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SYNOP.1S

ids exercisc sives avn sccount of the derivation
of the iinomial Distribuition from first principles snd the
applications ot the distritution to various fields of
human activities.

As the vinoniwl Disvriraticen is based on the
ory of probability, whicik 1o » corned=stone of nany
icel, biclocricsl and social seiences, we first discuss
3 ;& and thie bzsic cslculus of pro-
v for experivent: with & nuwater of possible outcomes.
A prouability uwessure is firsy lucroduced over the events
of ¢ saple space; independence of cvents oud vrlals re-
peated under icentical condivicns esre toen discussed.

) liext we introduce tie snelytic theory of proba-
DLLLty in the finite case. dnndown variables are defined
as famctions on sennls speces, aad probabiiity distributioas,

ageens, verisnce and standsrd deviation are dealt with.

In the chapter on the binowial Distribution,
w..icl. 15 the umost importsnt probanility functior defined
o & finite sample space, we derive the basic properties
of & Bernoulli process and a binomially distrivuted ran-
dc 1 variable, and discuss some of the ilmportant properties
of thie distriovution. we include in this chapter a discus-
sion on the law of lor:ec numbers, which serves as a basis
for the intuitive notion of prolsbilit; as a ueasure of
relstive frequencies. Without this law, the whole proba-
Lility theory would lose its intuitive foundation.

in many practical problems, *tie values of n and
" in the binonial Distrivution foraula b(kjn,p) sre very
lar;e; 8 direct use of the forrmula becomes almnost impossible
as the btinonisl coofficients are difficult to evaluate.
iwo spproximate methods of calculation, lased on the Poisson
distrivution end the lormel distriiution, ere discussed.
we also illusirate, wit!i examples, thie computation of the
ilaonial Distriiution for very large n, (n =100) by neans

%

of a sihort metliod.

the GLinonial Distrivution is spplied, to 8 loige
exient, in ecconorics, englneering, nedicine and genetics,.
Ireluded in this exercise sre the applications of this
distribution in industrial cuslity control, decision-
maiing, testing of a stautistical Lypothesis, testing of

{ 3% 3
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appendices in this exercise explain the wathe-
naticel deriveiion of some forsuulse and ppproximelions.
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CHAPILR _ULE

INLRUDUCL LK

Probebility concepts are now playing sn increas-
ingly important role in various fields. Ststistics, the
discipline connected with the collection, classification,
analyzin; end interpretation ol data, is based on the
theory of probability. MNaking explicit reference to the
nature and effects of chance phenomens, probability theory
is the cormer-stone of many physicel ané biological sciences.
For inetence, telephone en;ineers use the ideas of probabi-
1ity theory to calculate the density of telep.one traffic;
physicists employ probabilistic notions to study thermal
noise in electric circuits end the Brownian motion of

o particles iumersed in a liquid or gas} while the geneticists

A kot o

attenpt to predict, through the use of prolability theory,
the relative frequency with which various charecteristics
occur in ;;roups of individuals, art from their giplica*
tion in the physicsl and blologicel world, probability
concepts are finding increased use in the soclel sciences
and business es well: econonists use the techniques of
ame theory and other aspects of ¢peration research analy-
sis to discuss competition snd to arrive &t optimum invest-
ment in order to meximize returns (which generally are
achieved at the output where marginal revenue = marginal
cost) snd the business executives who have to make deci-~
sions in the face of uncertsinty, invoke the theory of -
grobability as an aid in planning inventory and establish-

ng, quality control.

(Une may esk: what is the peculiar festure in the
protability tlieory that ensbles it to have such diverse
applicetions? shat ie the property that is possessed in
common by such phenomena as the number of te ephone calls
mede in & town in a day, the number of individuels possess-
ing a enetical composition or the standard of quallity of
particles manufactured by s certain process’y

Ee Paraenl atuributes the wide spplication of

| l. E. Parszen: Modern Probability Thecxy end its
Applicetions, John wiley end Sons, Inc, 1960. |

(1)



procaciliity theory tou tue "rindoianess' of toe paeno:iona.
wmch of tne vuvove-uontioned ¢, be considered & random
plienorenon iIn Lue sense vuat

®i randoa or chence he.osenon is an capirical
plienocmencn characterized Ly vhe sroperty that its obser-
vation under & ‘ivea set of ciicu stences doec not slwess
leed to the saume o.served outvwie (80 thai tlhere is no
deverzinistic rewulazis¢) tut roller to0 different outco:es
In suclhi e way that Lhere 1s stelistical raralaritya”~ .@
osns by this that nuirbers exict lelveen 0 : 1 and that
the nuibess rayxen«nt tae relstive {recuoncy with which
the difi{erent pousible cutcomes ay Le olLscrved in s
seriec of observetions of independent occurrences of the
{5 @NOIeN0Ne

Closely connected wiili the concept of & randon
pheno.enon wre tie concopts of s rendom event snd of the
gruyauili ty of & random svent, & random event refers to
one wlcse reletive frequency of occurrencs in a very lar e
nusber of obsorvations of randonly selected situations in,
whiclh tho event nay occur spproaches & linit value
88 the nu ber of observation is incressed to 1nf1nit;, theo
linit value of the :elativs frequency lLecomeg tiie prolati-
1ity of the rendou event,

ihe .odern theory of prolability is conceived
in terus of esxionms. /ccoxdin: to «. Feller?, tlree
aspocts of the tlieory, namely, tie forasl loiical content,
the intuitive bock round and the applicetions nust be
clatin uished, iro: the \1eu—pa1nt of formal loiical
content, protal.ility theory Jeonetry or analjtical
sochanics, Lo ins with.unde}inod cunuenta or oxioms fron
w..iclhi verlovus lo ical ropositions sre deduced, 1n the
nmatter of intuition, we notice tlLat the exions of  counelir;
end sechanics refor to an existing intuitive Lack round.
irolebLility, too, derives 1ts notions end terminoloyy
froa intuition; thece notions bein. just as indeflnaltle
and as intultive oo ore tie notions of e joint, line ov
Do8B.

2. e ibrsen: op. cit., page 3.




| With regard to espplications, the abstract
mathematical models whickL the probability theory constructs
serve as tools of analysis, and different nodels cen
descrite the same eupiricel situation. These abstract
models are mostly of a qualitative naturej only experi-
ence can tell us whether or not these models ressonably
describe laws of nature of life.




CHAPTSR  TWO

SAMPLE SHACLS

In probebility thecry, we are interested in
Statisticel probability, which is relsted to the possible
outcomes of an experiment, whetLer real or conceptual;
and not with modes of inductive ressoning such es "Ahmad
will grobahly come"” or "Fermst's conjecture is probably
felse", Ve may conduct or conceive experiments, for in-
stance, toseing a coin, arranging a desk of ¢ s Observ-
ing the lifespan of & person, noting the frequency of
accidents, or even sauapling penguins on the lFars and note
their possible outcomes.

— Prequently the outcomes are ideslized, Take
the case of tossing a coin for instsnce. We ordinarily
. s ree to re ard "head" snd "tell"™ as the only poussitble
outcomes, though the coin does not necessarily fall "head"
or "tail®, as it can roll eway or stand on its edge, We
call the results of experiments or observations eventis.
We speak of the event, for example, of seven coins tossed,
nore then four fell heads. The composition of a sample
(e.;;», two people blind in a semple of 120) and the result
of a measurement (e. s.: height 5' 6"; 9 trunk lines busy)
are each an cevent.

7 when we thirow two dice, we have 3C possible
combinations:

1,1 2,1 3,1 4,1 5,1 ¢,1
1,2 AR 3,2 i4y2 542 Gyl
1,7 243 345 hy3 D2 €,%
1,4 2,4 3,4 Gyt 541 Gyl
13‘) ‘?—15 395 4’3‘}' 5:5 6:L
l,0 2,6 3,6 4,6 540 6,6

An outcome such as "Suua 4" is a compound event
which can be further decomposed: Sum 4 occurs if the
outcome is (1,3), (2,2) or (3,1). Thus we distinguish
between simple (1nd1vieible) end compound events or outcomes.



‘he events "two odd faces" can bLe decomposed into (1,1),
(1,3) sasees (Dy0., 0 total of iine simple eventis,

Each simple outcome or event is called a sample
point; their ag re;ate [u:s tue saiple space, Thus an
experiinent whether resl or conceptual is defined by the
saaple spacce.

In tossin{; a ¢oin, we heve 8 sauple space con-
sistins of the et . = (i, V!, the outicomes havin:; been
idealized. e note that this experinent is completely
aefined by the sample cpece. oimilarly, in the experiment
of throwin: two dice, the 3¢ combinations stated above
{ron our sauple space,

If a survey of familics with three children is
nade and the sexes of children (in order of aje, oldest

ehiild first) ere recorded, we will have the follwing
ganple space:-

a
5
:
.
:

.\l‘*l

H

LR

Y
Fll TR 5 g )

{3 4w bt pam AT 30 i an Fiemas TR )
PR N s g Al g nalti, G, Sy Bl dufer,y B Fi

where ) and ¥ represent male end female ciilldren
respectively.




Lel us now consider the sanple spacs obttained
{frow thf exycrisent of distrivuuing "lhuce bslls in three
cells".l ihe tweuly-scven outcomes or seaple points are
listed in Taile 1.

TALLE )

A S S Y~

1.

L8

el =} 10. @bci =) 19. =lalltec’
- jsbel -} ll. L |
-~ ! -~ | sbc: 12, 2l. ‘=lclau!
4, { 8b; ¢ = 1% <& =/bc; 22. ajb!
5. {ac; bl =~ | 14, - bl -j8&c} 23. - a|c/
be! & - | 1%, ¢ =jaL | 24, " bla;
Je S8l =1 <} lC. {=-lsbj e’ 2% ‘tje]
S lme = bl 17. {-lsc] b 26, ‘c'a
9 tel - &} 13, {-lbc| a: 27. ‘cib!

oy ‘{ ¥ ’
e =|uL 8BC

 aali ]

B o e G

tach of these arranements represents & siaple
event, i.e., & sauwple pcoint. Instead of just three balls
in three cells, we can extend our study to the more senersl
case of r balls in n cells. The followiny situations,
whose intuitive Lack;rou.d though vary, sre abstrectly
egulvelent to the schceme of plecin, r balls inton cells,
in tke sinse that the outcomes differ c¢aly ia tuelir verbtal
decoripcicis:=-

(1) r sccidents in 7 days or in n dayc.

(11) en elevetor or lift starting with r
cassengers and stops et n floors. The
different arrancesents of discharging
the passengers are replicas of the
difforent distrituticn of r btallcs in
u cells.

1. ihis exeuple 1s teken frow W, Feller, op.
clie, poec S



(1i1) in firing st o turjets, r hits aiwong n
tarxrgets,.

(iv) the distribution of r persons; here ve
have n=2 ¢alls end r bells.

(v) the possille distrilutions of r nisprinis
in the pai.es of 8 book (r { the number
of letters [er peie)e.

se have been discuasin: tho case of placinu;
three distiniuilshable balls into tinee ceilu. If we
agpure that the balls are indistinguisnable, theu we
heve now & stu;le space of only lon saaple pointsy waich
sre listod in ralile 2.

=
® “

4%
L
By e, oy

- 1000 =1 5. 00| =[G} 3=l 000}
- =1]000 6. Gi00l =! 10./0] O]
7. 0! <00

W‘ D
L ]

- s isn  p—— i —— Al - 1 D S W M S A b A ol Sl e

1f we sssuce further that even the cells ere
inui;tingaishable, then we beve orly thiree pocsilde
cilferent srrenge.entsc:

; Lo e b { Dyl el 1 o R -~ ”
1. J\)\}‘ - | -f Ce 1‘JO§U{"; Je (V“J}O‘}

A eseiple spece need not necessaril; Lo @ finite
sct -« it can ba en infinite set. Por exaiple, Loss a
' coin antil it fells heeds for the first time, It I8 cone-
- ceivable that we _et an unendin; sequence of tsils s&nd
. that a lLead is never obtained. Lel us denole this cutcoue
. w., If & heed is obteined, we specify the ocutcone Ly records
ing the number of the toss that produced the first hesd.
ihe sauple spece Lecomes

-
H

g L= {w, 1y 2y Dy sseeo g sin invinite set.

As our discussion indicates, one way cf preciassly
formlsting the uotion of an experiment is Lo write down

(7))



en sssocisicd sauple spucee .wiore sttributing probsti-
lities tou saa,le puints, lel us uow turn our sttention
to sose 1. ortent 1dees in sel theory, which are used to
specify releuiuions suon. eveniie

Given s cveat we ey cons ider tie cose tisl
i does not occur. L.ls, wue corplenent of 4 (denoted by
i'), consisi: of those sa-plc yoinzﬂ that do not belong
Lo Ae she syuiol v = 4 U b lndlcales thet, ! Aven two
sronts & and Oy thw ovent is t 'Jn;u; of 7 end o, AL
cither 4 or L or Lobh oceiie o4 is thus the wicle
guaple spece wolch repsrevents ert&int“. L L) Gy widch
peprosents thne intersecticon of & end iy consists of

Sodinte conmon t@ FORNE 55 TS PO & uhere {ié O SUCH conaon

labiy @o 1n L thOf;{: rihnfimmmﬂzmaw
ciowlboneusely end Lecoae "f.,.w'rf‘* exclucive® oLl e

i

i
crlly, it 4s written M [10

3

e ‘rhle 1, we see that
v ogerpied" 1o ro 11, 3
: . N N - ’3 ™ L{e ovent P
the somrerote ef *Lc re“ le ;aiudw l] « 1. ihe event o
"iirwt ccll nol eupty™ iu tie ehurehatﬁ of a“e &&JJlG

cints 1, & = 1% and 02 « 27. .he event oy "botl 4 and L
occur,“ fece ~fio 1y Lle ol ,,xgata of Sue 13 auwgle
1°La'~/u lg q - lfjﬁ

”~

e Irovgltilities in sempig g .8ces:

| siven o (finite) saiple gpove SLwitl Lhe weiple
VOINLE py sy eeecen Ly WE shwl!l cogune thet witlii csen
‘ &

pudni ;J there i1s assoclieled « nawbor, callod the prolo-
t11ity of “J end denoted by I'{L Dyt tccording to the

sxioustic tiieory of prolalility, this nuaboer wust Le none
nocetive snd suchk thet .- -

TR IR S o S P PPPPPPRPIE r{;ﬂ; - 1.

‘he probability Fi{Al} of an event is the £ of
the probetilities of sll senple polnts in 1t, Thus
FiN!=l, It focilows thet for an; event /4, c=r{ilsl,

o in2 r{s U i}, we consider ell 9cints telon: -
in: te eibhﬁ“ L or Ly but thes: beloncins to toth 4 end 3

,
by



are counted only once. Therefore, P'A U B = P{A} +
PIB! - F{Albise For mutually exciﬁaive events, i.e. for
the events A [ B = §, we have the important ad&l

principle:

tion

FAUB!=F A& + 7B ( 2.2.1 )
| - wWe can erbitrarily essiyn probebilities to sample
points El’ Eny seeces bk, a8 long as
(1) Pfﬁj? is non-negutive;

&nd (ii) i’ml?‘ + 1?1»\ ¥ scvcnoe P'Enj = 1‘

&

Pnhus, for the sample space I, T obtained when
we Loss a coin, each of the following assiynments of
protabilities is secceptable:-

(a) P! = (T}

>3

(b) P'H = -&

(¢) P i =G ond PiT! =1,

Consequently, if p is any real nuaber between
¢ end 1 inclusive, there sre infinitely many possible
acceptable sssignments, one for each choice of the number

Pe

An excellent exaiple showing; that different
assi_ nnents of probabilities are compatible witl the scune
semple space may be veen in Mexwell-Loltsmann statistics
and Bose-Einstein statistics. with reference to Table 1,
it seems natural to zssume that all sample soints are
equally probatle, i.e. that esch sen;;le point has prola-

bility‘“é%w. Lere tlie ilaxwell-ioltzmann model spplies.

For most spplicustions, e.;. birthdeys, firing at tar ets,
accidents, sampling, an elevator carrying pesssengers to
different floors, the arpuuent in Maxwell~ioltzmann
stetistics sppesrs sound, MNedern theory hes shown, how-
ever., thet this statistics does not apply to any known
particles; in no case are all nT arrsngeuents approxi-
mately equally probable. Bose and Einstein showed that



certain jerticles, lixe pholons, nuclei, and atoms
containin, en even nulter of eleientar; perticles, are
subject to the .ose-iinctein stetistics, for which ve
consider only distin;uishalle erran euents, and assign
probability ( n*;»l "1 to esch arrangement. sith
reference to Talle 2, it may be arjued that the ectual
physical experiment ls unaftected by our failure to
distincuish between the ballsy physicelly tharc remain
27 different possitilities, even thou-h only 10 different
foras exre distinguishable. <The Hose~Linsteln model,
wilch sssi.ns protabilit;y to ondy distinguisheble srran . e-
nants, stirivutes prﬁtability>i;~ﬁe euch of the sample
sointis. ‘

] Probebility: lndependence:

conditionsl trovability, en importent tool of
probability theory, mey be defined as follows:

Given that P'!B 4O, the conditional probability
of event A, rclative to event b, denoted by F{A/i:; is

If v &/ = i A'y event A 1s saild to Ve inde-
pendent of event L.

iwo events A and U sre seid to Le stochasti-
cally independent 1if

l’A 3111 Js[ = L{A} Py E{J‘:E ( 2.};1 )
This multiplicetion principle will le applied

in tne derivation and ap,lications of ti.e pinouiel
uistrivution,

4, ‘Irisls repested uncer Idientical conditions

ilaving; discussed the notion of stochastic inde-
pendence, we can now epply it to foruulate tae intuitive
concept of experiments "repeated under identicel condi-
tions".

consider an experiment described Ly & sa.:ple
spoce 524 @ssuaing that — congiste of finitel; many sa:ple

( 10 )



gy ‘
3
§

points ﬁl, by eseccen ﬁn. shen the sane experiment 1s

peisorued swice succesnaveLy, L uunueivable ouvcoiles
A

£

a:e Lhe ¥ cpdirs of sawple pointso (i irt (Li, .uJ, .o
cere NEpy Lﬁ) and tlhese now constitute the new samole
gpace. e Uius haeve tle coo tirationgl product of $: Ly
itecdf: L1 o £2 : with relerence 10 analjtical peometry
or¢ pvﬁkr ol the first and ;cgaxg ce~ordinate of tle
point, (ug, EJ}. Ihic ides iv cxterded to 2 x O x O

.-'“«-n.‘¢..qg«¢uxf¢zl‘ J»f" fQI?u,.

We can assignh prﬁvabilltiﬁh to outcomce 1n
neny ways for tiie new ssuple space. Lowever, when
experiments ere performed rejestedly under identiccl
conditions, we dnply Anixiczﬁchta: the Tireh sutcone
sionld heve no influence cn the ceccond.

. F TN h’ } = }{,;} i{i.,{j} = .i"i I"'j

T
sscasing. ke proLabilities of Ei and EJ arec

F.oana Phe

(1)



CHAPLR THRIE

RANDUM VATA Liss

In Mathematics, we often come across the idea
of & function, The quantity y is called & function of
the resl number x if to every x there corresponds a value
y. 1he idea of a function cen be aprlied to cases where
the independent verieble is not a real rumber; e... the
distance is a function of a pair of points; the binonial
coefficient ( { ) is a function defined for peirs of
nuasbers (x, k) of which k is & non-negative integer.

| A real-valued function defined on s sample space
ig called a random variable. some exsiples are the
canbiers gain, the nuanber of multiple birthdays in & con-
pur of n people and the energy end tempersture of &

pu .cal systen.

In a finite sample space, we can tabulate any
random variable X by enumerating in some order all points
of the space and associating with each the correspondin
value of X. If we let Xyy Xoy ecevcccne be the values

which the random variable X asscumes, then in a discrete
saunple space, xj s being inte;ers, the a gregate of all
san.le points in wuich X assumes the value x, foius the
event aaxd. Denoting the probability of this event by
Pfx-xj}, we have the function P{x-xJE - I(xd), Jjel, 24 <o

vv.e.. which becomes the probability distrivbution of tie
rendoa veriesble X. Obviously r(xJ) = O and ::f(xj) = l.

5183

- ihree falr coins are tossed. llow many fall
heads?

The enswer is & number determined by the out-
come of the experiment. The number may be U, l, 2 or

2.
dhen % failr coins are tossed, we have the

following sample space and tle probability for each
sample point.

( 12 )



Sample Point No, of Heeds Probability

il 3 ,éw
ILHT 2 ,éh
HIH o : é
L | 1 V%J
THH o) ”%W
THT 1 W%N
T 1 i
LT o wméh

Pabulatin: the probability function for the
nusber of heads, we have

I | T |
! : |
. Probability g g g é

T

inumbor of iieads % 0 l 2 3
L | ;

et the variable X represent the nunber of heads,
X is & rsndom variable since the vaelus of X 1s a nunber
deternined by the outcoue of the experiment. Associating
ané with & probability, we have

P‘ixaxak .f(x,j) (J‘l, 2 é"ﬂtooet‘)
In this 3-coin experiment, we note that
P ixe0: =£(0) = &

L

'P Ex'l} = £(1) = wgm

( 13 )



o\

PiXxa2] = £(2) = -

r 1
P{i=37 = £(3) = -

ol

Let us see liow the idea of Probability Distri-
bution of s random variable is epplied in the sample
space of lable 1, with protability =#-for each sample

point. The number N of occupied cells is a random veri-
able., At the three points 1 - 3, the randomn variable
assumes the value 1; st the eijlteen points 4 - 21, the
value 2 and at the six points 22 - 27, the value 3. Thus
the probrbility distribution of N is given by

R i , 1
PilNsl’ = (1) = §
R
PiNa2} = £(2) = -5
T B 2
P L’ ¢ e [ -
3 { - 20) = 5

Another random variable is the nurber X of balls
in the first cell. <labulation I shows that its probability
distrivution is given by

({L-O J’ = £(0) = *2*%”

I {K-l b om £(1)

-

12
27
s £(2) = “"“2%*

¢
i

P { {w2
1%

¢ Ay

P ﬂ ‘x-aj - £(3) = fé%—«

Consider now two random variables X and Y
defined on the same senple space, and denote the values
they assume by Xy, Xpy sececece and Fys Yoy escevee covee
respectively.” Let the corresponding probebLility distri-
butions be Ef(xj)§ andé"g(yk)}, The aggrecate of points

in which the two conditions x-xj and wak are sstisfied
forms an event whose probability is danoted by

I ‘{x-x 39 Yoy, J

( 14 )



¥e then have the joint probsbility fumstions-
r :A‘xdg i.‘ykl ® D (X‘I’ :g'k} J’ ke 1. 2’ asee

Cleerly p(x., ;) =7 ond 2 plxgy yy) = 1.

For every fixed J,
p(k‘d’ :}L}Q(XJ' :{‘)’?oe rxeve ¥ §4~"XJ} - f(x‘i)

and for every fixed Ik,

p(il’ Jk)OQ(XE; ‘yk)*oﬁoocc -« P{Y-,‘fk} -~ &(3}{)

- Thus by eddin: the probabilities in individusl
rows and colunns, we obtain the provability distribution
of £ and Y. ihese probability distributicns are sone-
tines cslled asn:inel distributions,

«ith reference to lsble 1, we note thet the
coabination liel, £~G occurs st two points where
b limly, aw0 )} = w7« [Ihe prodabilities of all psirs ere
civen Ly the Joint Probability Distritution of | and X
ghown below

T A Jistritution
o 0 1 2 3 of =

1
A

1 /oy 0 O 1/2?

el o

O

[

3
-

vistritution
of &

< P S
) &7

N

se¢ notice thet sdding; the entries in the rows
end coluins pives the proLatility distribution of i snd
X respectively.

(¢ 15 )
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The mean of a rendom value is s measure of loca-
tionj it roughly indicstes & "middle” or “average" value
of the random variable.

Let X be a random variable aséuming the values
Xyv Xpy seccvccns with corresponding probabilities f(xl),

f(xg) teceseseses 'The mean or expected velue of X is

E(X) = 2x £(xy)
on the assumption that the series converges absolutly.

If'il, Xg, ecesess Xn ere random verlasbles with

expectations, then the expectation of their sum exlists
and is the sum of their expectations.

E(Xl*%*tqncxn) = E(xl) + E(xz) + esesvoe E(%)
If X end Y are mutually independent random

veristle, with expectstions, then theilr product is a
rendom variable with expectation and

E (XY) = (X)) e(Y)

( 16 )



3. The Variance of s Random Variable

The mean of a random variable i, belng an
avers;e value, does not tell us tlie veriability of the
values of X. To study 8 distribution nore accurately, we
also require a ceasure of the veriability, the “"spread®
or “dispersion® of the velues of the random var.able, as
rendon veriables with different probebility functions can
alsoc have equal meens. This is illustrated in the follow-

ing charts:

stxy)- 7§ = 375

E(xy)= 28 = 3.75

o
D
w
f
W
1
o
W
(8)]
~3

s/8 °

4" '

' L - '

e ! t .
{ H e & w2 *
i . - o -
1 - PR e - P ® - LR Bl
- - t
I nis »
- L < H J‘/;{‘ hdl

{ E
' ; ! i 7. A |
H . . s T ] i
: , , ? L A
B i 3 y i B i

I S A 23 -2 -] © ¢ 2 2 4 5 &
(a) I'robability function (b) Probability function
for Xy for

( 17 )




We notice that though their neens are the sane,
the probability distribvuticn of iy 1is less spread out

If we let i be 3 random varialle with second

,}’ - : . - en W Y
moment E(i€) and let u=£{X) be ite-mesn, the variance of
X 18 defined as

B (x-uw?)

which 1s equasl to

1
E(f)-‘ﬁ

For independent randon variables, Var(Sn) =

V&r(il*ﬁz*-~"-*iaf - lar(x1)+Var(X2)+.......Var(xn).
The standard deviation of X is the positive
square root (or zero) of the variance of X,

Let £ be eny random varisble with mean u, ang
standard deviation,<ri,:»o. Let the random varisble X
be defined as

£ -
x - x
I x

(X. is celled the standardized random variable
corresponding to £)

* [ 2
hen E ( X ) = 03 Var ( X ) =1

In other words, the standardized random veri-
able hos ean U and stanéard devietion 1.

: 1. For the mathenmatical derivation of
veriance, see Appendix 1.

( 18 )



CHAPLTEK _FUUR

THE BINOMIAL DISTRIBULION

i, Bernoulli triais the Dinomisl
= Distribution |

In probability theory, we are often asked to
solve protlems involing experiments made up of a number
gay n, of individual triels. Each trial is itself really
an arbitrary experiment, and is therefore defined in the
mathematical theory by some sample space and assignment
of probabilities to its simple events. The trials can be
independent or dependent, and the simple events of the
sample spacc for the n-trial experiment are assigned
probabilities accordingly.

Although each trisl msy have many possible out-
comes, we are often interested only in whether a certain
result occurs or not. For example, a machine turns out
parts which are classified defective or good; a person is
blind or not blind; two dice ere rolled and the sux of
the nu.bers showing is five or is different from five.

In other words, we simply describe the result of an ocut-
coine as A or non-A. To standerdize our terminology, we
call one of the two possible results of a trial a success,
the otlier a follure; and which result is to be called a
success is of course completely arbitrery. As the results
of sn experiment ere just & success or a failure, the
sanple space for the outcome of a trial will contain only
two elements., Jenerally we denote the two probabilities
Ly p snd q and refer to the outcome with probability p &s
success, 5 and to the other as failure, F.

To satisfy the exiometic theory of probability,
evidently p and q wust bLe non-nejative and p+q=l.

1. James Dernoulli (1654-1705). Iiis mein work,
Ars Conjectandi, was published posthumously in 1713.

( 19 )



In repeated independent trials, if there ere
only two possible outcomes for each tricl and their pro-
bability remsin the same throughout the triels, then we
have what the probabiliste cell Bernoulli triasls. The
sample space for an experiment mede up of n Bernoulli
trisls is the Carteaian product set

o

-

\’JDF X\U.F Y.».;.-f’b.F%
. J

conteining 2 nutuples a6 sleaents. pvery n=tuple
represents an outcome of the n-trial ereri“enL and 1is
made up of n sy:bols, each a S or a F. Jince the trials
are independent, the probabilities nultiply. For instance,
for the sequence oLLUSFUF, we have for its probability

PPPApPqg.

we deduce from the above discussion that the
probability of any simple event wiidse n-tuples contain

k 5's end hence n-k F's (in sny ordsr) is p k n= L; koQ, 1,

2, sevee« n. (ne such n-tuple is determined by selecting
the k trisls in which 8's occur from emong all n trials.
This can te done in ( n ) waysa. Therefore there are
n-=tuples containing k ”'a and n-k F's, the probalxlitj

of the correspordin. simplc events beling pkqn -,

We thus come to the followlng; conclusion:

If b(k;n,p) is the probebility thet n bernoulli
trials with prubabilities p for success and g=l-p for
failure result in k successes and n-k failures, (0=k<n),
then

£(k) = blkzn,p) = ( ) pfg"* ( 4.1 )

This theorem can also be derived in terms of
random variables. In en experiment made up of n Ilernoulli

2. ( ﬁ ), defined as the number of k-subsets
(sulsets with exactly k elerents) of a set of n elements,

3 te Al
is equal to kl(ﬁnk)l .




trials, we are interested in determining the probabililty
function of the random varistle whose value is the total
nunber of successes obtained in the experiment. This
random variable, Sn, hess possible values 0, 1, 2, .... n.
Now Snek, where k sssumes any one of these possible values,
is the event for which exactly k 3's and therefore n~k F's
occur. This event is the urnion of the ( § ) simple events
deterzined by n-tuples with k .'s snd n-k ®'s, the pro-

bability of each such siuple event being pkqﬁwk. Hence

% . - A
A aTee -
q

f(k}ab(k;&,p)uiésnmhéu( i )%b

kﬁi}s 1’ 2‘ sev s ile ( Q::

For given velues of n and p, the perameters, the
probability functicn defined by P(Sns=k) is called the
binomisl probability function. The rendom variatle Cn
is seid to bLe binomially distributed, the attribute
"binomisel™ geferring to the fact that this formula regre»
sents the k'J term of the binomial expansion of (q+n)R

ne

which is ecual to q + ( f ) qn'lp + ( g ) q p2 + esee-

cees * pn where ( ? )y ( g ) ¢e.e. are binoniasl coeffi-
cientg.

Thias statement also shows thal

T .
% b(k;n,p) = (q+p)" =1

as is reguired by the notion of protability.

We note further that b(k;n,p) reprecents a
- faally of binomial distributions, the value of each term
being dependent on the values of the pasrameters n and p.

#e have been considering the sinomial Distri-
tution where an experiment has two outcomes. A enera-
lization of this will be stochastic independent processes
with nore than two outcomes.

Assume that the outconmas are{_al, 8Bhy ceeo ak}

occuring with prolLabilities Py» Pos seeees Pyeo

( 22 )



et n = Py o+ Xp b oeele. Iy where gackh r = 0.

The probability of ;etiing exactly r, occur-
rences of 8,3 I, occirences of 6,5 ..... is
[ <

i e 8 r r.>
f xz‘ N r e o8 % - e A e e e, !1 ‘ C e i i b l " [ P
( 1Y 72 Ik) rltrgl e rkl ¥ Pp

Tk
$ ¢ & @ pk L2

2. Some properties of the Dinomisl Distribution

(i) <1he Central iarmB.

As k goes from O to n, the terms b(k;n,p)
first increase nonotonically, then decrease menotonically
- reaching their greatest value when ke=m, excepi that
b(m-l;n,p) = b(m;n,p) when m=(n+l)p.

: We call b(ayn,p) the central term. Uften
. m is called "the most probable number of successes", but
. for larje velues of n, all terms b(k;n,p) are small.

' I1lustration

Coupute the binomiasl probabilities for n=5,
p=O.4 snd for n=4 and p=0.4

the cose of n=5H, p=0,/:

We note that (n+l)p = (U+1)Ce4 = 2.4 and
is .ot an integer.

¥For k0, 1, 2, e¢vec 5, we have values of
¢ P pMe™ ¥ 0.078, 0.259, 0.346, 0.230, 0.077
0.01%. Grsphically, we obtain

‘%*) For the proof of this theorem, see
Appendix 2(A).

( 22 )
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.
I
a2
- H
L4
U ¥
N
;

These values show that for (n+l)p not an
inteser, if k< (n+l)p, b(k;n,p) is greater than
the precedinc term snd if k >(n+l)p, b(k;n,p)
is snaeller than the preceding term.

The cuse of n=4, gp-(),#:

We note that (n+l)p = (4+1)0.4 = 2 is an
integer. For k=0, 1, 2, ..e.. 5, the values of

( D )p%q®¥ are 0.130, 0.346, 0.346, 0.153 and
0,026, In {raph, we show:

/(j RN k '

' ¥
. i
- §
i v
H 1
s ! !
; '
[
| | ,
g - 4 '
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This illustrates the fact that for (n+l)p
em, an integer, b(x;n,p) increases up to
b(n=l;n,p) wiich is equsl to b(m;n,p), and then
decreases,

(11) Lieore. on lails'.

If ©r 2 np, the probability of ot least r
succeesves satisfies the inequelity

= b(revings) = b(rynyp) —{Elg
gog ETVITR) == BAT, I, r+l-(n+1)p

end if 5 np, tle probability of et nmost S
successes satisfies the inequality

W

‘.} ;
= v(¢;n,p) T b(33n,p)
P =0

(1ii) The Mean of the Binomial Distributicn.

This is equal to np where n denotes the
pualer of Bernoulli trials snd p the probabilicy
of success.

troof: Let Xk be the numbe: of succestes
scored at the k®h trisl. This
variable assumes the values O and 1
withi corresponding probsbilities ¢
and p. .

lience L(Lk) = O,q + lep = p

Sn is the totsl nuuber of
successes in n Bernoulli
trials,

&. For the proof of this theoreir, see
Appendix 2(1).

( 28 )



And since each £k depends only
on the k % triel, Xl, Xg cosee Xn
are independent random variables.

w(dn) = E(X1+X2+.....+Xn)

L E(Xl)§E(L2)*uoobt*E(x]1)
= £) + P ot p LI B Y ja Bp

—~—
n terms

(iv) The Variance of the DBinomial Distribution.,

In Dinonlal distribation, the variance is

Proof:-
~ rfor eachh of the randoi: vurisbles,
i, |
ey A 2
- E(L7)=0xq+1xp=p & u=lxp+0xq=p
-
Var(4) = Eiﬁgnuif
= E(Xﬂ)-uz where u=B(4i) is
~ the mean.
ol
= p=p
= p(l~p)

= Pq

Var(sn) = Var(xl)+Var(X2)+,..Var(kn)
= pq*‘f'pq*o1.~.-oc'o.
= npq

using the fact thal for independent
veriebles, the variesnce of their
sun is the sum of their vsriances.

“ (.25 )



: 2s ihe iluw of Larje inmbers
i};‘k nanber ,

In & very lar-e/of trisls, the probability
of an event is interpareted es the relative frequency of
its occurrence. Let us attempt to justify this intuitive
frequency interpretation of probability by meens of the
Lew of Large Numbers,

LAk

Our intuitive notion of probability is based on
the assumption that if in n ddesticel trisls, A occurs

x times, and if n is ver; lar e, then ugM siiould be near

- the probabllity p of the event A. In terms of Bernoulli
trisls, with probability p for success, the sbove notion
is equivalent {0 the concept that if Sn represenis the

- number of successes in n triasls, then ~§%-1 the avera;e
numnber of success, sliould be nesr p.

Let us give & theoretical farmulationS to this.
Consider the probability that ~§%} exceeds p+E,
- where E>C is an arbitrarily smell but fixed number. This
. probability is the seme as P{Sn > n(p+E)} and equals
- n=-r
fp =- b(r+vin,p) when r is the smnallest interer exceedin;,
E. Veu

L n(pes).

lhen,

T | . (rel)
;:O b(revin,p) == b(r;n,p) T+l-(n+l)p

implies

P {SH . n(p*’E)} - b(r;n'p) ﬂncr’;gfg*q

5. see W, Feller, op. cit., page 141,

( 26 )



#ith inc.casing n, the frection on the right
renains bounded, whereas b(ryn,p) —e U. Since b(r;n,p)
< b(k;n p)lfcr esch k such that (n¢l)p=k«<r. [bﬁﬁause
»Qr k:>zn+1)pg the term b(k;n,p) is smaller than the
preceding one, &8s we have pointed in the discussion on
the theorem on Centrel leru. | and there ere about nkE
such terms b(ii;n,p). i

It follows the! as n increases,
l’{Sn > L‘a(p'lu:')1 - O,
Using the formula

s :

we can show that P’{aﬁkain(ﬁﬂé)é - U,
We lLave

j.e., As n incresses, the probatility that the
avera e nuluber of successes devlstes froa p LYy more tlian
eny preassigned L tends to O,

This law serves as a besis for Lhe intuitive

- notion of probability es a messure of relacive frequencies

- — without this law, probability theory would lose its
intuitive foundat.ion.

( 27 )




CHAPTER FIVE

THEORETICAL RESULTS CONCERNING
THE BINOMIAL DISTRISUIION

| In many prscticsl problems, the values of n and
k sre very large, and & direct use of the binomisl Distri-
bution formula b ﬁi? n) becomes impossible as the binomial
‘coefficlents ere Fitult to evaluste for lesrge n and k.,
In such situstions, two approximations to the Bbinoaial
Distribution are avsilable: one the Poisson distribution,
derived by 5. P. Poisson end bearing his nene, ena the
other, the Normal distribution.

In the Binomiel Distribution, if n is large and
p is smell so that the mean np-is of moderate magnitude,
say, of the order of unity in any given application, the
. Binomial Distribution is then approximated by the
Poisson's lLaw, which states that

Limit n k nek e nP(up) e /-
n~¢<ﬁ=( e Jrq - €1 - YT

1f :/ - np; k&, 1' 3' 0o e 0 e ( ’501;‘!1 )

As an epproximation to the Binomial, the Foisson

 Approximstion is useful in & class of binomial problems in

which neither p nor n are known, but their product . 1is

known or can be estimated. The applications of this

. approximation are many and varled: they range from the

. number of articles lost in subways to the frequenc, of

! comets. Ubefore the appesrance of elaborate tebies of the
. Binomisl Distribution, a successful application of the

Poisson approximstion to the Binomial was %o sampl ing

inspection of industrial product. The provability p of

e defective unit of product is typically small, and the

number of units inspected n is often fairly large.

As a law itself, many random phenomena obey the

Poisgon law. Among the usual ones are deaths resulting
from horse-kicks; occurrence of accidents; errors and

( 28 )



breakdowns. In physics, the rendom emission of electrons
from the filament of a vecumn tube, and the spontaneous
decomposition of rediocactive atomic nuclei lead to
phenomean obeying the Poisson law. Thie law cen also be
apgliad in the field of operation resesrcli and management
gcience.

As an example of the Poisson approximation, We
quote the experimental data of Rutherford and Geiger
showing the number of aslpha particles emitted from a

605 periods of time each of

radioactive specimen is 2,

0
1
2 28
3 525 525
4 532 508
2 408 394
6 273 254
7 139 140
8 45 68
9 27 29
10 10 11
12 0 1
13 1 1
14 1 1
- 2608 2607

The parsmeter A of the Poisson approximation
is the Arithmetic mesn of the Polsson variable.

( 29 )



X. L. ¢X. foteeoeXy Ly, |
e b Sy o M T ! 10,0
X = zﬁ%--.__éi - _.2.:.%‘ - 3,87

- The Poisson frequencies are calculated from
( 5.101 )o

For )\-np estimated by 3.87, we need not determine
niand P here as we are approximating e binomiel distribu-
tion.

| Since the Poisson freguencies are feirly clvse -
, ta Observed -frequencies,” the conditions underlying the
Poisson spproximetion may be satisfied, conditions being
thaet we have Bsrnoulli triesls with small p and large n,

for it may be argued that the probability p of an atom
emitting an alpha particle is smail, that the numbdber of
atoms in the specimen available to emit — i.e.,, the

nunber of independent triasls -- is very laerge, and that

I p is comstent from trial end triel, i.e., the various

i atoms have the same chance of emitting particles.

8 Dgéivation of Poisson Approximation to th
Binomiel Distribution.

Let ) =np so that p-ig* and p - O for n —:w.,

(2 ) p™ ™ = (] pFa-p)E

nl ( ™~ )k(l- ‘rx_;)n-k

gl R
L - sl 'ii‘(""““’n; QP xH)~E
’ -
- 1L(l~ é)....(l- k;l)(l_:%).k ;; X

> K
| ~t .
(l"' ?'}')n """;"'“""‘“ e 7\1'01‘ D e "
n Kl
i Since the factors in the square brackets converie
" to 1 and so the product also converges to 1 when the number
of factors is finite.

™~

(1__%\)31”’ s o C e e e




This can be arrived at by the application of
the Taylur expansion and the use of logerithms, vig:-

b(k;n,p) = ( ) pfg™E
b(0O;n,p) = ( ) P20 . g® - (1-p)”
whcm «np, we have Q-_%.

- - -

b(O;n,p) - (1-73)"

'Y EE

®l,

‘log b(0;n,p) = n log (1~ 3) = =A-

so that for 1arg:;e' n,

b(Osn,p) = (1 - = )8 e~ ™

| S K 7 - K ,
ceem v himit x _ o ) |
: -‘- Il;.iﬁii ( § )P qn "2_.5_—_ if)\'np; k‘o‘lgnvs




| ”Tht Binoni;l Jistritaticn b(kyn,p) for neH, 10,
&)? 50 and 100 & P= (1.e., npel) to;ecther with the
i‘'olsson Distribution, |
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1 Tab we note that the Poisson Distri-
tution is z:ggﬁgaaégrz;imation to the binomial Distributian,
t1so for smaell values of n, when p 18_sufficient13 snall.

.e¢ cenerslly epply the loisson Distritution as approxi-
sotion to the linomisl Distritution when p~0.l.



‘ "1hl{ﬂcrnal Distribution law is the limiti
form of the ﬁﬂn@ﬂial Distribution Law, when both n 2%4 k
ﬁra'largeg 80 large that “;ﬁ = “é and'E%Q' are both
negligible. This implies that ; snd q are numbers not
sreatly different from uanity.

| - The Normal Distribution function, denoted by
g(x) 48 defined as the int&ﬁrallcr the normal density

funntién, ienéted by #(x) = “(2w5ﬁ,‘~§x2

‘Keggs

ﬂ(x)_ (2ﬁ)g . ® y

"( 5¢241 )
The greph of @#(x) is a symmetric, bell =-shaped

curve, as shown below:-
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The hormnal Distri-
butiun function



*i*ttib‘biwQ Bigéytha”ormalﬂ??raxinaticﬂzozhe Binoaiel
Uistributlon since, with exact iinomisl Distri ution, we
rie restricted by the extent of “clues aveilaLle in )
~inomial Distrilution Tetles, Ihe lsr -est tables supply

i only values of n up to 1000, with lsrre caps of values
5 n in betweeri, Furtheraore thc ormal Jistri-ution
Joraula sometlimes offirs a ore .ene esile ex rescion for
« inomial protebility 'ihau docc & complicetod sunmeticrn.

s ~ To study the linitin, bensviour of the binomial
Jurily, de.e. to stud; tie lLormal roximetior, we need
¢ bear in mind thet since the “iancslsel is s discrete
Jiztrilution end tie Jorual v contisucus Cne, Hhe prova-
ilities represenied ty iinonial ordinates need to-be
~laced by &reas, £s g&rcas &rC used L0 roplecent prolés

»

~i1itiee in continuous aistritvutlions,

The prob:ability that the randon varisile o ta.es
s value bLetween & and v 1o re;piesented oy the grea‘gprge

. iaded part of the figure. chaded area - ives Plas &5“591
s fit a Binowial distrituticn Ly & conllnicus grqbg?{ilgs
.unction, we replace euch ordinate sfya iing;;g& @ibg;i-

:tion by centerin;; at x a8 rectangle H?Ous‘u}éfg lf;?n3~ .
it snd whose heipht ecuals that ol tne ?;i,lggl ;fﬁ?“%gw@
.rdinate. The srca of t.e rec%angle Los Lic s§;?WJ?NLr}§§;
cagure as the helght of the ordinate. ;on}llugu‘a,e, Este

wrea over the interval fro= x=% to x+2 1o ?u?ﬁié?aficheloa
(1) hes the same nuic # the

rical veluc as lue ool o
s>rdinete st x in figure

(a).

PR B ";‘ ;‘



To study the Normal Apyros

) ‘ O pproximation, we also nced
g°h8“8‘°f scele for Un, the random variabie representing
the total number of succes.es in n Bernoulli trials.

f%nce the ﬂtandard normal distritution has mesn O and
ghaﬁggﬁdsggviation 1, we standardized the randou vasriable

* o B0 = u “n = np
Sn® = T e R T gR ( 5.2.2 )

. (npq)ﬁ because in a binomial distribution, uenp &

- Iet us now usce tlie liormsl tables for Finouial
frotlems,

Given the Linomiel Distrilution with n=3, ps=k,

we have
uenped x Ket; O =(npq)e Bxiocke 2 =l.41
The greph is shown below:-

| e U the avess of the figure to evaluate
the probabiiiz; :?02 or more succeases,%weneed to iﬁglude
nl1l the areas in the rectani;les ebove the xeixisiggt,ag
fight of x=l¥, If we use only the grga to the right

x=3, we will lesve half of P(2) behind.



left hand‘b0§§z£:;?' we take for x the value 1% as the

(apq % e 1.521?-1" = -1,768

P(5=1%)=P(5°%:-=1,768)=0,%617 from liornel tables.

“An important tool for studyine the limit of the
sinomiael Distribution is the Deioivre-Laplsce Theorem
wiich enatles us to compute anproximste probabilities for
cumg using the HNormal Distribution without ever knowing
the gxa::t distribution of the sum, The iLeorem tells

a5 that:

Let 5., 32,. cosace Sn be a sequence of rendom

~

vieriables where S is the nuuber of successes in a vino-
mial experiment with n trials, eacl with Qrgbsbiliﬁy of
success p, where p is non-negative. Ilet Sn7, n=1,0y000..
be the corresponding sequence ol adjusted randor vavriables,
on = BP  gnd let a be a constant. Then as

(npg)
1 —e o0, P(5n* za% approsches tlie area to the ripht of a

ior the stendard normal distribution.

wiere Sn®* =

The result of the above-nentioned theoreu says,
i1 practice, that for large values of n,

P(sn=s) = P(Bn=>s5 - %)
- [ ~4{- 1
- P(;gkﬂu%r Zfﬁmnggw)

[ M4 i - b /d
Jnpa) (npq)

= P( on* == §-}’-?§)
\pq ;

where 5n® 1is & standard normal rasndom variable.

Mﬁematively, the probebility that a rando,n
veriable obeying the vinoanial probebility lmi'wit“ puTa=
ffﬁeig n and p will have 8" observed value lying belween

s and b, inclusive, for sny iubeuers & end b, 1s given
aoproximately by

% ¢ 2 )pkqn.-‘k;: 7 ME:.‘}:.W"’P,»«; - j (a'"__é’::f]i%) ( 5.2.3

ksg - [7ipd (npq

( 36 )



Por the proof L te g Trai ;
¢ noed the followin, two lcﬁzafazaivra Lo lece Theoren,

Lomme les o ‘Tge do&ain tounded Iy the praph of the
iormnel density funciion #(x) end the x~uxis
has unit eres, tust is

Jiﬂ(x)dx s 1

Lenme e A8 X ~9

1 -4 () - —do e
(27)=

or more preclsely,
L S L S B - <

() lx  x. (2 )"

Proof of the Dlei.oivre-isplace tiicoren

Accordin; to the Biionial JUistriiution, Pl{dins=k
= L(kyn,p) where in stands for the numler of successes in
. Lernoulli trisls with probebility p for success. io
cvaluste the probability of the event that the nuaber of
successes liles between O pre—ssuloned limits, suy o~ and

- (X & 8 beins intesers end - " ), we Lave

P! Xxgnx e b( 3np)ib( " alingpitece.
Dioo*b(fi;ﬂ'p)

As this sun nay
csproximations to -

irvolve nany terus, we deidve
lux; @

., assuiing thet o is

wall

We need to prove tlat if - end vory so tlat
ﬁx5w; - O aﬁdhx5f? -» Uy then
P ’ e o5n oo O - Plx *A}é)-if (x. ,}é) ( Yelelt )

( 37 )



shere bu(npq)'k‘and xta(ﬁvnp)h

, 39 8¢® a simpler for: 3 ¢ :
tLeorem by 1ntroduoingpan' r: of this DeMoivre-Laplace

Sn® = Sn - Il

. where np is the mean and (npq))6
is the standard d&vgatigh of "Un.
The inequalit, <% sn ¥ is the saze as

1exX On*< Xs and ( HYei'u4 ) stules thet for srbitrar,
fixed X ,  X» , ) o d

B S oot Tx b g e B - B - B

wiere i:x-!s(rx;;':;)"}s

liow h = 0 a&as n -» &nd the right-hand slde

vends to §(Xp ) - X))

Thus we have the followins corollery to the
Jneorems

For every fixed a/ b, 1
c E ,
PlaSsn®Sb -9 F(v)-F(a) ( 5.2.5 )

For larre n, the probability on the left is
crnctically independent of p.

The limit and epprcximations are only velid
if the number n of trisls is fixed in advence indepen-
dently of the outcome of the trials.

e be of ces 168-172
. See W. Feller, ObD. cit., paces 1 R
for afulllaccount of the proof of this theorem.

( 38 )



TABLE 4

The Binomiel Distriluiion b{k '
. ‘ stribuy 31t for p=0,1
qu n=5, 10, 20, 50, 100, with the Normél’%istribﬁtion
for mean = 10 and Stmnderd Deviation 3.

I L L N
_B, %5 71’.07 2 i Seu ! Wl | Remasli,i Ditference
e LS | 0% Le R ? 9,0 L sa.00
K bligS,ut) | blk;35,0.1) b(k;20,0,1)  blkz5U,G. 1) - blk;100,u.1) | Kormal
‘ I 7 P Uistribution | |
G () () | i) [ ) ) (vif) (vi - vi1) |
Lo uSws | 0 | U2 D52 L 0,0 0,6005 - ,0005
xg U 3281 3818 | 2192 Ug0286 J, 0003 Ug 15 e U, 0012
2_,__C,um 0,0931 | _0,2852 0079 g Uulb U, 0033 = G, 0023 |
3 . 0,008 U, 0574 3,190 U,1386 | _ U,Lu59 U, LUBS - U, O30
b o W0 0,00 | 0,898 | U089 [ 0,013 Uy0183 - U U028 |
5 . 0, U015 Ug 0319 U 18438 Ugu339 U, U334 U, YOO
b 00000 | 00089 | UisA) i u,u% 0,548 U, U047
1. 00020 0,006 | 0,889 U, 0807 10,0082 |
8 0000 U 0843 U, 1148 0, 1062 0, U686
3 | T 0,0333 3, 1304 0,1253 Q,3051
P T U,0152 9,119 0, 1324 - 0,0005
1 - 0,0061 0,1199 0, 1253 - 0,0054
12 T g2 | 0,088 0, 1062 - 0,0074
13_, T 0,000 o 0,0TA3 0,807 - 0,0064
W 0,002 09,0513 0,0549 - 0,0036_|
15 ~ 0000 0,0327 0,033 | - 0,0007
16 | | : 0,0193 _0,0183 06016
7 ' ! U 01u6 0, 0089 20,0017 |
18 : . _0,0056 0, 0039 i, 0015
19 0, 0026 0, 0015 0,001
— 00012 | J,0u5 _0,0007
T 1 ; 00005 | Uy00 0, 0003
2 G, 0002 | Ua0Lul U, U0U2
m U,0000 Ug UOOU U, U000

( 39 )




CUAFLLk  +1X

CALCULAYIUIS wiiii Cile SdiChlid
DISURI ULTICH == 0o

ke i":i-nomial Bié@tribu‘tim; ft&albtlun

‘Let b(kjn,p) Le the probability that n Sernoulld
ciluls with probabilities p for success wnd (l-p) for

-

“nilure result in k successen and a<k {nilures (O -1 =n).
Then,
5, It oy K N .y
b(k3n,p) = ( & )p"(1-p) i we0,l,..00n

The distribution function :(iryn,p) is discon-~
~isous, o8 it is only defired for k=0,1,.....n.

fy. i K \Ni=l
liow let £k = ( 2 opt(a-p)”

P n kel q_ Nek-1
£ kel = (e P (1=-p)

Taking the rotio of thece Lwo lerns, we hsve

‘ ‘ sole Lo tabulate ;(k), the distri-
As it is simple Lo tabulete [(xJ, LUE QLbL
bion function may be tabulated by CQﬂPu*inawﬁ,slﬁule
“Qiue of £{k}, and the other velues ney be optulnet by;r
&;ccessive mﬁitiplication end division by (k) according

{0 the formulae:~—

£{xel} = £k o(x) ( 6.2 3
o) - DL ( 6.3 )

£ik=-1] = “(k-1)

Phe single value of fix! may, for examiple, be

calculated by means of logrrithms 28

$

( 40 )



e P ‘ n
and log ( } ) = log nl -lo, k! - log (n-k)1 2

Generally, we choose the gtartin; valu P
, ; 1e gtarting value of f k°
neur the meximum of the distribution, g” ﬂ

Compute the bLinomiel distribution for n=100
and pwd,l

ffk‘} = ( k } 0.1 Qc";}l\)u ) i’iﬂ;l,ggocu‘lwa

‘'he computation of this by the ordinary
method will be very cunbersome; so we use the
method discussed in this chapter.

Since np=10, an integer, the mode ig
nenp=10 snd the naximum value is

filo"'i - \1‘1’8) 0,110 ¢,9%

From Table XIV we obtain loz(130)=13.22:3,
80 that

| Yy 100 .
log f{lO} = lo( 10) + 10 log 0.1 + 90 log 0.9
=« 0,1291 - 1
£:107 = 0.1319
For compsring tuis “inowmial distrilbution witu
u corresponding normal distribution, we meke use of the

sore accurate value f;lO;- 0.13187 as our starting volue.

Pormula ( G.1 ) leads to

5. For n <100, 10&10(%) has been tabulated in

lat ~ ya. otatistical lables and orinulus,
rable XIV of 4. Hald: 2heyep: Ter Tables referred Lo

John Wiley & Sons, le Ie J e g o o o
ighghzilggapter' ;re alsé from A. iiald, except otherwilse
stated.

( 21 )



‘ o D=k D 100-k 0,1 ,
S(k) —m-. I%p ’P*}x;*iw .6‘:-%‘ H k-O,l,....99.

The following taile illustrates the computation
of g(kg end £{ki according to the for ulse ( 6.1
Cef2 Y e Cons’S o1,

LABLE

Computation of the distritution function f%k%
end the Cumuletive distritution function P;k} for the
i“inomiel Distribution with ne«lQ0 and p=0,1

D WS W S PO I

o T

( 42 )



C Extenslive tables for the Binomisl Distribution
.ave been preparcd; some of the well-known ones are:

. o Tablas,cfwtheyﬁinomial Probability Uistribution,
.ational Bureau of Standsrds, Applicd Mothematics Series,
VQ].OG‘ 19500 7

| s C, Romig, 50-100 Linomisl Tables, John Wiley
x 20Dn8 Iﬂﬁ‘g 1953:

| Tables of the Cunulsilve Binomiel irobability
Jistribution, Annels of the Couputslion Laltoratory of

Jurvard University, Vol. XXXV, larvard University Press,
1955. o '

, Herﬁfwelrégruaq;e part of the Cuanlative
rrobebility Teble showing

P(Sn=x) = b(r;n,p)eb(relsn,p)e. . .

teveceetb(nyn,p).

( 43 )



TALLE 6

Cuzulative iinomial irotabilities
The entry is P(Sn_r)= £ bik;n,p). Hissing
knr .

entries are < .0005

¥ Koy ‘ !

o pu.(}l pa..G) p-.lO p-.20 p-.}O p--% P'.5°*




6 (continued)
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Tablic © (continued)
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We illustrate the use of tuis tal ¢
iullowing emel‘ﬂ:-— tuis taile in the

-xumple 1

| | A&ong the inve ers from 1 to 10 inclusive,
there are four meubers thst ere prime. If o
number is chosen s! random from the integers
from 1 to 10, the prolalility that it 1s o
prime is 0.4, Juppose 10 numbers are chosen
at rendoa in this way, each cholce Leiny wmade
independently frow the full set from 1 to 10.
Whaet is the probvabilitiy

(a) that Y or uwore are prinmes
(b) that 4 or more are prirmes
| (¢) that & of thew sr> primes
& (d4) that 7 or fewer are primes?
The ansewer to (8) is supplied by the entry

in the table for n=10, ps=0.4 and r=5., .le pro-
bability that et least five of tle numbers are

'he answer to (b) is supplied Ly Lhe entry
in the table for the saue vaiues of n end p,
with rett, T'he probability that st least four
of the numbers are prime is DelB,

The enswer to (c) is iven hg the difference
between the answers Lo (1:) snd (a
0.6l = Det7 = 0.(?‘}1
To find F(SIQ—4), we use the ides of
a3 = s R BN e V(5,4 25 since the
event (310354) is the union of tn« mutually

exclusive events (5yg=#) &nd (S5 )

MM':

The event "three oI £ew§r ﬁ?949fzm§8"k%s
the complement of the eveny faui §rvg§1§”ale
primes”. o the gnswer Lo (d)j{Qﬂ gun y
subtracting the anoswer to (L) frow

1 - 0.,6l5 = 0,582

( &7 )



i.8., to find P(algt§3) wien pe0.4, we write
= 1-F(8,,78) = 1 = 0,110 = 0,382

“Among, the inte ers froa 1 to 10, there
are 7 nusabeis thet e not divisille by 3,
il.e., these / nuibers are prine to 3. If ©
nuzbers are cliosen at randor, each froa the
full set of intej¢rs from 1 to 10, what is
the probabi.ity that st least » of then ore
prime to 37

In this problen, we are asked to find
the probabliity of at leesi > successes in
6 Bermoulli trisls with p=0./. Ac there
are no entries for p=0.7 in cur table, we
compute instead LLe equal probability of
gt most 1 failure in ¢ trials, but now
entering the table with the probability
appropriste to a failure, naiiely p=0.>

y(s(sgl) when p=0.3
= 1 - 1)(u()_~,2>

w1l = 0,030

= 0,420



CHAPLLR SUVEN

APPLICATIUNG OF il uvloGhliag, DI RIBULION

o The Dinomisl Dictriluticvi. bLesed on the notion
of lernoulli Trials, is appliceide to wany sress: 1in the
irue~false test, in workin: oul the proLevility of winning
i series of pemes, in indusiriel ocuslity control, in posei

@apglyi in ?ggciae test, in randon walk problex and in
weerdelimrHeFeditary tlieory elc. we discugguin th
following pages some of tlhe applications of (he disirivavion.

In a 10-quesztion true-false exsmuinstion, suppuie
s student tosses a fair coin to deteraine iLis answer to
cach question. If the coin falle Leads, he answers "lrue';
if it falls tails, he answers "ialse". Jix correct answers
..e needed to pass the exauination. what is the probabi-
lity thet he passes the exanination?

Solution:

If we assune that tie probability p is the sane
for all trisls (civing the coriect answer) and thot
the trials are independent, liern & Bernoulli procecs
serves as & hathenatical odel,

The probability of his passing the exanination
is

P(5,0=0) = ( Q) (13

w 04377 where p=f

( 49 )



(D : .
(2) d¥inning in @ Series of Geies'. -

The Table~tennis cherni N ‘
. . ; i hpioplons of two schools are
~j»ye§in5]far @ prize., .he 'rize will be awarded to the
f”e who W a majority of t.e jame in 8 series of :anes.

i pose one player is kiown To be superior to others

~ivh probebility of winning Q.. st is tle ﬁrchability
%;Jﬁ ﬁhe better plsyer will wis, ussusing 3§E§rall istod
in s series are played, if lhe series cunsists of 3 Luies
~ runes and 7 ysiest v '

Solution:

Let us first find tie probvability Lhat the
*Qca§gr player will win. For a 3, U snd 7 gaze
series. the prcbatilities of the poorer plsyer
winning are

p(2;3,0.4); b(3 £,044) & b(4;7,0.4) which
are 0.352, J.317 & 0.2 respeciively.

L%

e
3% 1

So the protetilities thet the betlter player
wins a 3, 5 and 7 game serles are 0.688, 0,683
and 0,710

Hence the lon_er the ceries is, the hi her
the likeliihood that the better player will win.

(7) Operation on Fatienis

Suppose a risky copereticn used for ?atéen3§ |
with no other hope of survival Lass a survivel rezve of 30%.
+o5t is tue probahility shat exactl, “OL ol tlhe next 5
cutlients operateﬁ upon survive?

solution:

Denote the prabability of survival LY Pe ilien

p=0.8. Since 807 of tiae 5 patients 10 be opersted on

1. sSee 8lso Se Seldbers: %ggﬁg%i}itg,mkntﬁgtro-
duction, Prentice Lall, liew 10Tw, pﬁf&QI:Qfé?wwﬁqgi w{inifﬁ
o ion, e eses the provability of the DoIFer Moo
o eeries in the nationsl Lea, e LS erien,
inerican LesCue and the sorld voumpebivion =€ 2.

( 50 )




Probability of 4 surviving out of Y operated

on
. ¢ 5 ] A - .
b4y 5, 0.8) = °¢, (0.0)* (0.2))
. j.e., Probability of survival is sbout 41%.

(4) Frodugtion of iietal Farts

une percent of the metal parts produced by &
auchine are defective, Lhe otlier YL sre pood. uow many
ports must be produced in order for the probability of st
lcast ons defective to be % or more?

Solution:

We assume the production of parts to be a

bernoulli process for wiich each trial (producing
one part) results in a success (defective part) or
failure (good part). 4ihe probability p for success
on any trisl is piven as ps0.0l. _we look for the
smsllest integer n such that FonZ? 1) Z k.

p(snZ1l) =1 - P(3n=0)
el = 1(0;1,0.001)
a2 - ( g ) (53.01)0 5N
-1 - (0.n”

1 - (0.99)" 2 %
ok

e ————

W
&

whence
Lence, to have 8il even chance OU better of

ng &8t . HBYC  cective purt in the 1ut, at
ndine et leost 1 cefectlive i
Tes sust be produced.

( 51 )



In an industrisl process AT :
. au! 88 producing a large number
wagarts, we generally have a certuin amount of zﬁ%ectivee
Q'Q. p\;t * I&t_ “the‘ PLOC288—8e T Raet oL NG m i f the
~roportion of defective out,.ut is¥p,, anﬁ unsavisTIErSY ¢
if the proportion of delective output 152:92 (end we have
sroduction of intermediate quality 1if the proportions of
iefective output fall between p, and Pne) ouppose &

[

qanufacturer takes and inspects @ susple size n from the
piocess and £ind that some parts sre defective. le will
“ecide to mccept or reject the production procecs as
gruisfactory or unsatisfactory according to his decision
~ule (n, b), in wiich n denotes the number of parts taken
;ron the process end inspected and b indicstes the maximun
+1llowable number of defective parts in the sample of n for
Lie process to be called sstisfactory.

From the above we see that the process wlith pro-
ortion defective Py or less, belng satisfactory, should

Le accepted and the process with proportion defective p,,

Leing unsatisfactory, should be rejected. wSuppose [ype 1
gznd Type 2 errors occur. Let the probability of rejecting
‘ne worst of the setisfrctory processes (one with propor-
tion defective pl) be X ; let the probability of accepting

‘he best of the unsatisfactory process be;%.

Suppose we ere [iven Py, Po» .~ and ?, deternine
e saupling plen end decision rule (n, b).

Seolution:

Assuming that the gsanple of size n constitutes
n Bernoulli trials, we have

n
, n, . K (q.
X = k%il C, by (1-py)

n-k

h=b

e 32 % Py (1-Pp)

Nk

k=l
Given pp» pz,ggf&sg, we can solve for n & b by
» in the tinomial Tables.

( 52 )
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Exguple:

If p1-0;92, p2n0.07, X=0,05 & 30,10 we find
n=130 & bs=S,

#ith this sempling plesn and decision Tule
(130, S5), the risk of indicting a satisfectory process
where p=0,0c is 0,05 and the risk of approving an
unsatisfactory process where p=0.07 is 0.10.

- In this problem, we apply the binomial disgri-
bution law to srrive st a certasin decision rule<,
assuming that the manufacturing process is a Bernoulli
process, llote, however this process is s masthematical
jdealization of the actual production process. From
the point of view of quality control, it is desirable
that the process conforms to the Binomial ascheme, as
with continuous control, noticeable departures can be
used 8s an indicstion of impendiny trouble.

(6) Acceptance and Rejection: Operstinz Charscteristic
Curve.

In order to decide whether to accept or reject
o very large lot of items ordered for sale, the buyer takes
. sample of 20 items at randon from the lot and tests tnewn.
if at most one defective item is found, he accepts tie
¢ntire lot; if more than one defective item is discovered

in the sample, he rejects the lot.

(a) Pind the probability that the buyer sccepts
the lot if in fact it contains a prpportign of d§f3c~
tives equsel to p, where p assulles the value 0.01;
0.05; 0010; 0120; 0030; Oo‘q‘o; 00500

o - } Y S ! - t“'

aph the probability phat thie buyer gcogpmo

the 1gg)agg§n§t the grcportiun of defectives, showing
the probability of acceptance on the vertical axis.

. A4 in detall an
uel Goldberg discusses in de o
cxanple ofaeessgig a statisbicalAﬁ?POEhesis and il?“éﬁiiges
;,;Lp blicetion of the Binomial Distribution in & pfcit
o?eﬁgggistieal Inference. »~e€e Gamuel Goldberg, OPe Cll.,
Ppe272=28%
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(c)ufnrau the operating cheructeristic cirve
for the followin{ alternelive sin le-sanple dccision
rule: @& Sample of only ten iiems is drewn at randon
from the lot tested. TIlie lot i: wccepted if no
defectives are found and rejected othierwise.

Solution:

The buyer takes a sanple of 2C items ot random.
If at most 1 defective is found, he wvccepts the
entire lot. If more than 1 defective is found, he
rejects the lot.

Let p be the vroportion ol deiectives. n lLere
is equal to 20.
(a) Probability of accepting the lot

- ?(320 =1)

«l - P(820 = 2)
«1l - 0,017 = 0,983 for p=0.0l;

1 - 0.264 = 0.736  for p=0.05;
1 - 0,608 = 0,302 for p=0,10;
e 1 - 0.9%1 = 0.069 for p=0.20;
1 = 0.992 = 0.00t  for p=0.503
el = 0,999 = 0,001 for p=C.40;
w1 - 1.000 = 0,000 for p=0.50.

? é gg ing Characteristic curve for thevsingles
: 3(b) "gigzle Jecision rule edopted by the buyesr.

Froportion of Defectives

( 5% )



(s) Probability of acceptin; the lot
S P(sm = 1)
s 0,90%; 0.592; C.347; 0.107; 0.C25; 0,000;
for pm 0.01; 0.,05; 0,103 0.20; 0,30; 0.40; & 0,50
oy respectively.
Ope-atin;, Characteristic Curve for the

s ternative Ginjle=sanple
decision rule.

“
(3

e Y
Y

Proportion of Lefectives

MicwkoriLn . 1
;,milﬁﬂ{mﬁi@t!d!Hﬂﬂuhihlutl!Niﬁ!ﬂim’ﬂlm{




ypothesis

The production msnacer of & compeny subnits
1o 0Tt recommending hiring of additionel ie;iirmen.tﬁﬂgs
conclusions are based on the assuiption that, on the
LVeT8sey 20%7er the machines i: the shop will require
“uintenance on any given day. 'The president of the com-
catiy 18 interested in testin: this assumption, since the
cggclusicaa of the report will bhe defferent if the assuued
fﬁ““is either too high or too low. suppose that only 20
coohine=-deys are observed and the precident is willing
;o Loake at most @ 10% risk of rejectins; the assumption if
it is true, i.e., takins «W«0,10 level of sisnificence.

To test the assun;iion, the president needs to
formulate & null and slternstive hypotheses and
determine @ reasonasble decision rule for testing the
null hypotheses.

Let the event of observing a machine for a day
be a Bernoulli trial. Ihis trisl mey result in
success —- machine needs repair or failure —- machine
does not require repair.

Let p be the probability of & success.

Null hypothesis: p = 0.,20; Alternative hLypo-
thesie: p F 0.20.

The mean number of success is'np=29x0.2u4 if
the null hypothesis is true; we reject the null
othesis if X, the nucber of successes obgerved,
is either too much lerger or too wucli smaller than

four,

‘ n the
denote the suallest deviation fro; 7
mean gggtdmakaa X "too nuch larger" or "Loo pueh

smaller® then The mean. Then we reject tlie null

hypothesis if X < 4-4 or X 4+

y numbe: deteriined by requiring the
The n“””"ggpisl error to be no 1§§%er tﬁggs
[ + as close to 0,10 as possible. 4Ll
V'e;lngr(gggbggzlity is P(X 4-d)+P(X Z 4+d), for
p=0.20

( 56 )



If d=?3, P(X S 1)4+P(X 2 7) .
P(X< 1)eP(X 2 7) < 3L 27 7000y 11 a,

_Therefore the president will . en ,
hypothesis if X<0 or Xza. . reject the null

If, of the 20 machine-dsys observed, seven
required services of s repsirman. We wish to find
out ghe descriptive level of siynificance of the
evéenve.

We note that the provebility that X devistes
from its mean in either direction by et least as
much @8 the observed value does is P(X =<<1)+P(XZ 7)
which is equal to 0.069+0.087=0,156. wsiuce 0.156
0.10, it is not significant at 0.10 level and we
accept the null-hypothesis at this level.

(3) ‘Tests of Significence for Differences in sauples:

Sometimes we conduct a statistical investigation
.y selecting two groups of elementary units from the
:niverse by a random process, designating one group the
"sontrol® group and the other the experinental® group.
ile samples chosen may be independent or related. In
Lests of significance for differences in sanples, we
require as far as possible the sane number of elementary
.its in the control group ss there are in the experi-
.ental groupe. In related samples the seiples need to be
satched and paired. For instance, in consunmer surve;s,i
sorket researchers sometimes select two jroups of ﬁauil es
shat ere matched so that the two fanilies 1nyeach gair .
are as nearly as possible alike in, for example, &%gsio‘
L.ie husband and wife, their level of eﬂucationa% gk ain-
“ent, number of children in femily and inco?e of gg the
faziiy, etc. 1In the case of educetional e§§6r1§§§eué*e
~aired students are matched in charac?eris cs (@ age,
sex, I. Qe, interests and sptitude, etc.

In this section we shall disggsstzgg ﬁ%&ghgest
of significance which 18 really a?angeg:g oimple and
&inomial‘probebility\13“f épgitdc:g not réqnire a pre-
{lexille, the Bignifieancegiatribation of the universe
1owledge of the shape of Sand that the data need not

££O?nw§h§h£:;:p§§gaaiguigkgﬁantitativa classification.

( 57 )



Suppose that some pcrfectly matched peirs of
¢lementary t8 have been selected for an experiment,
ond that the experiment results in two scores or two
easurements for each matched peir, one messurenent in-
uicating the condition of one member of the matiched pair
:nd the other the condition of the other member,

E R g T 1 !
| Metehed Score of = core of  Difference Jign
{ . one member other :iem-  for mat-  for |
. Palr - under con- ber under ched poir  hat-
: ~dition 1 ccendition 2 - ched
: : : : beir
4 By x, =63 § ¥, =68 | Yy=Xy=+5 ,* %
by By X7 3?7 ypxpm 0
by By xy69 gy IpxeS -
N B %l 3l nent0
A, By x5-64 ? y5-66 yswxswa A; +4§
A, B x5 | g2 Vg Xgmd <
T A T s A A
i — g 35=73 : Jg=X;=+5 % v
N |

, . . e test is
ge upon which the significance tes
Lased 18 t’lrigg ﬁaﬁe twg conditions are e,q“ivalent?xdplg?
:igb%inua signs would be equally likely o occufaif of
it wére not for chance in rundoa Saﬁplgné’ °n?I£ be mninus
e siwns would be plus and the other half wecul pability
ue bi&ﬁg Hg*n‘test i{g based on the binomial Qi?babléf J
ﬁ:gé’iﬁ gignﬁ( % + % )D where n is ﬁh§7t9tal g“; ggnwidern
e inue signs for the matched pairs UnCer B e
?%9a,and1§ th: gign test, we aspunc bhal tie untggty' v
ey is continuous, end continuity impllastied seores
igiéi&%icailyk the metched peir could heve LIeE BEEEE

»
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or measurements; thus matched psirs tiief |
144 , . psirs tast prod zer
differences are dropped fro. the analySIB? Hee Eero

.In the table, we have twc ninus si-ns and four

#lus signs. Let n;=2, the snmaller nusber of signs. Let

ii,=4. Then nan;+n,e2+4=6, Lhe probebility of obteining

10t more than two minus siisns in &« randem sanple

. , " IS LI aple of ©
ﬁ%iﬁs 1: P'@*ﬁris found by adding the first tgree'termﬁ
ol the binomial expansion (}f+%)0,

Thus we have

06%48¢, ()1 (8% 480, ()P (1)* = 0,384

) Thus the probability for cne tall test is 0,344,
if we conduct our test at [ =0,10 level of sirnificance,
since Probability«0.344 is reater than <[ =0,10, we cannot
reject the null hypothesis.

This example is equally applicable to a “"Lefore-
snd-ofter® experiment. For inctence, 8 random saiple of
~.ople is selected from & unlversce and the peoplc are
clussified according to whether they are in favour of or
~.osed to & proposal. <ihese people are tien exposed to
s sublicity campaipn with the purpose of influencing (hem
tv develop a favourable attitude toward the proposal.
i'irally, they ere re-classificd sccordin; to whether lhey
~1e now in favour of or opposed Lc the proposal. A plus
si-n 1s esssigned to those who chane in a desirsule way
snd 8 minus si otherwise. <The null hypotliesis for the
investigetion 1s thet the publicity campairn will have
o effect on the peoplc in the universe fro:x which the
saple is drawn, the alternstive hypothesis is lbot Llhe
cnvlicity campaign‘causea more people to chan;e‘inra
fevourable wey. We thus have a one-tail- tesh and the
conelupion 1is the saue as the one stated above.

In tho table, the two conditions stoted may be:i-
(1) two different methiods of on-tie=jol treln=-
ir in a factoryj
(i1) two different medical treutuenis for &

certein compleinty or

(1i1) two different ways of tesciiw; & sutvjuct
tu school=children.
(59 )
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. Assuming; that ell other condition: ‘
;;ualged the sane during the two sixnnouthpwoii ;giiod*f
-5t the null hypothesis thal educetion is human rela-g’
us has no effect on the ability of foreuen to et
% with the men wio wori for tiie, Use gs altérnative
. statement that foremen who have attended a'traiﬁinﬁ

LoBIIC8.

rﬂa assiyn 8 ;lus cin Lo those foremen
nunber of compleints erter trsining fn

‘¢ and a minus si;n for more coaplainta.
.ove six minus si ns and fiftcen plus siins.

the

‘herelore,

Let 51'6i the smaller ruzsbter of siyns., Let
=17, then nen,+n,=2l.

The probability of cltainin
Lixw minus sigcne is found by edding i
Ny ("» 4”‘52

PR e - ;
o0 not more th
i

e first ceven terus

+o binomiaml distritution .

The sun is

c < D "t ? ~ ot ) <!
(92242 (P F e, (0T () e Lo (m0eat?
- OQO§9

Since 0,032 < 0.0%, wc e ject tio null Lypouue-
~is in this one-teil lesol.

In other words, tie jorcwen W0 usuve aubended

. uian-relationshlp cuurse Lend Lo .oy aloy; beuter with
elr workers.

(J) Power SupplY

cunnoge that n=10 workors are ¢o usc %nﬁarmlt-

Loatly ele:gggg power, gnd we wishto*eit}ﬁgie @Eeﬁzgzal

{oad to be expected. For roughxa?prokiﬁf? 3“;ml2§2bgbi,

thav st eny iven time cucli worker Lgs wue S&uE w T

. p of requiring e unit of powcls ;rﬂuﬁgxrgozgvuiring

o Py, “the prolability of expeliy T ETENre o ke
swer ot the same time sthould ve b(kin,ple o
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%**rﬁﬁeé @ worker uses power for 24 nisutes per hour, we
sub pn-gg'-c.i, The probetility of 7 or uore workers

cguiring current at the saie time is then P(S5527)
siven p=0.&, P(3;4577 7)=0.055. 1In other words, if the
cupply 8 edjusted to ¢ power wnit

i , : 2idvs, an overlosd has
i }gpility 0.055, &nd sliould be exéscted for one in
1 © ninutes spproximstely.

; : 1he probability of eight or
yg‘wogkers requiring current ot tle sare time i 0,012,
calt 4 times less,

Cn the other hsud, if na ih
cron of power by b worker 1o
power for 12 winutes por
ie probability of 7 o nore

e, Lie cone-
celf; i.e.
We Lave p=0.d.

| worliers sendliing 2ure
¢ the same time is P(ila?f~?)aﬁ.3 (witii p=0.2),

an overlosd has probebility 0.00006, ussuming that
¢ supply is slso adjusted to si: power units, and
114 be expected for abcut one minule iu 1157 ox one
yte in 20 hours. she provacility of el hiv or nore
woricrs requiring current at the saae time is 0.0000779,
< out eleven times less.

0y

Wy

i e

iox

17) Testing Sera or Vaccines

Assume that the normal rate cf infecticr o 8

. uin diseese in cattle is 25%., To test a’ngw%y digco—
Sovea serum, we injccted n healtly enimels wilh 1t. 00w
. «c to evaluate the result of the experiment”

If the serum is completely worthiess, &ut oo
L..ility that exactly k of the n teut nnlials iwif*?‘AIQE
- infection is L{x;n,0e.70). O gsSsuns tﬂ&;rw% féJec
©11 the n=10 bealthy animals with the%scrum. **égtﬂlﬁ?mqiﬁ—
- =n=10., Probability of 10 animslg cul Cf‘lgtbcjigtltc ain
. tree from infection, i.e., out ofﬂlQ t?vi 2g ti”;’
~rovablility of none of the snimals catcehins infectaon

worthless, the »ro-

- (2 )p5ePE = 19 0.75)1° (0.25)

30’056 o-o»nrtcaaoco«oacio (i)



Next assume th Coe :
el g k-nﬂl2c 8t we inJL.‘C‘E, all Lie n=12 &ﬁimalfﬂ,

Probability of 12 :¢ninals
1 cut of
(1ning free from inicztlsn\ or in ol hgr iir&gftgﬁt of

Il vest animals the probabilit:
3 &intj iM&CtiUr Lhd of nole 01 L‘*e 87 imalu

- , eyl A O L o
( 12 ) (0.75) (O"”’*‘) - (‘}"}:‘ L TR (ii)

H ﬁhere it) A}Q \:Ll _I " ;‘"C

VoA
¥

_ Sreea Nl that out
7/ enimaels at nost one coliches infoctdion ’

rE *;l I Eie B ‘lg;

LE
ey \“ey iy

W, - 1/ | ,
() 0,290 st L (1)

= 040501 sereinnennn.. 1]
Q’ E rﬂ'*iQ"Gi“ﬂ?‘?,*iﬁﬁiii"li’i!!'.“!" iil

B Comparing probehilities (i) & (iii), since
. 01< 0,056

| We conclude thet there is ubrenier evidence in
o of the sermn,

For n=2%, the probability of st nost two snimals
<.:inm infection is aebout 0.,0492 sand vius £ feilures
. of 2% is azein bettoer evideace for tlhe seruaw vlhan one
v of 17 or none ou. of 1C.

. P N ; . P L oy ey h}
11, A locket Desimer's Provlen (lrcidesjeiy)

¥, the rocket deci nor,
Lwihiliby expert, with a grutlv':

“he veblcle is &tblfunu. e Cail UseE twg lev-e
“Lors or four small wotoxrs ana (o é~w»f“«rfg:“usu and

¢ sase welght, However, we i L ¢ notors wie
gt Lo catastrOthc foilure end ve h‘vﬁw“eﬁli“ﬁi 80
Lot we will still get into oxvll il hall oo notors ?i}l:
W A0 you will tell me ihe H*uvalalik ci @ 2 uoi 131 L1
Lo uine rsquxred to et into orbit I cen decide to use

LW or foure™
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crussified top secret ung I

. A

I replied, "ue “fvcznu*'
;z l«yp’ and have f(}uﬁu {. Al

gsure ;you that it aakes nec
Lwo oY four motors. ilowover

k:gi.i
F seid, "icver

D ean calculate tho failuve
o aotor end for tne rockel

shat fc the foiluie
Lo rockel?

abion:
.
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e
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ic same probability of is;lin,
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et the event "sotor Leild

& uaaceas and tne ﬂr,ba*al”

-

“1czeug of Lh rocxer i&*LL;Q

o e G 2
Cs p” q =P

Since the lar e and snall

£

I
4 p7 q + p =P

592»4}) +1 = O
(3p = 1) (p = 1) =0
p = "5

7

— ( o4 )
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[1i, vune=- 8nd Twoeen

o

Sup;ese taet iz
creeabilivy g, inde
: Yoa plane maker a
.. s its encines run,

le=engine plane vo b
oo vhet Lie proomtili

-u

e

" T he | e i
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Por insbtence nalel. SrTobonility ool rcazanful
s
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flirkt {or two-en-iné Dlell 1S a-ive/ . =-es fIl

U SO T
u‘sav ‘Or \ane""e;}‘ Lae 'r..a.zi.f.i.; Ao Caa e e
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For the four-s
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ror 8 LWOwei el nlEn
Luul-eng lue oney we snould
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O -
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q“ (Q=q) (1-%¢)< O
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4

wind of seroplene ure tie sogo,
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P(X 2 2) =« 1-1(¢ J=1{1)

e 1 ~ bo < it S

FOr 8 Lwo=ciniing
Juln-ell lue one, we

l-q” 2 l1l=tc"43q
DR VR I
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5qa“4§54q2fi .

2, ; -
q° (l=q) (1-3¢)« O
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Using the same ag::
4 1s a two-engine nlane
olane?

7 ;;; i()**; ’ j‘n \r *f‘.;e 7_1 v\, L ;l “L S Of
- S ;.ered LG & 5"031{55-119

Jdorking out thie nro
11izht for the om-*
;lone and for the tuo
tla we have

2 : 4 x ) EY N ' k ;}
l-qg"2>1- §u0 0’ q? - ’gy ot g

.t‘n ¥ 1 ad iii” ,‘} l - Gf* - 3:«4-{“‘{*
L R
(’;’2 (=p+3q) » ©
o S
0- p (1-p)2 > 0

5l

haa the bwoecnpine plaie : rred W o
1l Vigiizst;xLept 0 and 1 w}ie?‘e m, arTe SGedifferent
Lelween the [lanes.
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The Binomisl Disiriiution theorew stat at
| } ion i es thliat
e iro?ability of exactly k successes in K ﬁernoull£
Loials 1is

n k nek A ‘
(1) Ckp ¢ wiere p Jdesotes vue probability
of succesy aud q that of failure.

In terms of random varisbles, iids tleores can
o restated as follows:-

11711, XE seees Xﬁ ere stoclissticelly indepcri=-

dent rendom variatles ecacl: of wiici mssumes the values
O snd 1 with probabilit; ¢ snd ; respectively, then

n
Sn =k « = i
ia]

is & randonm varistble witii probelillity functici:

(ii) P(Jn-k) = ‘nckpiiqn—k;

We will make use of tlis in sclviu. rundoll walk
protlems,
Suppose a point starts f{ro: the Griiinménd aoves
.« the X-axis in jumps of 1 wull euc.. .. poant Sty
o ¢ forward or backward 1 unit. weiassegc‘vaubxaﬁﬂe{cu
‘¢ the probability for easch dircction ic “'.%“4 tuet
Jocu junp is independent of a8ll the others. féter A juapy
¢ poin may be st any onc of the points in vie ?§¥Q§’~ﬁ
. 4. #e wish to find the probebility ofwigs bglhu at
~cci of the possible points in the ran;e -un to +h.
1 , » n) be the displacenent on
. n i:l 2’ es e n) GaspLELs Y ee
e ifﬁ ggméetthe gi's: Leing: independent lkhigg variatles,
oY ves " - g I ~ K ARt {3 1 « 3= 2 . {i
.11 esch have the following provabllit; furctio

i <

-1 § +1

P(xi) A §




The net dis lece et after n jum th ,

“ L0 HOL ALl -eat slter n juaps is the sum
+ the n individual displacerents; and this sum is the
o B8 tné &b3¢1$§3 gf tfﬁe })Ci‘t‘ M}t H;LQ a‘bsgizsa t\e

n
X e 2> Xi
i=)

‘hese variables do not {it (ii) slove; Lut

cariprles

i 0« 221 40 rit,

&

Prom (ii), we have

B
€l
~
P
%8‘
~
~r
-
:
L

P 2 1 = k e o
i * '

n.e that
n n Xi+l
? Z4i = Z g’ -
=] i=

g+
.=l Means gg 2y = -

|

1
QQ*nKE,
n
e

’ 7
P {X a )

{14ty functic X is, in
fhus the probability function for 8,

cieral case,

ne
_ (xemdfp
2B
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In the case of 2 dimensicnal ran ,
e the o 1sicnal random wal bleu
_.-re the point may morelforward, beckward, upwdrkdgﬁgbied.
L, with Pfﬂbﬁbility -ﬁh ’ the pOlﬂt ‘rghabilit& function

,liiﬁaisabscinsaand ordinate of tle wovin; point sfter n

n C ’ 1 o 3
_ Gemdyp 0 M)y,

L

(145 éﬂgliesﬁign_iﬁ,ﬁeﬂetiaﬁz ihe iendelisan liereditary
Iy ileoXry ' - -

The Mendelien Ti.eory of Lieredity provides an
;i;arestimg {llustration of the syplicstion of the inomial

conribution.

Yeritarle chorocters depend on feonec.
.. whieh lie on tue chromosones, appear in pulirs the
1osomes, visible in the cells of an oryenlon, eppeur
oivs too and paired jenes occuyy the swie posiltion on
iied curomosomes. In the simplest case, eeclh (lene of a
viicular pair can sspune Uw foras o ond (. LThree air-
;ent poirs can be formed, and, wits respect Lo thls per-
.oular paeir, the organisa belongs to one of tiie tulce
_obypes GG, Gg end 5. tacl peir of _eres dpﬁerxlncs
U¥ritalle factor, though the najorily of cussivable
‘o.coties of organisms depend o ceversl foctors.

In this sectiocu, we diucuss senotypes and lancld-
.o for only one particular pall of renes.

ihe reproductive cells or cometes, are formed
. o splitting process and reccive one ;C?Gﬂon} xhﬁﬁg*““"
. of the pure GG and ;g-7enob, . Cs (or homongc.os

[ e # Y - - L ERRRE ' e (3TN ‘fii i '{';;:i(&
oduce therefors gametes of orly cae Lindl Edia$iﬁué:v o
. brids or heterozygotes) produce - O e “ones frou
' .1 numbers. MNew orgsnisms recelve el Saternal and
vo perental gsemetes, each pair includini o pd crnad
. icternal gene.

s A e

. iheory of ivobavilits
5. Dee k. . punrue: 0L QL lERLniim

4 OOl ey P TRIGT
Crowelill bBook Company, 47Ces (T, 190l et
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In his booxt, J. e #
R Y S, VI, W welian Poraulates a few axi
::%v;nb giobabilistlcproblems in ”ﬁ“&tics.'egyazécma
iaterested in the probabilit: of the proceny inherie
3 Bpecéﬁiﬁd coabtination of cenes, ii’@h‘ h{?t t’hﬁ :
,gaﬁrcameogifidparents; etc., possess some particular
| mposition, the following axicms are necesssry:-

¥
-

An even number, say In,
contained in each ol . .e oseiunte
e fertilized. ‘MThe ovos Ve
salls, produced by tie [
~resent in the perentel o
-- sutation bLein: iﬁﬂsféd,' T1 tie poerental or chisn
crrries two identical ;enes, btien wh repro&usI  |
cells carry tie same ceune, if the parentel ornm
cerries two aifferent ceues, for exenple o and G,
t1ian one of the reproductive cells cerries ene g

and the other pene G.

!

&, J. Heymen: First Course in Frobability -
_a.istics, Holt, Rinehart & winston, InCe, ie Yo
The discussion here ls based on Lleynen's woXi.
Note the special notwiion used by J. weyien:-
Let li stend for wother, F for fatuer, C tor
Soocrild, g,for'a,specified combinaticn of fenes, o Gy
{or some two pairs of renes, A and Y the mulernai and
. .c1mal reproductive cells which combine Lo produce uic

Abli Ve .
7 L 5 deuoles thal Ii posSBesscs Ve pBLCLe
Luv combination of penes .. o o
P< ot oG, i/ (G yan ) (Fangy iy o wotads for
; grobability‘that the caiild yil; inhoerit ehe cggfl?apien
Gy uil given thatagge mob?gr agaeﬁggvfipaar nave voe corl-
LSRG LG z o851 .- [l respectivelie
sons GGy C: gG-(%&é)(Y:G)+(X:&)(Y:Q) lﬁ“;aqb?5m§h§§.
‘v the child to be & hybrid £G, it is ngcesaaryrxauﬁ“%ir—
ricient) that one reproductive cell cerries the recesslve
s.e and the other the dominant gene.

(7))



‘ Pertilisation is rendom. .u; oue Lie nuiier
of reproductive cclls contelod by o Lhce sobhes be
“n' and that contedned 'y 7 Lie fob or L onne ve
{orthcomeing or anlis: U selects cae Coefle  4HC
cell from K end one fron ¥, Lle rohatillity of

ce reproductive
:glecting & cell fro: . ond ' will be
Farst

Pea?actlvalyo o two selectod wroprodacidve cells
conbine to produce the first cell or .

1

:X'f;' Uil X h

The enetical couyositior of the reyrocuciive
~cll selected by C frou & is independont of the
“ganetical compositicr of the roprodnctive cell
selected froa f.

cooritence 1o l'mixr of :enes

suppose 8n or anivn corries sirle pedr ol
: ~ end g- ilL.ere cre tliree pessidle coocinetions:

, w and GG and on cr-anden will csiry one of tllcua

c:¢ cwiabinstions, Let £, ond ecca stand for &ny ob

o combinations, «& 8re ‘ntereccrted Lo coujute robee
ity of the child C inberiting the corporiticy £ dven
oL the ,enetical covpositicon of Lhe sother 1oand reLuer
1. n snd 3 respectivell.

7

ER T

- 1.0, poCcr [ /0 n (s S)

As Cip = (ar)(¥:)
CipG = (Xrp)(Yrd) o (a20)(Fe0)
C1GG » (azt)(yedy
v¢ 4 and Y denote tlLe reproductive cell in Letler o

Gcther ¥, and epplyin dxioms 1y « €70 2 0 Tl e
‘vion and’ﬁultiplicaticn srincijples, we srrive e wid

£ A b

*
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e o 4 e s e

. Fatlier

lother

of
=

brd
W4
LE 3
-
2y
b
"
|
(o
p:

oo S 5 i T e e s

4
!
L]

Cc = O
4
¥
¥

«

b 3

e o~

ot PO or el

l)et us ﬁee Ilow wC l“}_‘:‘_i \‘V(‘:‘ LV o - : l B o Hj(,,‘_‘ ;,‘ . - 0
st both M and ¥ heve Uhe pen@eiChl o o

sy hY
oy » L o o y '/ N )
C : {g{; L (x : é‘j ) (Y : §:> o b ® o ® e e @ w FoaE B = \ A i

- GG LLiun BoGid Ny ok viae
hetever the seneticel cou Ouiuitin God Yy 01
~other and father,

P{Cf*z,/(l no(Fe )
Y

= Py(xip) (Y00/ (08

/

Pe o0
Py,

Using (8) Axiom & stelliy -utr
composition of C is defixi 2?EGS“ N
in the reproductive cesL & 2o o LT,
¢ reproductive celli Y gueled

AR SR 1 o
gnd (b) axiom 1 &?h%lu%ﬁar
cell ney csarry oither cene o O

¢ 7 )

o sels o of Soues



of them,
Now formula ( 7.2 ) becoies
P Cigg/(M: )(F: )| = iin /i b T /P05

S G T

since Axlom 3 siviesn thal Lhe seneticnl composi-
tion of the male reproductive cell is indejendent of
the geneticsal couposiiion of the lecsule reproductive
celle Whis independence has onsiled us to apply t.e
sultiplication princijle. |

1n our exanmple, we are iven tust nil, Axioa 1
asserts that one=hulf of the re;jroductive cells of i
will cerry gene ¢ and tle olier hall yone G AXion 3
iaplies that P d:p/lsgar=n. Linmilurly ST VS RIS EL PN

itherefore, frou ( 7.5 )

Piiip/en s (FYio /K 00
m 2 X
- X
P Cigg ' = % if M: G and FisG.

de can similexly coupute the protaiilities ot
JiG and U:3G for any of the jpossiltle comnbinetion of
“enetical compositicni of ko oand r.

Note that
CigG = (L) (Y:G) + (x:G)(Y:0)

end P%CSSG/(M‘iE)(F:S )§, s v s
e P{(X:g)(1:G) + (£:G) )/ G
- PQ(X;@)(Y:G)/(Ei333(“5§?)3m* ff(“f?xf:;zjﬁ“‘f;j(*’* )
oy Tl biy.G/ R T e PiRG/i D E /e oy

I

*

using the axions and the Addition and Faltipli-
cation Principles.

Note also thsat
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a3 5 ;
AU ¥

RIS | o o A " * : 3 ,

coesnive penerstions

on the distribution

7 L.et us now consider ,
cordous genetlcal L) pec o ‘¢ dnadviduels foraing
ssive generations wiidcen reproduce under 8 systen of
(iiendeilian) mating, tecinicelly celled Panmixe,
.. motes sie selected indevendently of tihelr hereditury

ccecberistics.e If r descendants, for instance, in tie
filial genoration sre chosen at rsndou, then lhelr
.- form & rendon senple of slze r, with possille
itions from the sisreszcte of sll possicle parental
s. In other woids, 1+ degcendant is to bLe reparded
e product of a randoa sclection of parents, snd all
cobivns are autually independent.

coeusive jjeneretions ander Fenaixis witi 1o
. of one pair of jenes.

RLCE iy

Consider & sinjle pair of

~oouce of successive peneliub icide.
wlere Elo, lll, teees lndicuve ori inul enciu-

Lorn, first generution 1OI7: seves git“wSYGiﬁUiliﬁiQ?

; 11. denoted by

“ictribution of (enetical bLypes ir il

L' 1’02’ e & 0@ Pll’ Plgy oo o6

and

Ty o eevee regyeSCT
“lvsb cenerstion matin;, sSecvid
7 probablilities of veneticeal

iy PIE?’ en o ee e

¢ oroups ol individuals 14
e ® s O NI

SERIRE £33 Vs WatE
. T dercted LY

sopeible Ton

only
| (wliere n=l,

and iut

Since tliere ore
G and gy, let Pn, NB
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o

ruaahiligy thal 8 i1ocliviilasl ol Lae gt“ """" gnersilion
I b@ a8 dammtutv; a ;IJ 1‘1\..; {u;u a8 ¢O€.€3u&.&f{3 .«ngf(ﬁ)(;-

D l 'f Y

Fur compubing
argsuiptions:=

*
it
b
(1
w
¥
pot
"r.ud
<
.4
i

THpy WO R

pes An each‘ anﬂr**‘ Lgrﬁ pre ;e; ,LM; for unles
L;& for females;
(1) emc. ”thl;ﬁi:
1»&, is oitained Troa t
u,&‘iu‘)dﬂ Qelﬂ{:u. \-“m'

(i14) <the probetilities in "~y of the tiireo
aiffeceni ‘%netiasl Lypes e 8o ;gmiﬂg

,3.3 é) a8 j‘;ﬂ: {q @{;

yyouat:ilitlies ot n! r! for fexeles
ir n" a" r" tfor uvles

.6 b &

?")‘

{iv) the nmatin: in all cemerestions T,
is pannixis.

Lefore coain %50 thc nnom .l ciSC, Ty t:?flgi 5
e £irst compute ijs g rd . i ocen he chown el

iy =(pterg' ) (e /
1‘(?'*?‘@')(r“*}iq")*(r' REED I AP ) — (Vo)
/

4 =(rteigt) (" e

. < ot s - Y L B ; i VA%”P -
If the distrlitution ol _anch ! b Thy
T oy T v I ] L = ‘!U
fliuderﬁ 18 \.“1\4 S(‘é L t}u JEHIJL a3 Ol e FLT ’ b ‘,‘ ;Lr
. :

o gleqteg Bid rtep'er whicelt ¢
sl asaix“ed conotontg, toeh

.

B e iianiinid

5. See Appendix C.



. = (p +q )?

\l e 2(peig)(re+q)

LN N s Wi, WL, W

. R v
Ny o= (r+itq)©

AB pmgrsi};%f;}{;}-§“{1???“;““L”i}ﬁ1, we ligve
Q, oo eeln )
ﬂl - ’ 1={(r+oq) ki s (1- )0 ! L
T L e (748)
- 25¥iﬁfﬁl “’2(1”531) N g

‘uince there is no seleoction, tie srobabilities
., i end Rn must be conuected witio B g Q. ond Ko
¢ sene velation ( 7.0 ) whidch connect pyy by end iy

et pe q e0d e
15’2 = (l?'l*{}fa;{l)g
Qo = 2k eI Cqr )
Ry = (51+ﬁgl)ﬁ

Thus we can deduce Lie following t=

Pz - PB = I”“ '"E R EE XN :n

;22 - Q5 - ‘\a eeesseds \n

R, = H.5 - i{f{’ esvscasnse ‘\1

(&

The distriltution Fay n gnd i, in the second

.cretion depends on whet.cr OF not, in the firsc = che s
Loou neting, the distrioution of thc cenetlcel U, pCH B
fotners is tie saue 88 tust aszorg tue soblielSe

In the enerel CoSe,

¢ 77 )



=0(P +%Q1)(R1+%Q1)

P N N N N
4

' L] + ] + 114 4‘5 ( O 1) . ' ' ?‘0;17 )
. 7H‘P .$<§”.9_§§¥,fL 1 q'+q"
B < "g P -~ o oy
. A \ . < <
2 ﬂr' +" 1 PR BIPE T e
S | h;;q) = L""‘“?r*"“ 5 o ;}?:e., | & e “de
@

t ‘ Tgus, if tuhe districution is the sgae, i.e., if
”:fi q =qQ and r*uru’ then P H.Pl’ sz ‘_1 and 1{ 3;&1

;xeryiue, the districution of genetical tyres in the
~oond ;eneration born need rnol be tihe smme as in the first.

;.ﬁfeSuive genersticns under lPernixis and mass selection
inst recessive.

s

J. lieyman defines this ss the sclection of tlie nt“
creration mating g out of the preceding —enerstion born
10 wiiich consists in including in 77 01l the dcninants

i all the hybrids present in lI -1’ bat none of the
~oosives.

«e gssume the followin:::

(a) 'lhe original ¢ cencretion LIo 4s born oul of
senmixia with respect to a single peir of (enes o, G
wiich are not linked witl: sex. i;eref01c, Ly foraula
( 7.5 ), the distritution of tie 3 onebical Lypes in

iIo is determined by the groxa,*thxc

PiGG/IIo; - Fo = (1- )%,

e~

P?Gg/lloj = Go = 2(1-7 o) JRo
pige/1I0 ] =

(b) Out of each Uenerublcn ‘orh, cl}ﬁ%he ?gces-
‘lvea are removed and the reuaining dewinents an
wirids mate according; to pauﬂlxia.

Y

0

( 78 )



md? amA?mer-e sted in finding tue protabilities
Sy w8 e eaci ;eneration mates under panuixis

es tiiere is no linksje wit:. sex, we have

Pﬁs(lnwj§;)2 )
— 3 -— ( 7-8 )

n=2(l= [ln) Jin for nel,2,eee.

4

giow the prota-
will
in

we need to solve for
io connected witia Py Q,, o

2
o

that a nenber of the o jeaerelicn aating
- & duminant, Lybrid or vecessive. lere v =0, I
~ 5 F ) : L. WD el '
Covoude (7.8 ), we nobe that wy=(4iig)T. Luerciove,

sorenn on Lalatlve

”H)L for each n., Iy apply g, Lhie
we jnave

. “t 2 “-*1 ¢ ey o
Rn = jéq_n) = - e 5} (7.9 )

Iy successive gubstitution ond 1y fetheastical

Juction, we et

: no )
fhis formula siows that, oy Lie muaber of succes-
_ve upplicetions of mass selection 1s increased, the
cuportion Rn of pecessives in the jeneralivi bOL - CONeS
~ #1ler and smaller.
i proba-

We append hercwliii LWO worked e ios
iiinbie problens of ;jenclico.
(1) Exaaple illusvrating successive generstions

ander parmixig witid 1o Lolechlon.

* W 3 e 3 byl e O Y £ e
dation  the distrluodvlos of ene
&

In a pox? oL
tical btypes ic &s follows:~-

Types Gu G Go

pistribution 0.1 0.5 0.k
of Females

pistribution 0.6 0.7% 0.1
of lales

( 79 )



| N pempgtc vhe districution of enetlical types
in the two successive ;cierclicis whlceh follow
77 ander cautixis and witicut selectiorn.

As aaling iu enerst]

SRS ¥ ] “ " Pov g e s e 38

is pennmixis witi respect to Ui “enes o nnd G

?ng Zhgre s 5o selectoon, we tave, Ly foriulse
' »

Flu(§'§£q’)(§“&ﬂ;“}
Qia(g SO ICART CLDNRCART NAD ESTANS TRy

ﬁl'(f’*ﬁq')(r"iﬁgﬁ;

auidivy tast
wn individusl of the first cesersticn born 111

will be © doainent GG, a Liybrid G and & recec-
aive W rewpectively, ard ', a', ' and ", o
r" represent di~ufilﬂbi‘i of trpes for fewules

and 1ales resycciively.

\waere Fl, § end oy denche toe prow

¥

.(0.1#/.}\'0./)(v’ok ) \).,)
m O, 35} x 0.75

»

-(0 14/x0e.) (001 ¢, X0 o5 J 40 H+IX0UD) (Delin v XUe )
@ 0.3 X Oect Hetth X Dol

s 0,0875 ¢ CHU/D

= 0.57950

Rln(O.aqﬁxO.i)(0.1+§x0»§}
= 0.65 x 0.2
w 0,1625

B ———

ctand for the probability
Let P@, Qq and 52 stand for the pr ¥

th&t an 1ndividaal of the second eiélﬂilf?ﬂforﬁ
will be GG, u and o resy cvtxval>. GO v

Ly formuls 7.7 )y
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¥ (TR

1,q"+q" |
3 N

Exguple il wstrating successive ceverations
under parmaixis snd 2nass selecuion g elust scces—

gives.

Ina pcpulatian'ﬂ'the aiotritutic. of tlhree
i;:enetical types with respect bto enes ¢ sind G 1s
the sane aaong males and fenales. The proporiion
of recessives in the populatien;IIJbozﬁ out of
panmixis in T is equael %o 0.81. .low many tines
must the process of mess selection be applied to
reduce the proportion of recessives to soaebliing

less than oneé percent?

( 8L )



Rne — 20 __
(Len no)*
Bn of recessives i1 the enerstious bLorn bLeconmes
gsmaller and smaeller as ¢ e nutler of succespive
applications of mass selection is increcased. To
determine the :enerstion II . ., such that,
()

beginning with tils .cnerstic. and in all that
follow, the yrotability of & recessive will be
smeller then , ve need Lo sclve the inequality

suLows tlat the proyortion

e O P
w) & g i e A e > 8

(1en JHo)*

In our *ix‘ﬁ i

Cove hove dow0.01 and 00 =0,01
using

I S
" 0.0 Vel

= 10 - 1,11
n >8.39

’ 4 sy el YLWe
The jpirocess of mess seleclicn ust ve
applied 9 times.

‘1) A Parking Prollen

Suppose we &are interestoed Lo le&VOﬂt §¢§ {;a;t
er of cag‘parking lots required 1ol @ %éyﬂﬁiffmgz:w
9T % Research Institute, so tliob aiy w0LOVIo. ®EIL
. -d one parking lot {-medistely avuilalble ac Gl
: ’ ' 7 - ’ g ) f’«ii: o g : -
Lioprobability, s& 954 or 39,

" P VR N Tt LA e Pl‘G"

' et opollon. we uoe the plnondul

o solve the provlé s o =% 1

T E ey 11°;§é ragaxd‘the questiovi 4s o“f.;§VQIVfoe

ondent L ulli trials. 4e suppose thal lor ui
pendent Lerno ~ | e et

~here is & probebilliy oj

 car, chosen &b randomn,

( 82 )



cpaaddng let &8 regualroede o cony eubiance vy Ly
o course of ¢ Qo the

S0 TS X onoory

coracded, ond ertlimevis sg by oFoun Lue usgiu

¢l cousiato of
' &.zi‘ e Twing Cioe L4

Mi - ié' ® Qel. A& oOuvier La asve ::‘aa epved Cerenill
'@,E

nlzy wWe GaBune L™ eeeee

S 2N P . - -
e g . UL g T IR 5
PPN - PR S b A SO B

L cdnavee, woe eve wnon

condence of evenis lu wiolins

(1~p>

Suppoee thut & ;
;iix'ﬁ‘ theg“ un«%ﬁ ,g' | x"
*s&:rkimf% iot w11 £
L’Qf i‘ul.& ii{l o

if tbe iodgson ©p ro. T bt B
Cioation 4o eppliesiley e G S

P
¥
™~
B

E
i"
.

P 3

-

T, N) = 2= 7

TP tlie oLl SR R B SRS T CDE R R S
L2 ecual to

Fﬂ; W=p) 22 & Lhe sebi
ubicn end 7 @l

Lo Lisi.i el
, tie dlscr
ous oney LI Lrer

#
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qgilit?,(ﬂzﬁipfggl). If we let u(P) denote the P -

~~ocentile of the Rormasl Distritubtior Tunciion, tlen

. oy L [u®)
Peg Cu(® )= g(x)ax
| To obtain a y?@u&ul;it} .r¢sler than & _.rc-
~i-ned level Po, the least nwiber L or parking lots
~~uired, so that a actoriat will tind one perking lot
cnediately availasble, is

'EP (X3 np) = Fo for the loisson
spproxination
N o, " ., &8 o
e r u (iO} I (1“5} PEEE LR Tor the oL a8l
u;vhrlgutlmn

From the lormal ialles, we lLave

£ | (00%) = 1'?82 .
u (0.99) = Lethy
(0.99) ‘} ")(..CJ

Asguning tlhiat tie o aal Approximatiou tiolds,
. have, for n=30; p-O 1 und xo: A

}»(* - lt"u‘) 903(0 1‘&).; + f\JAC.l b ,’ L 13.:

i,e., l& jurking lots arc required ror B OJATE &
L ab opobablildty level, imilariy, 10, perking lovs are
. 4ired for 90 cars at 92 lovel.

© mmiea < o Ml RS A PTTR—TE SRS S S

¢ Jhis can be ohbuined us follows:—

I D=
N SRR PR K% vt utiak A Py )

;npq :}g. since iﬁ%’f:}«*ﬂl, a1 f_:: 1

If npq == 20,

- . IR > noq == D
np = 10pq.  Tapg = W1 T

/ ~np-it ng . ‘i i o 45101
ﬁ - %};ﬁé‘; ) - E ”i, Jilgﬂl - le(} /f 0] Whigil ;

( 8 )

e



50 end for ne300, p=0el, o=y} .

Lowill be 10N i LlUed susjectlvelye

lf the colsooun uir“:‘x;n«ia;i*é vooilen,y o lu alouicn
b ME (fs; np) =20 will “ive us Hlf«% pnc 17 sepsaliing

‘a,ﬁg pﬂﬁlg ‘(I”)J I “»«MQ X W.l' F i"/} -

i‘ro:a these ti v c:b,, e e degucye thnt Yor 0

& wii. » probebiliv; of puxr iy = Uely OnLy lc 01 1/
. 1lots cre rooaired in orasy thev @ wetori will

mke aarking space uvi {laile elaost 100~ ct:xr'td,,,,.

Ml(‘}{niiIM . i
w"ee‘”ablos”et”mnne




Abiuobla 1

P ‘i1 FIT AN, SOl B ; .
MALHLHALICAL ol dvas i Ui VAcsanos

GF A CALDGL  VARTABLE

~ Suppose X iu 8 rendor verieile with distributioy
jgy()‘ and suppose r - U iu sn inteper. 1L the ax,¢< Lae-

,f the randon veriatle i¥, i.e., e x f{x )
tnen it is called L,{} rtﬁ nonent of X mx, Lhe
i, The r'? moment onif swists if the serles converyes
plutely. woince X -1 *'fxr§ th

} o+ l whenever tlie r
t exists, so éﬁ%g e £$w1) © and hence all preceding

LELaRliNS e

If the 2nd coment exists, so does the Hean u=5(X).
3

Instead of vhe rindom verleile ay let Anvroduge

- dovietion frowm the neel, X-u., Gince (mm“)“**—“(x‘+4c),
oo see that the seco*‘d moment ol Xeu exists wuenevel

) exists. dc find

Ol ¢ (X—-u)? ) = (xg':-guxj#u?) f(xj)

<

2 e o xpGwE o EGe)
J J 3 J o J J

r*,

a
wow moelh o
V) N )

12) - 2ux(is) +u
. )C'?) -2 ué?f‘ . u*
. 2
- X°) - u .

If X is the nuiber of points scored witd @
symmetric die, the Var(X) o
B ~ /) ,ﬁg’ )«,} ) \:;
,w%w(12*2‘+5‘+&“+§2+m“) - (wéw)
22
lc

=

( 86 )



i?rcar; L@t us gompa‘e th‘ c’m b( 7 , 7
precedin;; tersm, ' (x3n,p) ond the

a -,  k n-
( = )P qﬁuk

n 37 54kf1
1?5 q

al _ k na-k
- Vkilnaﬁj!r ?7 i

(k=1 1(n-k+11

_nl o (e=1)i(a-kel)l
k!(a-¥)! n!

pkukﬁl qnwk-nfkwl

k-1 qnmk¢1

(n=X+1)p
kq

(n+llp-k
kq

1f (a+l)p is not an interser,
the ters‘b(k;n,p);rb(k«l;n,p) i1f x < (n+l)p
and b(k;n,p)g;b(k-lsn,p) if k> (n+l)p

S a8 k zoes from O to B, b(kx;n,p) tacreases up to
s maximum valus which occurs for kes -nd then decret.cJe

1f (nel)pess happeas to be an {intozer, “hen
| “B(2;n,p) = b(m-13n,p) . ‘
o b(kin,p) incrensc: o to b{m-lj3m,u,; which 14 eual
to (mgn,p, and then A srensas,

2. Thare exisis m the unique {nteser for which
(A 2.2) Tiwlip-1 < @ < (n+ljpe



APPERDIX 2 (B)

The ratio in formula ( A 2,7
) , . above A
;(QZ7 decre~ses wmonotonicnlly 4; ?)1nnr iaégfe “ppandix

“hen Kepel,

ihen kX > rel e.g. ker+2

Etk-i;n,p)“: E?*E%q

¥hen X = r+l,

( A2.3) ,~§§§%‘§%57 %%;_%g

set herein ksrel, P42, cocssccese I+V and multiply the v
inejalitie: to obtnin

(A2.8) Q%r*vsgsnz .o 2 An=r n”f'
b{rin,p h aér*lgq,§
For example, if ve3, the; k=r+l; kar+2; ksr+3,

th b r+4:
’“biﬁ-t‘n.p5 &Er;n. s §§r+fsn,p§ b%r*jzngpg
EEI’ Il'p,

bér‘ngps &r*l;q

For r = np, the fraction #ithin the brnces is less
than unity, und auamstian over N leads tc s finite geometric

series with ratio
r+ q



#e conclude, for r . mp,

n-r
S wir+vin.p) = birin,p) —It1)a -
veo WepJ = MUFIRWP (rel)=(n+l)p

- On the left we have the right tail of the binomial
dietridbution, namely the probability of at lexst r
SUCCEeBSo8,

Using the relationship b(k;n,p) = bd(n-kj3n,q)and

i@ cen derive

, {n-fs*l)
{n+1)p-8

S+ v{#in,p) == b(sin,p)
wl




APPENDIX 3

O HEREDITARY Liw3

The probabilities in ?Tl ¢f different genetical types

GG, gG and are given as p' ' »' and p" . "
females andg%or males reapeétivgxﬁ. Py 97y ¥" for

Let M, F and C stand for mother, fsther and child

in a family with paren’s from o« 1f C' Cenotes
gpecified genetical ¢empssieiaatlcg then o

P - CiC': =P %(H:gg)(?:ss)(C:C') + (M:gg)(¥:gG)(C:C')
+ M(gg)(F:GG)(C:C') + (M:gG)(P:gg)(C3C')
+ M(gG)(F:1gG)(CiC') + (M:gG)(F:GG)(C:C*)
+ (E3GG)(Fi1gg)(C:C*') + (M:GG)(F:gG)(C:C*)
+ (M1CC)(F1GG)(C:C');

i.e., C having the property C' is represented by the
sum of 3x3=9 mutually exclusive properties. Applyin: the
addition priciple, we note that p -C:C' > is the sum of
nine probabilities of the type '

P - (H:H')(F:F')(Cxﬂ')?y when M' snd F' represent
some specific combination of the genes g, G,

Applyinpg the multiplication rrinciple, we have

P o (MsM*)(FiP*)(CiC) ]
«F {M:M' P2 FiF'/MaM' " F 1 GiC /(MM )(FF')
and since the msting is under panmixia,

P L RiP /RS e PIFiF
S P 3;(%;3’)(3:?')(6:0')%

b { MMt} PIRsFCT P 1 (C:Ct/(MaMt ) (FiF)



The value of © Etﬁxﬁ'é is, as given in the problem,
either p', q' or r'. Jimilarly p", q" or r"

for P FiF*;

:. ?1 - P.p“ + piq‘i_%._ + plrﬂ x o

+ Q'p—d~ + q'q"f= + Q'F" 2 O

+r'p*" x0+r'qg"x0+r'r" x0

where P, denotes the probability that an individual
of the lst glnerntion born II, will be a DCMINANT.

% Py = (p'+E a)(p"- a)

3imilarly,
y = (p'+ 3 (r"+3q") + (r'+#q")(p"+1q")

Ry = (r'+#q' )(r"+ ¥q")



KPFENDLX &

AREA UNDLR NORKAL DILTRIBUTION CUdVE

400 2

To prove that —l- e “ d4dx = 1
g 25 b‘- oo

4e¢ prove this by the method of double integratiom,
transforming the variables x, y into polar co-ordinntes,

2,2 R O

“’Xi‘z

Take ’g @ ' dx 4y

and integrate it with respect to y. ; -
Thus (o, C) (gy Q)

o 2. .2 ~
g , V e dy dx

I3 axay =
\ s) d
e ?

| 2
;"§’ ay
o ")

0
R
- X

R
LR o

" L
=1 H

'E“ v G T U

3ince x= rcos © &' y= rsin O
x2 . !2 - x,2
In polar co~ardiﬁates, we have

Y W A Y



‘1-*4‘“3

‘}::! "‘Z'
on the Lelt-Hand-Side, the limits are O %o R and

R

LO 30 S. , a ; ;“ - @ 2 : x it

Thus we have

B2
-T2

( 9% )



In other words, we have shown that
.=
S ax -
0 2

and for limits from - %o + -~
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