CHAPTER 6
CR-SUBMANIFOLDS OF A KAEHLER MANIFOLD

The main purpose of this chapter is to consider some
aspects of the geometry of the CR-submanifolds of a Kaehler

manifold.

In Section 1 we shall study CR-products. We are
particularly interested in necessary and sufficient
conditions for a CR-submanifold of a Kaehler manifold to be

a CR-product.

Next in Section 2 we shall discuss some characteristics
of normal CR-submanifold of a Kaehler manifold. Most of the

results obtained here is needed in the last section.

The geometry of Sasakian CR-submanifold of a Kaehler
manifold willt be discussed in the last section. We shall see
that under certain contidions, a Sasakian anti-~holomorphic
submanifold of a Kaehler manifold N contains a submanifold
which is homothetic to a Sasakian manifold and immersed in N

as a Sasakian CR-submanifold.

L



6.1 CR-products of a Kaehler Manifqld

In this section, we will give two propositions which
are a slight modification of Chen's characterization theorem
for a CR-product of a Kaehler manifold.

Let N be a Kaehler manifold. Then for any U, V € I(TN)
we have (VUJ)V = 0. If M is a CR-submanifold of N then

equations (2.16)-(2.23) becomes

wu¢v - PA U - ¢VUV =0 (6.1)
Qvu¢v - QA U - Bh(U,V) =0 (6.2)
th(u,pv) + LV:o)V - wvuv =0 (6.3)

1

fh(U,¢v) + Y40V - Ch(u,V) = 0 (6.4)
PVuBn - pAcnu + ¢Anu =0 (6.5)

1
QVUBT; - QAmu - BVUn =0 (6.6)

1

th(U,Bn) + tV. Cn + WA U = 0 (6.7)

U n

1 1
fh(U,By) + fVUCn - CVun = 0. (6.8)

The following well known results can be found in

Bejancu [4].



Theorem 6.1 (Bejancu [4], p.39)

Let M be a CR-submanifold of a Kaehler manifold N. Then

we have the following:

L
(i) The distribution D is integrable.
(ii) The distribution D is integrable if and only
if h(X,JY) = h(JX,Y) (6.9)

for any X, Y € I'(D).

Let M be a CR-submanifold of an almost Hermitian
manifold N. M is a CR-product if both the distribution D and
DL are integrable, and M is locally a Riemannian product of
a holomorphic submanifold M‘ and a totally real submanifold
"z of N. In other words, M is a CR-product if and only if
the distribution D and DL are integrable and their leaves

are totally geodesic in M (see Bejancu [4], p.10).

Definition
A distribution D on M is said to be auto-parallel if
VxY € I'(D)

for any X, Y € ['(D).



It is not hard to see that a distribution on M is
auto-parallel if and only if it is integrable and each of
its leaf is totally geodesic in M. Hence, we have the

following proposition.

Proposition 6.1
Let M be a CR-submanifold of a Kaehler manifold N. Then
M is a CR-product if and only if both the the distribution D

L
and D are auto-parallel.

The next result which gives a necessary and sufficient
condition for a CR-submanifold of a Kaehler manifold to be a

CR-product, is due to Chen [7].

eor .

Let M be a CR-submanifold of a Kaehler manifold N. Then
M is a CR-product if and only if
(Vy®)v = 0

for any U, V € "'(T™M).

We modify this result to the following form.



Proposition 6.2
Let M be a CR-submanifold of a Kaehler manifold N. Then
M is a CR-product if and only if
(VU¢)U =0 (6.10)

for any U € "'(TM).

Proof:

If M is a CR-product then (6.10) is clearly true by
Theorem 6.2. Now suppose (6.10) is satisfied. Then for any
X € I'(D) we have

Vx¢x = ¢vxx = (Vx¢)x
va¢x + (pqu)x - ¢Vxx) = 0.
L
Since the first term is in D and the last two terms are in
D, we have
QVX¢X = 0.
By using the above equation and by taking X = U = V in (6.2)
we obtain
-QAuxX - Bh(X,X) = 0
-Bh(X,X) = 0.
That is Bh(X,X) = 0, for any X € '(D). Since h is symmetric

we obtain



Bh(X,Y) = 0, for any X, Y € I'(D).
By using (6.2) again, we obtain
QV,4Y - QA X - Bh(X,Y) = 0
QY = 0

for any X, Y € '(D). This tells us that the distribution D

is auto-parallel.

L
Next, for any Z € I'(D ) we have
vz¢z = ¢VZZ = (VZ¢)Z
-¢sz = 0.
L
Therefore, for any Z, W € I'(D ) we have
¢v2*wz+w =0
¢sz + ¢Vzw + ¢sz + ¢V"w =0
¢Vzw + ¢sz = 0. (6.11)
1
Since D is integrable, we have
L
¢VZW - ¢VWZ = ¢lz,W] = 0, for any Z, We I'(D ).
That is, ¢VZW = ¢VWZ. Hence (6.11) becomes
2¢Vzw = 0.
L
Consequently, the distribution D is auto-parallel and hence

M is a CR-product by Proposition 6.1.m

The following proposition is also a modification of

Theorem 6.2.



Proposition 6.3

Let M be a CR-submanifold of a Kaehler manifold N. Then
M is a CR-product if and only if
V@IV = (Vh)u (6.12)

for any U, V € I"'(T™).

Proof:

The necessary part is clearly true by Theorem 6.2.

L
Conversely, for any X € '(D) and Z € '(D ) we have

VZ¢X - ¢sz - Vx¢z + ¢sz (Vz¢)x - (Vx¢)Z

V9K - ¢V, X + 99,2 = 0

0. (6.13)

QVzéx + Wz¢x - ¢vzx + ¢sz
By taking Z = U and X = V in (6.1), we obtain
wz¢x - PALZ - ¢V,X =0

0.

PVZ¢X - ¢sz
By substituting the above equation into (6.13), we obtain
+ = .
QVZ¢X ¢sz 0
L
We observe that QVZ¢X € '(D ) and ¢Vx2 € I'(D). Thus, we have
QVZ¢X = ¢sz = 0.
L
Therefore, for any X, Y € '(D) and Z € '(D ), we have

<VXY,Z> = -<Y,VxZ>



= —<¢¥,¢sz>
= 0.
L
Similarly, for any X € I'(D) and Z, W € '(D ), we have
<VZW,¢X> = —<W,VZ¢X)
= -CW,QV,¢%>
= 0.
L
Therefore, we obtain that both D and D are auto-parallel.

Accordingly, M is a CR-product.w

6.2 Normal CR-submanifolds of a Kaehler Manifold

Let M be a CR-submanifold of a Kaehler manifold N. We
define the Nijenhuils tensor field of ¢ by
2
[¢,¢1(U,V) = [¢U,¢V] + ¢ [U,V] - @[U,pV] - p[¢U,V]
for any U, V € '(T™M).
The exterior derivative of w is given by
d S R u,v1}
w(U,V) = - Uw - va - wl[u,V]
for any U, V € "'(TM).
We define the tensor field S by
s(u,v) = [¢,¢]1(U,V) - 2Bdw(U,V)

for any U, V € I'(T™M).



The CR-submanifold M is said to be normal if the tensor

field S vanishes identically on M.

Bejancu [5] proved a necessary and sufficient

condition for M to be normal.

eor .3

The CR-submanifold M of a Kaehler manifold N is normal
if and only if*
sz¢x = ¢Amzx

L
for any X € '(D) and Z € I'(D ).

L
Observe that for any Z, W € '(D ) we have
AW - BA W = ~pA W T (D).
Moreover, for any X € I'(D) we have
AW = BA WX = CABHLXD - CPA W, XO

= +
<¢w,szx> <A®Zw,¢x>

- +
WopA XD+ CW,A L BK>
= W,A X - BA XL
Hence, if M is normal then

sz¢w - ¢A®ZW = 0.



Combining our observation and Theorem 6.3, we have the

following proposition.

Proposition 6.4

The CR-submanifold M of a Kaehler manifold N is normal
if and only if
sz¢U = ¢Asz

L
for any U € '(TM) and Z € T'(D ).

By wusing Proposition 6.4 we have the following

corollary.

Corollary 6.1
The CR-submanifold M of a Kaehler manifold N is normal
if and only if
Bh(U,$V) + Bh(9U,V) = 0

for any U, V € "'(TM).

Proof:

1
For any U, V€ I'(TM) and Z € I'(D )

<Bh(U,¢V) + Bh(¢U,V),Z> = <Jh(U,pV),2> + <Jh(¢U,V),2>



-<h(U,¢V),J2> - <h(¢U,V),IZ>

-(AJZU,¢V) - CAL,BU,V>
= (PA U,V - <A ULV
= (¢Amzu - AQZ¢U'V)'
From Proposition 6.4, it is clear that M is normal if and
only if Bh(U,pV) + Bh(¢U,V) = O.m
If M is an anti-holomorphic submanifold then Jn = Bp
for any 0 € F(TLM). As J is an isomorphism on [(TN), by

using Corollary 6.1 we have the following corollary.

] 6.2

The anti-holomorphic submanifold M of a Kaehler
manifold N is normal if and only if
h(U,¢V) + h(gu,vV) = 0

for any U, V € I'(T™M).
6.3 Sasakian CR~submanifolds of a Kaehler Manifold

The concept of Sasakian anti-holomorphic submanifolds

of a Kaehler manifold was introduced by Bejancu [4] in



analogy with the theory of Sasakian structure. Recently,
Sun-Li [27]“ adapted the notion of anti-holomorphic
submanifolds to CR-submanifolds and extended this study to
Sasakian CR-submanfolds. In [27], Sun-Li proved that if M is
a Sasakian anti-holomorphic submanifold of a Kaehler
manifold N with flat normal connection and if dim D > 2 then
the D-mean curvature tensor HD is parallel. Using this fact,
we shall show that under the some hypothesis and if M is
connected then it admits a submanifold which' is homothetic
to a Sasakian manifold. Moreover, the submanifold is
immersed in N as a Sasakian CR-submanifold. Thoughout this
section, we let N be a Kaehler manifold and let M be a
CR-submanifold of N.

Let (F‘,....F,,JF‘,...,JF,) be an arbitrary local field
of orthonormal frames on D. We define the D-mean curvature
tensor HD of M by

P
_1
T L {h(F,F ) + h(JF,JF )}.
k=1
We say that M is a contact CR-submanifold if HD # 0 and

we have (see Sun-Li [27])

dw(U,Vv) = Q(U,V)JBHD



for any U, V € I'(TM) where Q is the fundamental 2-form of N.

Now, we would like to show that if M is a contact

L
CR-submanifold of N then HD € '(JD ) or CHD = 0.

For any X € (D), by using (6.4) we have
fh(X,$X) - Ch(X,X) = O. (6.14)

By replacing X by ¢X in (6.14) we obtain
-fh(¢X,X) - Ch(¢X,¢X) = 0. (6.15)

By (6.14) and (6.15) we obtain

n
o

-Ch(X,X) - Ch(¢X,¢X)
or Ch(X,X) + Ch(¢X,¢X) = 0.

It follows that

P
- 1 =
CcHp = 7 k{i(Ch(Fk'FL) + Ch(JFL,JFk)} = 0.

= 3 = -
Hence, JBHD = J HD HD. Thus, we have
sit .5
The CR-submanifold M of a Kaehler manifold N is
contact if and only if HD # 0 and we have
dw(Uu,v) = —O(U,V)HD (6.16)

for any U, V € "'(T™M).



Observe that for any U, V € '(TM) we have

1 1
2dw(U,V) = Vumv - vau - w[u,v]

V‘L v VL V vV + WV
WV - VU - e u Wy u

= Vl v VL v
= Umv - o UV - { VwU - W vU).

By (6.3) and (6.4) we obtain
1
h(U,¢V) + vumv - vav - Ch(u,v) =0
1
or Vqu - mVUV = ~h(U,¢V) + Ch(U,V)

for any U, V € '(TM). Hence, (6.17) becomes

(6.17)

2dw(U,V) = -h(U,¢V) + Ch(U,V) - {-h(V,pU) + Ch(U,V)}

2dw(U,V) = h(¢U,V) - h(U,pV).
Hence, we can see that (6.16) is equivalent to
h(pU,V) - h(U,$V) = -20(U,V)H .
We can now extend a result of Bejancu on
anti-holomorphic submanifold (see [4], p.68) to the

of contact CR-submanifold.

roposition 6.6

(6.18)

contact

setting

Let M be a contact CR-submanifold of N. Then M is mixed

geodesic and D is not integrable.



Proof:

For any X € '(D) and Z € F(DL), by taking X = U and Z =
V in (6.18) we obtain
h(¢X,2) - h(X,$2) = -20(X,Z)H
h(¢X,z) = -2<X.JZ>HD
= 0.

Thus, M is mixed geodesic.

Next, consider a unit vector field X € I'(D). By taking
X = U and V = ¢X in (6.18) we obtain
B(#X,6X) - h(X,¢°X) = -20(X,$X)H
h(JX,9X) - h(X,Jd¢X) = -2(X.J¢X)HD
= 2<X,X)HD # 0.
That is, (6.9) is not satisfied. Thus D is not integrable.m

Definition

A Sasakian CR-submanifold is a normal contact

CR-submanifold of N.

In the rest of this section, we will be mainly
concerned with Sasakian anti-holomorphic submanifold. We

first give a characterization for a Sasakian



anti-holomorphic submanifold of a Kaehler manifold.

Theorem 6.4
Let M be an anti-holomorphic submanifold of N. If HD »
0. Then the following statements are equivalent:
(i) M is a Sasakian anti-holomorphic submanifold
(ii) h(¢u,v) = (¢U,V>HD (6.19)
(iii)  h(x,v) = <X, VOH

(iv) Aﬁ X = (HD,JZ>X (6.20)

z
(v) AU = <H,IZ>U

L
for any U, Ve I'(TM), X € '(D) and Z € T'(D ).

Proof:

First, we shall prove the equivalence of (i) and (ii).
Suppose M is a Sasakian anti-holomorphic submanifold. Then
by using Corollary 6.2 and (6.18) we have

h(¢U,V) + h(U,pV) = 0

h(¢U,V) - h(U,gV) = -20(U,V)H
for any U, V € "'(TM).
By summing the above equations, we obtain

2h(gU,V) = —2O(U,V)HD



= ~24U,¢VOH]

= 2¢ >
24U, VO

That is, h(g¢u,v) = <¢U,Y)HD.
Conversely, for any U, V € '(TM) we have
h(¢U,V) + h(U,pV) = <¢U,V)HD + <u,¢>v>uD
= <QU,VIH) - <QU,VIH )
=0

and h(¢U,V) - h(U,pV) = <@PU,VOH_ - <U,pV>H

D D

=<U,@VH) = <U,¢VOH]

"

= -zn(U.V)HD.
According to Corollary 6.2, Proposition 6.5 and (6.18), M is

a Sasakian anti-holomorphic submanifold.

If we put U = ¢X in (6.19) where X € ['(D), then
h(¢*X,V) = <¢3x,v>nD
-h(X,V) = —(X,V)HD.

Hence, (ii) implies (iii).

We shall now show that (iii) implies (iv). For any
L
vector fields X € '(D), U € I'(TM) and 2 € I"'(D ),
(AJZX,U) = <h(X,U),J2>
= (X,U)(HD,JZ)

= <<HD,JZ)X,U>.



This proves that (iii) implies (iv).

By taking X = @U in (6.20), we obtain that (iv) implies
(v). Finally, suppose (v) holds, then for any U, V € r(T™)
L
and Z € '(D ) we have
<h(¢U,V),Jz> = (AJZ¢U,V)
= CHp,JZ><U, V>

= <<¢U,V)HD,JZ).
Thus, we obtain
h($U,V) = <PU,VoH .
This shows that (v) implies that (ii) and hence the result

is proved.m

Remark: Theorem 6.4 showed that the converse of Sun-Li

{27, Corollary 2.1] is also true.

The following result on a Sasakian anti-holomorphic
submanifold with flat normal connection is due to Sun-Li

[27]).

Theorem 6.5

Let M be a Sasakian anti-holomorphic submanifold of N



with flat normal connection. If dim D > 2, then the D-mean

curvature tensor HD is parallel.

From now on, we assume that M is a connected Sasakian
anti-holomorphic submanifold of N with flat normal
connection and with dim D > 2. Then HD is parallel by

Theorem 6.5. If we put u = ||HD||, then

2
= X<
X = X<HHpY
= 2c9n
- X

>
b*Hp

=0

for any X € '(TM). Therefore, yz is a constant on some open

subset of M and so is . As M is connected and HD 0, 4 is
a non-zero constant defined on M and hence { = 7§-JHD is a

is
unit vector field in D defined -on the whole of M.

Furthermore, for any U € '(TM) we have

Vit = via(Lan
i ¢ = v (774 D)

- 1 VJ‘
= -7Vl

o, since HD is parallel.

That is, J{ is also a parallel normal section.



Next, we define a distribution F on M by
F:x—»DxGQ‘x), for x € M,
where <{x) is the vector subspace of TxM spanned by lx.
For each Z € '(F) we put
n(z) = <Z,¢>.
Then we have

Z = PZ + n(z2)¢.

We now prove a useful Lemma.

VU{ = -ugu, for all U € I'(F).

Proof:

By taking a vector field Ue€ '(TM) and £ = V in (6.3)
we obtain
1
th(u,pt) + tVUJt - wVU{ = 0.
L
Since J{ is parallel and ¢ € '(D ), we have
1
th(u,¢¢) = tVUJ( = 0.
It follows that (.)VU{ = 0 or VU{ € I'(D). Next, for X € I'(D)

we have



(PVU¢( - PAJ(U - ¢VUE,X) =0, by (6.1)

AU - @YX =0
—(AJlx,u> - @K =0
-<HD.Jt)<X,U> + (VU{,¢X) =0, by Theorem 6.4

SCRIE LI U> + T EPX> = 0
HCQU,$X> + T £ 4% = 0.

Therefore, Vut = -upu.m

We now consider the following local field of
orthonormal frames on D
€ = EE,... ,Eq).

Then we have

The distribution F is auto-parallel and consequently is

integrable.

Proof:
For any Z, We I'(F) and j (2 £ j £ q), we have
<Vzw,Ej> = <vzpw,zj> + <Vz(n(w){),Ej>

= (VZPW,Ej> + zn(W)q,Ej) + n(w)(Vz{,Ej)

(VZPW,Ej> + (W) <-upZ,Ep, by Lemma 6.1



= <V >.
‘ pr'ﬁ
From (6.3), we have
1
<th(Z,pPW) + ZVZGPW - MVZPW,JEJ) =0
(h(z,¢W),JEj) - ((A)VZPW,JEj) =0
<Z,¢W)(HD,J%) - (VZPW,%) =0, by Theorem 6.4
-<V_PW,E> = 0.
Z i
<V _W,E> =
Hence, 7 ,%. [}

That is, Vzw € '(F) and so F is auto-parallel.m

Before continuing, we shall introduce some notations.
Let M be a leaf of F. Denote by ¥ the Levi-Civita connection
induced by 6 on ﬁ, h and i respectively the second
fundamental form and the fundamental tensor of Weingarten of
M in N. From the Gauss equation, for any Z, W € FfTﬁ) we
have

sz + h(z,W) = (A

= vzw + h(Z,W)

= Pvzw + szﬂ + h(Z,W)

q
PY W + U W,EE + j?;vzw,sjmj + h(Z,W).

PU MW + T W, + h(Z,W).

By comparing the tangential and normal parts to ﬂ, we obtain



Ozw = BVM + <O W, EE (6.21)

h(z,W) = h(z,W).

By using Lemma 6.1 and (6.21) we obtain

Ozz PYE +<9,2,65¢

-uPPZ

-HPZ (6.23)

for any Z € F(Tﬁ).

The following result is a consequence of (6.23).

Proposition 6.7

¢ is a killing vector field on M.

Proof:

Let Z, W be any vector fields in F(Tﬁ). Then by using
(6.23), we have
<§zz,w> + <z,0":> = —u<PZ W - plZ,PW>

= pCZ W - <z, gW>

0.

Consequently, { is killing.m

We are now ready to prove the main result of this



section. In fact, it divides into two parts.

Theorem 6.7

M is homothetic to a Sasakian manifold.

Proof:

For any Z, W € F(Tﬁ), by using (6.21), (6.23) and Lemma
6.1 we have
Ozﬁwz - %zw‘ = -p¢z¢w + y¢°z\v

= CHPV QW - p<V WL I+ gV W+ Y NI

“H(PV W~ ¢V W) + p<gW,9 2L

= -U(PY, W - 9V, W) - WEgw, 9258 . (6.24)
By using (6.1) we have

PVZ¢W - ¢Vzw = PAmwz. (6.25)
Since M is a Sasakian anti-holomorphic submanifold, it is
normal. From Proposition 6.4 we have

PAWE = AT

By applying ¢ to the above equation, we get

-PA

2
ow? T P AT T BAPZ.

By taking into account Theorem 6.4, we get



—PAme

= <Hn,mw>¢zz

= -(HD,JW)PZ

<JH

D

JW>PZ

= u<E ,W>PZ.

By substituing the above equation into (6.25), we obtain

PV W - ¢V W = <k ,WOPZ.

Therefore, (6.24) becomes

AR sz‘ = P, WRz - W, p25¢

= yPnwypz - p<pw,p2>¢

= pip NPz - P W,Z5E + (W (2)E

= W) (PZ + n(2)E) - PP, 2>¢

= @iz - BPw, 2k,

From Proposition 6.7, we know that ¢

killing

vector

field. Therefore, M is homothetic to a Sasakian manifold by

Theorem 1.2.m

Theorem 6.8

M immersed in N as a Sasakian CR-submanifold.
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Proof:

on M by D =D and
x x

o ol
We define the disributions D and D

L Iy
D = ({x>, for x € M. We can see that D is holomorphic and

(]

D is anti-invariant, and hence M is a CR-submanifold of N.

For each X € F(Tﬁ), we put
JX = X + oX

where &x and 6x are the tangential and normal parts of JX
respectively. Since D =D on ﬁ. we have

X = ¢x
and the D-mean curvature tensor of ﬁ,

R o=H

D D

Since M is a Sasakian anti-holomorphic submanifold, by

Theorem 6.4 and (6.22), for any Z, W € F(Tﬁ) we have

h($z,W) = h(¢zZ,W)

= <¢z,w>nD.
Therefore,
h(¢$Z,N) - h(Z,¢W) = <¢z,w>uD - (z,¢w>HD
= -2<Z.¢W)HD = -ZO(Z,W)HD
and h(®Z,W) + h(Z,¢W) = (¢Z,W>HD + (Z,¢W>HD

= < > - = 0.
PZ,W HD (¢Z,W)HD o

Therefore, ﬁ is a Sasakian CR-submanifold of N by means of

Corollary 6.1 and (6.18).m



