IX1 =257} ]1)," + %(35' — tyi i Dy
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(3.69)

(3.70)

3.71)

(3.72)

(3.73)

(3.74)

Expression (3.53) for the flavour-changing quark-Z vertex is divergent because of the

factor ¢ which tends to infinity as 7 — 4. Renormalization of the vertex function is

needed, which is given in the next chapter.



