CHAPTER 5

Cyclic Subgroup Separability of Certain HNN Extensions

1. Introduction

In this chapter we shall study the cyclic subgroup separability of certain HNN
extensions of cyclic subgroup separable groups and subgroup separable groups. The
concept of cyclic subgroup separability was introduced by Stebe [39] in 1968 who
used it to prove the residual finiteness of a class of knot groups. Later, in 1974, Evans
[12] proved the cyclic subgroup separability of certain generalised free products with
cyclic amalgamation. Kim [19] in 1992 proved that certain polygonal products of
finitely generated abelian groups are cyclic subgroup separable. More recently, Kim
[21] and Kim and Tang [27) gave characterisations for HNN extensions of cyclic sub-
group separable groups with cyclic associated subgroups to be again cyclic subgroup
separable. They applied their results to HNN extensions of abelian and nilpotent
groups with cyclic associated subgroups.

We shall show in this chapter that certain HNN extensions of cyclic subgroup
separable groups and subgroup separable groups are cyclic subgroup separable. Our
results are then applied to HNN extensions of polycyclic-by-finite groups and free-by-
finite groups with finitely generated associated subgroups. We also give a character-
isation for the one-relator groups (h,t;t~ A7t = h%) to be cyclic subgroup separable.
Finally we show that one-relator groups with non-trivial centre are cyclic subgroup
separable.

For ease of exposition, we shall use the term 7, from now on.

2. Preliminaries
We begin with the following lemmas which will be used in the proof of the main
theorem.
Lemma 5.1. [43] Let G = (B,t;t'Ht = K,4) be an HNN extension. Let g; be a
reduced element of G and g, be a cyclically reduced element of G. Then 91 € (92)
only under the following conditions:

(a) If lg2ll = 0, say g2 = b € B, then g) = b* for some integer k.
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(b) Suppose [lgz]| > 0.

If g3 = yot*y1t ... ym—1t*™,m > 0, and g = zt* 21t ... zp_stzy,n > 0,

are both reduced, then n = km for some positive integer k. So, if gy = g% then
z= k.

If g1 = g{,‘, then ej = ejym = -+ = €jt(k—1)ym = €5,7 = 1,2,... ,m, and there
exists a finite sequence of elements cy, ... ,ckm,do, dy, . .. ydkm in H U K for which
t™%d; yt% = ¢jj=1,2,... ,km, and

v5'z0=do

-1
Yy 1z =dj

-1
y; iz =d;

-1
Ykm—1Ckm=1Tkm—1 = dkm—1

CkmTkm = dkm = 1

where y; = yjim = - = yjp(k=ym, 3 = 0,1,... ,m = 1.
If g1 = g5 %, then €j = €j4m =t = €jp(k—1)m = —€m—j+1,J = 1,2,... ,m, and
there exist a finite sequence of elements ¢y, ... ,ék,,.,d.o,dhl,.‘. ,rfkm in HU K for

which t=%d;_1t% = &;,j=1,2,... ,km, and

vo ‘w0 =do

-1 s ~
Yim-1€121 = dy

1.
Ykm—;€5%5 = dj
“1a _ s
Y1 Ckm—1Tkm-1 = dkm—1
Y0lkmThkm = dkm = 1
where again y; = yjpm =+ = Yjtk-1)myJ =0,1,... ,m — 1.

Let G = (B,t;t"'Ht = K, ) as in Lemma 5.1. Let g; = zot®z ¢ cotln,,
and g2 = yot“y ...t "y, n,m > 1, be reduced elements of G. Then 91 is said
to be circumparallel with g; if n = m and e; = ¢; for all 4.
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Lemma 5.2. [43] Let G = (B,t;t"'Ht = K,4) as in Lemma 5.1. Let 9 =
ot 21t .. . t*m iy k > 1, be a reduced element of G and 92 = yoty 1 ...
Ym—1t*", m > 1, be a cyclically reduced element of G. Then 91 € (92) only if one of
the following conditions hold.
(1) g1 is circumparallel to neither 9% nor 95 k
(2) g1 is circumparallel with gé‘ only (g5 k only) and at least one equation in the
set of equations of Lemma 5.1(b) is violated for the case 91=295 (1= g;")
(3) g1 is circumparallel with both g;‘ and g, * and at least one equation in the
set of equations of Lemma 5.1(b) is violated for both the cases 01 = g% and

—k
9=9;

Lemma 5.3. [43] Let G = (B,t;t" Ht = K, ) be an HNN extension where B is
finite. Then G is .

3. A criterion

First we prove a criterion (i.e. Theorem 5.4) for an HNN extension of a . group
to be again .. Then we apply this criterion to certain HNN extensions of subgroup

separable groups and to one-relator groups with non-trivial centre.

Theorem 5.4. Let G = (B,t;t"'Ht = K,v) be an HNN extension where B is a
7 group. Suppose that

(a) B is H-separable and K-separable;

(b) for each M <5 B, there exists N <y B such that N C M and y(NNH) = NNK.
Then G is 7.

Proof. Let g1, g2 be elements of G such that g, ¢ (92). WLOG, we may assume that
91 is reduced and g; is cyclically reduced in G. We shall consider the various cases:
Case 1. Suppose g; ¢ (gs) is implied by the lengths of g; and gy, that is,

(1) if [lg2]l = 0, then |lg1] > 0 or

(2) if [lgall = 1, then [lg1]| = 0 or

(3) if llg2l = m, then ||g1| is not divisible by m or llgr]l = 0.
Suppose g = zot®' 21t ...z, 1t z, 0 20, and g3 = yotUy 2 ...y, _ 1t m >
0. Let u; denote those z;,y; in B\H, v; denote those z;,y; in B\K and w; denote
those z;,y; in HNK\{1}. Since B is residually finite and H-separable, K-separable,
there exists M <5 B such that u; ¢ HM, v; ¢ KM and w; ¢ M. By (b), there exists
N4y B suchthat VC M and y(NNH)=NNK. Clearly u; ¢ HN, v; ¢ KN and
wi & N. Now we form G = (B,t;t"1Ht = K, ) where B = B/N,H =HN/N,K =

33



KN/N and ¢ is the isomorphism from H onto K induced by ¢. Clearly G is a
homomorphic image of G. Let § denote the image of any element g in G. Then a1
is reduced, g is cyclically reduced and |1 || = [lg1]l, |Z2ll = llg2]l in G. This implies
91 € (g2) in G. Since B is finite, then G is 7c by Lemma 5.3. The result now follows.
Case 2. Suppose ||g1]| = [lg2]| = 0, that is, g1, go € B. Since B is =, there exists
M a5 B such that g1 ¢ (92)M. By (b), we can find N a5 B such that N C M and
Y(NNH) = NNK. Asin case 1, we form G = (B,t;t"'Ht = K, ¥). Then g, ¢ (72)
in G and we are done.

Case 3. Suppose [|g1]| = km and ||g2|| = m where k > 1 and m > 1. By Lemma 5.1,
if g1 = g3, then z = +k. So we may assume g; # y?k. Now g; # g«f" implies that
one of the conditions of Lemma 5.2 occurs.

Suppose g; is circumparallel to neither gé‘ nor g, k. Then we construct G as in
case 1. Clearly gy is circumparallel to neither ¥ nor 23 ¥ in G. We can now proceed
as in case 1 to obtain our result.

Suppose now g; is circumparallel with g§ only. Let g; = zot® z,t°? Lo teRmE
and g3 = yot“y1t...ym—1t*". As in case 1, let u; denote those z;, y; in B\H,
v; denote those z;, y; in B\K and w; denote those z;,y; in H N K'\{1}. Since B
is residually finite and H-separable, K-separable, there exists M; < f B such that
ui ¢ HMy,v; ¢ KM, and w; ¢ M. Since g; is circumparallel to g?, at least one
equation in the set of equations of Lemma 5.1(b) is violated for the case g; = g%.
Suppose y; eizi = d is the first such equation, that is, d;,i # km, is not in the
appropriate associated subgroup or dkm # 1. Since B is residually finite and H-
separable, K-separable, there exists My a5 B such that d; ¢ HM (if d; € B\H)
or d; ¢ KM; (if d; € B\K) or dgm ¢ M. By (b), there exists N 4y B such that
N CM;NM;and y(NNH)=NnK. Now we form G = (B,t;t" Ht = K, ) as
before. Then g, is reduced, gz is cyclically reduced and ||g|| = ||g1[l, [|72] = [lg2]
in G. Hence g # g3 for all integers z # k. Since N C My, we have 3; # 5.
Furthermore, g, is not circumparallel with g * and hence 91 # 95 k. This implies
that g; ¢ (g2) and we are done as before.

The proof for the remaining cases when g, is circumparallel with 95 k only or with

both g§ and g, k are similar. This completes the proof of the theorem.

4. HNN extensions of subgroup separable groups

Now we use Theorem 5.4 to show that certain HNN extensions of subgroup sep-

arable groups are 7.
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Lemma 5.5. Let B be a subgroup separable group and H, K be finitely generated
subgroups of Z(B) such that H N K = 1. Then for R <af H,S a5 K, there exists
Ny Bsuchthat NNH=Rand NNK =§.

Proof. Let R a5 H,S a5 K be given. Since R,S C Z(B), we can form B = B/RS.
Then B is residually finite since B is subgroup separable and R and S are finitely
generated. Furthermore, the subgroups & and X are finite in B. Hence there exists
N ay B such that VN A =Tand NNK = 1. Let N be the preimage of N in B.
Then N <5 B is such that VNH =Rand NNK = S.

Theorem 5.6. Let G = (B,t;t™'Ht = K,+) be an HNN extension where B is a
subgroup separable group. Suppose that H, K are finitely generated subgroups of
Z(B) such that HN K = 1. Then G is ..

Proof. Since B is a subgroup separable group and H, K are finitely generated, B is
H-separable and K-separable. This proves Theorem 5.4(a). Let M <5 B be given.
Now let R = MNH and S = MNK. Then RasH and Sas K. Let Ry = RNy=1(S)
and Sy = S Ny(R). Then Ry 45 H,S; <5 K and %(R;) = S;. By Lemma 5.5, there
exists P4y B such that PNH = Ry and PNK = S;. Let N = M N P. Then NasB
and NNH = Ry, NNK = ;. Since $)(Ry) = Sy, it follows that v (N NH)=NNK.
This proves Theorem 5.4(b). Therefore G is ..

Lemma 5.7. Let B be a subgroup separable group and H be a finitely generated
subgroup of B. Let R be a normal subgroup of B and R is of finite index in H.
Then there exists N <y B such that NN H = R.

Proof. Let R<B where R is of finite index in H be given. Since R is normal in B, we
can form B = B/R. Then B is residually finite since B is subgroup separable and R
is finitely generated. Furthermore, the subgroup H is finite in B. Hence there exists
N ay B such that N N = 1. Let N be the preimage of N in B. Then NN H = R.

Theorem 5.8. Let G = (B,t;t 'Ht = K,v) be an HNN extension where B is a
subgroup separable group and ¢(H N K) = H N K. Suppose that H, K are finitely
generated normal subgroups of B such that H N K <af H and HNK <5 K. Then G

is me.

Proof. Since B is a subgroup separable group and H, K are finitely generated, B is
H-separable and K-separable. This proves Theorem 5.4(a). Let M a5 B be given.
Now let R =M NHNK. Then Ry HN K. Suppose R is of index r in H N K.
Since H N K is finitely generated, there exist only a finite number of subgroups of
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index r in H N K. Let R, be the intersection of all these subgroups of index r in
HNK. Then R; C R and R, is characteristic and of finite index in N K. Since
Y(HNK)=HNK, it follows that ¥ (R1) = R;. Since R, <f H and R) <5 K, then
by Lemma 5.7, there exist P; df B,P; a5 B such that PLNH = R; = P, N K. Let
N=MNP NP, Then NafBand NNH = R; = NnNK. Since P(Ry1) = Ry, it
follows that (N N H) = N N K. This proves Theorem 5.4(b). Therefore G is ..

An easy consequence of Theorem 5.8 is as follows:

Corollary 5.9. Let G = (B,t;t™'Ht = H, ) be an HNN extension where B is a
subgroup separable group. Suppose that H is a finitely generated normal subgroup
of B. Then G is 7.

Proof. Let H = K in Theorem 5.8 and we are done.

It is well known that polycyclic groups and free groups are subgroup separable
(Mal’cev [31], Hall [14]) and finite extensions of subgroup separable groups are again
subgroup separable (Romanovski [37], Scott [38]). Hence polycyclic-by-finite groups
and free-by-finite groups are subgroup separable. Therefore from Theorems 5.6, 5.8
and Corollary 5.9, we have the following:

Corollary 5.10. Let G = (B,t;t"'Ht = K,v) be an HNN extension where B is
a polycyclic-by-finite group or free-by-finite group. Suppose that H, K are finitely
generated subgroups of B and
(a) H K C Z(B) such that HNK =1 or
(b) HaB, K aB such that HNK oy H, HNK a5 K and y(HNK)=HNK or
() HaB and H = K.
Then G is 7.
Corollary 5.11. Let G = (B,t;t"'Ht = K, 1) be an HNN extension where B is a
finitely generated abelian group. Suppose that
(a) HNK=1o0orH=K or
(b) HNK <y H, HNK <4 K and y(HNK) = HN K.
Then G is =.

5. HNN extensions of 7. groups

In this section, we show that certain HNN extensions of 7 groups with identical
associated subgroups are again .. For completeness we restate Lemma 3.27 and
3.28 as follows:
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Lemma 5.12. Let H be a retract of a group B. If B is residually finite, then B is

H -separable.
Proof. Lemma 3.27.

Lemma 5.13. Let H be a retract of a group B. Then for each R a5 H, there exists
N ay B such that NNH = R.

Proof. Lemma 3.28.

Theorem 5.14. Let G = (B,t;t"'Ht = H,v) be an HNN extension where B is a
7. group. Suppose that H is a finitely generated subgroup of B and H is a retract
of B. Then G is ..

Proof. By Lemma 5.12, B is H-separable. This proves Theorem 5.4(a). Let M a5 B
be given. Let R = MNH. Then RasH. As in the proof of Theorem 5.8, we can find
R) C R such that R, is characteristic and of finite index in H. Since ¥(H) = H, it
follows that 9 (R;) = R;. By Lemma 5.13, we can find Py B such that PNH = R;.
Let N =M NP. Then N a5 B and N N H = R;. Since ¥(R;) = Ry, it follows that
%(NNH)= N nNH. This proves Theorem 5.4(b). Therefore G is =.
Theorem 5.15. Let G = (B,t;t " Ht = H,+) be an HNN extension where B is a
7. group. Suppose that H is a finitely generated normal subgroup of finite index in
B. Then G is m,.
Proof. Since H 4y B, B is H-separable. This proves Theorem 5.4(a). Let M <5 B be
given. Let R = M N H. Then R a5 H. As in the proof of Theorem 5.8, we can find
Ry C R such that R; is characteristic and of finite index in H. Since ¥ (H) = H,
it follows that ¢(R;) = R;. Let N = R;. Then N «y B and N N H = R;. Since
%(R1) = Ry, it follows that (N N H) = N N H. This proves Theorem 5.4(b).
Therefore G is .

Apply Theorem 5.14 & 5.15 to polycyclic-by-finite groups and free-by-finite
groups, we have the following:
Corollary 5.16. Let G = (B,t;t"'Ht = H,%) be an HNN extension where B
is a polycyclic-by-finite group or free-by-finite group. Suppose that H is a finitely
generated subgroup of B and

(a) Haf B or
(b) H is a retract of B.

Then G is me.
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Corollary 5.17. Let G = (B,t;t"'Ht = H,+) be an HNN extension where B is a

finitely generated abelian group. Suppose that H is a subg ip of finite index in B.
Then G is .

Theorem 5.18. Let G = (B,t;t™'Ht = H, ) be an HNN extension where B is a
e group. Suppose that y(a) =a foralla € H (ory(a) =a~) foralla € H if H is
abelian). Then G is . if and only if B is H-separable.

Proof. We show the case when (a) = a~! for all « € H where H is abelian. The
other case is similar. Suppose G is 7. but B is not H-separable. Choose a € B\H
such that a € RH whenever R a5 B. Then g = t~'ata # 1 in G since a € B\H.
Since G is residually finite, there exists M <5 G such that g ¢ M. Let N = M N B.
Then N <5 B and hence a € NH. We form G = (B,5;i"'Af = H,) where
B=B/N, H=HN/N and ¢ is the automorphism of & induced by . Clearly G
is a homomorphic image of G. Since a € NH, we have @ = h for some € . Thus
§=1t"'hth = 1in G and hence g € (N)¢ < M, a contradiction. Therefore B is
H-separable.

Conversely, if B is H-separable, then G is 7. by Theorem 5.4.

Next we give a characterisation for the one-relator groups (h,t;t~1h7t = h%) to
be .. We shall need the following lemma.
Lemma 5.19. The group G = (h,t;t~*ht = h%), | 6 |# 1, is not m.
Proof. Clearly h ¢ (h®) in G. Let G denote a homomorphic image of G of order n.
Then h = {~"hi" = k%" € (R®). So G is not .
Corollary 5.20. The group G = (h,t;t k7t = h®) is . if and only if y = +85.
Proof. First suppose that G is .. Since G is residually finite, then by Meskin [33]
|7|=1or|6|=10r|~|=| 6| Hence by Lemma 5.19, | v |=| 6.

Conversely, suppose that 4 = £6. Then G is 7, by Theorem 5.18.

6. One-relator groups with non-trivial centre
Next we apply Theorem 5.4 to show that one-relator groups with non-trivial

centre are .. First we have the following theorem.

Theorem 5.21. Let G = (B,t;t"'ht = k) be an HNN extension where B is a
mc and weakly potent group and (h), (k) are infinite cyclic subgroups such that
(k) N (k) # 1. Then G is = if and only if h® = k** for some 6 > 0.
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Proof. Suppose h® = k*% for some 6§ > 0. Since B is a 7 group and (h), (k)
are cyclic subgroups, B is (h)-separable and (k)-separable. This proves Theorem
5.4(a). Let M < B be given. Suppose M N (h) = (h®) and M N (k) = (k') for
some integers s,t. Since B is weakly potent, we can find N <f B, N2 a5 B such that
N1 N (k) = (h"1725%) Ny N (k) = (k™72%%) for some positive integers r; and rp. Let
N =M NN NNz Then N <5 B and N N (h) = (h"1735%) N O (k) = (kTi722t6),
Since h® = k*4, it follows that (N N (h)) = N N (k). This proves Theorem 5.4(b).
Therefore G is 7.

Conversely, suppose that G is m.. Since (h) N (k) # 1, then h® = k7 for some
integers é,7. Since G is mc, the subgroup (h,t;¢t"'h7t = k%) is 7. Hence by Corollary
5.20, we have v = +6. The result now follows.

Since polycyclic-by-finite groups and free-by-finite groups are subgroup separable
(see above) and weakly potent (Wehrfritz [41], Kim [19]) we obtain, from Theorem
5.21, the following:
Corollary 5.22. Let G = (B,t;t"'ht = k) be an HNN extension where B is
a polycyclic-by-finite group or free-by-finite group and (h), (k) are infinite cyclic
subgroups such that (k) N (k) # 1. Then G is m. if and only if h® = k*% for some
6> 0.

Now we apply Theorem 5.21 to show that one-relator groups with non-trivial

centre are ..
Theorem 5.23. Let G be a one-relator group with non-trivial centre. Then G is
Te.

Proof. First suppose that the abelianisation of G is not free abelian of rank two.

Then by Pietrowski [35, Theorem 1], G has a presentation of the form

caPt = o® P2 — Pm=1 _ Gm-
(a1,02,... ,am;al’ = a¥',ab =af,... el = alr-1)

where m,p;,¢; > 2 and (p;,q;) = 1 for i > j. Clearly G is a tree product of infinite
cyclic groups and hence G is 7 by Corollary 3 of [44].

Now suppose that the abelianisation of G is free abelian of rank two. Again by
Pietrowski [35, Theorem 3], G has a presentation of the form

S S _ _ Pl _ Gme
(t,a1,02,... ,am;t "1t = am,af’ = af',a}? = af?,... el = alm-1)
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where m, pi, g; > 2 and (ps, ¢;) = 1 for i > j such that pyp, .. Pm—1=q102 .- .gm—1-

Then G = (t, B;t™'ayt = ay,) is an HNN extension where B = (a1,a2,--+ ,am;al*
= af',a}? = af,... ,af,:"_'l' = af™') and af = af, where § = PIP2.. . Pm—1 =

9192 .-gm-1. Now B is weakly potent by Corollary 3.13 of Chapter 3 and B is e
by Corollary 3 of [44]. Therefore G is 7. by Theorem 5.21.
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