2.6 DERIVATION OF THE FORWARD EQUATIONS IN A
SYSTEM OF THREE DEPENDENT HYPO(2)/HYPO(2)/1

QUEUES

Consider a system of three Hypo(2)/Hypo(2)/1 queues in which the customer

who arrives at queue m has a probability of g, > 0 of joining queue m’, for m e

3
{1, 2,3}, me&{1, 2,3} and qum, =1. An illustration of the possible crossing over to

m’'=1

other queues is given in Figure 2.6.1.

As in Section 2.2, let the parameters of the hypoexponential distribution in two
phases for the interarrival time T in queue m be An1, Am2 . Furthermore, assume that the
parameters of the hypoexponential distribution in two phases for the service time S in

queue m be zim1, iz

Similarly, let At > 0 be a small increment in time and 7 =((k—1)At, kAt] & time

interval, k =1, 2, ... . Next let P% .. [n,][n,][n,] be the probability that at the end of

NINEN

the interval z, , the number of customers in the system is ny in queue m, m {1, 2, 3}
(In determining the queue size in a given queue, we include the customer that is
currently being served), the service process in queue m is in the state i, and the arrival
process in queue m is in the state j,, m €{1, 2, 3}, in €{0, 1, 2} and j, €{1, 2}. If queue

m is empty, then we may define the state of the service process to be zero. Assume that

R [ndIn 1] = lim BG4 Ty, 1in,]

=i
k—

exists.
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. Anarrival in queue 1, and the
X arriving customer stays back in
queue 1.

Q1 & s ‘;:’l

An arrival in queue 1 and the
arriving customer crosses over
either to aueue 2 or queue 3.

® ° Anarrival in queue 2, and
the arriving customer stays

‘ back in queue 2.
Q3 v o

o) An arrival in queue 2 and the
arriving customer crosses over
either to queue 1 or queue 3.

B Anarrival in queue 3, and the

arriving customer stays back in
Ql 1 queue 3.
! An arrival in queue 3 and the
4 | o arriving customer crosses over
Q2 /\"\ . either to queue 1 or queue 2.

v .
* " End of service.

Q3 IR’

Q1 '

Q2 18
Q3 4 'é 4 '

Figure 2.6.1 : Cross over probabilities in a system of three one-server queues.

Let h® be the vector

G B O I R O B RO B (O RN (S B (O S (5
h_(Il’l’IZ’2"3’3’n1’n2’n3)

of which the components are respectively the values of iy, j1, 12, j2, i3, J3, N1, N2, N3 at

the end of 7, . Again we refer to h® as the vector of characteristics of the queueing

system at the end of ¢, .
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The value h® may be developed from h*™ after some appropriate activities in

the interval z, . The set of possible activities may be denoted by the set A = {Aq, Ao, ...,

Ai16}. Some feasible events in A are shown below.

A; =(1,0,0,0,0,0,-1,-1,-1)
A; =(0,1,0,0,0,0,-1,-1,-1)
A; =(0,1,0,0,0,0,11,-1,-1)
As; =(0,1,0,0,0,0,12,-1,-1)
As =(0,1,0,0,0,0,13,-1,-1)
As =(0,0,1,0,0,0,-1,-1,-1)
A; =(0,0,0,1,0,0,-1,-1,-1)
As =(0,0,0,1,0,0,-1,21,-1)
As =(0,0,0,1,0,0, -1, 22, -1)
Ap =(0,0,0,1,0,0,-1,23,-1)
A1 =(0,0,0,0,1,0,-1, -1,-1)
A =(0,0,0,0,0,1,-1, -1,-1)
Az =(0,0,0,0,0,1,-1, -1,31)
A1 =(0,0,0,0,0,1,-1, -1, 32)
A;s =(0,0,0,0,0,1,-1, -1, 33)

As =(0,0,0,0,0,0, -1, -1, 1)

The positions, values and meanings of the components in A are explained in Table 2.6.1.
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Table 2.6.1 : The positions, values and meanings of the components in Ay,.

Position of Value of Meaning
component Component
1 1 A transition in the state of the service process in

queue 1 occursin z,

1 0 A transition in the state of the service process in
queue 1 does not occur in r,

1 -1 Queue 1 is empty at the end of 7, , and whether

a transition in the state of the service process in
queue 1 has occurred in z, is not relevant.

2 1 A transition in the state of the arrival process in
queue 1 occursin z, .

2 0 A transition in the state of the arrival process in
queue 1 does not occur in z, .

3 1 A transition in the state of the service process in

queue 2 occurs in z,

3 0 A transition in the state of the service process in
queue 2 does not occur in 7,

3 -1 Queue 2 is empty at the end of 7, , and whether

a transition in the state of the service process in
queue 2 has occurred in z, is not relevant.

4 1 A transition in the state of the arrival process in
queue 2 occurs in .

4 0 A transition in the state of the arrival process in
queue 2 does not occur in z, .

5 1 A transition in the state of the service process in

queue 3 occursin z,

5 0 A transition in the state of the service process in
queue 3 does not occur in ,

5 -1 Queue 3 is empty at the end of 7, , and whether

a transition in the state of the service process in
queue 3 has occurred in z, is not relevant.

6 1 A transition in the state of the arrival process in
queue 3 occurs in z,.
6 0 A transition in the state of the arrival process in

queue 3 does not occur in .

The meanings of the seventh, eighth and ninth components (Aw; and Aygand Ayg) of Ay
are explained below:
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Awr =

Aus :<

Awg=

11,

12,

13,

-1,

21,

22,

23,

-1,

31,

32,

33,

-1,

if the arriving customer in queue 1 stays back in queue 1.
if the arriving customer in queue 1 goes to queue 2.
if the arriving customer in queue 1 goes to queue 3.

no customers arrive in queue 1 and it is not relevant to find out whether
the arriving customer is staying back or going elsewhere.

if the arriving customer in queue 2 goes to queue 1.
if the arriving customer in queue 2 stays back in queue 2.

if the arriving customer in queue 2 goes to queue 3.

no customers arrive in queue 2 and it is not relevant to find out whether
the arriving customer is staying back or going elsewhere.

if the arriving customer in queue 3 goes to queue 1.
if the arriving customer in queue 3 goes to queue 2.
if the arriving customer in queue 3 stays back in queue 3.

no customers arrive in queue 3 and it is not relevant to find out whether
the arriving customer is staying back or going elsewhere.

The complete set of feasible events of A is shown in the Appendix B.

For a given value of h® | we may use a computer to search for all the possible

combinations of h®*™®and A,, which lead to h® . The results of the search may be

summarized and recorded in a coded form. An example of the codes is as follows:
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Table 2.6.2 : An example of the codes of h®  h®™ and probability of the corresponding event in

the interval 7, .

h® h* Power
1111111211 111111111,101010101010 0OO0OO0OO0O0O0O0O0O0O0O0O0O0 0OOOOO0OOOOO
111111111 211111211,001010101010 100000000000 OOOOOOOOO
111111111, 021111011 000110101010 000100000000 100000000O
111111111, 120111101(100100101010 000100000000 O10000O0O0O
111111111}, 121101110|100110100010 000100000000 0OO1000O0O00O
111111111 112111121|1101000101010 000001000000 OOOOOQOOOO
111111111, 011211011, 001010001010 0O0O0OO0O0O0O0O0O10000 0OO0O100000O0
111111111 110211101,101000001010 0O0O0O0OO0OO0O0O0O1000O0 0OOO0O100O00O0
111111111 1112011101101010000010 0O0O0O0OO0OO0O0O0O10000 0OO0O0OO01000O0
111111111 111121112,101010100010 0O0O0O0OO0OO0O0O0O00100 0OOOOO0OOOQOO
111111111, 011112011(001010101000 000000000001 OOOOOO1O00O
111111111, 110112101(101000101000 000000000001 OOOOOOO1O
111111111, 111102110{101010100000 0O0O00O0O0OO0OO0O0O001 OOOOOOOQOI1
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In Table 2.6.2,

Columns 1 — 9 give the components of h™®) |

Columns 10 — 18 give the components of h®™?.

Columns 19 — 51 give respectively the powers of (1-ppiAt), (1-Hi2At), (1-A11At),
(1-A12A1), (1-p21At), (1-pxAt), (1-A21At), (1-A2At), (1-pa1At), (1-ps2At), (1-As1At), (1-
Az2At),  (HuAY), (Hi2At), (AnAl), (A12At), (H2AY), (H22At), (A21AY), (420A1), (HsiAt),

(M324t), (Aa1A), (A32A1), (Q11), (d12), (d13), (G21) (G22), (G23), (T31), (d32) and (Qizs).

The multiplication of (1-ppAt), (1-ppAt), (1-ApiAt), (1-A12At), (1-H21At),
(1-H22At), (1-221A1), (1-222A1), (1-Ha1At), (1-Hs2At), (1-231A1), (1-432A1), (HuiAt), (H12At),
(A1AY), (A2At), (M21At), (H22AL), (A21A1), (A22A1), (Ma1At), (Ma2At), (As1AL), (A32At), (Qu1),
(912), (G13), (A21), (d22), (923), (Gar), (Gs2) , (qss) raised respectively to the corresponding
powers will represent the probability of occurrence of the corresponding event which

may be represented by an element in A.

The information represented by the above codes may be used to form the following

equation:

P UMM = PY DML — g2, At — A At — 1, At — Ay At — g1, At — A, At)
+ P A I (1, AL) + PG O [21(2,A0) G,
+ PSS (0] [1] (A, At)d,, + PSS [1I[0] (A, At)d
+ P21 (155A8) + P 0T [L (25,410
+ Pl U011 (2,,A1)0,, + P U[0](2,,At) 0,
+ P U LI2] (445,A0) + Py 01 [ (A5,At) G,
+ Poir U [0] [ (A5,A1) a5, + P ALIA[01(25,A) s,
(2.6.1)

The derivation of Equation (2.6.1) may also be illustrated by Figure 2.6.2.
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(11111111}

(111201110)  (11111111) (111121112) (111111111
xAloz Allf
v | NER R A
o - QLo -
1 L _
e
'1 2 1
e | || k| | Vo [ _

(02111101}

\

Ql..
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11111111y

/

(11111111}

T 7 :Statel

— . State 2

An arrival in queue 1, and the

g customer stays back in
1.

An arrival in queue 1 and the

arriving customer crosses over
either to queue 2 or queue 3.

An arrival in queue 2, and

the arriving customer stays

back in

-~

Nl

queue 2.

An arrival in queue 2 and the

arriving customer crosses over
either to queue 1 or queue 3.

An arrival in queue 3, and the

arriving customer stays back in
queue 3.

An arrival in queue 3 and the

arriving customer crosses over
either to queue 1 or queue 2.

End of service.

Figure 2.6.2 : The values of h™®and A,, which lead to the given value of h® .
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Figure 2.6.2, continued

Subtracting the term P2 J1[1]1[4] from both sides of (2.6.1), dividing both sides of
the resulting equation by At, and lettingAt — 0 and later lettingk — oo, we get the

balance equation

0= Py JURIR (=41 — Ay — o1 = Apy — 51 — A1)
+ Poyy A [ [ 215 + Poza12 O[] A,,04

+ P01 U011 41,01, + Proyyo 1014505
+ Piion U2 227 + Poy121 JOI A4,

+ Pl1oan I[01[11 22505, + Pry150 1 [1[0]4,,0,4
+ P01 dU 01U 45,05, + Prayaod 11101 45,05

(2.6.2)

Equation (2.6.2) may be represented in a coded form as shown in Table 2.6.3.
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Table 2.6.3 : Representation of Equation in (2.6.2) by codes.

Power

OO OO0 O0OO0ODO0ODO0OO0ODO0ODODO0ODODOO0COO
[elejolelolelolololololelololeNall s Nol
eoleoolololololololololololololl el
OO OO0 OO0 O0OO0ODO0OO0OO0OOHOOOOo
OO OO OO0 O0ODO0ODO0OO0OO0OHOOOOOo
OO OO0 O0OO0ODO0ODO0OO0OO0OOH0O0OO0OO0OOO0OOoO
[cNeoNololololoNoNole NollelNelolololNo o]
O OO0 OO0 O0O1TO0OO0ODO0ODO0OOO0OOO0OOoO
OO OO0 OO0 O0O100O0DO0DO0OO0OO0COO0OOo

OO OO OO O0ODO0ODO0ODO0ODO0ODO0OO0OO0OO
O OO0 O0O100O0CDO0ODO0ODO0ODO0OO0OO0OO0OOoO
OO OO0 O0ODO0ODO0OO0ODO0OO0ODO0OO0OO"0O00OoO
OO O0OO0O10 00000000000 O
[eoNeololololololololNololle Rl loNoNoNo]
O OO1O0OO0OO0ODO0ODO0ODO0ODO0ODO0ODO0OO0OOOO0OOo
OO OO OO0 O0OO0OO0OHOOOOOOOo
OO 1000000000000 OO0OOoO
O OO0 00O A A 10000000 O0o
O 0000000000000 OO0OOoO
O OO0 OO 1OOO0ODO0ODO0ODOOOOO0OOo
T O OO OO0 O0ODO0ODO0OO0ODO0ODO0OO0OOOO0OOo

A A A A A A A A O A A A1 ONAAO
A A A A A A AO A NAO O
A A A A A NO A A A O v O
A A A A A A A A A AAAAANNN
A A A A A A A A A O A A1 ONAAHO
A A A A A A A A A ANNNAAAA
A A A A A A A O A NAO v O
A A A A A A NANAN A A A A A A A A
A A A A A NO A A A O v O

Constant

—

In each row of Table 2.6.3,

Column 1 gives a coefficient value.

Columns 2 — 10 give the components of h.

Columns 11 — 31 give respectively the powers of (u11), (M12), (A11), (A12), (M21), (M22),

(A21), (A22), (Ma1), (M32), (Aa1), (As2), (A11), (G12), (G13), (Q21), (022), (023), (Ga1), (Ga2) and

(033)-

The symbol “ 1* ™ in the last row denotes the end of the equation.

For each row in Table 2.6.3, we form a product of

(i) the coefficient in column 1,

ERERR )

1)

(ii) the term B, ;;; [n][n,1[n;] of which the values iy, jui, i2, j2, i3, J3, N1, N2, Nz are

given by h, and
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(iii) the product of (M11), (M12), (A11), (A12), (M21), (M22), (A21), (A22), (Ma1), (M32), (Aa1),

(432), (A11), (A12), (d13), (021), (022), (023), (931), (g32) and (qas) raised respectively

to the corresponding powers.

We then equate the sum of the products for all the rows in Table 2.6.3 to zero to form

(2.6.2).

Now if we change h® =(1, 1, 1, 1, 1 1 1 1 1) to other values and search for
the values of h®*™ and the component of A which lead to the new value of h® , we can
similarly obtain an equation alike to (2.6.2). Again the resulting equation can be
represented in a coded form. The resulting table of codes for 0 < n® +n{ +n{’ < 15
can be found in the file ThreeQueueSystem_codes.txt in the CD attached. The first page
of ThreeQueueSystem_codes.txt is shown in Table 2.6.4. The equations for a
given nf, n{? and n{ of which n® +n{ +n{’> 16 can be found from the file

ThreeQueueSystem_codes.txt in the CD by

(i) increasing the nonzero value of n{ in the file ThreeQueueSystem_codes.txt to

n +1,or

(ii) increasing the nonzero value of n{ in the file ThreeQueueSystem_codes.txt to

n{ +1, or

(iii) increasing the nonzero value of n{ in the file ThreeQueueSystem_codes.txt to

n® 41
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Table 2.6.4 : Representation of some balance equations by codes.

OO OO oOoo OO OO OoOoOoOo OO OO OO0OCOOO (@ N olielelolo oo OO OO OOCDOCOO OO OO OOCOOO
OO OO oOoOo OO OO OoOoOoOo OO OO O0OOO0OOOoOOo OO0 O0OOCOOOoOOo OO OO O0OOOOOOo OO OO O0OOOoOOOoOOo
OO OO OoOOo OO OO OOoOOo OO OO OO OOOOo O OO O0OO0OOOOOoOOo OO OO OO0ODOOOoOOo OO OO O0OO0ODOOOOo
OO OO OoOOo OO OO OOoOOo OO OO O0OO0OO+H0O0 O OO O0OO0OO0OO+H0OO0o OO OO O0OO0OO+H0O0o OO OO O0OO0OO+H0O0
OO OO OoOOo OO OO OOoOOo OO OO OO0ODO0OOOOo O OO O0ODO0OOOOOoOOo OO OO OO0ODOOOoOOo OO OO O0OO0ODOOOOo
O OO OoOoOoOo OO OO OoOoOoOo OO OO O0OOOoOOOoOOo O OO0 O0OOOOOoOOo OO OO0 O0OO0OOOO0OOo OO OO O0OODOOOOo
O OO OoOOoOo OO OO OoOoOoOo OO OO OHOOOOoO O OO0 OHOOOOoO OO OO OHOOOOo OO OO OHOOOOo
OO OO oOoOo OO OO OoOoOoOo OO OO0 O0OO0OO0OOOoOOo O OO0 O0OOOOOoOOo OO OO0 O0OOOOO0OOo OO OO0 O0OODOOOOo
OO OO OoOOo OO OO OOoOOo OO OO O0OO0OOOOOo O OO O0ODO0OODOOOoOOo OO OO OO0ODOOOoOOo OO OO OO OOOOo

ﬂ OO OO OoOOo OO +H0 000 OO OO OOOOO O OO OO0 OOO - OO OO OO OOO OO OO OOOOO

M OO +HO0OO0OOo oo oOoOoOoCcoo - OO O—100O0O0O0OO0OOoO O OO0 O0CO0OOO0OOoO OCO0OO—1O0O0O0O0O0OO0OOo OO O—1O0OO0O0O0OO0OOoO

o OO OO O oo Nolelolls Nl [eleloleloloeloNalls ol O OO0 O0OO0OOO -0 OO OO0 O0OO0OO0OO0OHO0o OO OO0 O0OO0OO0OO0O 0o
OO OO OoOOo OO OO OOoOo OO 1000000 O0o OO 10000000 OO 1000000 O0o OO 1000000 Oo
OO OO OoOOo OO OO OOoOOo O OO0 O0OO0OO+HO0OOoO O OO O0OO0OO0OOHO0OOoO OO OO O0OO0OO+H0O0o OO OO O0OO0OO+H0OO0o
O 10 OO0 O -1 O OO O0OOo O 1O 0000000 OO0 00000 O0OO0o O -1 OO0 OO0 OOO0OO0o OO0 OO0 O0OO0OOo
OO OO0 O OO0 00O O OO0 O0OO+HOOO O OO O0OO0OOHOOOo OO O0OO0OO0OO0O-HOOOo OO OO O0OO0O-HOOOo
OO OO oOoOo OO OO OOoOo OO OO OO0OOOOoOOo O OO0 O0OOOOO0oOOoO OO OO O0OO0ODOOO0OOo OO OO0 O0OO0ODOOOOo
[elelelelele) OO OO OoOoOo OO OO0 O"100O0O0o O OO0 O"10O0O0OO0OOoO OO OO0 OH10O00O0O0OOo O OO0 OHdHOOOOo
-0 O O0OO0OOo OO O0OO0OO0OOo OO0 000000 Oo O OO0 0O0OO0O0OOO0oOOo OO O0OO0OO0OO0OOOoOOo OO O0OO0OO0OO0OO0OO0OO0o
O OO -HOO OO O+HOOOo OO O0OO1H0O0OO0OO0OO0OOoO OO O0OOHOOOOOo OO O0OOHO0OOO0OO0OOo OO OO0 O0OO0OO0OOo
OO OO OoOOo OO OO OOoOOo O OO0 O0OO0ODO0OOOoOOo O OO0 O0OOCOOOoOOoO OO OO OO0ODOOOOo OO OO O0OO0ODOOOOo
OO OOO OO OO O-HO0o A A A 1O 10O NO NANANANNANAMA OO MOMOANOMANTAN T TTOTOIOM
OO OO0 O OO O 0o OO OO0 O0OOHOOOo O OO0 O0OO 1000 OO OO0 O0OO-H0O0OO0OOo OO OO0 O0OO—10O0OO0OO0o
O OO —-H0O0 O OO —+HO0OO0OOo OO OO d1O0O0O00O0O0OOoO OCOO0OOd1000O0O0O0o OO OO d1O0O0O0O0O0OO0OO0o O O0OO0OO0Od1000O0O0O0o
L B B B B | NN ANNANN A D B B B B B B B B e N D B B B B B B B B e | e N e N

= oo ooowN OO OO OWN o A A A 401 ONO e e N e N D e B B e B B B BV |
L B B B B | L B B B B B | D B B B B B BNV | e e e AN e e AN e N
OO OOoONOoO OO OO NOOoO OO OO OoOONOOO O OO O0OOONOOO OO OO OONOOO OO OO OONOOO
L B B B B L I B B B | A A A AN A A A A A A A AN A A A A A A A AN A A A A A A A AN A A A A
O OO NOO O OO NOOOoO OO OO NOOOOOoO O OO OoONODOOOOoO OO0 OO NODOOOOo OO O0OOoONODOOOOoO

€

I

(@}
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2.7 COMPUTATION OF THE VALUE OF P, . [n,]In,][n,]

Before solving the balance equations to obtain the stationary queue length

distribution, we first introduce the following notations. Let

[n.][n,][n;]of which n, +n, +n, =n.

h iz J2l3)3

@) P i [n] beavalueof P .. ...
(b) {P [n,][n,][n;]} the set consisting of all the possible B, ;; ; . ; [N 1[N, ][N;].
(c) {P [n]} aset formed by the {P [n,][n,][n,]} of which n, +n, +n, =n.

(d) {P[n], P[n+1], P[n+2]} the set of equations of the form

2 2 2 2 2 2
IZ_:OJZJJZO jz—:llzmzl a'111'212'3J3 iy jaiz 2l J3 [n]
1=0];=11=0 J,=113=0]5

2 2

2 2 2 2
+X Y X X 20 P, [N+ 1]

i1=0j;=1i,=0 j,=1i3=0j3=1
2 2 2 2

2 2
+ Z z Z z Z Zlci1j1izjzi313 iy Juiz 2ls b [n + 2] O

i =0j;=1i,=0 j,=1i3=0j3=

where a. b...... and c are constants.

iy Jaip Jol3Js ' iy iz Jols Ja iy Julz i3 s

(e) (Pilhizjzim [n.][n,][Nn,] ‘ {P[O]}, {P[n +l]}) an equation of the form

'1J1'2Jz'313 [nl][nZ][n3] - z Z z Z z Z if J1i2 J2i3 3 '1J1'2Jz'3l3 [O]

i;=0ji=1i3=0 j,=1i3=0j5=1

+ z z z z Z Zlei{h’iéjéisls '111'212'3]3[ +1]

i1=0j;=1iy=0 j5=1i5=0j4=

where d., and e, are constants.

i J1i5 J515 J3 i1 J1i2 513 )3

With the above notations, the balance equations given by codes in the file

ThreeQueueSystem_codes.txt in the CD can be represented as
{P[0], P[1]} (2.7.1)

and {P[n-1], P[n], P[n+1]} .,n=1 2, .. (2.7.2)
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Power

OO OO OOo
OO OO OOo
OO OO OOo
O OO OoOoOOo
OO OO oOOo
OO OO oOoOo
OO OO OoOOo
OO OO OOo
OO OO OOo
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Table 2.7.1 : The codes for the equations represented by {P [0], P [1]}.
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For example the codes of the equations represented by {P [0], P [1]}are shown

in Table 2.7.1 and the codes of some of the equations in the set of equations represented

by {P [0], P [1], P [2]}are shown in Table 2.7.2. The complete set of equations given

by {P [0],P [1], P [2]} is shown in Appendix C.
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Table 2.7.1, continued

Power
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Table 2.7.2 : The codes for some equations represented by {P [0], P [1], P [2]}.
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Table 2.7.2, continued

Power
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To solve (2.7.1) and (2.7.2), we first combine the set of equations given by

{P[0],P [1]}and {P [0],P [1],P [2]}. We then solve for P _.

iy iz Jols s

[n] in terms of the

Piiiii [2] forn=0, 1 to get
(Pl | PL21) . n=0, 1. (27.3)

An example of the codes which represent (2.7.3) are given in the Table 2.7.3.

The first column of Table 2.7.3 gives the values of (n;, ny, n3g). The second
column gives the values of iy, ji, iz, j2, I2, J2 appearing in (2.7.3). The first row in the

Table 2.7.3 gives the values of (n;,n;,n;). The second row gives the various values of
i1, Ji,15, J5.13, J5 . Each subsequent row in Table 2.7.3 represents an equation formed by
equating B ;;;;; [n][n,][n;] to the sum of the products formed by multiplying the

remaining entries in the row by [n/1[n;][n;] . For example, row 3 represents the

l1hl2J213]3

equation

Po1010001[0][0] =12.92P, ,, [O][0][2] + 6.25P,,,, 101 [0][2] + 6.26 P, ,,{01[0][2]
+3.172P;,,[0][0][2] + 6.25P,,,{ O] [0][2] + 3.172P,,, 0] [0][2]

+3.172P,,,{01[0][2] + 1.525P, ., {01[0][2]

+ A+

+12.92P, .., [O][][1] + 6.25P,,,,,, JOT[1I[1] + 6.25P,, ,,, JOT[1][1]
+3.172P,, ,, JOT[LI[1] + 29.85P, ,, [O][LI[1] + 16.23P, ,,,[O1[L][1]
+3.172P, ,,, [O[1][1] + 16.23P,, ,,, JOI[A][1] + 9.21P, ,,,,[O][1] 1]
+6.25P,,,,, {O][1][1] + 3.172P,,,,, {O][1][1] + 1.525P,, ,, JO][1][1]
+6.25P,,,, [O][1][1] + 3.172P,,,, . JOI[1][1] + 16.23P,,,,, [O1[1][1]
+9.21P,,, , [O1[I[1] + 3.172P,,,,, JO][][1] +1.525P,,,,, JOT[1][1]

+9.21P,,,,JO][1][1] + 4.879P,,,,{01[1][1]
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(141710, 102=20, A11=1, 412=2, 1£1=10, 1£2=20, A21=1, 129=2, 131=10, 113,=20, A31=1, 132=2, 11=0.9, 022=0.9, q33=0.9, At=0.01.

The dotted lines indicate that the present table is to be joined up with the table in the next page).

Table 2.7.3 : The set of equations given by {P,; ;; [n] | P2l forn=0,1

010211

010212

010221 010222
6.249825957 3.171610367
3.588368234 2.601899105

6.83849824 2.
2.996586789 3.763899798
3.588368234

2076149972 1.43420661

2.996586789 143420661
1517298781 1.401276356

020111

020112

020121 020122
6.249825957 3.171610367
3.588368234 2.601899105
3.588368234 1.908538037
2.076149972 143420661
6.83849824  2.601899105
2.996586789 3.763899798
2.996586789 143420661
1517298781 1.401276356

0.577057651 0.394958623
0.077452238 0.065340662
0.250894631 0.171721141
0.042725709 0.034380323

0792316221 0.

0.089552386 0.563110614
0.329556163 0.222853656
0.037249219 0.028554797
0.147769011 0.100010737
0.022519476 0.016797561
0.329144229 0.217835782
0.031673139 0.101765469
0.169261101 0.100127372
0.023002475 0065295778

002
010111 010112 010121 010122
010101 0 0 1292187254  6.249825957
000 010102 0 0 6.325766393  6.83849824
010201 0 0 6.325766393 3.588368234
010202 0 0 3.407191257 2.996586789
020101 0 0 6.325766393 3.588368234
020102 0 0 3.407191257 2.996586789
020201 0 0 3.407191257 2.076149972
020202 0 Q 1.889892476 1.517298781
010111 0 0 2511656368 1.002074652
010112 0 0 0.228078187 1.542956572
001 010121 0 0 1092024508 0.435684631
010122 0 0 0.140533599 0.661052098
010211 0 0 0.641808554 0.471681848
010212 0 0 0.070591733 0.144424553
010221 0 0 0.312921252 0.21468763
010222 0 0 0.046374887  0.09279941
020111 0 0 0.641808554 0.471681848
020112 0 0 0.070591733 0.144424553
020121 0 0 0.312921252 0.21468763
020122 0 0 0.046374887  0.09279941
020211 0 0 0.312361571 0.244966767
020212 0 0 0.028346565 0.033363492
020221 0 0 0.149978329 0.115161717
020222 0 0 0.020238221 0.024399825
011101 0 0 97319483 0.577057651
011102 0 0 0.531918444 0.447898039
010 011201 0 0 0.118188077 0.077452238
011202 0 0 0.055939718 0.045138677
012101 0 0 0.423128187 0.250894631
012102 0 0 0.239263026 0.197078126
012201 0 0 0.066875373 0.042725709
012202 0 0 0.034621423 0.027647624
021101 0 0 .531918: 0.329556163
021102 0 0 0.297709556 0.233906134
021201 0 0 0.055939718 0.037249219
021202 0 0 0.025599312 0.019768377
022101 0 0 0.239263026 0.147769011
022102 0 0 0.138224865 0.107356339
022201 0 0 0.034621423 0.022519476
022202 0 0 0.017825417 0.013661816
110101 0 0 0.97319483  0.57
110102 0 0 0.531918444 0.447898039
100 110201 0 0 0.531918444 0.329556163
110202 0 0 0.297709556 0.233906134
120101 0 0 0.118188077 0.077452238
120102 0 0 0.055939718 0.045138677
120201 0 0 0.055939718 0.037249219
120202 0 0 0.025599312 0.019768377
210101 0 0 0.423128187 0.250894631
210102 0 0 0.239263026 0.197078126
210201 0 0 0.239263026 0.147769011
210202 0 0 0.138224865 0.107356339
220101 0 0 0.066875373 0.042725709
220102 0 0 0.034621423 0.027647624
220201 0 0 0.034621423 0.022519476
220202 0 0 0.017825417 0.013661816

lcoococoooocooooooooboocooooocooooooogbooooooooooooooooooocooo o

lcoocococooocooocooooobocooooooooooooogbooooooooooooooojooococoooo

1.00207465:

0.471681848 0522385637
0.114385144 0.065340662
0.049186458 0.048523596
0.435684631 0.171721141
0.21468763  0.22481573
0.065814003 0.034380323
0.030894648 0.02977728
0.471681848 0.222853656
0.244966767 0.217835782
0.049186458 0.028554797
0.02145873 0.018432136
0.21468763  0.100010737
0.115161717 0.100127372
0.030894648 0.016797561
0.015059166 0.012731676

020211

020212

020221 020222

011101

020
011102

3.171610367 1.524812676
1.908538037 1.139797476
2.601899105 1.139797476
1.062870676
2601899105 1.139797476
43420661 1.062870676
3763899798 1.062870676
1401276356 2.276254658

0.577057651 0.394958623
0.077452238 0.065340662
0.250894631 0.171721141
0.042725709 0.034380323

0147769011 0.100010737
0.022519476 0.016797561
1876469468 0.522385637
0.140376772 1.381856929
0.792316221 0.22481573
0.089552386 0.563110614
0.329144229 0.217835782
0.031673139 0.101765469
0.169261101 0.100127372

0.30428833  0.175353458
0.042223547 0.027709114
0.132299274 0.076240634
0.023105614 0.014722157
0.233017872 0.156771982
0.02769127 0.027473771
0.10260325 0.068498352
0.016104863 0.014318329
0.233017872 0.156771982
0.02769127 0.027473771
0.10260325 0.068498352
0.016104863 0.014318329
1532555546  0.29405349
0.09924613  1.271812564
0.621230478 0.123101264

3904 0.494994753

0.023002475 0.065295778
.577057651  0.30428833
0.329556163 0.233017872
0.077452238 0.042223547
0.037249219  0.02769127
0.250894631 0.132299274
0.147769011 0.10260325
0.042725709 0.023105614
0.022519476 0.016104863
0.447898039 0.233017872
0.233906134 0.199222212
0.045138677 0.02769127
0.019768377 0.015912797
0.197078126  0.10260325
0.107356339 0.087897145
0.027647624 0.016104863
0.013661816 0.010739802

. 33
0329556163 0.233017872

0.233017872
0233906134 0.199222212
0.077452238 0.042223547
0.037249219  0.02769127
0.045138677 0.02769127
0.019768377 0.015912797
0.250894631 0.132299274
0.147769011 0.10260325
0.197078126  0.10260325
0.107356339 0.087897145
0.042725709 0.023105614
0.022519476 0.016104863
0.027647624 0.016104863
0.013661816 0.010739802

lcoocococooocooooooooboocooooocooooooogbooooooooooooooooooocooo o

lcoocococooococococooooobocoooooocooooooogoooooooooooooooooococoooo

. . 17535345
0.222853656 0.156771982
0.065340662 0.027709114
0.028554797 0.027473771
0.171721141 0.076240634
0.100010737 0.068498352
. 23 0.014722157
0.016797561 0.014318329
0.522385637 0.156771982
0.217835782  0.29405349
0.048523596 0.027473771
0.018432136 0.021812564
0.22481573  0.068498352
0.100127372 0.123101264
0.02977728 0.014318329
0.012731676 0.014225522

0.471681848 0.522385637
0.471681848 0.222853656
0.244966767 0.217835782
0.114385144 0.065340662
0.049186458 0.048523596
0.049186458 0.028554797
0.02145873  0.018432136
0.435684631 0.171721141
0.21468763  0.22481573
0.21468763  0.100010737
0.115161717 0.100127372
0.065814003 0.034380323
0.030894648 0.02977728
0.030894648 0.016797561
0.015059166 0.012731676

lcoocococooocoocooooooboocooooocooooooogboooooocooooooooooooocooo o

lcoocococooococoocooooobooooooocooooooogoooooooooooooooooocooooo

0.39 .

0.222853656 0.156771982
0.522385637 0.156771982
0.217835782  0.29405349
0.065340662 0.027709114
0.028554797 0.027473771
0.048523596 0.027473771
0.018432136 0.021812564
0.171721141 0.076240634
0.100010737 0.068498352
0.22481573  0.068498352
0.100127372 0.123101264
0.034380323 0.014722157
0.016797561 0.014318329
0.02977728 0.014318329
0.012731676 0.014225522

lcoocococooocooooooooboocooooocooooooogbooooooooooooooooooocooo o

lcoocococooocoooooooobocoooooococoooooogooooocooooooooooooooooo o
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Table 2.7.3, continued
(The dotted lines indicate that some of the columns after the previous page have been omitted,

and the remaining columns are listed in the present page.)

011
011111 011112 01111210111122 011211 011212 011221 011222 012111 012112 012121 012122 012211 012212 012221 012222 021111 021112 021121 021122 021211 021212 021221 021222 022111 022112 022121 022122 022211 022212 022221 022222
0 0 12.922 6.24983 0 0 62498 3.17161 12.922 6.2498 29.847 16.2309 6.24983 3.17161 16.23087 9.20987 0 0 6.2498 31716 0 0 317161 1.52481 6.2498 3.1716 16.2309 9.20987 3.17161 1.52481 9.209869 4.8794006
0 0 63258 6.8385 0 0 35884 26019 63258 6.8385 13.644 18.107 3.58837 2.6019 9.145344 7.57774 0 0 35884 26019 0 0 1908538 1.1398 3.5884 2.6019 9.14534 757774 1908538 1.1398 5.497655 3.6473519
0 0 63258 358837 0 0 68385 26019 63258 35884 13.644 9.14534 6.8385 2.6019 18.10704 7.57774 0 0 35884 19085 0 0 2601899 1.1398 3.5884 1.9085 9.14534 549765 2.601899 1.1398 7.577738 3.6473519
0 0 34072 299659 0 0 29966 3.7639 3.4072 29966 7.2448 7.35082 2.99659 3.7639 7.350822 11.0791 0 0 20761 14342 0 0 1434207 106287 20761 14342 5.23954 4.09005 1.434207 1.06287 4.090046 3.4011862
0 0 63258 358837 0 0 35884 1.90854 6.3258 35884 13.644 9.14534 3.58837 1.90854 9.145344 5.49765 0 0 6.8385 26019 0 0 2601899 1.1398 6.8385 26019 18.107 7.57774 2601899 1.1398 7.577738 3.6473519
0 0 3.4072 299659 0 0 20761 143421 3.4072 29966 7.2448 7.35082 2.07615 1.43421 5.239537 4.09005 0 0 2.9966 37639 0 0 1434207 1.06287 2.9966 3.7639 7.35082 11.0791 1.434207 1.06287 4.090046 3.4011862
0 0 34072 207615 0 0 29966 1.43421 3.4072 20761 7.2448 5.23954 2.99659 1.43421 7.350822 4.09005 0 0 29966 14342 0 0 3.7639  1.06287 2.9966 1.4342 7.35082 4.09005 3.7639 1.06287 11.07913 3.4011862
0 0 18899 15173 0 0 15173 140128 18899 15173 4.0033 3.68793 15173 140128 3.687926 3.74858 Q 0 15173 14013 0 0 1401276 227625 15173 14013 3.68793 3.74858 1401276 227625 3.748578 7.2840149
0 0 09732 1.00207 0 0 05771 0.39496 25117 1.0021 2.0991 2.64783 0.57706 0.39496 1.475912 1.14981 0 0 05771 0.395 0 0 0304288 0.17535 05771 0.395 147591 1.14981 0.304288 0.17535 0.877794 0.5611311
0 0 01182 0.11439 0 0  0.0775 0.06534 0.2281 1543 0.2534 0.29414 0.07745 0.06534 0.195353 0.19048 0 0 0.0775 0.0653 0 0 0.042224 0.02771 0.0775 0.0653 0.19535 0.19048 0.042224 0.02771 0.121129 0.0886692
0 0 04231 043568 0 0 02509 0.17172 1.092 04357 17822 1.15123 0.25089 0.17172 0.641701 0.49992 0 0 02509 01717 0 0 0132299 0.07624 02509 0.1717 0.6417 0.49992 0.132299 0.07624 0.38165 0.24397
0 0  0.0669 0.06581 0 0  0.0427 0.03438 0.1405 0.6611 0.1799 1.00386 0.04273 0.03438 0.108135 0.1002 0 0 0.0427 0.0344 0 0 0.023106 0.01472 0.0427 0.0344 0.10813 0.1002 0.023106 0.01472 0.066372 0.0471109
0 0 05319 047168 0 0 04479 0.52239 0.6418 0.4717 11332 1.17166 187647 0.52239 1.103034 1.5358 0 0 03296 02229 0 0 0.233018 0.15677 0.3296 0.2229 0.83158 0.63721 0.233018 0.15677 0.667699 0.5016703
0 0 0.0559 0.04919 0 0 0.0451 0.04852 0.0706 0.1444 0.1191 0.12231 0.14038 1.38186 0.111145 0.14008 0 0 0.0372 0.0286 0 0 0.027691 0.02747 0.0372 0.0286 0.09305 0.08017 0.027691 0.02747 0.077579 0.0879161
0 0 02393 0.21469 0 0 01971 0.22482 0.3129 0.2147 0.5464 0.53616 0.79232 0.22482 1.319668 0.66075 0 0 0.1478 0.1 0 0 0102603 0.0685 0.1478 0.1 037323 0.28633 0.102603 0.0685 0.29411 0.2191947
0 0 0.0346 0.03089 0 0  0.0276 0.02978 0.0464 0.0928 0.0767 0.11052 0.08955 0.56311 0.10157 0.88647 0 0 0.0225 0.0168 0 0 0.016105 0.01432 0.0225 0.0168 0.05647 0.04753 0.016105 0.01432 0.045451 0.0458187
0 0 05319 047168 0 0 03296 0.22285 0.6418 04717 11332 1.17166 0.32956 0.22285 0.831583 0.63721 0 0 0.4479 05224 0 0 0233018 0.15677 1.8765 0.5224 110303 1.5358 0.233018 0.15677 0.667699 0.5016703
0 0 0.0559 0.04919 0 0  0.0372 0.02855 0.0706 0.1444 0.1191 0.12231 0.03725 0.02855 0.093049 0.08017 0 0 0.0451 0.0485 0 0 0.027691 0.02747 0.1404 13819 0.11115 0.14008 0.027691 0.02747 0.077579 0.0879161
0 0 02393 0.21469 0 0  0.1478 0.10001 0.3129 0.2147 0.5464 0.53616 0.14777 0.10001 0.37323 0.28633 0 0 01971 02248 0 0 0102603 0.0685 0.7923 0.2248 1.31967 0.66075 0.102603 0.0685 0.29411 0.2191947
0 0 00346 0.03089 0 0 00225 0.0168 0.0464 0.0928 0.0767 0.11052 0.02252 0.0168 0.056474 0.04753 0 0 0.0276 0.0298 0 0 0.016105 0.01432 0.0896 0.5631 0.10157 0.88647 0.016105 0.01432 0.045451 0.0458187
0 0 02977 0.24497 0 0 02339 0.21784 0.3124 0.245 0.6315 0.59877 0.32914 0.21784 0.571526 0.5947 0 0 0.2339 02178 0 0 0199222 0.29405 0.3291 0.2178 0.57153 0.5947 1.532556 0.29405 0.538856 0.9409712
0 0 0025 0.02146 0 0 00198 0.01843 0.0283 0.0334 0.0544 0.05271 0.03167 0.10177 0.048482 0.05093 0 0 0.0198 00184 0 0 0.015913 0.02181 0.0317 0.1018 0.04848 0.05093 0.099246 1.27181 0.043376 0.0698002
0 0 01382 0.11516 0 0 01074 010013 0.15 0.1152 0.2963 0.2824 0.16926 0.10013 0.296326 0.27576 0 0 0.1074 0.1001 0 0 0.087897 0.1231 0.1693 0.1001 0.29633 0.27576 0.62123 0.1231 1.039071 0.393924
0 0 00178 0.01506 0 0 00137 0.01273 00202 0.0244 0.0382 0.03964 0.023 0.0653 0.036123 0.06612 0 0 00137 00127 0 0 001074 0.01423 0.023 0.0653 0.03612 0.06612 0.063304 0.49499 0.060144 0.8147524
0 0 25117 057706 0 0 1.0021 0.39496 0.9732 05771 2.0991 1.47591 1.00207 0.39496 2.647826 1.14981 0 0 05771 03043 0 0 0.394959 0.17535 0.5771 0.3043 1.47591 0.87779 0.394959 0.17535 1.149805 0.5611311
0 0 06418 187647 0 0 04717 052239 05319 04479 11332 1.10303 0.47168 0.52239 1.171661 1.5358 0 0 0.3296 0.233 0 0 0.222854 0.15677 0.3296 0.233 0.83158 0.6677 0.222854 0.15677 0.637207 0.5016703
0 0 02281 0.07745 0 0 1.543 0.06534 0.1182 0.0775 0.2534 0.19535 0.11439 0.06534 0.294142 0.19048 0 0 0.0775 0.0422 0 0 0.065341 0.02771 0.0775 0.0422 0.19535 0.12113 0.065341 0.02771 0.19048 0.0886692
0 0 0.0706 0.14038 0 0 01444 1.38186 0.0559 0.0451 0.1191 0.11115 0.04919 0.04852 0.122306 0.14008 0 0 0.0372 0.0277 0 0 0.028555 0.02747 0.0372 0.0277 0.09305 0.07758 0.028555 0.02747 0.08017 0.0879161
0 0 1.092  0.25089 0 0 04357 017172 04231 02509 1.7822 0.6417 0.43568 0.17172 1.151229 0.49992 0 0 02509 01323 0 0 0171721 0.07624 0.2509 0.1323 0.6417 0.38165 0.171721 0.07624 0.499915 0.24397
0 0 03129 079232 0 0 02147 0.22482 0.2393 0.1971 0.5464 1.31967 0.21469 0.22482 0.53616 0.66075 0 0 0.1478 0.1026 0 0 0100011 0.0685 0.1478 0.1026 0.37323 0.29411 0.100011 0.0685 0.286333 0.2191947
0 0 01405 0.04273 0 0  0.6611 0.03438 0.0669 0.0427 0.1799 0.10813 0.06581 0.03438 1.00386 0.1002 0 0 0.0427 00231 0 0 0.03438 0.01472 0.0427 0.0231 0.10813 0.06637 0.03438 0.01472 0.100197 0.0471109
0 0 00464 0.08955 0 0 00928 0.56311 0.0346 0.0276 0.0767 0.10157 0.03089 0.02978 0.110523 0.88647 0 0 0.0225 0.0161 0 0 0.016798 0.01432 0.0225 0.0161 0.05647 0.04545 0.016798 0.01432 0.047529 0.0458187
0 0 06418 0.32956 0 0 04717 0.22285 05319 0.3296 1.1332 0.83158 0.47168 0.22285 1.171661 0.63721 0 0 1.8765 0.233 0 0 0522386 0.15677 0.4479 0.233 1.10303 0.6677 0.522386 0.15677 1.535803 0.5016703
0 0 03124 032914 0 0 0.245 0.21784 0.2977 0.2339 0.6315 0.57153 0.24497 0.21784 0.598773 0.5947 0 0 03291 15326 0 0 0.217836 0.29405 0.2339 0.1992 0.57153 0.53886 0.217836 0.29405 0.594697 0.9409712
0 0 00706 0.03725 0 0 0.1444 0.02855 0.0559 0.0372 0.1191 0.09305 0.04919 0.02855 0.122306 0.08017 0 0 0.1404 0.0277 0 0 1.381857 0.02747 0.0451 0.0277 0.11115 0.07758 0.048524 0.02747 0.140076 0.0879161
0 0 00283 0.03167 0 0  0.0334 0.10177 0.0256 0.0198 0.0544 0.04848 0.02146 0.01843 0.052712 0.05093 0 0 0.0317 0.0992 0 0 0101765 127181 0.0198 0.0159 0.04848 0.04338 0.018432 0.02181 0.050934 0.0698002
0 0 03129 0.14777 0 0 02147 0.10001 0.2393 0.1478 0.5464 0.37323 0.21469 0.10001 0.53616 0.28633 0 0 0.7923 01026 0 0 0224816 0.0685 0.1971 0.1026 1.31967 0.29411 0.224816 0.0685 0.660748 0.2191947
0 0 0.15  0.16926 0 0 0.1152 0.10013 0.1382 0.1074 0.2963 0.29633 0.11516 0.10013 0.282402 0.27576 0 0 0.1693 06212 0 0 0100127 0.1231 0.1074 0.0879 0.29633 1.03907 0.100127 0.1231 0.275762 0.393924
0 0 0.0464 0.02252 0 0 00928 0.0168 0.0346 0.0225 0.0767 0.05647 0.03089 0.0168 0.110523 0.04753 0 0 0.0896 00161 0 0 0563111 0.01432 0.0276 0.0161 0.10157 0.04545 0.029777 0.01432 0.886468 0.0458187
0 0 00202 0023 0 0 00244 0.0653 0.0178 0.0137 0.0382 0.03612 0.01506 0.01273 0.039637 0.06612 0 0 0023 00633 0 0 0.065296 0.49499 0.0137 0.0107 0.03612 0.06014 0.012732 0.01423 0.066119 0.8147524
0 0 09732 057706 0 0 05771 030429 0.9732 0.5771 2.0991 1.47591 0.57706 0.30429 1.475912 0.87779 0 0 1.0021  0.395 0 0 0.394959 0.17535 1.0021 0.395 264783 1.14981 0.394959 0.17535 1.149805 0.5611311
0 0 05319 0.4479 0 0 03296 0.23302 0.5319 0.4479 1.1332 1.10303 0.32956 0.23302 0.831583 0.6677 0 0 04717 05224 0 0 0.222854 0.15677 0.4717 05224 117166 1.5358 0.222854 0.15677 0.637207 0.5016703
0 0 05319 0.32956 0 0 04479 0.23302 05319 0.3296 11332 0.83158 0.4479 0.23302 1.103034 0.6677 0 0 04717 02229 0 0 0522386 0.15677 0.4717 02229 117166 0.63721 0.522386 0.15677 1.535803 0.5016703
0 0 02977 023391 0 0 02339 0.19922 02977 0.2339 0.6315 0.57153 0.23391 0.19922 0.571526 0.53886 0 0 0.245 02178 0 0 0217836 0.29405 0.245 02178 0.59877 0.5947 0.217836 0.29405 0.594697 0.9409712
0 0 01182 0.07745 0 0  0.0775 0.04222 0.1182 0.0775 0.2534 0.19535 0.07745 0.04222 0.195353 0.12113 0 0 0.1144 0.0653 0 0 0.065341 0.02771 0.1144 0.0653 0.29414 0.19048 0.065341 0.02771 0.19048 0.0886692
0 0 0.0559 0.04514 0 0 0.0372 0.02769 0.0559 0.0451 0.1191 0.11115 0.03725 0.02769 0.093049 0.07758 0 0 0.0492 00485 0 0 0.028555 0.02747 0.0492 0.0485 0.12231 0.14008 0.028555 0.02747 0.08017 0.0879161
0 0 0.0559 0.03725 0 0 0.0451 0.02769 0.0559 0.0372 0.1191 0.09305 0.04514 0.02769 0.111145 0.07758 0 0 0.0492 0.0286 0 0 0.048524 0.02747 0.0492 0.0286 0.12231 0.08017 0.048524 0.02747 0.140076 0.0879161
0 0 0025 0.01977 0 0 00198 0.01591 0.0256 0.0198 0.0544 0.04848 0.01977 0.01591 0.048482 0.04338 0 0 0.0215 0.0184 0 0 0.018432 0.02181 0.0215 0.0184 0.05271 0.05093 0.018432 0.02181 0.050934 0.0698002
0 0 04231 0.25089 0 0 02509 0.1323 04231 0.2509 0.9126 0.6417 0.25089 0.1323 0.641701 0.38165 0 0 04357 01717 0 0 0171721 0.07624 0.4357 0.1717 115123 0.49992 0.171721 0.07624 0.499915 0.24397
0 0 0.2393 0.19708 0 0 01478 0.1026 0.2393 0.1971 0.5102 0.48633 0.14777 0.1026 0.37323 0.29411 0 0 0.2147 02248 0 0 0100011 0.0685 0.2147 0.2248 0.53616 0.66075 0.100011 0.0685 0.286333 0.2191947
0 0 02393 0.14777 0 0 01971 0.1026 0.2393 0.1478 0.5102 0.37323 0.19708 0.1026 0.486335 0.29411 0 0 02147 0.1 0 0 0224816 0.0685 02147 0.1  0.53616 0.28633 0.224816 0.0685 0.660748 0.2191947
0 0 01382 0.10736 0 0 01074 0.0879 0.1382 0.1074 0.2934 0.26299 0.10736 0.0879 0.262993 0.23907 0 0 0.1152 0.1001 0 0 0100127 0.1231 0.1152 0.1001 0.2824 0.27576 0.100127 0.1231 0.275762 0.393924
0 0 0.0669 0.04273 0 0 0.0427 0.02311 0.0669 0.0427 0.1436 0.10813 0.04273 0.02311 0.108135 0.06637 0 0 0.0658 0.0344 0 0 0.03438 0.01472 0.0658 0.0344 0.17053 0.1002 0.03438 0.01472 0.100197 0.0471109
0 0 0.0346 0.02765 0 0 00225 0.0161 0.0346 0.0276 0.0738 0.06824 0.02252 0.0161 0.056474 0.04545 0 0 0.0309 0.0298 0 0 0.016798 0.01432 0.0309 0.0298 0.07719 0.08647 0.016798 0.01432 0.047529 0.0458187
0 0 00346 0.02252 0 0 00276 0.0161 0.0346 0.0225 0.0738 0.05647 0.02765 0.0161 0.068237 0.04545 0 0 0.0309 0.0168 0 0 0.029777 0.01432 0.0309 0.0168 0.07719 0.04753 0.029777 0.01432 0.086468 0.0458187
0 0 00178 0.01366 0 0 00137 0.01074 00178 0.0137 0.0379 0.03356 0.01366 0.01074 0.033559 0.02937 0 0 0.0151 00127 0 0 0.012732 001423 0.0151 0.0127 0003707 0.03535 0.012732 0.01423 0.03535 0.0455217

58



From the equations represented by Rows 3-10 in Table 2.7.3, we get three sets

of equations of the forms

£P,51.1.,, [01001[2] | {P [OT[OI[OT}, {P [OI[2][0T}, {P [2][0][O]},

(2.7.4)
£P [0}, {P [ON}, {P [OI[4[I} 3
{P.;;.,1, [01[21[0] | {P [O1[0I[0I}. {P [0][0I[2I}. {P [2][OI[OI}. 275
{P [LA[0T}, {P [L[0][}, {P [OI[LL} } .
P.....[2][0]fO P [O][O][O1}, {P [O][O][2]}, {P [O][2][O]},
and {P.;;,,1, [21[01[0] | {P [O1[01[0I}, {P [0][0I[2I}. {P [O][2][OT} 276)

{P 0L, {P [IOIR1}, {P [OICIMAD}F }
respectively (see for example Tables 2.7.4 - 2.7.6).

From (2.7.4) and rows 11-26 in Table 2.7.3, we get a set of equations of the

form

£P;1.5.,, [01[OI[] | {P [O][0I[OI}, {P [0][2][0T}, {P [2][O][OT;

(2.7.7)
{P [0}, {P [o1a]}, {P [O1[AMAl} }

(see for example Table 2.7.7).

Next from (2.7.5) and rows 27-42 in Table 2.7.3, we get a set of equations of the

form (see for example Table 2.7.8)

{P, 111, [OTILI[OT | {P [O1[OT[OT}, {P [OIOI(21}, {P [2I[OI[OT: 278)
{P [T, {P WO}, {P [OIEIET}

Similarly from (2.7.6) and rows 43-58 in Table 2.7.3, we get a set of equations

of the form (see for example Table 2.7.9)

P11, [100)(0] | {P [OJ(OI[O3, {P [O](CI[21}, {P [OI[21[0] (27.9)
{P MO}, {P WIOI}, {P [OIED} }

59



Table 2.7.4 : The set of equations given by {P,;; ;. ; [01[0][2] | {P [OJ[O][OT}, {P [O1[2][0T}, {P [2][0][01}, {P [L[L[OT}, {P [LOIL}, {P [OI[LI[L}}

(141710, 1802=20, A11=1, A12=2, 1£1=10, 1£=20, A21=1, A29=2, 131=10, 1£3,=20, A31=1, A32=2, 11=0.9, 022=0.9, 033=0.9, At=0.01.

The dotted lines indicate that the present table is to be joined up with the table in the next page).

000 020
010101 010102 010201 020102 020101 020102 020201 020201 011101 011102

010111 0 0 0 0 0 0 0 0 0 0

010112 0 0 0 0 0 0 0 0 0 0

002 010121 0 0 0 0 -1 -6.87E-17  5.22E-17  2.19E-17 0 0

010122 0 0 0 0 2.98E-16 -1 1.76E-16  -4.19E-18 0 0

010211 0 0 0 0 0 0 0 0 0 0

010212 0 0 0 0 0 0 0 0 0 0

010221 0 0 0 0 1.65E-16  2.95E-17 -1 3.00E-17 0 0

010222 0 0 0 0 -4.98E-17 3.06E-16  -7.77E-17 -1 0 0

020111 0 0 0 0 0 0 0 0 0 0

020112 0 0 0 0 0 0 0 0 0 0

020121 0 0 0 0 2.54E-16 -1.49E-17 9.53E-17 -1.23E-16 0 0

020122 0 0 0 0 -4.66E-16 5.14E-16 -1.48E-16 1.71E-16 0 0

020211 0 0 0 0 0 0 0 0 0 0

020212 0 0 0 0 0 0 0 0 0 0

020221 0 0 0 0 1.58E-16  2.95E-16 -1.78E-17  2.49E-16 0 0

020222 0 0 0 0 6.06E-17 -3.40E-16 4.67E-16  5.11E-17 0 0
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Table 2.7.4, continued

(The dotted lines indicate that some of the columns after the previous page have been omitted,

and the remaining columns are listed in the present page.)

011
021112 021121 021122 021211 021212 021221 021222 022111 022112 022121 022122 022211 022212 022221 022222
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
4.75E-18  -2.29E-18  1.15E-15  -4.81E-19  7.89E-18 -1.94E-16  3.19E-16 0.22425 -0.1 -0.1 -5.16E-17 -0.1 -6.87E-17  3.85E-17  -1.43E-17
-1.65E-18  9.69E-17  -1.86E-16 -8.07E-19  8.11E-18  -5.06E-16 -3.52E-16  -0.11175 0.336 -5.14E-17 -0.1 -5.34E-18 -0.1 6.24E-17 1.36E-17
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
154E-17  -3.02E-17 -596E-16 -1.13E-17 -4.50E-18  3.65E-16  -1.67E-16  -0.11175  -1.87E-17 0.336 -0.1 3.00E-17 1.21E-17 -0.1 3.37E-17
1.35E-17  -1.22E-16  1.03E-15 5.18E-17 4.54E-17 1.26E-17 6.52E-16 0.021 -0.13275 -0.13275 0.46875 3.06E-17  -5.73E-17  -6.11E-17 -0.1
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
-3.05E-17 -2.8 -1.22E-16  1.17E-17 3.82E-18  -4.31E-16 -2.02E-16  -0.11175  -1.14E-17  2.47E-17 4.44E-17 0.336 -0.1 -0.1 -7.61E-18
-1 0.2 -3 -4.91E-17  2.32E-17 7.86E-16 5.89E-16 0.021 -0.13275 3.99E-17  -4.48E-17  -0.13275 0.46875 -4.91E-17 -0.1
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0
-5.20E-17 0.2 6.65E-16 -1 2.46E-17 -3 0 0.021 -3.70E-17  -0.13275  -2.16E-17  -0.13275  -6.16E-18 0.46875 -0.1
1.72E-17  -1.82E-16 0.2 0 -1 0.2 -3.2 -0.0015 0.0225 0.0225 -0.15525 0.0225 -0.15525 -0.15525 0.624
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Table 2.7.5 : The set of equations given by {P,;; ;. ; [01[2][0] | {P [O1[0][OT}, {P [O[0I[2]}, {P [21[0][0l}, {P [L[L[OT}, {P [LOIL}, {P [OI[LI[LI}}

(111710, 42=20, A11=1, 112=2, 11=10, 1£2=20, 221=1, 222=2, 131=10, 132=20, A31=1, A32=2, 011=0.9, 122=0.9, 133=0.9, At=0.01.

The dotted lines indicate that the present table is to be joined up with the table in the next page).

000 002
010101 010102 010201 020102 020101 020102 020201 020201 010111 010112
011101 0 0 0 0 0 0 0 0 0 0
011102 0 0 0 0 0 0 0 0 0 0
020 011201 0 0 0 0 0 0 0 0 0 0
011202 0 0 0 0 0 0 0 0 0 0
012101 0 0 -1 2.75E-16 0 0 449E-17  -9.44E-18 0 0
012102 0 0 -3.43E-16 -1 0 0 -2.35E-16  8.39E-18 0 0
012201 0 0 -2.10E-16  -7.39E-17 0 0 -1 -5.99E-17 0 0
012202 0 0 2.16E-17  -2.02E-16 0 0 2.86E-16 -1 0 0
021101 0 0 0 0 0 0 0 0 0 0
021102 0 0 0 0 0 0 0 0 0 0
021201 0 0 0 0 0 0 0 0 0 0
021202 0 0 0 0 0 0 0 0 0 0
022101 0 0 -3.43E-16  -2.95E-17 0 0 -2.29E-16  3.66E-17 0 0
022102 0 0 6.52E-16  -4.10E-16 0 0 192E-16  -2.07E-16 0 0
022201 0 0 2.716E-17  -1.91E-16 0 0 1.66E-16  -1.02E-16 0 0
022202 0 0 -6.00E-17  2.37E-16 0 0 -5.77E-16  -1.24E-17 0 0
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Table 2.7.5, continued
(The dotted lines indicate that some of the columns after the previous page have been omitted,
and the remaining columns are listed in the present page.)

011
021111 021112 021121 021122 021211 021212 021221 021222 022111 022112 022121 022122 022211 022212 022221 022222

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
450E-16 -193E-16 9.06E-16 4.64E-16 -2.09E-17 -5.45E-17 -5.70E-16 1.28E-16  0.22425 -0.1 -0.1 -6.87E-17 -0.1 3.44E-17  T7.20E-17 -2.54E-18
-1.05E-16  1.94E-16  2.95E-17  6.04E-16  1.33E-16 -7.01E-19 7.61E-17 -2.77E-16 -0.11175 0.336 -1.47E-17 -0.1 2.36E-17 -0.1 -4.22E-17  4.30E-17
-1.24E-16  -2.48E-17 -4.84E-17 -5.46E-16 1.14E-17 -5.87E-17 7.56E-16 -2.71E-16 -0.11175 -5.24E-17 0.336 -0.1 2.10E-17  6.92E-18 -0.1 5.99E-17
1.83E-17 -1.29E-16 -2.93E-16 3.95E-16 1.19E-16 -3.19E-17 -4.87E-17 4.39E-16 0.021 -0.13275  -0.13275 0.46875  3.67E-17 -5.35E-18 -4.81E-17 -0.1

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

-1 1.52E-16 -2.8 487E-16  -3.45E-17 -1.22E-17 -2.85E-16 -2.37E-16 -0.11175 -3.43E-17 1.92E-17 -8.06E-18 0.336 -0.1 -0.1 2.67E-17
2.96E-16 -1 0.2 -3 -1.11E-16 -3.28E-17 1.72E-16  4.69E-16 0.021 -0.13275  1.54E-17  151E-17 -0.13275  0.46875  4.30E-17 -0.1
2.96E-16  -5.01E-17 0.2 4.00E-16 -1 1.48E-16 -3 3.94E-16 0.021 3.31E-17  -0.13275 5.85E-17  -0.13275  3.08E-17  0.46875 -0.1
-1.03E-16  8.22E-17  -3.55E-16 0.2 -2.08E-16 -1 0.2 -3.2 -0.0015 0.0225 0.0225 -0.15525 0.0225 -0.15525  -0.15525 0.624
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Table 2.7.6 : The set of equations given by {P,;; ;. ; [21[0][0] | {P [O][0][OT}, {P [O[0I[2I}, {P [Ol[2][0]}, {P [LI[L[OT}, {P [LOIL}, {P [OI[LI[L}}

( £41=10, 1802=20, A11=1, A12=2, 1£1=10, 1£=20, A21=1, A25=2, 131=10, 113,=20, A31=1, A32=2, 12=0.9, 022=0.9, 033=0.9, At=0.01.

The dotted lines indicate that the present table is to be joined up with the table in the next page).

000 002
010101 010102 010201 020102 020101 020102 020201 020201 010111 010112
110101 0 0 0 0 0 0 0 0 0 0
110102 0 0 0 0 0 0 0 0 0 0
200 110201 0 0 0 0 0 0 0 0 0 0
110202 0 0 0 0 0 0 0 0 0 0
120101 0 0 0 0 0 0 0 0 0 0
120102 0 0 0 0 0 0 0 0 0 0
120201 0 0 0 0 0 0 0 0 0 0
120202 0 0 0 0 0 0 0 0 0 0
210101 0 0 -1 2.75E-16 0 0 -4.03E-17  2.12E-17 0 0
210102 0 0 1.21E-16 -1 0 0 -5.88E-17  1.43E-16 0 0
210201 0 0 1.65E-16  -1.43E-16 0 0 -1 2.40E-16 0 0
210202 0 0 1.36E-16  -2.05E-16 0 0 2.86E-16 -1 0 0
220101 0 0 1.65E-16  1.55E-16 0 0 5.27E-17  1.71E-17 0 0
220102 0 0 1.36E-16  -3.23E-16 0 0 3.87E-17  -2.21E-16 0 0
220201 0 0 -7.21E-17  -3.10E-16 0 0 -1.30E-16  -1.17E-16 0 0
220202 0 0 -7.66E-18  3.94E-16 0 0 -4.72E-16  1.86E-16 0 0
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Table 2.7.6, continued
(The dotted lines indicate that some of the columns after the previous page have been omitted,

and the remaining columns are listed in the present page.)

011
012222 021111 021112 021121 021122 021211 021212 021221 021222 022111 022112 022121 022122 022211 022212 022221 022222

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
3.63E-17 -3.83E-17 -1.62E-16 4.33E-17 4.87E-16 150E-16 -2.65E-17 2.15E-16 2.88E-16  0.22425 -0.1 -0.1 -5.16E-17 -0.1 1.72E-17 -5.21E-17 2.52E-18
-1.08E-17 2.46E-16  1.44E-16 6.70E-16  5.52E-16 -1.28E-16 1.39E-17 -7.64E-16 -3.16E-16 -0.11175 0.336 -1.47E-17 -0.1 -4.55E-17 -0.1 143E-16  3.67E-18
4.12E-17  -6.05E-18 -2.50E-17 -5.44E-17 -6.65E-16 -1.39E-16 2.85E-17  3.38E-17 -7.08E-17 -0.11175  8.62E-17 0.336 -0.1 1.81E-17  3.27E-17 -0.1 0
-1.09E-16  -3.67E-17 -1.13E-16 -2.69E-16 6.39E-16 1.37E-16 -1.64E-16 2.74E-17  9.49E-17 0.021 -0.13275  -0.13275  0.46875  4.89E-17 -4.20E-17 -8.79E-17 -0.1
-3.60E-17 -1 6.09E-17 -2.8 4.87E-16  -1.31E-16 -4.21E-17 -6.57E-16 -4.04E-16 -0.11175 -3.81E-18 -3.66E-19 4.10E-17 0.336 -0.1 -0.1 7.61E-18
-9.41E-17  1.11E-17 -1 0.2 -3 3.68E-17 -1.77E-16  7.12E-16  1.91E-16 0.021 -0.13275  1.54E-18 1.41E-17 -0.13275  0.46875 -1.01E-16 -0.1
-7.39E-17  1.15E-16  -3.82E-18 0.2 5.85E-16 -1 9.86E-17 -3 9.86E-17 0.021 1.08E-17 -0.13275 2.16E-17 -0.13275 -4.31E-17  0.46875 -0.1

-1 -1.04E-16  -1.30E-16  -2.77E-16 0.2 6.93E-17 -1 0.2 -3.2 -0.0015 0.0225 0.0225 -0.15525 0.0225 -0.15525  -0.15525 0.624
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Table 2.7.7 : The set of equations given by {P,;, ;. [01[0][4] | {P [0][0][0}, {P [0][2][0}, {P [2I[O1[OB: {P [LI[1[01}, {P [L[OI[}, {P [OILI[LI}}

( £41=10, 1802=20, A11=1, A12=2, 11=10, 1£=20, A21=1, A25=2, 131=10, 113,=20, A31=1, A32=2, 11=0.9, 022=0.9, 033=0.9, At=0.01.

The dotted lines indicate that the present table is to be joined up with the table in the next page).

000 020
010101 010102 010201 020102 020101 020102 020201 020201 011101 011102

010111 0345  -0015384615 -0.146153846 139E-17 -0.146153846 -3.82E-17  555E-17  -1.39E-17 0 0 o
010112 -0.135 0.478901099 -0.01043956 -0.135714286 -0.01043956 -0.135714286  9.63E-17 1.04E-17 0 0
001 010121 0.15 -0.006688963 -0.063545151  -2.60E-17  -0.063545151  -3.47E-17 8.67E-18 0 0 0
010122 -0.05 0.199263418 -0.006997531 -0.056547619 -0.006997531 -0.056547619  3.90E-17 6.94E-18 0 0
010211 -0.135 -0.001098901 0.46956044 -0.014285714 -0.01043956  3.82E-17  -0.135714286  2.78E-17 0 0
010212 0.01 -0.14514652 -0.146391941 0.615 -0.001391941 -0.009047619 -0.009047619 -0.126666667 0 0
010221 -0.05 -7.37E-04  0.193002469 -0.005952381 -0.006997531  1.21E-17  -0.056547619  6.94E-18 0 0
010222 1.50E-17  -0.050117535 -0.051116579  0.2435  -0.001116579 -0.005880952 -0.005880952 -0.050666667 0 0
020111 -0.135 -0.001098901 -0.01043956  2.78E-17  0.46956044 -0.014285714 -0.135714286  -2.78E-17 0 0
020112 0.01 -0.14514652 -0.001391941 -0.009047619 -0.146391941 0.615 -0.009047619 -0.126666667 0 0
020121 -0.05 -7.37E-04  -0.006997531  2.43E-17  0.193002469 -0.005952381 -0.056547619  -6.94E-18 0 0
020122 3.30E-17  -0.050117535 -0.001116579 -0.005880952 -0.051116579  0.2435  -0.005880952 -0.050666667 0 0
020211 0.01 -147E-04  -0.146391941  -9.52E-04  -0.146391941 -9.52E-04  0.606904762 -0.013333333 0 0
020212 -7.13E-17  0.009972527 0.009739011  -0.15625  0.009739011  -0.15625  -0.157261905 0.763333333 0 0
020221 3.59E-17 -1.18E-04  -0.051116579 -6.19E-04 -0.051116579 -6.19E-04  0.238238095 -0.005333333 0 0

020222 -2.39E-17 -2.41E-05 -2.29E-04  -0.050980769  -2.29E-04  -0.050980769 -0.051774725 0.289487179 0 0 |
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Table 2.7.7, continued
(The dotted lines indicate that some of the columns after the previous page have been omitted,

and the remaining columns are listed in the present page.)

011
021111 021112 021121 021122 021211 021212 021221 021222 022111 022112 022121 022122 022211 022212 022221 022222

0 0 -4.44E-16  1.67E-16 0 0 5.55E-17  5.55E-17 0 0 -8.88E-16  1.33E-15 0 2.78E-17  -2.22E-16  5.55E-16
0 0 1.39E-16  -2.22E-16 0 0 -2.01E-16  -4.86E-17 -1.39E-17 0 1.11E-16  -1.94E-16 0 1.39E-17 -7.63E-16 -4.58E-16
0 0 -1.11E-16  8.33E-17 0 0 0 1.39E-17 0 0 -1.11E-16  8.33E-16 0 1.39E-17  -5.55E-17  2.22E-16
0 0 4.86E-17  -9.02E-17 0 0 -8.67E-17 -1.91E-17 -6.94E-18 0 1.39E-17  -2.78E-17 0 5.20E-18 -3.05E-16 -1.87E-16
0 0 0 8.33E-17 0 0 -8.33E-17  2.78E-17  -1.11E-16 2.78E-17 -3.33E-16 -6.66E-16 0 0 4.44E-16  -1.11E-16
0 0 6.94E-17  5.20E-17 0 0 -3.47E-18  2.19E-16  9.02E-17  2.08E-17 -153E-16 1.28E-15 6.94E-17 5.90E-17  1.39E-17  8.33E-16
0 0 -2.78E-17  2.78E-17 0 0 -1.39E-17  2.78E-17  -2.78E-17  1.39E-17 -1.11E-16 -2.78E-16 0 0 1.67E-16  -2.78E-17
0 0 3.12E-17  2.08E-17 0 0 -3.47E-18  8.67E-17  3.47E-17  6.94E-18 -7.63E-17 5.27E-16  2.78E-17  2.43E-17 -6.94E-18 3.19E-16
0 0 -1.4285714 -2.22E-16 0 0 1.67E-16  2.78E-17 0 0 -4 -4.44E-16 0 2.78E-17  -4.44E-16 -1.11E-16
0 0 -0.0952381 -1.3333333 0 0 520E-17  1.98E-16  2.78E-17 0 4.30E-16 -4 -6.59E-17  2.78E-17  9.71E-16  7.63E-16
0 0 -0.5952381 -2.78E-17 0 0 6.94E-17  2.78E-17 0 -2.78E-17 -0.8333333 -1.11E-16 0 0 -2.22E-16  -1.11E-16
0 0 -0.0619048 -0.5333333 0 0 2.08E-17  7.98E-17 0 0 -0.0333333 -0.8 -2.78E-17  1.21E-17  3.75E-16  2.84E-16
0 0 -0.0952381 0 0 0 -1.3333333 -1.67E-16 0 -8.33E-17 -3.33E-16  7.77E-16 0 0 -4 -1.11E-16
0 0 -0.0119048 -0.0833333 0 0 -0.0833333 -1.25 -8.33E-17  2.78E-17  -2.29E-16  7.63E-17 0 -2.22E-16  -3.75E-16 -4

0 0 -0.0619048 -2.78E-17 0 0 -0.5333333 -4.16E-17 0 -2.78E-17 -0.0333333 1.11E-16 0 0 -0.8 -5.55E-17
0 0 -0.0093407 -0.0525641 0 0 -0.0525641 -0.4807692 -3.12E-17  1.39E-17  -0.0025641 -0.0307692 0 -1.11E-16  -0.0307692 -0.7692308
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Table 2.7.8 : The set of equations given by {P,;, ;. [O1[1[0] | {P [0][0][01}, {P [O][0][2}, {P [2][O1[OB: {P [L[1[0L}, {P [L[OI[L}, {P [OILI[LL}}

(111710, £42=20, A11=1, 12=2, 11=10, 1£5=20, A21=1, 222=2, 1131=10, 1132=20, A31=1, A32=2, 011=0.9, 22=0.9, 133=0.9, At=0.01.
The dotted lines indicate that the present table is to be joined up with the table in the next page).

000 002

010101 010102 010201 020102 020101 020102 020201 020201 010111 010112 __
011101 0.345 -0.14615385 -0.01538462  -8.33E-17  -0.14615385  7.29E-17 2.78E-17 0 0 0
011102 -0.135 0.46956044  -0.0010989 -0.01428571 -0.01043956 -0.13571429  -6.59E-17 5.55E-17 0 0
010 011201 -0.135 -0.01043956 0.478901099 -0.13571429 -0.01043956  1.21E-17  -0.13571429  8.67E-17 0 0
011202 0.01 -0.14639194  -0.14514652 0.615 -0.00139194 -0.00904762 -0.00904762 -0.12666667 0 0
012101 0.15 -0.06354515 -0.00668896  -3.64E-17  -0.06354515  8.67E-18 3.30E-17 6.94E-18 0 0
012102 -0.05 0.193002469  -7.37E-04  -0.00595238 -0.00699753 -0.05654762  -2.43E-17 2.08E-17 0 0
012201 -0.05 -0.00699753 0.199263418 -0.05654762 -0.00699753  6.51E-18  -0.05654762  3.64E-17 0 0
012202 2.62E-17  -0.05111658 -0.05011753 0.2435 -0.00111658 -0.00588095 -0.00588095 -0.05066667 0 0
021101 -0.135 -0.01043956  -0.0010989 2.08E-17 0.46956044 -0.13571429 -0.01428571 0 0 0
021102 0.01 -0.14639194  -1.47E-04 -9.52E-04  -0.14639194 0.606904762  -9.52E-04  -0.01333333 0 0
021201 0.01 -0.00139194 -0.14514652 -0.00904762 -0.14639194 -0.00904762 0.615 -0.12666667 0 0
021202 -1.34E-16  0.009739011 0.009972527  -0.15625  0.009739011 -0.1572619 -0.15625  0.763333333 0 0
022101 -0.05 -0.00699753  -7.37E-04 8.67E-18  0.193002469 -0.05654762 -0.00595238  6.94E-18 0 0
022102 -3.80E-17  -0.05111658  -1.18E-04 -6.19E-04  -0.05111658 0.238238095 -6.19E-04  -0.00533333 0 0
022201 453E-17  -0.00111658 -0.05011753 -0.00588095 -0.05111658 -0.00588095 0.2435 -0.05066667 0 0

022202 -5.02E-17 -2.29E-04 -2.41E-05  -0.05098077  -2.29E-04  -0.05177473 -0.05098077 0.289487179 0 0 | __




Table 2.7.8, continued

(The dotted lines indicate that some of the columns after the previous page have been omitted,

and the remaining columns are listed in the present page.)

011
021111 021112 021121 021122 021211 021212 021221 021222 022111 022112 022121 022122 022211 022212 022221 022222

0 0 0 0 0 0 0 0 6.66E-16  -3.33E-16  1.33E-15 3.33E-16 0 -8.33E-17  -4.44E-16  2.22E-16
0 0 0 0 0 0 0 0 -1.67E-16 ~ 2.50E-16 0 9.99E-16 1.67E-16 2.78E-17 0 -2.22E-16
0 0 -2.78E-17  2.08E-17 0 0 1.11E-16  -1.73E-17  -1.25E-16  -5.55E-17  555E-17  -7.49E-16  1.39E-17  -8.33E-17  1.05E-15  -3.47E-16
0 0 -6.25E-17  -1.11E-16 0 0 1.04E-17  -3.47E-18  6.94E-18  -1.60E-16 -4.30E-16  5.27E-16 167E-16  -3.82E-17 0 5.41E-16
0 0 0 0 0 0 0 0 2.78E-16  -1.39E-16  4.44E-16 2.78E-16 ~ -555E-17  -2.78E-17  -1.67E-16  8.33E-17
0 0 0 0 0 0 0 0 -5.55E-17  1.11E-16 0 4.44E-16  6.94E-17 0 5.55E-17  -8.33E-17
0 0 -1.39E-17  6.94E-18 0 0 4.86E-17  -6.94E-18  -4.86E-17  -3.12E-17 0 -2.91E-16  6.94E-18  -3.47E-17  4.30E-16  -1.60E-16
0 0 -2.43E-17  -451E-17 0 0 3.47E-18  -1.73E-18  3.47E-18  -6.25E-17 -1.46E-16  2.22E-16  6.59E-17  -1.39E-17  1.39E-17 2.08E-16
0 0 0 0 0 0 1.11E-16 2.78E-17  -1.4285714  2.22E-16 -4 7.77E-16  2.22E-16  8.33E-17 2.22E-16  -1.11E-16
0 0 0 0 0 0 -8.33E-17  5.55E-17  -0.0952381 -1.3333333 1.33E-15 -4 -1.11E-16  1.11E-16 1.11E-16  4.44E-16
0 0 0 -1.04E-17 0 0 -2.22E-16  -3.47E-17 -0.0952381 -4.86E-17  8.60E-16 5.27E-16  -1.3333333  1.98E-16 -4 4.86E-16
0 0 3.47TE-17 6.94E-17 0 0 5.55E-17 0 -0.0119048 -0.0833333 -3.47E-16  1.11E-15 -0.0833333 -1.25 -6.25E-16 -4

0 0 0 0 0 0 5.55E-17 0 -0.5952381  6.94E-17  -0.8333333  3.33E-16 0 1.39E-17 0 -8.33E-17
0 0 0 0 0 0 -2.78E-17  1.39E-17  -0.0619048 -0.5333333 -0.0333333 -0.8 -5.55E-17  2.78E-17 0 2.78E-16
0 0 0 -6.94E-18 0 0 -1.11E-16  -1.39E-17 -0.0619048 -2.43E-17 -0.0333333 2.01E-16 -0.5333333  7.98E-17 -0.8 1.87E-16
0 0 1.39E-17 2.78E-17 0 0 1.39E-17 0 -0.0093407 -0.0525641 -0.0025641 -0.0307692 -0.0525641 -0.4807692 -0.0307692 -0.7692308
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Table 2.7.9 : The set of equations given by {P,;; ;; ; [1][0][0] | {P [O][0][01}. {P [OI[OI[2]}. {P [OI[2][OL}, {P [LICI}, {P [OII}, {P [CILURI}:}
(yn:lO, ﬂ12:20, A11=1, =2, ,L121:10, ,le2:20, A1=1, 100=2, ,U31:10, ,L132:20, Az1=1, 130=2, q11:O.9, q22=0.9, Q33:O.9, At=0.01.

The dotted lines indicate that the present table is to be joined up with the table in the next page).

000 002 o

010101 010102 010201 020102 020101 020102 020201 020201 010111 010112 L
110101 0.345 -0.14615385 -0.14615385 -5.90E-17 -0.01538462 6.94E-18  -6.94E-17  1.39E-17 0 0
110102 -0.135 0.46956044 -0.01043956 -0.13571429 -0.0010989 -0.01428571 1.91E-16 0 0 0
100 110201 -0.135  -0.01043956 0.46956044 -0.13571429 -0.0010989  3.12E-17 -0.01428571 -1.39E-17 0 0
110202 0.01 -0.14639194 -0.14639194 0.60690476 -1.47E-04  -9.52E-04  -9.52E-04 -0.01333333 0 0
120101 -0.135  -0.01043956 -0.01043956 5.81E-17  0.4789011 -0.13571429 -0.13571429 1.04E-17 0 0
120102 0.01 -0.14639194 -0.00139194 -0.00904762 -0.14514652 0.615 -0.00904762 -0.12666667 0 0
120201 0.01 -0.00139194 -0.14639194 -0.00904762 -0.14514652 -0.00904762 0.615 -0.12666667 0 0
120202 -1.35E-16  0.00973901 0.00973901 -0.1572619 0.00997253  -0.15625 -0.15625  0.76333333 0 0
210101 0.15 -0.06354515 -0.06354515 -2.60E-17 -0.00668896 1.39E-17  -3.99E-17  6.94E-18 0 0
210102 -0.05 0.19300247 -0.00699753 -0.05654762 -7.37E-04 -0.00595238  7.46E-17  -6.94E-18 0 0
210201 -0.05 -0.00699753 0.19300247 -0.05654762 -7.37E-04  2.43E-17 -0.00595238 -6.94E-18 0 0
210202 3.00E-17 -0.05111658 -0.05111658 0.2382381  -1.18E-04  -6.19E-04  -6.19E-04 -0.00533333 0 0
220101 -0.05 -0.00699753 -0.00699753  2.13E-17  0.19926342 -0.05654762 -0.05654762  3.47E-18 0 0
220102 1.48E-17  -0.05111658 -0.00111658 -0.00588095 -0.05011753  0.2435  -0.00588095 -0.05066667 0 0
220201 521E-17 -0.00111658 -0.05111658 -0.00588095 -0.05011753 -0.00588095  0.2435  -0.05066667 0 0

220202 -473E-17  -2.29E-04  -2.29E-04 -0.05177473 -2.41E-05 -0.05098077 -0.05098077 0.28948718 0 0 .




Table 2.7.9, continued
(The dotted lines indicate that some of the columns after the previous page have been omitted,

and the remaining columns are listed in the present page.)

021111 021112 021121 021122 021211 021212 021221 021222 022111 022112 022121 022122 022211 022212 022221 022222
0 0 0 0 0 0 2.78E-16 2.718E-17  -2.22E-16 -1.67E-16 -8.88E-16  6.66E-16 2.78E-16  -8.33E-17  2.22E-16  4.44E-16
0 0 3.89E-16 1.11E-16 0 0 -3.33E-16  -2.78E-17  4.44E-16 2.22E-16 1.11E-15 0 -1.39E-16  -2.78E-17  -9.99E-16  -2.22E-16
0 0 -1.67E-16 0 0 0 -2.22E-16  8.33E-17 0 -2.78E-17  -2.22E-16  -6.66E-16  -2.22E-16  1.11E-16  -2.22E-16 0
0 0 1.11E-16  -8.33E-17 0 0 1.39E-16  -5.55E-17  -2.78E-17 -1.11E-16 -2.22E-16  6.66E-16 2.50E-16 ~ -5.55E-17  2.22E-16 3.33E-16
0 0 -1.4285714  -1.80E-16 0 0 -4.16E-17  -4.86E-17 -1.4285714  6.94E-17 -4 6.66E-16  -1.80E-16  -6.59E-17  -8.88E-16  -5.41E-16
0 0 -0.0952381 -1.3333333 0 0 1.73E-16  -1.28E-16 -0.0952381 -1.3333333  7.63E-16 -4 3.82E-17  -2.39E-16  8.47E-16 1.67E-16
0 0 -0.0952381  6.94E-18 0 0 -1.3333333  -9.71E-17 -0.0952381 -6.94E-18  5.00E-16 7.63E-16  -1.3333333  1.32E-16 -4 6.94E-17
0 0 -0.0119048 -0.0833333 0 0 -0.0833333 -1.25 -0.0119048 -0.0833333 -2.84E-16  1.39E-16  -0.0833333 -1.25 1.46E-16 -4
0 0 -1.11E-16  -2.78E-17 0 0 1.11E-16 1.39E-17  -5.55E-17  -8.33E-17 0 1.67E-16 1.11E-16 0 1.11E-16 1.67E-16
0 0 1.39E-16 0 0 0 -1.25E-16  -1.39E-17  1.39E-16 1.39E-16  4.44E-16 1.11E-16  -5.55E-17  -1.39E-17 -3.33E-16  -1.39E-16
0 0 -5.65E-17 0 0 0 0 2.78E-17 555E-17  -416E-17 -1.11E-16 -3.89E-16 -2.78E-17  4.16E-17 3.33E-16  -2.78E-17
0 0 5.55E-17  -2.78E-17 0 0 2.78E-17  -555E-17  1.39E-17  -416E-17 -1.11E-16  2.22E-16 4.16E-17  -5.55E-17 0 5.55E-17
0 0 -0.5952381  -7.63E-17 0 0 -1.39E-17  -1.91E-17 -0.5952381 3.47E-17 -1.6666667 3.05E-16  -6.25E-17  -2.60E-17 -3.89E-16  -2.15E-16
0 0 -0.0619048 -0.5333333 0 0 6.25E-17  -5.55E-17 -0.0619048 -0.5333333 -0.0666667 -1.6 6.94E-18  -1.01E-16  2.98E-16 5.55E-17
0 0 -0.0619048 -3.47E-18 0 0 -0.5333333  -4.16E-17 -0.0619048 -6.94E-18 -0.0666667 2.84E-16 -0.5333333  4.86E-17 -1.6 4.16E-17
0 0 -0.0093407 -0.0525641 0 0 -0.0525641 -0.4807692 -0.0093407 -0.0525641 -0.0051282 -0.0615385 -0.0525641 -0.4807692 -0.0615385 -1.5384615
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The set of equations given by (2.7.7), (2.7.8) and (2.7.9) may be combined to

form

P [ | {PLOT} {P[2D}. (2.7.10)
From (2.7.10) and the set of equations of the form

P, PI2], P3]} ,

we get

{P,;,[21 | {P 101}, {P 3D} . (2.7.12)
Similarly from the set of equations
P, [n-1 | {P[01}, {P[n+1} (2.7.12)
and the set of equations
{Pn-1, P[n], Pn+11} (2.7.13)
we get

{Pyin] [ {PIOI}, {P[N+1D} , n=3 4, .. (2.7.14)

When n=N is large enough, we may set each member of P [N +1] to be zero to

obtain
{P,i;i, [N | {P[OT}, {PIN+1D}={R;;;[N] | {P O]} (2.7.15)
forn=N-1,N-2,....1.
Substituting the left side of (2.7.15) into (2.7.14) when n = N -1, we get

{P,;, IN-11 | {P[O]}, {PIND}={P,; ;[N -1 | {P[O]} (2.7.16)
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Similarly for n = N-2, N-3, N-4, ...,1 we may repeat the substitution of

P [n+1] into (2.7.14) and obtain

{P,;i5.;[n1 | {P[OD3. (2.7.17)
When n =1, we get from (2.7.17)

{P,;i; [0 | {P[OB}. (2.7.18)
Substituting the left side of (2.7.18) into (2.7.1), we get

{P,;.;:;[01 | {P[0D} (2.7.19)

An inspection of (2.7.19) reveals that among the 8 equations represented by
(2.7.19), only 7 of them are linearly independent of each other. Hence, we need to
include another linearly independent equation so that the resulting system of equations
has a unique solution. Equating the sum of the left sides of (2.7.15) to (2.7.17) to the

sum of the right sides of (2.7.15) to (2.7.17), we get an equation of the form

2 2 2 2 2 2 N
|120 Eillzz_:o j§1|320 lenlzo nzzo 32 P'lJl'sz 33 [nl][nz][ns]
ng+Nny+ny>1
2 2 2 2 2 2
=2 X X X X X C

i,=0 j;=1i,=0 j,=1i3=0 j5=1 iy jxlz Jois Ja '1J1'2J2 isJ3

[0][0][0]

where theC, ;; .. ; are constants, or

SEE v s s 3R oo

;=0 j;=1i,=0 j,=1i3=0 j3=1 lihiz olsJs

C|1j1i2j2i3j3 F)i1j1i2j2i3j3 [O] [O] [0]

[EEN

(2.7.20)

2 2 2 2 2 2
=X 22 XXX

=0 j;=11,=0 j,=1i3=0 j3=1

Equation (2.7.20) together with 7 equations chosen from (2.7.19) will form a set

of equations in 8 unknowns. Solving the set of 8 equations, we get the numerical

answers for the P, [O][O][0].

i, i Bk J,
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Then, from (2.7.17) and the values of the P ;.. [0][0][0], we can get the

numerical answers for P,

(WY ANY

[n,1[n,][n,], for the case when n, +n, +n; <N .

2.8 SIMULATED VALUE OF P, . [n,][n,][n,]

The probability [n,1[n,1[n,] may also be estimated by using a simulation

Pil iz J2s )3

procedure similar to that described in Section 2.4.

In the simulation procedure, we need to know the approximate probability that

an event from set A will occur in r, given the conditions of the system at the end of
7., - Some examples of the above conditional probabilities are given in Table 2.8.1.
Suppose that at the end of 7, ,
h®=01011111111). (2.8.1)
To generateh® given the conditions specified by h®*™ for k=2, 3, ...,N;, we may
first find out the set of possible events EX™, EX™, ..., E*™® which can occur in z, .

Suppose E*™ occurs with probability P*™ . We next generate a random number

j-1 i
U ™ from the U(0,1) distribution. Let P =0. If > P*? <U®™ <> P*™? | then

i=0 i=0
event A“ = E{? is said to have occurred and the resulting h can be determined.
In short, we generate (A‘Z’,A“),A ,A‘NT)) starting from h® given by (2.8.1).
We repeat the generation of (A® A® A ,A™) for Ny number of times. The

probability [n,1[n,1[n,] is then given approximately by the proportion of times

Pil iz J2s Js

the vector of characteristics given by h:(il, | PR P PO PR PR o PR 1 P n3) is

obtained at t = NtALt.
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Table 2.8.1 : Some examples of the approximate probability that event A will occur in
r, given the conditions of system at the end of 7z, , [vi=12,0r3,1<i<6].

Conditions of system

attheend of 7,

Event

occurring in

Approximate probability that event in

Column 2 will occur given the conditions

T\ in Column 1.
kD _q Aq HaiAL
ifk—l) _9 Ay 1AL
i 1(k—l) -1 A AAt
I A A Aty
jl(k—l) P Ay ZEPTA 1P
I As A At 5
iék_l) _1 As kAL
iék_l) _9 As JPA
jD -1 A; Ao
jD Ag A2 At
jkn —2 Ag A2,
jék—l) _2 Ao A2 At 55
iék—l) -1 A Mz At
iék—l) 9 A M3t
js(k—l) -1 A1 Agi At
js(k_l) P Az A32At05,
joD =2 A A5 Alq3,
jék—l) _2 Ais AgAlq 35
il(k_l) =V, jl(k_l) =V,, Ass 1- (/Ulv1 + ﬂ’lvz + My, T /12\/4 T My t A’Svs )AL

Dy kD
IZ _V31 J2 —V4,

D) ik
|3 - V5' J3 - V6'
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29 NUMERICAL RESULTS FOR DISTRIBUTION OF QUEUE
LENGTH AND STATES OF ARRIVAL AND SERVICE
PROCESSES IN A SYSTEM OF THREE DEPENDENT
HYPO(2)/HYPO(2)/1 QUEUES

Suppose (s, thps Hoys Mo Mars Msp) = (10, 20, 10, 20, 10, 20),
(311,312,121,/122,131,/132) = (11 21 11 21 1, 2), and J11=022=0(Q33 = 0.9. The traffic

intensities (p,, p,, p;) in the three queues are then given respectively by

P = (/ull_l + ﬂlz_l)/(j'u_l + ﬂlz_l) =0.1,
P2 = (:uzlil + ,Uzzil)/(izlil + 12271) =01,

P3 = (/Jslil + /“3271)/(2317l + 13271) =0.1.

By setting P,;; ;.;. [n1[N,][N;]=0 when n, +n,+n, =4, the probabilities

i i, [NL][N21[N5] for n, +n, +n; <4 computed by using the proposed method in
Section 2.7 and the simulation procedure in Section 2.8 are presented in Table (2.9.1)

and Figure 2.9.1.

Next, Table 2.9.2 and Figure 2.9.2 show the results for the case when
(L1 Mg Moy Moy, Mays t5,) = (10, 20, 10, 20, 10, 20), (413, 4y Agys Agps Asrs Asp) = (3, 4,
3,4,3,4), q11= 02 =03 = 0.9, N = 4, and the traffic intensities are p, =0.2571,

p, =0.2571, p, =0.2571.

The tables and figures show that the results for P .

i Jiiz i3 ds

[n,][n,1in,] found by

the proposed method agree well with those found by the simulation procedure.
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Table 2.9.1 : Comparison of results for B, ;; . . [n,][n,][n;]1based on the proposed
method and simulation procedure [ (s, tho, Loty fons kagy fzp) =
(10, 20, 10, 20, 10, 20), (A1, A12s A21s Aans A1, As0) = (1, 2,1, 2,1, 2),

O11=02=033=0.9, p, =01, p, =01, p;=0.1,
N = 3 and Ns=50000].

Proposed Simulation
n;iN,N3 bz Jols I method procedure
010101 0.18761 0.19062
010102 0.10666 0.10816
010201 0.10666 0.10792
000 010202 0.06033 0.05964
020101 0.10907 0.1098
020102 0.06121 0.05908
020201 0.06120 0.06014
020202 0.03441 0.03572
010111 0.01940 0.01992
010112 0.00269 0.00234
001 010121 0.00917 0.00948
010122 0.00161 0.00134
010211 0.01082 0.01026
010212 0.00124 0.00118
010221 0.00513 0.00520
010222 0.00080 0.00050
020111 0.01117 0.01080
020112 0.00129 0.00102
020121 0.00536 0.00504
020122 0.00084 0.00078
020211 0.00592 0.00616
020212 0.00056 0.00058
020221 0.00285 0.00300
020222 0.00040 0.00032
011101 0.01939 0.02018
011102 0.01082 0.01028
011201 0.00269 0.00258
010 011202 0.00124 0.00108
012101 0.00916 0.00954
012102 0.00513 0.00556
012201 0.00161 0.00176
012202 0.00080 0.00066
021101 0.01116 0.01116
021102 0.00592 0.00588
021201 0.00129 0.00120
021202 0.00056 0.00068
022101 0.00536 0.00608
022102 0.00285 0.00286
022201 0.00084 0.00044
022202 0.00040 0.00030
110101 0.01978 0.02024
110102 0.01097 0.01134
110201 0.01097 0.01040
100 110202 0.00588 0.00572
120101 0.00278 0.00238
120102 0.00126 0.00108
120201 0.00126 0.00082
120202 0.00055 0.00058
210101 0.00934 0.00954
210102 0.00521 0.00502
210201 0.00520 0.0048
210202 0.00282 0.00278
220101 0.00171 0.00178
220102 0.00082 0.00066
220201 0.00082 0.00064
220202 0.00039 0.00028
Total 0.96542 0.96730
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Table 2.9.2 : Comparison of results for B, ;; . ; . [n,][n,][n;]based on the proposed
method and simulation procedure [ (s, tho, Loty fons kagy fzp) =
(10, 20, 10, 20, 10, 20), (A1, A12s A21s Aans A1, A2) = (3,4, 3, 4,3, 4),
O11=022= 033 = 0.9, p, =0.2571, p, =0.2571, p, =0.2571,
N =4 and Ny = 20000].

Proposed Simulation
NiNzNs hAL b s method procedure

010101 0.04988 0.04790
010102 0.04964 0.04950
010201 0.04956 0.05175
000 010202 0.05036 0.05480
020101 0.05349 0.05165
020102 0.05327 0.05230
020201 0.05322 0.05085
020202 0.05344 0.05310
010111 0.01927 0.01735
010112 0.00494 0.00495
001 010121 0.00800 0.00770
010122 0.00296 0.00300
010211 0.01607 0.01820
010212 0.00466 0.00495
010221 0.00704 0.00745
010222 0.00279 0.00220
020111 0.01772 0.01650
020112 0.00524 0.00470
020121 0.00797 0.00875
020122 0.00323 0.00290
020211 0.01707 0.01725
020212 0.00443 0.00390
020221 0.00757 0.00780
020222 0.00288 0.00265
011101 0.01912 0.01950
011102 0.01602 0.01720
011201 0.00487 0.00540
010 011202 0.00463 0.00415
012101 0.00794 0.00875
012102 0.00703 0.00840
012201 0.00291 0.00305
012202 0.00278 0.00320
021101 0.01765 0.01730
021102 0.01704 0.01680
021201 0.00520 0.00440
021202 0.00442 0.00350
022101 0.00793 0.00785
022102 0.00756 0.00800
022201 0.00320 0.00255
022202 0.00287 0.00250
110101 0.02011 0.01835
110102 0.01681 0.01800
110201 0.01682 0.01660
100 110202 0.01664 0.01595
120101 0.00524 0.00480
120102 0.00488 0.00355
120201 0.00487 0.00430
120202 0.00424 0.00425
210101 0.00831 0.00805
210102 0.00734 0.00645
210201 0.00733 0.00730
210202 0.00724 0.00750
220101 0.00335 0.00270
220102 0.00304 0.00270
220201 0.00304 0.00280
220202 0.00278 0.00250
Total 0.80809 0.80045
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2.10 DERIVATION OF THE FORWARD EQUATIONS IN A
SYSTEM OF M DEPENDENT HYPO(2)/HYPO(2)/1 QUEUES

Consider a system of M Hypo(2)/Hypo(2)/1 queues in which the customer who

arrives at queue m has a probability of q,,,,> 0 of joining queue m’, where m €

M
{1,2,..,M}, m €{1,2,..,M}and > q,, =1.

m'=1

Assume that for 1<m<M , the interarrival time T in queue m has a
hypoexponential distribution in two phases with parameters Ami1, Am2, and the service
time S in queue m has another hypoexponential distribution in two phases with

parameters zami, fimo-

As in Section 2.2, let At > 0 be a small increment in time and 7). = ((k =D)AL, kAt]

a time interval, k =1, 2, ... . Next let F}l(';fizjz'_ijM [n,1n,]...Iy 1 be the probability that at
the end of the interval z, , the number of customers in the system is n, in queue m, the

service process in queue m is in the state i, and the arrival process in queue m is in the

state jm, 1<m<M, ine{0, 1, 2} and j, {1, 2}. Assume that
Puiiziy.iv iy [l 1= M B g o]

exists.

Let h™ be the vector

@ _( ik 50 i) ik ORI NN (SR () (k)
h _(ll B PP P P PSR IV | R o ,...,nM)
of which the components are respectively the values of iy, ji, Iz, j2, ..., Im, Jmy N1, N2, <.y

nu at the end of r,_. Again we refer to h® as the vector of characteristics of the

queueing system at the end of , .
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The value h® may be developed from h*™ after some appropriate activities in

the interval z, . The set of possible activities may be denoted by a set A = {A4, Ay, ..

Aw} where Ay = (Awt, Awz. .. Awam ), 1<w<W . The meanings of the components in

A, are explained in Table 2.10.1.

Table 2.10.1 : The meanings of the components Ay;jin Ay, 1< j<2M .

j Ayj Meaning

1 1 A transition in the state of the service process in
queue 1 occursin 7,

1 0 A transition in the state of the service process in
queue 1 does not occur in r,

1 -1 Queue 1 is empty at the end of 7, , and whether a
transition in the state of the service process in
queue 1 has occurred inz, is not relevant.

2 1 A transition in the state of the arrival process in
queue 1 occursin z, .

2 0 A transition in the state of the arrival process in
queue 1 does not occur in 7, .

N N A\
2M -1 1 A transition in the state of the service process in
queue (M -1) occursin 7,
2M -1 0 A transition in the state of the service process in
queue (M —1) does not occur in r,
2M -1 -1 Queue (M —-1) is empty at the end of r,, and
whether a transition in the state of the service
process in queue (M —1) has occurred inz, is not
relevant.
2M 1 A transition in the state of the arrival process in
queue M occurs in z, .
2M 0 A transition in the state of the arrival process in
queue M does not occur in z, .
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The meanings of Ay;in for (2M +1) < j <3M are given below:

11, if the arriving customer in queue 1 stays back in queue 1.

12, if the arriving customer in queue 1 goes to queue 2.
Awem+y = 13, if the arriving customer in queue 1 goes to queue 3.

N A\

1(M-1), if the arriving customer in queue 1 goes to queue (M-1).
1M, if the arriving customer in queue 1 goes to queue M.

-1, no customers arrive in queue 1 and it is not relevant to find out
whether the arriving customer staying back or going elsewhere.

21, if the arriving customer in queue 2 goes to queue 1.

22, if the arriving customer in queue 2 stays back in queue 2.
Awpmez) = 23, if the arriving customer in queue 2 goes to queue 3.

N A\

2(M-1), if the arriving customer in queue 2 goes to queue (M-1).
2M, if the arriving customer in queue 2 goes to queue M.

-1, no customers arrive in queue 2 and it is not relevant to find out
whether the arriving customer staying back or going elsewhere.

A\ A\ N

M1, if the arriving customer in queue M goes to queue 1.

M2, if the arriving customer in queue M goes to queue 2.

Awamy = M3, if the arriving customer in queue M goes to queue 3.
N, N

M(M-1), if the arriving customer in queue M goes to queue (M-1).
MM, if the arriving customer in queue M stays back in queue M.

-1, no customers arrive in queue M and it is not relevant to find out
whether the arriving customer staying back or going elsewhere.
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For a given value of h®, we may use a computer to search all the possible

combinations of h®*™®and A, which lead to h® . The results of the search may be

summarized and recorded in a coded form as has been done in Sections 2.2 and 2.6.

Next, the codes for the corresponding balance equations similar to (2.2.2) and

(2.6.2) may be obtained.

2.11 COMPUTATION OF THE VALUE OF R, .. . [n][n,JA [n,,]

Before solving the balance equations to obtain the stationary queue length

distribution, we first introduce the following notations. Let

@ PR

i Jiiz Jo A i dw

[n] be a wvalue of B ;[n]nJA[n,] of which

n,+n,+..+N, =n.

(b) {P [n,1[n,]A [n,, 1} the set consisting of all the

possible P, i i i [n,1n, 1A [n,,].

(c) {P [n]} aset formed by the {P [n,][n,]A [n,, 1} of which n, +n, +...+n, =n.

(d) {P[n], P[n+1], P[n+2]} the set of equations of the form

M
M
M
M
>

M~
[;4;\)

iy iip J2A Ty Jm I:)i1j1izjzA iv m [n]

2 2 2
z Z ZA Z z b'111'212A i im '1]1'2]2A iv im [n + l]

h=1i;=0j,=1 iy=0jy =1

2 2 2
z Z ZA Z z iy Jaiz Jo A iy '1]1'2]2A iv Jwm [n + 2] 0

=0 j1=1i,=0 j,=1 iy =0jy=1

where a. b. ,and ¢ are constants.

(NI PN VR VIR W P PN VR i1z oA Ty dm
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(e) (PiljlizjzAiMjM [n 1[N, JA [y ] ‘ {P[0]}, {P[n +l]}) an equation of the form

2 2 2 2

2 2
Poiiiniwin MIMIA NG 1= > A D" > digiinini Prisisn i it [0]

i1=0 ji=1i5=0 j,=1 iy =0jy =1

2 2 2 2

2 2
+ ZZZ ZA Z Zeiih’iéié/\ i I Pi{h'i’ziéA i i [n+1]

=0 ji1ip=0 j5-1  ify~0jj, L

and e, are constants.

P,
iy iz oA Ty Jmg

where d.

oA
i jiiz oA T g

With the above notations, the balance equations given in the coded form can be

represented as {P[0], P[1]} (2.11.1)
and {P[n-1], P[n], P[n+1]} ,n=1 2, .. (2.11.2)

To solve (2.11.1) and (2.11.2), we first combined the set of equations given by
{P [0],P [1]}and {P [0], P [1], P [2]}. We then solve for B,;;;,; ; [n] in terms of the

P

i g A T by

[2] forn =0, 1 to get
(PililizjzAiMiM [n] ‘ P [2]) , n=0,1 (2.11.3)

From the equations represented by {P, ;; ; 1i ;. [O] ‘ P [2]}, we get M sets of

equations of the forms

£P, 11 in iy 1, [OIIOI[O]A [01[2] | {P [O][0][0]A [01[0]}, {P [0][0][0]A [2][OT},
A AP [2][0][0]A [0][0]. {P [LI[L][O]A [O][O]}

P [][0][]A [0][0]}.A , {P [O][O][O]A [LI[]} }
(2.11.4)

{P.i,i,a i, i, [O1[0][0]A [2][0] \ {P [0][0][O]A [O][O1}, {P [O][O][O]A [O][2I},
A {P [2][0][0]A [O][0], {P [1][1][O]A [O][O]}
AP [[0][1]A [0][0]}.A , {P [O][C][O]A [L][1]} }
(2.11.5)

/\
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and
{P.is, 1015, [21[01[0]A [O][0] \ {P [O][0][O]A [O][O]}. {P [OI[O][O1A [O][2]},
A {P [01[2][0]A [0][0], {P [1I[[0]A [O][O]}
{P [IOIR]A [01[01}.A , {P [O][OI[O]A [AI[]3} }
(2.11.6)

respectively.

From (2.11.4) and {P,

iy jad

i [OIOIOIA [O][1] | P [2[ in (2.11.3), we get a

set of equations of the form

{P.ii.i,a i i [O1[OI[O]A [O][1] \ {P [0][0][O]A [O][O1}, {P [O][O][O]A [2][OT}
A {P [2][0][0]A [O1[01}.{P [1][1][0]A [OI[OT}
AP [][O][1]A [0][0]}.A , {P [0][O][O]A [1][1]} }
(2.11.7)

Next from (2.11.5) and {P, ;, ; »:. ;.. [O1[O][0]A [1][O] ‘P [2T} in (2.11.3), we get a

I h!

set of equations of the form

{P.ii,i,a i, [O1[CI[0]A [1][0] \ {P [0][0][0]A [O][O1}, {P [O][CI[O]A [O][2]}
A {P [2][0][0]A [O][0]}.{P [1][1][0]A [O][O]}
A{P [[C][1]A [0][0]}.A , {P [OI[O][O]A [L][1I} }
(2.11.8)

/\

Similarly from (2.11.6) and {P, ;

iy Jaiz JoAA i i

[1][0][0]A [0][0] |P [2T} in (2.11.3), we
get a set of equations of the form

£P,iion i, [UIOI0]A [0][0] | £P [O][O][0]A [O][0]}, {P [0][0][0]A [O][2T}
A {P [0][2][0]A [0][O1}.{P [LI[][O]A [O][O]}
{P [OI[IA [O][O1}.A , {P [O][O][O]A [iI[1]} } .
(2.11.9)
The set of equations given by (2.11.7) to (2.11.9) and other similar equations

may be combined to form
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{ i1 Jgip JoA iy im [1] ‘ {P [O]} {P [2]}} (21110)
From (2.11.10) and the set of equations of the form

{P0I P[2], P[3]},
we get

{P. i [21 | {P [O1}, {P[3D}. (211.12)
Similarly from the set of equations
{Pisinins =11 | {P [01}, {P [n+1T3 (2.11.12)
and the set of equations
{P[n-1], P[n], P[n+1]} (2.11.13)

we get

Phiiianiy iy [N \ {P[O1}, {PIn+1}} , n=3 4, ... (2.11.14)

When n=N is large enough, we may set each member of P [N +1] to be zero to

obtain

G [N]| {POI}, {P [N +1D}={P,, r,;, [N] | {PIOD}  (211.15)

iy Jaip Jo A Ty I
for n=N-1,N-2, ...,1.
Substituting the left side of (2.11.15) into (2.11.14) when n = N -1, we get

P i [N =10 | P[0T}, {P IND3=4P, iini s [N 11 | {P [0} (2.11.16)

Similarly for n = N-2, N-3, N-4, ...,1 we may repeat the substitution of

P [n+1] into (2.11.14) and obtain

£P,ininin i [N | <P [OD}- (2.11.17)
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When n =1, we get from (2.11.17)
{Puiini, 1 | {P OB} (2.11.18)
Substituting the left side of (2.11.18) into (2.11.1), we get
{P,ii.inis [01 | {P[OD3. (2.11.19)

An inspection of (2.11.19) reveals that among the 2™ equations represented by
(2.11.19), only (2" -1) of them are linearly independent of each other. Hence, we need
to include another linearly independent equation so that the resulting system of
equations has a unique solution. Equating the sum of the left sides of (2.11.15) to

(2.11.17) to the sum of the right sides of (2.11.15) to (2.11.17), we get an equation of

the form
2 2 2 2 2 2 N N
|120 hz—luzzo Jzz—lA |le0 jszlnlzo nzzoA E P'lh'ZJZA'MJM [nuJ0n; A [y ]
n+n,+A +ny =1
2 2 2 2 2 2
- EO 1-12:“22:0 1-22:11\ iMEZO jmzzlciljlizizA i Puidzion i [01[01A [0]
where the C are constants, or

iy J1ip J2 A Ty

2 2 2
I EAZ TR, 000 O]

i1=0j;=1i,=0j,=1 iy=0jy=1

(2.11.20)
2 2 2 2 2 2
= il{,o E;u};o jzzzlA iMZ:O jMzzlciljlizjzA imim F)iljliZjZAiM im [0][0]A [O] !

Equation (2.11.20) together with (2" —1) equations chosen from (2.11.19) will
form a set of equations in 2™ unknowns. Solving the set of 2™ equations, we get the

numerical answers for the P, [O][O]A [O].

'1]1'2Jz/\ iv I

Then, from (2.11.17) and the values of the P, [0][O]A [O], we can get

| I PUNIVEY

the numerical answers for B .. ;. ; [nI[NJA[n,] , for the case when

n+n,+A +n, <N.
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