1 Introduction

1.1 General Introduction

Combinatorial group theory studies groups from the perspective of their presenta-
tions, that is, their generators and relations. It is useful where finiteness assump-
tions are satisfied, for example, finitely generated groups. There are several natural
questions arising about a group given by its presentation. The word problem asks
whether two words are effectively the same group element. An equally important
problem is the isomorphism problem which asks whether two groups given by dif-
ferent presentation are actually isomorphic.

In order to study the word problem, we study the property of residual finiteness
in groups. Mostowski [13] showed that a finitely presented residually finite group
has solvable word problem. The term residually finite was first introduced by Philip
Hall in 1955 and the first systematic study on residually finite groups was done
by Gruenberg. G. Baumslag [4] first studied the residual finiteness of generalised
free products in detail. He proved that free products of residually finite groups
amalgamating a finite subgroup or, under certain conditions, amalgamating a cyclic
subgroup is again residually finite. Since then many mathematicians have done
research on residual finiteness and its various extensions.

We will study a stronger residually finite property called weak potency. A group
G is said to be weakly potent if for every element x of infinite order in G we can
find a positive integer r» with the property that for every positive integer n, there
exists a normal subgroup N of finite index in G such that /N has order exactly rn.
Clearly weak potency is a stronger form of residual finiteness.

In 1974, Evans|5] introduced the concept of weak potency with the name regular
quotients. He showed that generalised free products of finite groups and generalised
free products of weakly potent groups amalgamating finite subgroups are weakly po-
tent. He then used it to show the cyclic subgroup separability of certain generalised
free products.

In 1995, C.Y. Tang [18] defined weak potency independently and he proved that



finite extensions of free groups and finitely generated torsion-free nilpotent groups
are weakly potent. He then used it to determine the conjugacy separability of certain
generalised free products of conjugacy separable groups. Tang’s definition is derived
from the stronger property of potency which was introduced by Allenby and Tang
[1] in 1981 to prove the residual finiteness of certain one-relator groups with torsion.

In the first part of this thesis, we shall study the HNN extensions of weakly
potent groups. In general, the weak potency of HNN extensions are not much
known. Indeed one of the simplest type of HNN extensions, {(a,bla"'b?a = b3) is
not even residually finite. However, B. Baumslag and Tretkoff [3] showed that HNN
extensions of residually finite groups with certain conditions are residually finite.

Then we shall study the weak potency of generalised free products of weakly
potent groups. A generalised free product of weakly potent groups need not be
weakly potent or even residually finite (see [4], [8]). However, Evans [5] showed that
if the amalgamated subgroup is cyclic or finite, then the generalised free product of
two weakly potent groups is again weakly potent.

In our proofs, we shall use filters. The concept of filters was first introduced
by G. Baumslag [4], called filtration, to prove the residual finiteness of generalised
free products of nilpotent groups. More recently, Kim, Lee and McCarron [11] also
used filters to show the residual p-finiteness of generalised free products of groups. In
these papers, the filters are sufficient to show the residual finiteness (or p-finiteness).
However, Shirvani in [17] questioned the necessity of the filters. He then showed
that for residually finite groups satisfying a non-trivial relation, the filters are also

necessary.

We now give a brief description of the chapters in this thesis.

In this chapter (Chapter 1), we give the general literature review and some basic
facts about generalised free products, tree products and HNN extensions. We also
introduce the notations used in this thesis.

In Chapter 2, we give the definitions for residual finiteness, subgroup separability,
weak potency and characteristically weak potency. We also prove that finitely gen-

erated nilpotent groups are characteristically weakly potent. Since the main tools



used in this thesis to prove the weak potency of certain generalised free products
and HNN extensions are filters, we then give a brief discussion on the history and
use of filters.

We study the weak potency of HNN extensions in Chapter 3. We first introduce
the concept of h-filters and then we use it to prove the main criterion for weak
potency of HNN extensions. Then we prove several characterisations for the weak
potency of certain HNN extensions with cyclic associated subgroups. By applying
the previous results, we can easily obtain a characterisation for the weak potency of
the Baumslag-Solitar groups.

In Chapter 4, we extend the main criterion obtained in Chapter 3. We then
apply this new criterion to the study of HNN extensions of finitely generated nilpo-
tent groups. Next we shall give characterisations for certain HNN extensions of
characteristically weakly potent groups with finitely generated central associated
subgroups to be weakly potent. Finally, we prove some equivalent conditions for
HNN extensions of free abelian group of finite rank to be weakly potent.

Finally in Chapter 5, we study the weak potency of generalised free products. We
first give the definition of w-filter and prove a criterion for generalised free products
to be weakly potent. Later, we apply this criterion to give characterisations for the
weak potency of generalised free products with cyclic amalgamated subgroups and
with central amalgamated subgroups. Then we extend the results to tree products
of finitely many groups. Before we end this chapter, we show that certain one-relator

groups are weakly potent.

1.2 Generalised Free Products

The concept of generalised free product was introduced by O. Schreier in 1927. Now
we give a description of the generalised free product of two groups. Let A and B
be groups and H and K be subgroups of A and B respectively with ¢ : H — K
an isomorphism. Then the generalised free product of A and B amalgamating the

subgroups H of A and K of B via the isomorphism ¢, is defined to be the group



generated by the generators and relations of the groups A and B with the extra
relations ¢(h) = k where h € H,k € K. We let this generalised free product be the

group G. Then we can write G as follows.

G = (A, Blp(h) =k),h € H k € K.

Furthermore, G can also be written in another form which is widely used in this
dissertation.

A and B are called the factors of the group G and H and K are the amalgamated
subgroups.

We let g be an element in G. We say that ¢ is in reduced form if g = g192 ... 9,
and no consecutive terms are from the same factor. The length of the reduced

element g = g1g2 ... g, is denoted by ||g|| and is defined as follows:

0, ifn=1and gy € H
lgll =9 1, ifn=1and gy € (AUB)—H

n, otherwise

The reduced element g = ¢19s... ¢, is called cyclically reduced if each of its

cyclic permutations ¢;g;11 - .- 9gng192 - - - gi—1 is reduced.

1.3 Tree Products

Let us give some facts about tree products. Tree products were first introduced by
Karrass and Solitar in 1970. Briefly tree products can be described as follows: Let
T be a graph which is a tree. Assign to each vertex v of T a vertex group G, and to
each edge e, an edge group G, together with monomorphisms «, and [, embedding
G, to the vertex groups at the end of e. The tree product G of T" amalgamating the
edge groups is defined to be the group generated by generators and relations of the

vertex groups, together with the additional relations obtained by identifying a.(g.)



and f.(g.) for each ¢. € G..

By abused of notation, let GG be a tree product of the vertex groups A, A, ..., A,
n > 2, amalgamating the edge subgroups H;; of A; and Hj; of A;. We shall denote
G= (A, Ay, ..., A\|H;; = Hjy).

1.4 HNN Extensions

Let A be a group and let H and K be subgroups of A such that ¢ : H — K is
an isomorphism. The HNN extension G of A relative to the subgroups H and K
with the isomorphism ¢ is defined to be the group generated by the generators and
relations of the group A with an extra generator ¢ and extra relations t~*ht = ¢(h)

for each h € H. We write

G = (t, Alt 'ht = ¢(h),Yh € H)

The group A is called the base group and ¢ is called the stable letter. H and K
are the associated subgroups and ¢ is the associated isomorphism of G.

Let ¢ € G. Then we have g = ¢yt ¢y ...1t*g, with e;, = 1. The element g
is said to be in reduced form if there are no consecutive terms t~'g;t with g; € H
or tg,t~! with g, € K. Note that each element of G' can be written in reduced
form. The length of a reduced element g = got®g; ...t g, is denoted by ||g|| and

is defined as follows:

Oa if g = 9o
lgll =
n, otherwise

1.5 Notations and Definitions

Before we proceed to the next chapter, let us give some notations. The notations
used in this dissertation are standard. In addition, the following will be used. Let
G be a group.

N <y G means N is a normal subgroup of finite index in the group G.



N chary A means N is a characteristic subgroup of finite index in A.
Z(G) denotes the center of G.

h ~¢ k means h is conjugate to k in G for h, k € G.



2 Weak Potency and Filters

In this thesis, we shall study the weak potency of HNN extensions and generalised
free products of weakly potent groups. We begin with the various definitions in the
first part of this chapter. Since we shall use filters as the main method in our proofs,

we shall offer a brief discussion on the history and use of filters in the second part.

2.1 Definitions

In this section we state the definitions of residual finiteness, subgroup separability,
weak potency and characteristically weak potency. Then we shall prove that finitely

generated nilpotent groups are characteristically weakly potent.

Definition 2.1. A group G is said to be residually finite if, for each nontrivial

x € G, there exists N <y G such that v ¢ N.

Definition 2.2. A group G is called H-separable for the subgroup H if for each
r € G\H, there exists N <y G such that v ¢ HN. G is termed subgroup separable

if G is H-separable for every finitely generated subgroup H.

The well known subgroup separable groups are free groups and polycyclic groups
([7], [12]). Free-by-finite groups and polycyclic-by-finite groups are subgroup sep-
arable since a finite extension of a subgroup separable group is again subgroup
separable.

Next we give the definitions of weak potency and characteristically weak potency.
We also proved that finitely generated nilpotent groups are characteristically weakly

potent.

Definition 2.3. [18] A group G is said to be weakly potent if for every element x of
infinite order in G we can find a positive integer v with the property that for every
positive integer n, there exists a normal subgroup N of finite index in G such that

xN has order exactly rn.

Examples of weakly potent groups are free groups, polycyclic groups, free-by-

finite groups, and polycyclic-by-finite groups. (see Evans [5], Tang [18])



Definition 2.4. [5] A group G is said to be characteristically weakly potent if, for
every element x of infinite order in G, we can find a positive integer r such that for
every positive integer n, there exists a characteristic subgroup N of finite index such

that N has order exactly rn in G/N.

Lemma 2.5. ([6]) Every finitely generated nilpotent group, with elements of finite
order, is residually ‘of order a power of one of p1,...,p.’, where py,...,p, are the

distinct primes genuinely occurring in the orders of the elements.

Lemma 2.6. Let A be a nilpotent group with x € A and let n be a positive integer
which divides the order of x. Then we can find a positive integer r such that there

exists a characteristic subgroup N of A such that xN has order rn.

Proof. By [14], the lemma is true for » = 1. Now, suppose r # 1. Let’s say the
order of x is m. Then n divides m implies m = kn for some positive integer k. We
can find a prime number p that divides k. Then pn also divides m. Let p = r and

we are done. O

Theorem 2.7. Let G be a finitely generated nilpotent group. Then G is character-

istically weakly potent.

Proof. Let g € G be an element of infinite order. By Lemma 2.5, there exists N <G
such that #N has order p" in G/N and |G/N| = p® for some integer s > n. The
group GP" is a characteristic subgroup of finite index in G contained in N. The
quotient G/GP" is a finite p-group and |xGP’| > p". Then the result follows from
Lemma 2.6. O]

2.2 Filters in generalised free products

The main tools used in this thesis to prove the weak potency of generalised free
products and HNN extensions are filters, called h-filters and w-filters. They are
defined and used to prove the main criterions in Chapters 3 and 5 respectively. We

now give a brief discussion on the history and use of filters in the next three sections.



In the seminal paper [4], G. Baumslag introduced the concept of filters, called
filtration, in order to prove a criterion for the residual finiteness of generalised free
products of finitely generated nilpotent groups. This criterion has become a standard
result in the study of residual finiteness of generalised free products.

To state the criterion of G. Baumslag, we let G = A} B be the generalised free
product amalgamating subgroup H and A = {(M, N)|M <;A, N<;B and MNH =
NNH}.

The criterion is as follows:

Theorem 2.8. [}/ Let G = A}, B. Suppose that

(ii) ﬂ(M,N)eA M=1= ﬂ(M,N)eA N.
Then G is residually finite.

For each P = (M,N) € A, let mpy : A — A/M and 7y : B — B/N be
the natural maps. Let Gp = A/M;B/N be the generalised free product where
H=HM/M = HN/N. Since A/M and B/N are finite, Gp is residually finite by
[5]. The maps 7, and 7y can be extended to a map mp from G onto Gp. Then G
is residually finite if and only if (), yyen Ker mp = 1. Now () yyea Ker mp =1
implies that (N, yea M = AN Narnyea Ker mp = 1 and (| pyea NV = BN
Narnyea Ker mp = 1. This shows that condition (ii) of the criterion is necessary
for the residual finiteness of G. However, Shirvani [17] was able to construct a
residually finite generalised free product where condition (i) is not necessary. This

is given in the following example.

Example 2.9. [17] There exists a residually finite generalised free product G = A}, B
where A s torsion-free abelian and H G A, H ¢ B but A is not H-separable.

Therefore condition (i) is not necessary.

In the same paper [17], Shirvani also proved a theorem where the conditions (i)

and (ii) are necessary and sufficient.



2.3 Filters in HNN extensions

In [3], B. Baumslag and Tretkoff in their study of HNN extensions proved a criterion
for residual finiteness. That criterion has become a standard result in the study of
residual finiteness of one-relator groups. We restate the criterion of B. Baumslag and
Tretkoff using filters (see [16]). Let G = (¢, A|t "' Ht = K, ) be an HNN extension
and A = {N <y Alp(NNH)=NNK}.

Then the criterion can be stated as follows:

Theorem 2.10. [16] Let G = (t, A|lt7'Ht = K, ¢) be an HNN extension. Suppose

that

(i) Nyea HN = H and (yea KN = K;

(i) Nyea N = 1.
Then G is residually finite.

For each N € A, let 7y : A — A/N be the natural map and ¢y : HN/N —
KN/N be the isomorphism induced by ¢. Now we let Gy = (t, A/N|t"'(HN/N)t =
KN/N,¢y) be the HNN extension with base group A/N. Since A/N is finite, G
is residually finite by [3]. The map 7y can be extended to a map, again denoted by
N, from G onto Gly.

Then G is residually finite if and only if (| y oo Ker my = 1. Now (yeop Ker my =
1 implies that (\yea NV = (\yea Ker 1y N A = 1. This shows that condition (ii)
of the criterion is necessary for the residual finiteness of G. However, Shirvani [16]
proved a result which was used in constructing the following example showing that

condition (i) is not necessary .

Example 2.11. The group (t,a|t " at = a®) is a residually finite HNN extension.
Then Nyeal@®)N = Nyeala)N 2 (a) 2 (a®). Therefore, condition (i) is not

necessary.

In the same paper [16], Shirvani also proved three theorems where conditions (i)

and (ii) are necessary and sufficient.
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2.4 The basis of our method

Recently Kim, Lee and McCarron [11] introduced the concept of p-filters to study
the residual p-finiteness of generalised free products of nilpotent groups. These filters

are defined as follows.

Definition 2.12. [11] Let G = AjB. Let A = {(M;,N;)|i € I} be a non-empty

family of pairs (M;, N;), where M; < A and N; < B, satisfying the following:
(F1) M;NH = N; N H for eachi € I;

(F2) For each i € I, A/M; % B/N; is residually p-finite, where H = HM;/M; ~

(F3) For each iy, i, ... i, € I andn € Z*, (i, Mi,, (iey Nip) € A;
(F4) e HM; = H = (\,c; HN;.
Such A is called a p-filter of the generalised free product G = A B.

The filters used in this thesis are based on these p-filters.

11



3 HNN Extensions of Weakly Potent Groups

3.1 Introduction

In this chapter, we begin a systematic study on weak potency of HNN extensions
by using filters. This chapter will be divided into two main parts. In the first
part, we will introduce h-filters which will be the basis for the proof of the main
criterion. Next we apply the main criterion to prove the weak potency of various
HNN extensions with cyclic associated subgroups in the second part. Finally we

prove a characterization for the Baumslag-Solitar groups to be weakly potent.

Notation:
For the rest of this chapter, we let A be a group with subgroups H and K and let

¢ : H — K be an isomorphism.
The following lemma will be used to prove most of the results in this chapter.

Lemma 3.1. Let G = (t, A|t ' Ht = K, ¢) where A is finite. Then G is free-by-finite
(see [9]) and hence weakly potent (see [5]).

3.2 Filters and weak potency

In this section we introduce h-filters (Definition 3.2) and then prove the main cri-
terion (Theorem 3.3) for HNN extensions to be weakly potent. We then apply our

criterion to HNN extensions with finite associated subgroups.

Definition 3.2. Let A be a group with subgroups H and K and let ¢ : H — K be
an isomorphism. Let A = {N;| i € I} be a non-empty family of normal subgroups

N; of A. Then A is called an h-filter of A if the following hold:
(H1) o(N;NH)=N;NK, forallicl;

(H2) For each i € I, the HNN extension with base group A/N; and associated
subgroups HN;/N;, KN;/N; is weakly potent;

12



(H3) MNies Ni = 1;
(H4) For each iy, is,... i, € I andn € Z%, (;_, Ni, € A;

(H5) MNye; HN: = H and ,.; KN; = K.

iel
We now prove our main criterion.
Theorem 3.3. Let G = (t, At /*Ht = K, ¢). Suppose
(1) A is an h-filter of A; and

(2) For each a € A of infinite order, we can find a positive integer v such that for

each positive integer n, there exists N € A such that N N (a) = (a™).
Then G is weakly potent.

Proof. Let g € G be a reduced element of infinite order.

Suppose ||g|| = 0. Then g € A. By assumption, we can find a positive integer r
such that for each positive integer n, there exists N € A such that NN {g) = (¢").
Let G = (t, A/N|t7/'(HN/N)t = KN/N, ¢) where ¢ : HN/N — KN/N is induced

I are nontrivial in G. Since G is residually finite by

from ¢. Then g,g°,...,5™"
(H2), there exists L <i; G such that g,g°,...,5"™ ' ¢ L. Let L be the preimage of
Lin G. Then L <ty G and gL has order rn.

Suppose ||g|| > 1. We can assume g = aot®*a,1t®...t"a, where a; € A and
n > 1. Let x; be those a; € A\H, y; be those a; € A\K and z; € HN K\{1}. By
(H5), there exist N, N, € A such that z; ¢ HN, and y; ¢ KN,. By (H3), there
exists N, € A such that z; ¢ N,. Let N = (N, NN, N N,). Then N € A and
S(NNH) = NNK by (H1) and (H4). Let G = (t, A/N[t"\(HN/N)t = KN/N, )
as above. Then ||g|| = ||g]|. Since G is weakly potent by (H2), we can find a positive

integer 7 such that for each positive integer n, there exists L <y G such that gL has

order rn. Let L be the preimage of L in G. Then L <y G and gL has order rn. [

Theorem 3.4. Let G = (t, A|t7'Ht = K, ¢), where A is weakly potent and H and

K are finite subgroups of A. Then G is weakly potent.
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Proof. We use Theorem 3.3 here. First, we show that A = {N <, AINNH =1=
NN K} is an h-filter of A.

Since A is residually finite and H, K are finite, there exists N <1y A such that
NNH =1= NnNK. This impliess N € A and A # (. By Lemma 3.1,
(t, A/N|t7'(HN/N)t = KN/N) is weakly potent. Thus (H2) holds.

By the residual finiteness of A, for each nontrivial a € A, there exists M, <1y A
such that a« ¢ M, and M, N H = 1 = M, N K. Thus, M, € A. Therefore,
Nyea N =1 and (H3) holds.

Let H = {hy = 1,hy,hy,...,h,} and a € A\H. Then ah;* # 1 for each
hi € H,i=0,1,...,n. By the residual finiteness of A, there exists N <1y A such that
ah;' ¢ N foralliand NN H =1= NN K. Therefore a ¢ HN and N € A. This
implies a ¢ (yea HN and hence (\yoo HN € H. Thus (\yen HN = H. Similarly,
Nyea KN = K. Thus (H5) holds.

Since (H1) and (H4) hold trivially, A is an h-filter of A.

Let a € A has infinite order. Since H, K are finite, there exists N; <y A such
that Ny N H =1 = Ny N K. Suppose N; N (a) = (a*®) for some positive integer s.
By weak potency of A, we can find a positive integer r such that for each positive
integer n, there exists Ny <iy A such that NoN (a) = (a™"). Let N = Ny N N,. Then
N <y A such that NN (a) = (a™") and NNH =1= NNK. Hence N € A and we

are done. O

The two conditions in Theorem 3.3 are sufficient for an HNN extension to be
weakly potent. We will also examine the converse, that is, if an HNN extension is
weakly potent then these two conditions are necessary. For ease of exposition, we

state the two conditions given in Theorem 3.3 as Condition 3.3 below.

14



Condition 3.3:
Let A={N < Alp(NNH)= NN K} such that

(1) A is an h-filter of A; and

(2) For each a € A of infinite order, we can find a positive integer r such that for

each positive integer n, there exists N € A such that N N (a) = (a™).

3.3 HNN extensions with cyclic associated subgroups

In this section we study HNN extensions of weakly potent groups with cyclic asso-

ciated subgroups.

Lemma 3.5. Let G = (t,Alt7'ht = k) where h,k € A have infinite order and

h ~4 k. If G is weakly potent, then Condition 3.3 is satisfied.

Proof. Since A € A, A # (). For each N € A, (t, A/N|t '(hN)t = kN) is weakly
potent by Lemma 3.1. Thus (H2) holds.

Let a € A be a nontrivial element. Since G is residually finite, there exists
M <14G such that a ¢ M. Let N, = MNA. Then N,<yA and a ¢ N,. Furthermore
AN, N (h)) =p(MNAN(L) =d(MN(h)) =t"Y(MnN(R)t=t""MtNt " (h)t =
Mnk)y=MnAN(k) = N, N (k). Therefore N, € A. Hence (\yco N =1 and
(H3) holds.

Let x € A\(h). Suppose x € (h)N, whenever N € A. Since h ~4 k, h =
a'ka for some a € A. Then we let ¢ = [t 'zt,aza™"]. Since x ¢ (h), g =
(ttz7 ) (ax a™Y) (t7 wt) (axa™t) # 1. By the residual finiteness of G, there exists
M <y G such that g ¢ M. Let N =M N A. Then N <y A and N € A as in above.
We can form G = (¢, A|t"'ht = k) where A = A/N, h = hN and k = kN. Since
x € (h)N, there exists some integer s such that z = h*. Then t~'7t = t'hst = k*
and aza—' = ah*a = k°. This implies § = 1, a contradiction.

Therefore z ¢ (h)N, for some N € A. This implies & ¢ (\yca (k)N and hence
NyealM)N € (h). Thus (yea(h)N = (h). Similarly, (yea (k)N = (k). Then we
have (Hb).
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Since (H1) and (H4) hold trivially, A is an h-filter of A.

Let a € A be of infinite order. Since G is weakly potent, we can find a positive
integer r such that for each positive integer n, there exists M <y G such that M N
(a) = (™). Let N =M NA. Then N <y A and N € A as above. Furthermore
NN{a)y=MnAN{a) =MnN{a) = (a"). Hence, we are done. O

Theorem 3.6. Let G = (t, A|t 'ht = k) where A is weakly potent and h,k € A
have infinite order such that h ~4 k. Then G is weakly potent if and only if A is

(h)-separable and (k)-separable.

Proof. Suppose A is (h)-separable and (k)-separable. Since A € A, A # (). For
each N € A, (t, A/N|t~'(hN)t = kN) is weakly potent by Lemma 3.1. Thus (H2)
holds.

Before we proceed with the proof, we show that for every N <1y A, N € A. Let
N N (h) = (h®) for some positive integer s. Then N N (k) = (k*) since h = a"'ka
for some a € A. Therefore ¢(N N (h)) = N N (k) and hence N € A.

By the residual finiteness of A, for each nontrivial element a € A, there exists
N, <y A such that a ¢ N,. As shown above, N, € A. Thus |y NV =1 and (H3)
holds.

Since A is (h)-separable, for any a € A\(h), there exists N <1y A such that a ¢
(h)N. As shown above, N € A. Therefore a & (| yca(h)N and hence (yca ()N C
(h). Thus Nyea(h)N = (h). Similarly, (yca (k)N = (k). Hence, we have (H5).

Since (H1) and (H4) hold trivially, A is an h-filter of A.

Let a € A be of infinite order. Since A is weakly potent, we can find a positive
integer r such that for each positive integer n, there exists N <y A such that NN (a) =
(a™). As shown above, N € A. Therefore G is weakly potent by Theorem 3.3.

Conversely if G is weakly potent, then by Lemma 3.5, G satisfies Condition 3.3

and hence A is (h)-separable and (k)-separable. O

Lemma 3.7. Let G = (t,Alt"*ht = k) where h,k € A have infinite order and

h™ = k™ for some m > 0. If G is weakly potent, then Condition 3.3 is satisfied .

Proof. The proof is similar to Lemma 3.5 except for the following changes.
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Let x € A\H. Suppose z € (h)N, whenever N € A. Now, let g = [t 'at, h™].
Then g = (¢t La=1)(h™™)(t twt)(h™) = t~t[x, K™t # 1 since x ¢ (h).

By the residual finiteness of G, there exists M <y G such that ¢ ¢ M. Let
N =MnNA. Then N <y A and ¢(N N (h)) = p(M N AN (k) = p(M N (h)) =
Y MNPt =t"MtNt T (h)t = M N (k) = MNAN(k) = NN (k). Thus, N € A.
We can form G = (t, A|t"'ht = k) where A = A/N, h = hN and k = kN. Since
x € (h)N, there exists some integer s such that z = h*. Then t~'zt = t~'h°t = k°
and h™ = k™. This implies that § = [k*, k*™] = 1, a contradiction.

Therefore » ¢ (h)N, for some N € A. This implies ¢ (|yca (k)N and hence
NyealM)N C (h). Thus yea ()N = (h). Similarly, (\yea (k)N = (k). Thus, we
have (Hb). O

Theorem 3.8. Let G = (t, Alt7'ht = k) where A is weakly potent and h,k € A
have infinite order such that h™ = k™™, for some m > 0. Then G is weakly potent

if and only if A is (h)-separable and (k)-separable.

Proof. The proof is similar to Theorem 3.6 except for the following changes.

Before we proceed with the proof, we construct N* <y A such that N* € A. By
weak potency of A, we find positive integers 71, 5 such that for each positive integer
n, there exist Py <y A, P, <y A such that P, N (h) = (h""), P, N (k) = (k™"). Let
Ny <y A, Ny <5 A be such that Ny N (h) = (h"™™) and Ny N (k) = (k""2™). Let
N* = Ny N Ny. Then N* <f A and N* N (h) = (h"72™) = (k""2™) = N* N (k).
Hence, N* € A.

Since A is residually finite, for each nontrivial element a € A, there exists N, <1;A
such that a ¢ N,. Let N} = N,NN* where N* is as constructed above. Then N}<;A
and a ¢ N}. Furthermore NN (h) = N,NN*N (h) = N,NN*N (k) = N} N (k).
Hence, N; € A and therefore [y o IV = 1. Thus (H3) holds.

Since A is (h)-separable, for any a € A\(h), there exists N, <y A such that a ¢
(h)N,. As shown in the previous paragraph, there exists N € A such that N C N,.
Hence, a ¢ (h)N;. It follows that a ¢ (\yca(h)N and hence (yca(h)N C (h).
Thus (yea(B)N = (h). Similarly, (\yea (k)N = (k). We have (H5).

Let a € A be of infinite order. Suppose N*N(a) = (a®) where N* is as constructed
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above and s is a positive integer. Since A is weakly potent, we can find a positive
integer r such that for each positive integer n, there exists N, <y A such that
N, N {(a) = (a""). Let N} = N, N N*. Then N} € A as above. Furthermore,

Nin{a) = N,NN*N{a) = (a"™"). Hence we are done. O

Corollary 3.9. Let G = (t, A|t7'ht = k) where A is weakly potent and h,k € A

— k:tm

have infinite order. Suppose h ~4 k or h™ for some positive integer m. Then

G is weakly potent if and only if A is (h)-separable and (k)-separable.

Corollary 3.10. Let G = (t, A|t"*ht = k) where A is polycyclic-by-finite or free-
by-finite and h,k € A have infinite order. Suppose h ~4 k or h™ = k™ for some

positive integer m. Then G is weakly potent.

By adapting the proofs of the above theorems, it is not difficult to obtain the

following results.

Lemma 3.11. Let G = (t, A|t "'Ht = H, ) where ¢(h) = h or ¢(h) = h™*, for all
h € H (where H is abelian in the latter case). If G is weakly potent, then Condition
3.3 1s satisfied.

Proof. The proof is similar to Lemma 3.5 except for the following changes.

Let # € A\H. Suppose v € HN, whenever N € A. Then we let g = ¢t lata™!
where g = t~lztz™! if ¢(h) = h and g = ttatx if ¢(h) = h™!. Since x ¢ H,
g # 1. By the residual finiteness of G, there exists M <y G such that g ¢ M.
Let N=MnNA Then N<yAand g(NNH) =p(MNANH) =¢(MNH) =
Y MNH)Et=t""MtNt'"Ht=MNH=MNANH =NNH. Thus, N € A. We
can form G = (t, A|t"'Ht = H,¢) where A = A/N, H = HN/N and ¢(h) = hN
or ¢(h) = h™'N. Since v € HN, there exists some h € H such that # = h. Then
g =t 'hth* =1, a contradiction.

Therefore z ¢ HN for some N € A. This implies x ¢ ()yca HN and hence
yea HN C H. Thus (\yca HN = H. Then we have (H5). O

Theorem 3.12. Let G = (t, A|t"'Ht = H, ¢) as in Lemma 3.11. Then G is weakly

potent if and only if A is H-separable.
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Proof. Suppose A is H-separable. The proof is similar to Theorem 3.6 except for
the following changes.

If ¢(h) = h, then it is clear that ¢(N N H) = N N H. Now suppose ¢(h) = h~L.
Letx € NNH. Thent 'zt =2"'€ NNHsincex € NNH. Thus t (NN H)t C
N N H. On the other hand, x = (z71)™' =t~ 'z~ € t7}(IN N H)t. Therefore,
t“Y (NN H)t = NN H and this implies (N N H) = t"' (NN H)t = NN H. Thus,
for any N <1y A, N € A in both cases.

Conversely if G is weakly potent, then by Lemma 3.11, G satisfies Condition 3.3

and hence A is H-separable. O

Corollary 3.13. Let G = (t, A|t " 'Ht = H,¢) be as in Lemma 3.11 with the ad-
ditional condition that H is finitely generated. Suppose A is polycyclic-by-finite or

free-by-finite. Then G is weakly potent.

Next by extending the results above we will give a characterization for the

Baumslag-Solitar groups to be weakly potent in Corollary 3.16.

Lemma 3.14. Let A be a weakly potent group and h € A has infinite order. Suppose

A is (h)-separable. Then A is (h*)-separable for any positive integer s.

Proof. Let x € A\(h®).

Case 1. = ¢ (h). Since A is (h)-separable, there exists N <y A such that
x ¢ (hYyN. Thus, z ¢ (h*)N for any positive integer s and the result follows.

Case 2. z € (h).

Since A is weakly potent, we can find a positive integer r with the property that
for each positive integer s, there exists N <1y A such that N N (h) = (h"*). Suppose
x € (h*)N. Then z = h*n for some positive integer ¢ and n € N. Since z € (h),
we have n € NN (h) = (k™). Now, we let n = h®"™* for some positive integer .
So, x = h*thers = ps(t+ar) ¢ (B®) | a contradiction. Therefore z ¢ (h*)N and we are

done. O

Corollary 3.15. Let G = (t, A|t7*ht = h*) or G = (t, A|t7'h*t = h™°) where A is
weakly potent, h € A has infinite order and s is a positive integer. Then G is weakly

potent if and only if A is (h)-separable.
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Proof. We will only show the proof for G = (t, A|t " h*t = h®). Suppose A is (h)-
separable. By Lemma 3.14, A is (h®)-separable for any positive integer s. The result
now follows from Theorem 3.12.

Suppose G is weakly potent but A is not (h)-separable. We let = € A\(h)
such that z € (h)N, whenever N <1y A. Let g = ¢t 'a%a*. Then g # 1 since
x ¢ (h). By the residual finiteness of G, there exists M <y G such that g ¢ M. Let
N =MnNA. Then N <;Aand (NN H) =t (NN (h)t =Nn(h). We can
form G = (t, A/N|t 1 (h*N)t = h**N). Since x € (h)N, there exists some r such
that £ = h". Then g = t~'z%z™ = t'h"*th*"® = 1, a contradiction. Thus A is

(h)-separable. O

Corollary 3.16. The group G = (t,alt 'a%ta’) is weakly potent if and only if
laf = [5].

Proof. Suppose |a| = |5]. Then the result follows from Corollary 3.15.

Now, suppose G is weakly potent. Then we can find a positive integer r such
that for each positive integer n, there exists M <y G such that aM has order rn
in G/M. We choose n = |a||8| and the image of a in G/M denote by a. Then
|a®| = r|B| and |@®| = r|al. Since a® is conjugate to @’ in G, r|a] = r|f|. This

implies that |a| = |3]. O
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4 HNN Extensions of Abelian Groups

4.1 Introduction

In this chapter, we continue the study on weak potency of HNN extensions in Chap-
ter 3. We will prove various criterions for HNN extensions of finitely generated
nilpotent groups and free abelian groups of finite rank to be weakly potent. This
chapter will be divided into three parts. In the first part, we will show that un-
der certain conditions the HNN extensions of finitely generated nilpotent groups
are weakly potent. Then we concentrate on HNN extensions of characteristically
weakly potent groups in the second part. Finally in the last part, we will give a
characterization for the HNN extensions of free abelian groups of finite rank to be

weakly potent.

Notation:
Throughout this chapter, we let A be a group with subgroups H, K and ¢ : H - K
be an isomorphism. We denote A = {N <y A|p(NNH)=NNK}.

4.2 HNN extensions of finitely generated nilpotent groups

In this section we study the weak potency of HNN extensions of finitely generated

nilpotent groups. We begin with the following result.

Theorem 4.1. Let G = (t,A|t7'Ht = K,$). Suppose (\yea HN = H and
Nyvea KN = K. If G is weakly potent, then Condition 3.3 is satisfied.

Proof. Note that A # ) since A € A. For each N € A, (t, A/N|t ' (HN/N)t =
KN/N) is weakly potent by Lemma 3.1. Thus (H2) holds.

Let a € A be a nontrivial element. Since G is residually finite, there exists
M <G such that a ¢ M. Let N, = MNA. Then N,<yA and a ¢ N,. Furthermore
HN,NH)=t"YN,NH)t=t"{(MNANH)t=t"Y(MNH)t=t"'MtNnt'Ht =
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MNK=MNANK = N,NK. Hence N, € A and therefore )y, IV = 1. Thus
(H3) holds.

Since (\yea HN = H and (yco KN = K, we have (H5). Thus A is an h-filter
of A since (H1) and (H4) hold trivially.

Let a € A be of infinite order. Since G is weakly potent, we can find a positive
integer r such that for each positive integer n, there exists M <y G such that M N
(a) = (a™). Let N = M NA. Then N <y A and N € A as above. Furthermore
Nn{a)y=MnAN{a) =Mn{a) = (a"). Hence, we are done. O

Lemma 4.2. [21] Let A be a subgroup separable group and H, K be finitely generated
normal subgroups of A. Suppose there exist subgroups R <\y H and S <y K such that
R and S are normal in A and RNK =1= SN H. Then there exists N <y A such
thaet NNH=Rand NNK = 5.

Lemma 4.3. [21] Let A be a subgroup separable group. Let H and K be finitely
generated normal subgroups in A and ¢ : H — K be an isomorphism of H onto K.

Suppose that

(a) HN K is finite; or

(b) there exists S <1y H such that S << A and ¢(S5) = S.
Then yea HN = H and (\yep KN = K.

Proof. (a) Suppose H N K is finite. Since A is residually finite, there exists M <y A
such that M N(H N K) = 1. Let x € A\H. By the subgroup separability of A,
there exists P <1y A such that ¢ HP. Let Ny = PNMNHN¢ ' (PNMNK).
Then Ny NK =1 and ¢(Ng) N H =1 since Ny N K and ¢(Ny) N H are subgroups
of MNHNK = 1. By Lemma 4.2, there exists Q <y A such that Q N H = Ny
and QN K = ¢(Ng). Now let N = QN PNM. Then x ¢ HN. Furthermore
NNH =QNPAMNH = NyNPAM = Ny. Similarly, NN K = QNnPAMNK =
&(Ng) N PN M = ¢(Ng). Therefore (N N H) = NN K and hence N € A. Thus
Nyea HN = H. Similarly, Ny o KN = K.

(b) Suppose there exists S <1y H such that S <t A and ¢(S) = S. Let v € A\H.

By the subgroup separability of A, there exists P <y A such that x ¢ HP. Since
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P N S has finite index in S and S is finitely generated, there exists a subgroup
@ C PN S such that @) is a characteristic subgroup of finite index in S. Since ¢ is
an automorphism of S, we have ¢(Q) = Q.

Now let A = A/Q. Since A is residually finite and HK is finite, there exists
M <1y A such that MNHK =1. Let M be the preimage of M. Then MNHK = Q.
Now let N = M N P. Then x ¢ HN. Next we show that N N H = Q. Let
ae NNH. Thenae MNHCMNHK =@ and hence a € Q). Now let 5 € Q.
Then $ € M since (Q € M. Furthermore € PN H since Q C PNS C PN H.
Therefore f e MNPNH=NNMNH. Thus NN H = Q. In a similar way we can
show that N N K = ¢(Q). Therefore (N N H) = NN K and hence N € A. Thus
yea HN = H. Similarly we have (yoo KN = K. O

Corollary 4.4. Let G = (t, A|t7'Ht = K, ¢) where A is subgroup separable and H

and K are finitely generated normal subgroups of A. Suppose
(a) HNK 1is finite; or
(b) there exists S iy H such that S << A and ¢(S) = S.

If G is weakly potent, then Condition 3.3 is satisfied.

Proof. By Lemma 4.3, (\yca HN = H and (ycp KN = K. The result now follows
from Theorem 4.1. [

Theorem 4.5. Let G = (t, A|t7'Ht = K, ¢), where A is a finitely generated nilpo-
tent group and H and K are proper subgroups in the center of A. Suppose there

exists S <y H such that ¢(S) = S. Then G is weakly potent.

Proof. We use Theorem 3.3 to show that GG is weakly potent. We first show that A
is an h-filter of A.

Since A € A, A # 0. For each N € A, (t, A/N[t"'(HN/N)t = KN/N) is
weakly potent by Lemma 3.1. Thus (H2) holds.

By the residual finiteness of A, for each nontrivial element a € A, there exists
P <y Asuchthat a ¢ P. Since PNS has finite index in S and S is finitely generated,

there exists Q € PN S such that @ is a characteristic subgroup of finite index in S.
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Since ¢ is an automorphism of S, ¢(Q) = Q. Let A = A/Q. Since A is residually
finite and HK is finite, there exists M i A such that M N HK = 1. Let M be the
preimage of M. Then MNHK = Q. Now let N = M NP. Then N<yAanda ¢ N.
Next we show that NN H =Q. Leta e NNH. Thenae MNHCMNHK =Q
and hence o € ). Now let § € ). Then § € M since ) C M. Furthermore
e PNHsince @ CPNSC PNH. Therefore 5 e MNPNH=NNMNH. Thus
NNH = Q. In a similar way we can show that N N K = ¢(Q). Thus N € A for
each nontrivial element a € A. Hence [|yca N = 1 and we have (H3).

By Lemma 4.2, (\yca HN = H and (yco KN = K. Thus, (H5) holds. Since
(H1) and (H4) hold trivially, A is an h-filter of A.

Let a € A has infinite order.

Case 1. SN {a) = 1. Then aS is of infinite order. Now, we form G =
(t, A/S|t™"(H/S)t = K/S). Since A is finitely generated nilpotent and S <1 A, A/S
is finitely generated nilpotent and hence weakly potent. Therefore, G is weakly po-
tent by Theorem 3.4. We denote a = aS. Then we can find a positive integer r such
that for each positive integer n, there exists P <y G such that P N (a) = (a™).
Let P be the preimage of P in G. Then P <y G and P N (a) = (a™). Let
M = PNA. Then M <y A. Furthermore g(M NH) = ¢p(PNANH)=¢(PNH) =
tY(PNH)t=t'PtNnt'Ht=PNK=PNANK = MNK. Hence M € A. Now
Mn{a)y=PNAN{a)=PnN{a)=(a"). Hence, we are done.

Case 2. SN {a) = (a®) for some integer c. Since S is characteristically weakly
potent by [5], there exists a positive integer r such that for each positive integer n,
there exists R chary S such that RN (a) = (a"*"). Since R is characteristic in S,
#(R) = R. We form G = (t, A/R|t7'(H/R)t = K/R). Then G is residually finite
by Theorem 3.4. Hence there exists P <y G such that a,a?,...,a" "' ¢ P. Let P
be the preimage of P in G. Then P <ty G and P N {a) = (a™"). Let M = PN A as
in Case 1 and the result follows.

Therefore by Theorem 3.3, G is weakly potent. [

Corollary 4.6. Let G = (t, A|t 'Ht = K, ¢) where A is finitely generated nilpotent

and H and K are proper subgroups in the center of A. Suppose
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(a) H=K; or
(b) HN K <y H such that p(HNK) =HNK.
Then G is weakly potent.
Proof. Let S=H = K and S = HN K in Theorem 4.5. O
Next we consider HNN extensions where the associated subgroups are retracts.

Lemma 4.7. [10] Let A be a residually finite group with retract H. Then A is

H-separable.

Lemma 4.8. [10] Let H be a retract of a group A. Then for each R <y H, there

exists N <y A such that NN H = R.

Corollary 4.9. Let G = (t, At /' Ht = H, ¢) where A is residually finite and H is a

finitely generated retract in A. If G is weakly potent, then Condition 3.3 is satisfied.

Proof. We need to show that () y.a HN = H, then the result follows from Theorem
4.1. Let x € A\H. Since A is H-separable by Lemma 4.7, there exists N <1y A
such that = ¢ HN. Let R = HN N. Then R is of finite index 7 in H. Since H
is finitely generated, there exists a finite number of subgroups of index r in H. Let
R* be the intersection of all these subgroups of index r in H. Then R* C R and
R* is characteristic and of finite index in H. Since ¢(H) = H, ¢(R*) = R*. Then
by Lemma 4.8, there exists N* <y A such that N*N H = R*. Hence ¢(N*N H) =
$(R*) = R* = N*NH. Thus N* € Aand v ¢ HN*. So & ¢ (\yea HN. Hence
Nyea HN € H. Thus (yea HN = H. The result now follows from Theorem
4.1. O

4.3 HNN extensions of characteristically weakly potent groups

In this section we study HNN extensions where the base group A is character-
istically weakly potent and the associated isomorphism ¢ € Aut(A). For these

HNN extensions we show that the condition A is an h-filter of A is sufficient for
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G = (t, Ajt7'Ht = K, ¢) to be weakly potent (Theorem 4.11). We begin with the

following.

Theorem 4.10. Let G = (t, Alt 'Ht = K, ¢). Suppose H and K are proper sub-

groups in the center of A. If G is weakly potent, then Condition 3.3 is satisfied.

Proof. We just need to show that (y.a HN = H and (yco KN = K and apply
Theorem 4.1.

Let € (\yea HN\H and y € A\K. Then z = [t7'at,y] # 1. Since G is
residually finite, there exists L <y G such that = ¢ L. Let N = LN A. Then
N<jAand o(NNH) =t (NNH)t =t LNANH)t =t LnNnH} =
t1LtNt'Ht=LNK =LNANK = NnNK. Therefore, N € A. We can form
G = (t,A/N|t7L{(HN/N)t = KN/N). Since x € HN, there exists some h € H such
that Z = h. It follows that z = [t~'Zt, 9] = [t~ 'ht, ] = [k, 7] = 1 since K C Z(A).
This implies z € L, a contradiction. Therefore x ¢ HN, for some N € A. Thus
yea HN = H and in a similar way we prove (|yca KN = K. The result follows
from Theorem 4.1. O

Theorem 4.11. Let G = (t, A|t 'Ht = K,$) be an HNN extension where A is
characteristically weakly potent and ¢ € Aut(A). Suppose H and K are subgroups

in the center of A. If A is an h-filter of A, then G is weakly potent.

Proof. Let a € A has infinite order. We now show that we can find a positive integer
r such that for each positive integer n, there exists N € A such that NN (a) = (a"™).

Since A is characteristically weakly potent, there exists a positive integer r such
that for each positive integer n, there exists N chary A such that N N (a) = (a™).
Note that N <1y A and ¢(N N H) = NN K. Therefore N € A and G is weakly

potent by Theorem 3.3. O

Corollary 4.12. Let G = (t,Alt 'Ht = K, ¢) be an HNN extension where A is
finitely generated characteristically weakly potent and ¢ € Aut(A). Suppose H and
K are subgroups in the center of A. Then G is weakly potent if and only if A is

H-separable and K-separable.
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Proof. Suppose A is H-separable and K-separable. Since A € A, A # (). For each
N € A, (t, A/N|t7/Y(HN/N)t = KN/N) is weakly potent by Lemma 3.1. Thus
(H2) holds.

Let a € A be a nontrivial element. Since A is residually finite, there exists
N, <y A such that a ¢ N,. Suppose [A: N,] = < co. Since A is finitely generated,
let N be the intersection of all normal subgroups of index r in A. Then N is a
characteristic subgroup of finite index in A such that N C N,. Hence a ¢ N.
Furthermore ¢(N; N H) = Ny N K and therefore, N; € A. Thus, ((yca NV =1 and
we have (H3).

Let a € A\H. Since A is H-separable, there exists P <y A such that a ¢ HP. As
above, there exists a characteristic subgroup of finite index N in A such that N C P
and N € A. Hence a ¢ HN and so a ¢ (\yca HN. Therefore (., HN C H and
thus (yea HN = H. Similarly, (\yca KN = K. Thus (H5) holds.

Since (H1) and (H4) hold trivially, A is an h-filter of A. Then by Theorem 4.11,
G is weakly potent.

Suppose G is weakly potent. Then A is an h-filter of A by Theorem 4.10. This
implies that (\yea HN = H and (\yca KN = K. Thus, A is H-separable and
K-separable. O

Theorem 4.13. Let G = (t, At /' Ht = K, ¢), where A is characteristically weakly
potent and ¢ € Aut(A). Suppose H and K are subgroups in the center of A such that
H ¢ K,K ¢ H. Further, suppose A is M-separable for every subgroup M <y HK.
Then G is weakly potent if and only if Gy = (t, HK|t"'Ht = K, ¢) is weakly potent.

Proof. Suppose G is weakly potent. Then (G is weakly potent since GG is a subgroup
of G.

Suppose G is weakly potent. Since H # HK # K, then by Theorem 4.10, Con-
dition 3.3 is satisfied. Hence (Vy;cn, M = 1, \ysen, HM = H and (0, KM = K
where Ay = {M <y HK|p(M N H) = M N K}. In order to show that G is weakly
potent, we show that A is an h-filter of A and the result follows from Theorem 4.11.

First, we show that we can construct a subgroup Ny, € A for each M € A;. Let

M € Ay and hg = 1,hq, ..., h,, be coset representatives of M in HK. Since A is
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M-separable, there exists Py <y A such that h; ¢ Py M for all h;,1 <i < m. Let
Ny = Py M. Then Ny <y A. Now we show that Ny; N HK = M. Clearly we only
need to show that Nyy N HK C M. Suppose a € (Nyy N HK)\M. Since a ¢ M,
then a = h;m, where h; # 1 is a coset representative of M in HK and m; € M.
Since a € Ny = Py M, we have a = pmy where p € Py and mo € M. But this
implies that h; € Py;M, a contradiction. Therefore Ny; " HK = M. Similarly we
can show that NyyNH =M NH and Nyy N K = M N K. Hence Ny € A.

Note that A # @) since A € A. Foreach N € A, (t, A/N|t"*(HN/N)t = KN/N)
is weakly potent by Lemma 3.1. Thus (H2) holds.

Let a € A be nontrivial. Suppose a ¢ HK. Since A is H K-separable, there
exists M <y A such that « ¢ HKM. Then HKM <1y A and HKM € A. Suppose
a € HK. Since (yea, M = 1, there exists M € A, such that a ¢ M. Let
Ny = Py M as constructed above. Then Ny, € A and NyyNHK = M. If a € Ny,
then a € Ny N HK = M, a contradiction. So, a ¢ Ny;. Therefore (oo N = 1
and we have (H3)

Now we show (Hb5). Let € A\H. Suppose x ¢ HK. Since A is H K-separable,
there exists M <1y A such that + ¢ HKM. Then HKM <y A and HKM € A.
Now, suppose x € HK. Since v ¢ H and (oo, HM = H, we can find M € A,
such that z ¢ HM. Let Ny, = Py M as constructed above. Suppose x € HN,,.
Then x = hn for some h € H and n € Ny,. This implies that n € HK NNy, = M
and thus « € HM, a contradiction. So, x ¢ HNy. Therefore (\yoo HN = H.
Similarly, we can show (oo KN = K. Thus (H5) holds.

Since (H1), (H4) hold trivially, A is an h-filter of A. By Theorem 4.11, G is

weakly potent. O

Corollary 4.14. Let G = (t, A|lt7'Ht = K, ¢) be as in Theorem 4.13. Let A; =

.

S

{M <y HK|[p(M N H) =M N K}. Then A is an h-filter of A if and only if A,
an h-filter of HK .

Proof. Suppose A is an h-filter of A. Then by Theorem 4.11, G is weakly potent. By
Theorem 4.13, GGy is weakly potent . Therefore A, is an h-filter of HK by Theorem
4.10.
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Now, suppose A is an h-filter of H K. This implies that (),,cn, M = 1,(y;en, HM =

H and ﬂMeAl KM = K. We can now follow the proof in Theorem 4.13, to show

that A is an h-filter of A. O]

Lemma 4.15. [15] Let A be a finitely generated nilpotent group, H, K be proper

subgroups of A and ¢ : H — K an isomorphism. The HNN extension G =

(t, Alt7'Ht = K, ¢) of A with associated subgroups H and K is residually finite if

and only if there exists a torsion-free normal subgroup N <y A such that p(HNN) =

KNN and HNN,KNN are isolated in N.

Theorem 4.16. Let G = (t, At /'Ht = K,$) be as in Theorem /.15 with the

additional condition that H and K are finitely generated. Then G is weakly potent

if and only if there exists a torsion-free M € Ay = {M Q; HK|p(MNH) =MNK}

such that M W H, M N K are isolated in M.

Proof. Suppose G is weakly potent. Then Gy = (t, HK |t ' Ht = K, ¢) is a subgroup

of G and hence G, is weakly potent. Since H ¢ K,K ¢ H and HK is finitely

generated abelian, by Lemma 4.15, there exists a torsion-free M € A; = {M <y

HK|p(M N H)=Mn K} such that M N H, M N K are isolated in M.

Conversely, suppose that there exists a torsion-free M € Ay = {M 1 HK|p(MN

H) = M N K} such that M N H, M N K are isolated in M. By Lemma 4.15, G is

residually finite. We first show that A; is an h-filter of HK.

Since HK € Ay, Ay # (. For each M € Ay, (t, HK/M|[t""(HM/M)t =

KM/M) is weakly potent by Lemma 3.1. Thus (H2) holds.

Let a € HK be a nontrivial element. Since (G is residually finite, there exists

P <y Gy such that a ¢ P. Let M = PN HK. Then M <y HK and ¢(M N H) =

S(PNHKNH) = ¢(PNH) =t"Y(PNH)t=t"'PtNnt"'Ht = PNK = PNHKNK =

M N K. Thus, M € Ay and a ¢ M. Hence, [);cp, M = 1 and we have (H3).

Let x € HK\H. Suppose * € HM, whenever M € A;. Let z = [t7'xt, k]

where £ € K. Then z # 1. Since G is residually finite, there exists P <1y GG; such

that g ¢ P. Let M = PN HK. Then M <y HK and M € A; as above. We can

form Gy = (t, HK/M|t"Y\(HM /M)t = HM/M). Since x € HM, then there exists

h € HM/M such that ¥ = h. Thus [t~'7t, k] = [t"'ht, k] = 1, a contradiction.
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Therefore, x ¢ HM, for some M € A;. This implies = ¢ [),;c5, HM and hence
Marea, M € H. Thus (y,cp, HM = H. Similarly, (;ca, KM = K. Thus (H5)
holds.

Since (H1) and (H4) hold trivially, A is an h-filter of HK. Then by Corollary
4.14, A is an h-filter of A. Thus, G is weakly potent by Theorem 4.11. O]

4.4 HNN extensions of free abelian groups of finite rank

In this section we give a characterisation for HNN extensions of a free abelian group

of finite rank to be weakly potent.

Definition 4.17. Let G be a group and H < G. Then the subgroup H 1is isolated

in G if whenever g" € H for g € G andn € N, we have g € H.

Theorem 4.18. Let G = (t, A|t'Ht = K, $) be an HNN eatension where A is a

free abelian group with finite rank. Then the following are equivalent:
(1) G is weakly potent;
(1) A is an h-filter of A;

(1) there exists N € A such that HN N, K NN are isolated in N;

(iv) there exists a free abelian group X of finite rank and an automorphism ¢ €

Aut X such that AC X and ¢ |p= ¢.
First we prove (iv) — (i) in Theorem 4.18.

Lemma 4.19. Let G = (t, A|lt "' Ht = K, ¢) be an HNN extension where A is an
abelian group with finite rank. If there exists an abelian group with finite rank X
and an automorphism ¢ € Aut X such that A C X and ¢ |g= ¢, then G is weakly

potent.

Proof. Let G* = (t, X|t ' Ht = K, ¢). By Corollary 4.12, G* is weakly potent. Since

G < G*, GG is weakly potent. O
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We now show (i) — (ii).

Lemma 4.20. Let G = (t, A|t7'Ht = K, ¢) be an HNN extension where A is an

abelian group with finite rank. If G is weakly potent, then A is an h-filter of A.

Proof. Since A is characteristically weakly potent and abelian, the result holds by
Theorem 4.10. [

We now prove (ii) — (iii) in the following lemma.

Lemma 4.21. Let G = (t, A|t " 'Ht = K, ¢) be an HNN extension where A is an
abelian group with finite rank. If A is an h-filter of A, then there exists N € A such
that HN N, K NN are isolated in N.

Proof. By the definition of h-filter, (\yco HN = H and (yco KN = K. Let S/H
and T/K be the torsion parts of A/H and A/K respectively. Since A is finitely
generated, S/H and T/ K are finite. For each non-trivial element *H € S/H, there
exists N, € A such that N, N @H = (). Similarly, for each non-trivial element
yK € T/K, there exists N, € A such that N, NyK = 0. Let N = (NN,) N (NN,)
where the intersection extends over all the finitely many elements of S/H and T/ K.
Clearly N <y A and ¢(H N N) = K N N. By the construction of N, N/JH N N and
N/K N N are torsion free. Thus H NN and K N N are isolated in N. Hence N is

the required normal subgroup. O

To prove (iii) — (iv), we shall need the following lemmas in Andreadakis, Raptis

and Varsos [2].

Lemma 4.22. [2] Let A be a free abelian group of finite rank, H, K subgroups of A
which are direct factors of A and ¢ : H — K an isomorphism. Then there exists

an automorphism 0 € Aut A such that 0 |g= ¢.

Lemma 4.23. [2] Let A, K be free abelian groups and 6,60 : A — K monomor-

phisms such that 01 |g= 0y |g for some subgroup H of finite index in A. Then
(91 == 92.
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Lemma 4.24. [2] Let A be a free abelian group of finite rank. Let H, K be subgroups
of A of finite index in A and ¢ : H — K an isomorphism. Suppose that there exists
a subgroup P <; A with P < HNK and ¢(P) = P. Then there exists a free abelian

group X with finite rank and an automorphism ¢ € Aut X such that ¢ |g= ¢.

Lemma 4.25. Let A be a free abelian group of finite rank. Let H, K be subgroups
of A and ¢ : H — K an isomorphism. Suppose that there exists N <y A such that
G(HNN)=KNN and HNN,K NN are isolated in N. Then there exists a free

abelian group X with finite rank and an automorphism ¢ € Aut X such that A C X
and ¢ |p= ¢.

Proof. Since H N N, K N N are isolated in N, N/H NN and N/K N N are torsion
free. Thus N/H N N is free abelian and there exists L < N such that N = (H N
N) x L. Similarlyy, N = (K N N) x M for some M < N. Since ¢p(H N N) =
K NN, by Lemma 4.22, there exists an automorphism 7 of N with 7 |gnny= ¢ |un-
Furthermore, by Lemma 4.24, there exists a free abelian group X with finite rank
and an automorphism ¢ € Aut X such that A C X and ¢ |y= 7. So there are two
monomorphism ¢ |z, ¢ : H — X and HNN<«yH. Also, ¢ |tron= T |on= ¢ |anN.

Therefore by Lemma 4.23, ¢ |p= ¢ and our result follows. O
Theorem 4.18 now follows from Lemma 4.19, 4.20, 4.21, and 4.25.

Corollary 4.26. Let G = (t, At 7' Ht = K, ¢) where A is free abelian of finite rank.

If H, K are isolated in A, then G is weakly potent.

Proof. Let N = A" where n € Z* and n > 1. Then N <y A and ¢(N N H) =
O(A"NH) =¢(H") = (p(H))" = K" = A"NK = NN K. Thus, N € A. Since
H, K are isolated in A, then NN H, NN K are isolated in N. Therefore, G is weakly

potent by Theorem 4.18. O]

Corollary 4.27. Let G = (t,ay,az,...,a,/t 'al't = a¥ i =1,2,...,n,[a;,a;] = 1)

and A = (a1, as, ..., ay|[a;,a;] = 1). Then the following are equivalent:
(1) G is weakly potent;

(1) |pi| = lail, 1 =1,2,...n;
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(ii1) the map ¢ which sends a¥' to al',;i = 1,2,...n comes from an automorphism

of A.

Proof. Let A = (a1, as,...,as|[a;,a;] = 1) be a free abelian group of rank n. Let
H = {(a",ay?, ... at"), K = (a{",ad* ... ai) be subgroups of A and ¢ : H — K be
the isomorphism defined by ¢(al”) = a¥, i = 1,2,...,n. Then G = (t, A|t"'Ht =
K, ¢).

We begin by showing (i) = (ii). By Theorem 4.18, A is an h-filter of A. For
each x € A\ H, there exists N, € A such that tH NN, = () by (H5). Similarly, for
cach y € A\ K, there exists N, € A such that yKNN, = 0. Let S = (( N,)N (N N,).
Then S € A by (H4). Note that S C H,S C K. Therefore SN H =5 =SNK
and S <y H, S <y K. This implies that S <; A and ¢(S) = S.

Now, we can let S = (aj',a3?,...,a’") with p;|s; and ¢;|s;. Note that ¢(aj’) =
P(a*Pi/Pi) = (p(aPi))*/Pi = aB%/Pi = (a%)9/Pi. Since ¢(S) = S, we obtained |p;| =
lgil, i1 =1,2,...,n.

(ii) = (iii) is trivial.

(iii) = (i) follows from Corollary 4.12 since A is characteristically weakly potent

and subgroup separable. O
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5 Weak Potency of Generalised Free Products

5.1 Introduction

In this chapter, we shall study the weak potency of generalised free products of
weakly potent groups by using filters. This chapter will be divided into five parts. In
the first part, we will introduce w-filters which will be the basis for the main criterion.
Then we apply the main criterion to prove various criterions for the weak potency
of generalised free products with cyclic amalgamated subgroups in the second part.
Next in the third part, we prove characterizations for the generalised free products
with central amalgamated subgroups to be weakly potent. In the fourth part, we
extend our previous results to tree products. Finally in the last part we prove the

weak potency of certain one-relator groups with torsion.

Notation:

For the rest of this chapter, we let A and B be two groups such that AN B = H.
The following lemma will be used to prove most of the results in this chapter.

Lemma 5.1. [5] Let G = A}; B where A and B are finite. Then G is weakly potent.

5.2 Filters and weak potency

In this section we introduce w-filters (Definition 5.2) and then prove the main cri-
terion (Theorem 5.3) for generalised free products to be weakly potent. We then

apply our criterion to generalised free products amalgamating a finite subgroup.

Definition 5.2. Let G = Aj;B. Let A = {(M;, N;)|i € I} be a non-empty family of

pairs (M;, N;), where M; < A and N; < B, satisfying the following:
(W1) M;NH = N;NH for eachi € I;

(W2) For each i € I, A/M; } B/N; is weakly potent, where H = HM;/M; =
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(W8) For each iy, g, ... ,in € I and n € Z%, ((i_y Miy, Niey Nip) € A;
(W) Nies HM; = H = (¢, HN;.
Such A is called a w-filter of the generalised free product G = A} B.
We now prove our main criterion.
Theorem 5.3. Let G = A};B. Suppose
(1) A is a w-filter of G; and

(2) For each x € H of infinite order, we can find a positive integer r such that for

each positive integer n, there exists (M, N) € A such that M N (x) = («™).
Then G is weakly potent.

Proof. Let g € G be an element of infinite order.

Case 1. g € H. We can find a positive integer r such that for every positive
integer n, there exists (M, N) € A such that M N (g) = (¢""). Let G = A/M:B/N
where H = HM/M = HN/N. By (W2), G is weakly potent and hence residually
finite. Then there exists L<1;G such that g, g°,...,5"™ ' ¢ L. Let L be the preimage
of Lin G. Then L <y G and gL has order rn in G/L.

Case 2. g ¢ H. WLOG, we let x = agbpaib; ...anb,, where a; € A\H and
b; € B\H. By (W4), there exists (M,,, N;,) € A such that ay ¢ HM,, for each
1 < s < n. Similarly, there exists (M; ,N; ) € A such that b, ¢ HN] for each
1<s<n. Let M =_,(M;,"M)and N = (,_,(N;, "N/ ). Then (M,N) € A
by (W3) and MNH = NNH by (W1). Let G = A} B, where A = A/M,B = B/N
and H = HM/M = HN/N. Let & denote the image of z € G in G. Note that
||Z|]| = ||=|| and Z is nontrivial in G. By (W2), G is weakly potent. Then we can
find a positive integer r such that for each positive integer n, there exists L < ¥ G
such that ZL has order exactly rn in G/L. Let L be the preimage of L in G. Then

L <y G and zL has order of rn. Therefore, G is weakly potent. n

Theorem 5.4. Let G = A} B where A, B are weakly potent and H is finite. Let
A={(M,N)]M <y AN <y B such that MNH=1=NNH}. Then G is weakly

potent.
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Proof. Since H is finite, we need only show that A is a w-filter of G and the result
follows from Theorem 5.3.

Let H = {1,hy,...,ht}. Since A, B are weakly potent and hence residually
finite, for each nontrivial element h; € H, there exist M; <1y A, N; <y B such that
hi ¢ M; and h; ¢ N; for 1 <i < k. Let M = (\}_, M; and N = (\\_, N;. Then
M<; A N<gBand MNH =1=NnNH. Thus (M,N) € A. This implies A # 0.
By Lemma 5.1, A/M /. B/N is weakly potent for each (M, N) € A. Hence (W2)
holds.

To show (W4), let a € A\H. Then ah; ' # 1 for each h; € H,i = 1,2,...,k.
Since A is residually finite, there exists M <y A such that ah;' ¢ M for all i and
MNH =1. Then a ¢ HM. Similarly, there exists N <y B such that N N H = 1.
Then (M, N) € A and a & (s nyea 7M. This implies (), yyea M C H. Hence
Noarnyea HM = H. Similarly, (), yyea HN = H. Thus, (W4) holds. Since (W1)
and (WW3) hold trivially, A is a w-filter of G. Hence G is weakly potent by Theorem
5.3. O

The two conditions in Theorem 5.3 are sufficient for a generalised free product
to be weakly potent. We will also examine the converse, that is, if a generalised
free product is weakly potent then these two conditions are necessary. For ease of

exposition, we state the two conditions given in Theorem 5.3 as Condition 5.3 below.

Condition 5.3:

Let A = {(M,N)|M <y A, N <s B such that M N H = N N H} where
(1) Ais a w-filter of G = A}; B and

(2) For each x € H of infinite order, we can find a positive integer r such that for

cach positive integer n, there exists (M, N) € A such that M N (z) = (™).
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5.3 Various criterions

We begin this section with a criterion for the weak potency of certain generalised

free products with cyclic amalgamated subgroups.

Theorem 5.5. Let G = A} B where A and B are weakly potent and H = (c).

Suppose A and B are (c)-separable. Then G is weakly potent.

Proof. 1f (c) is finite, the result follows from Theorem 5.4. Let (c¢) be infinite cyclic.
Note that A # () since (4, B) € A. For each (M,N) € A, G = A/M 3 B/N is
weakly potent by Lemma 5.1. Thus (W2) holds.

By the weak potency of A and B, we can find positive integers rq, 7, with the
property that for each positive integer n, there exist P, <y A, P» <y B such that
Pin{c)y = (") and P, N {c) = (c"").

Let x € A\(c). Since A is (c)-separable, there exists S <1y A such that = ¢ (¢)S.
Suppose S N (c) = (¢*) for some positive integer s. Then from above. we can find
M* <y Aand N <y B such that M*N{c) = (¢"""°) = NN{(c). Let M = SNM*. Then
M <1y Ais such that x ¢ (¢)M and M N{(c) = (¢"">*) = NN{c). Therefore (M, N) €
Aand z & Ny neal&)M. Hence Ny pyeale)M C (c). Thus (N pealc) M = {¢).
Similarly, (s xyea(6)N = (¢). Thus (W4) holds. Since (W1) and (W3) hold
trivially, A is a w-filter of G.

Let € H has infinite order. As above we can find P <y A such that PN (c) =
(c"72). Suppose PN (z) = (z°) for some positive integer s. By the weak potency of
A, we can find a positive integer r such that for every positive integer n, there exists
Q) <y A such that Q N (z) = (x™"). Let M = PN Q. Then M <y A is such that
MnN{z) = (x"") and M N{c) = (¢""') for some positive integer t. As above, we can
find N <0 B be such that NN (c) = (¢""*). Then (M,N) € A and MN(x) = (x"").

By Theorem 5.3, GG is weakly potent. ]

Corollary 5.6. Let G = A<";S>B where A and B are weakly potent and s is any

positive integer. If A and B are (c)-separable, then G is weakly potent.

Proof. Follows from Lemma 3.14 and Theorem 5.5. O]
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We now show a criterion for the weak potency of certain generalised free products

amalgamating a retract.

Theorem 5.7. Let G = A, B, where A and B are weakly potent. Suppose, for each
R <y H, there exist Ny <y A and Np <y B such that N\NH =R=NgpNH. If A

and B are H-separable, then G is weakly potent.

Proof. We note that A # @ since (A, B) € A. For each (M,N) € A, G =
A/MzB/N is weakly potent by Lemma 5.1. Thus (1#2) holds.

Let x € A\H. Since A is H-separable, there exists M <y A such that z ¢ HM.
Suppose M NH = R. Then R <y H. By assumption, there exists N <y B such that
NN H = R. Therefore (M, N) € A. Since x ¢ HM, © & ()3 yyea HM. Therefore
Nonyea HM C H and thus (), yyen HM = H. Similarly, (), yyea HN = H.
Thus (W4) holds.

Since (W1) and (W3) hold trivially, A is a w-filter of G.

Let x € H has infinite order. Since A is weakly potent, we can find a positive
integer r with the property that for each positive integer n, there exists M <1 A
such that wM has order rn. Note that M N H = R <y H. By assumption, there
exists N <1y B such that NN H = R. Hence (M,N) € A and M N (x) = (z™™).

Hence G is weakly potent by Theorem 5.3. O

Corollary 5.8. Let G = A};B where A and B are weakly potent groups. Suppose

H is a retract in both A and B. Then G is weakly potent.

Proof. This follows from Lemmas 4.7 and 4.8, and Theorem 5.7. O

5.4 Generalised free products amalgamating central sub-

groups

In this section we study the weak potency of certain generalised free products amal-
gamating a central subgroup. We begin with a result which shows that Condition

5.3 1s necessary.
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Theorem 5.9. Let G = Ay B where H < Z(A)NZ(B). If G is weakly potent, then
Condition 5.3 holds.

Proof. We note that A # @ since (A,B) € A. For each (M,N) € A, G =
A/MzB/N is weakly potent by Lemma 5.1. Thus (W2) holds.

Let x € A\H. Suppose v € HM, whenever (M, N) € A. Let y € B\H. Then
g = [z,y] # 1. Since G is residually finite, there exists L <y G such that g ¢ L. Let
M =LNAand N = LNB. Then M <A, N<yBand MNH = LNANH = LNH =
LNBNH=NNB. Therefore, (M,N) € A. Now, we can form G = A/Mj;B/N
where H = HM/M = HN/N. Since x € HM, we can find some h € H such that
= h. Then g = [z,] = [h,y] = 1 since H C Z(B), a contradiction. Therefore,
x ¢ HM for some (M, N) € A. Thus, x ¢ ()3 nyea HM and () yyea HM C H.
Hence (s yyea HM = H. Similarly, (), yyea HN = H. We have (W4).

Since (W1) and (W3) hold trivially, A is a w-filter of G.

Let x € H has infinite order. Since G is weakly potent, we can find a positive
integer 7 such that for each positive integer n, there exists L <1;G such that LN (x) =
(x"). As above, we have (M, N) € A such that M = LN A and N = LN B. Then
Mn{x)y=LNnAN{(z)=LN{zx) = (2"™). We are done. O

It is clear that if G = A}; B satisfy Condition 5.3, then A and B are H-separable.
Therefore we can obtain the following two corollaries from Theorem 5.5 and Corol-

lary 5.8.

Corollary 5.10. Let G = A}, B where A and B are weakly potent, H = (c) and
H < Z(A)NZ(B). Then G is weakly potent if and only if A and B are H-separable.

Corollary 5.11. Let G = A}y B, where A and B are weakly potent and H < Z(A)N
Z(B). Suppose H is a retract in both A and B. Then G is weakly potent if and only

if A and B are H-separable.

We now show a criterion for the weak potency of certain generalised free products
of subgroup separable groups and then apply it to polycyclic-by-finite or free-by-

finite groups.
Lemma 5.12. Let H < A. If A is H-separable, then A/H is residually finite.
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Proof. Let x € A\H. Then there exists N <y A such that + ¢ HN. Note that
tH # H in A/H. It follows that «tH ¢ HN/H and HN/H <1y A/H. Thus, A/H is

residually finite. O

Theorem 5.13. Let G = A};B where A and B are weakly potent. Suppose H <
Z(A)NZ(B). If A and B are M-separable for every subgroup M <y H, then G is

weakly potent.

Proof. Note that A # ) since (A, B) € A. For each (M,N) € A, G = A/M};B/N
is weakly potent by Lemma 5.1. Thus (W2) holds.

Let x € A\H. Since A is H-separable, there exists M <y A such that © ¢ HM.
Then MNH <y H and MNH<B. Let B=B/(MNH)and H= H/MNH. Then
H is finite and B is residually finite by Lemma 5.12. Hence, there exists N <1; B
such that N N H = 1. Let N be the preimage of N in B. Then N < B such
that M N H = N N H. Therefore, (M, N) € A. Thus, x & (s xyea M. Hence,
Noaenyea HM C H and () yyea HM = H. Similarly, we have (), yyea HN = H
and (W4) holds.

Since (W1) and (W3) hold trivially, A is a w-filter of G.

Let x € H has infinite order. Since A is weakly potent, we can find a positive
integer r such that for each positive integer n, there exists M <1y A such that M N
(x) = (™). As above, we can find N <1y B such that (M, N) € A. Thus G is weakly

potent by Theorem 5.3. [

Corollary 5.14. Let G = A}; B where A and B are weakly potent and H is a finitely
generated central subgroup of A and B. If A and B are subgroup separable then G

15 weakly potent.

Corollary 5.15. Let G = A} B where A and B are polycyclic-by-finite or free-by-
finite and H is a finitely generated central subgroup of A and B. Then G is weakly

potent.
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5.5 Tree products

In this section, we extend our results in the last section to tree products of finitely
many weakly potent groups. We begin with the tree products amalgamating finite

subgroups.

Theorem 5.16. Let Ay, Ay, ..., A, be weakly potent groups. Let G = (Ay, Ag, ..., Ayl
H;; = Hj;) be a tree product of Ay, Ao, ..., A, amalgamating finite subgroups H;; of
A; and Hj; of A;. Then G is weakly potent.

Proof. We prove this theorem by induction on n. When n = 2, the result follows
from Theorem 5.4. The tree product G has an extremal vertex, say A,, which is
joined to a unique vertex, say A,_;. We write G = (A, AnHpm-1yn = Hy(n-1)), where
A is the tree product generated by Ay, As, ..., A,_;. By our inductive hypothesis,

A is weakly potent. Then G is weakly potent by Theorem 5.4. ]
We need the following lemma to prove the next result.

Lemma 5.17. Let G = (A}, Ay, ..., A,|ci? = cjj) be a tree product of Ay, Ag, ..., A,

ij
amalgamating infinite cyclic subgroups (¢;’) of A; and (') of A; where s;;,s;; are
any positive integers. Suppose G is weakly potent and A; are (c;j)-separable for each
i. Let K be a subgroup of A, where 1 < r <n and A, is K-separable. Then G is

K -separable.

Proof. By Lemma 3.14, A; is (c;;’)-separable for each i. The result follows from
Lemma 4.4 of [20]. O

Theorem 5.18. Let Ay, As, ..., A, be weakly potent groups. Let G = (A, Aa, ..., Ayl

cff = CJSZ) be a tree product of Ay, Ao, ..., A, amalgamating infinite cyclic subgroups
(¢i7') of Ai and (c;I') of Aj where s, s;; are any positive integers. If A; is (cij)-

separable for each i, then G is weakly potent.

Proof. As in Theorem 5.16, we prove this by induction. When n = 2, the theorem
follows from Corollary 5.6. We denote G = (A, An|cz<:fll)>g = cZ’E;L":ll; ), where A is the

tree product generated by A, As, ..., A,_1. By inductive hypothesis, A is weakly
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potent. Note that A is (c‘z;":f)):)—separable by Lemma 5.17. Therefore G is weakly

potent by Corollary 5.6. [
Corollary 5.19. Let Ay, Ag, ..., A, be polycyclic-by-finite or free-by-finite groups.
Let G = (A, Ay, ... ,An]cf;j = 021) be a tree product of Ay, Ag, . .., A, amalgamating
cyclic subgroups (cfj> of A; and (cjj> of A; where s;;,s5; are any positive integers.

Then G is again weakly potent.

Next, we show that tree products amalgamating along retracts and tree products

amalgamating central subgroups are weakly potent.

Lemma 5.20. [19] Let G = (A, As, ..., Ap|H;j = Hji) be a tree product of Ay,

Ag, ..., Ay amalgamating subgroups H;; of A; and Hj; of A;. Suppose
(i) A; is H;j-separable for each i;
(ii) for each R; <y H;;, there exists N; <y A; such that N; N H;; = R; for each i.

Let K be a subgroup of A, where 1 < r < n and A, is K-separable. Then G 1is

K -separable.

Lemma 5.21. [19] Let G = (A4, As, ..., Ay|H;; = Hj;) be a tree product of Ay, As,

.., A, amalgamating the subgroups H;; of A; and Hj; of Aj. Suppose, for each
R; <y Hi; there exists N; <y A; such that N; N H;; = R;. Let K be a subgroup of
A, where 1 <r <n and suppose, for each S <y K, there exists N, <; A, such that

N, N K = S. Then there exists P <y G such that PN K = S.

Theorem 5.22. Let Ay, As, ..., A, be weakly potent groups. Let G = (Aq, Aa, ..., Ayl
H;; = Hj;) be a tree product of Ay, As,..., A, amalgamating subgroups H;; of A;

and Hj; of A;. Suppose
(1) A; is H;;-separable for each i;
(2) for each R; <y H;;, there exists N; <y A; such that N; N H;; = R; for each i.

Then G is weakly potent.
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Proof. We prove by induction. When n = 2, the result follows from Theorem 5.7.
As in Theorem 5.16, we write G = (A, An|Hp-1yn = Hy(n-1)), where A is the tree
product generated by A;, Ay, ..., A,_1. By our inductive hypothesis, A is weakly
potent. By Lemma 5.20, A is H,_1y,-separable. On the other hand, for each
R, 1 <y H;—1)n, there exists N<1ffl such that NQH(H_U” = R, _1 by Lemma 5.21.

Thus the result follows from Theorem 5.7. ]

Corollary 5.23. Let Ay, As, ..., Ay, be weakly potent groups. Let G = (Ay, Ag, ..., Ay
H;; = Hj;) be a tree product of Ay, As, ..., A, amalgamating subgroups H;; of A,

and Hj; of A;. Suppose H;; is a retract in A; for each i. Then G is weakly potent.
Proof. Follows from Lemma 4.7, Lemma 4.8 and Theorem 5.22. [

Theorem 5.24. Let Ay, A, ..., A, be weakly potent groups. Let G = (A1, Ag, ..., Ayl
H;; = Hj;) be a tree product of Ay, As, ..., A, amalgamating central subgroups H,;
of Ai and Hj; of A;. If A; is M;-separable for every subgroup M; <y H;; for each 1,

then G is weakly potent.

Proof. When n = 2, the result follows from Theorem 5.13. As in Theorem 5.16,
we write G = (A, AnlHp—1yn = Hpm-1)), where A is the tree product generated by
Ay, As, ..., A,_1. By inductive hypothesis, A is weakly potent.

Suppose R; <; H;; be given. Let A; = A;/R; and }fij = H;;/R;;. Since A; is
residually finite by Lemma 5.12 and Hid is finite, there exists ]\Afl <y AZ such that
N; N ffij = 1. Let N; be the preimage of N; in A;. Then N; <y A; such that
N; N H;; = R;. Thus, by Lemma 5.20 A is M,-separable, for each M, <y Hy 41y for

1 <r <n—1. Hence G is weakly potent by Theorem 5.13. ]

Corollary 5.25. Let Ay, As, ..., Ay be weakly potent groups. Let G = (Ay, Ag, ..., Ay
H;; = Hj;) be a tree product of Ay, As, ..., A, amalgamating finitely generated cen-
tral subgroups H;; of A; and Hj; of A;. If A; is subgroup separable for each i, then

G is weakly potent.

Corollary 5.26. Let Ay, As, ..., A, be polycyclic-by-finite or free-by-finite. Let G =

(A1, As, ..., Ay|Hi; = Hy;) be a tree product of Ay, As, ..., A, amalgamating finitely
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generated central subgroups H;; of A; and Hj; of A;. If A; is subgroup separable for

each v, then G s weakly potent.

5.6 Omne-relator groups with torsion

For our final result, we show that the one-relator groups with torsion (a, b|(a'b™)?),

t > 1 is weakly potent. First, we have the following definition.

Definition 5.27. [1] Let x be an element of a group G. G is said to be (x)-potent
if and only if, for every positive integer n, there exists N <y G such that xN has
order exactly n in G/N. If G is (x)-potent for every nontrivial element x, then G

15 said to be potent.

Lemma 5.28. [1] The group G = {(a,b|(ab)"),t > 1 is (a)-separable, (b)-separable,
and also {(a)-Pot and (b)-Pot.

Theorem 5.29. The group G = {(a,b|(a'b™)!),t > 1 is weakly potent.

Proof. Let S = (b,c|c') and d = ¢b™™ for some positive integer m. Then S =
(d,b|(db™)"). Now, we can write G = S,* (a). It is clear that (d) is of infinite
order in S. Since S is (d)-Pot by Lemma 5.28, there exists N <y S such that
N N {d) = (d™). Similarly, there exists M <y (a) such that M N (a') = (a'™) since
infinite cyclic groups are potent. Since S is (d)-separable and (a) is (a')-separable,

G is weakly potent by Theorem 5.7. O
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