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CONCLUDING REMARKS 

The thesis presents a new methodology to find the queue length and waiting 

time distributions in a system of two or more parallel queues. The proposed method has 

potential applications in finding the above distributions and other important 

characteristics in a variety of manufacturing systems, communication systems, 

computer systems and other related areas. 

The results in the literature on the system of dependent queues are usually 

restricted to the case when the arrival streams are Poisson processes and the service 

times are exponentially distributed. The present thesis frees the arrival and service times 

from the above restrictions by assuming that each of them follows a hypoexponential 

distribution in two stages.  

The derivation of the balance equations in the resulting system with more 

general distributions is made possible by the use of a computer to generate the large 

amount of codes which represent the balance equations. The solution of the balance 

equations to the required level of accuracy is made possible by the method proposed in 

the thesis. 

However when the number M of queues is too large, it would be difficult for a 

computer to handle the extremely large number of vectors of characteristics of the 

system. Further research may thus be carried out to solve the related dimensionality 

problem. Although the thesis concentrates on only two interaction schemes, the 

methods proposed in the thesis may still be applicable to the cases with other interaction 

schemes such as the schemes which incorporate features like balking of queue, reneging 

of queue and jockeying of queue, and switching over to another queue when the 

customer is still in the process of being served. 
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APPENDIX A 

Representation of balance equations by codes in a system of two dependent 
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Appendix A, continued 
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Appendix A, continued 

Constant h  Power 
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Appendix A, continued 
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Appendix A, continued 
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1 0 0 0 0 0 0 0 

 
0 0 0 0 

 
1 

  
2 1 1 2 1 1 

  
0 0 1 0 0 0 0 0 

 
0 0 0 0 

 
1 

  
2 2 2 2 1 2 

  
0 0 0 0 0 1 0 0 

 
0 0 0 0 

 
1 

  
2 2 1 1 1 1 

  
0 0 0 0 0 0 1 0 

 
0 0 0 0 

 
1* 

                       

 
-1 

  
2 2 2 1 1 1 

  
0 1 0 0 0 0 0 0 

 
0 0 0 0 

 
-1 

  
2 2 2 1 1 1 

  
0 0 0 1 0 0 0 0 

 
0 0 0 0 

 
-1 

  
2 2 2 1 1 1 

  
0 0 0 0 0 1 0 0 

 
0 0 0 0 

 
-1 

  
2 2 2 1 1 1 

  
0 0 0 0 0 0 1 0 

 
0 0 0 0 

 
1 

  
1 2 2 1 1 1 

  
1 0 0 0 0 0 0 0 

 
0 0 0 0 

 
1 

  
2 1 2 1 1 1 

  
0 0 1 0 0 0 0 0 

 
0 0 0 0 

 
1 

  
2 2 1 1 1 1 

  
0 0 0 0 1 0 0 0 

 
0 0 0 0 

 
1* 

                       

 
-1 

  
2 2 2 2 1 1 

  
0 1 0 0 0 0 0 0 

 
0 0 0 0 

 
-1 

  
2 2 2 2 1 1 

  
0 0 0 1 0 0 0 0 

 
0 0 0 0 

 
-1 

  
2 2 2 2 1 1 

  
0 0 0 0 0 1 0 0 

 
0 0 0 0 

 
-1 

  
2 2 2 2 1 1 

  
0 0 0 0 0 0 0 1 

 
0 0 0 0 

 
1 

  
1 2 2 2 1 1 

  
1 0 0 0 0 0 0 0 

 
0 0 0 0 

 
1 

  
2 1 2 2 1 1 

  
0 0 1 0 0 0 0 0 

 
0 0 0 0 

 
1 

  
2 2 1 2 1 1 

  
0 0 0 0 1 0 0 0 

 
0 0 0 0 

 
1 

  
2 2 2 1 1 1 

  
0 0 0 0 0 0 1 0 

 
0 0 0 0 

 
1* 
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APPENDIX B 

The complete set of feasible events in A = {A1, A2, …, A116}. 

i Component of Ai i Component of Ai 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

15 

16 

17 

18 

19 

20 

21 

22 

23 

24 

25 

26 

27 

28 

29 

30 

31 

32 

33 

34 

35 

36 

37 

38 

39 

40 

41 

42 

43 

44 

45 

46 

47 

48 

49 

50 

51 

52 

53 

54 

55 

56 

57 

58 

1   0  0   0  0  0  1  1 1 

0   1  0   0  0  0  1  1 1 

0   1  0   0  0  0  11  1  1 

0   1  0   0  0  0  12  1  1 

0   1  0   0  0  0  13  1  1 

0   0  1   0  0  0  1  1  1 

0   0  0   1  0  0  1  1  1 

0   0  0   1  0  0  1  21  1 

0   0  0   1  0  0  1  22  1 

0   0  0   1  0  0  1  23  1 

0   0  0   0  1  0  1  1  1 

0   0  0   0  0  1  1  1  1 

0   0  0   0  0  1  1  1  31 

0   0  0   0  0  1  1  1  32 

0   0  0   0  0  1  1  1  33 

0   0  0   0  0  0  1  1  1 

1  1  0   0  0  0  1  1  1 

1  1  0   0  0  0  11  1  1 

1  1  0   0  0  0  12  1  1 

1  1  0   0  0  0  13   1 1 

1  0  1   0  0  0  1  1  1 

1  0  0   1  0  0  1  1  1 

1  0  0   1  0  0  1  21  1 

1  0  0   1  0  0  1  22  1 

1  0  0   1  0  0  1  23  1 

1  0  0   0  1  0  1  1  1 

1  0  0   0  0  1  1  1  1 

1  0  0   0  0  1  1  1  31 

1  0  0   0  0  1  1  1  32 

1  0  0   0  0  1  1  1  33 

1  0  0   0  0  0  1  1  1 

1  0 1  0  0  0  1  1  1 

0   1 1  0  0  0  1  1  1 

0   1 1  0  0  0  11  1  1 

0   1 1  0  0  0  12  1  1 

0   1 1  0  0  0  13  1  1 

0   0 1  1  0  0  1  1  1 

0   0 1  1  0  0  1  21  1 

0   0 1  1  0  0  1  22  1 

0   0 1  1  0  0  1  23  1 

0   0 1  0  1  0  1  1  1 

0  0  1  0  0  1  1  1  1 

0  0  1  0  0  1  1  1  31 

0  0  1  0  0  1  1  1  32 

0  0  1  0  0  1  1  1  33 

0  0  1  0  0  0  1  1  1 

1  0   0   0 1 0  1  1  1 

0  1   0   0 1 0  1  1  1 

0  1   0   0 1 0  11  1  1 

0  1   0   0 1 0  12  1  1 

0  1   0   0 1 0  13  1  1 

0  0   1   0 1 0  1  1  1 

0  0   0   1 1 0  1  1  1 

0  0  0   1 1 0  1  21  1 

0  0  0   1 1 0  1  22  1 

0  0  0   1 1 0  1  23  1 

0  0  0   0 1 1  1  1  1 

0  0  0   0 1 1  1  1  31 

59 

60 

61 

62 

63 

64 

65 

66 

67 

68 

69 

70 

71 

72 

73 

74 

75 

76 

77 

78 

79 

80 

81 

82 

83 

84 

85 

86 

87 

88 

89 

90 

91 

92 

93 

94 

95 

96 

97 

98 

99 

100 

101 

102 

103 

104 

105 

106 

107 

108 

109 

110 

111 

112 

113 

114 

115 

116 

0  0    0   0  1  1  1  1  32 

0  0    0   0  1  1  1  1  33 

0  0    0   0  1  0  1  1  1 

1  1  1  0    0  0   1  1  1 

1  1  1  0    0  0   11  1  1 

1  1  1  0    0  0   12  1  1 

1  1  1  0    0  0   13  1  1 

1  0  1  1    0  0  1   1  1 

1  0  1  1    0  0  1   21  1 

1  0  1  1    0  0  1   22  1 

1  0  1  1    0  0  1   23  1 

1  0  1  0    1  0  1   1  1 

1  0  1  0    0  1  1   1  1 

1  0  1  0    0  1  1   1  31 

1  0  1  0    0  1  1   1  32 

1  0  1  0    0  1  1   1  33 

1  0  1  0    0  0  1   1  1 

1  1    0  0  1  0  1   1  1 

1  1    0  0  1  0  11   1  1 

1  1    0  0  1  0  12   1  1 

1  1    0  0  1  0  13   1  1 

1  0    1  0  1  0  1   1  1 

1  0    0  1  1  0  1   1  1 

1  0    0  1  1  0  1   21  1 

1  0    0  1  1  0  1   22  1 

1  0    0  1  1  0  1   23  1 

1  0    0  0  1  1  1   1  1 

1  0    0  0  1  1  1   1  31 

1  0    0  0  1  1  1   1  32 

1  0    0  0  1  1  1   1  33 

1  0    0  0  1  0  1   1  1 

1  0  1  0  1  0  1   1  1 

0  1  1  0  1  0  1   1  1 

0  1  1  0  1  0  11   1  1 

0  1  1  0  1  0  12   1  1 

0  1  1  0  1  0  13   1  1 

0  0  1  1  1  0  1   1  1 

0  0  1  1  1  0  1   21  1 

0  0  1  1  1  0  1   22  1 

0  0  1  1  1  0  1   23  1 

0  0  1  0  1  1  1   1  1 

0  0  1  0  1  1  1   1  31 

0  0  1  0  1  1  1   1  32 

0  0  1  0  1  1  1   1  33 

0  0  1  0  1  0  1   1  1 

1  1  1  0  1  0  1   1  1 

1  1  1  0  1  0  11   1  1 

1  1  1  0  1  0  12   1  1 

1  1  1  0  1  0  13   1  1 

1  0  1  1  1  0  1   1  1 

1  0  1  1  1  0  1   21  1 

1  0  1  1  1  0  1   22  1 

1  0  1  1  1  0  1   23  1 

1  0  1  0  1  1  1   1  1 

1  0  1  0  1  1  1   1  31 

1  0  1  0  1  1  1   1  32 

1  0  1  0  1  1  1   1  33 

1  0  1  0  1  0  1   1  1 
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APPENDIX C 

The complete set of balance equations represented by codes in a system of three 

dependent Hypo(2)/Hypo(2)/1 queues which follow the First Interaction Scheme  

for ]}2[],1[],0[{ PPP . 

Constant h  Power 

 
-1 

 

 

0 1 0 1 1 1 
 

0 0 1 
 

 
0 0 1 0 0 0 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 1 1 1 

 

0 0 1 

  

0 0 0 0 0 0 1 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 1 1 1 

 

0 0 1 

  

0 0 0 0 0 0 0 0 1 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
0 1 0 1 1 1 

 
0 0 1 

  
0 0 0 0 0 0 0 0 0 0 1 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 0 1 1 1 

 

1 0 1 

  

0 1 0 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

0 2 0 1 0 1 

 

0 0 0 

  

0 0 0 1 0 0 0 0 0 0 0 0 

 

0 0 1 0 0 0 0 0 0 

 
1 

  
0 1 2 1 1 1 

 
0 1 1 

  
0 0 0 0 0 1 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

0 1 0 2 0 1 

 

0 0 0 

  

0 0 0 0 0 0 0 1 0 0 0 0 

 

0 0 0 0 0 1 0 0 0 

 

1 

  

0 1 0 1 2 1 

 

0 0 2 

  

0 0 0 0 0 0 0 0 0 1 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
0 1 0 1 0 2 

 
0 0 0 

  
0 0 0 0 0 0 0 0 0 0 0 1 

 
0 0 0 0 0 0 0 0 1 

 

1* 

                                    

 

-1 

  

0 1 0 1 1 2 

 

0 0 1 

  

0 0 1 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
0 1 0 1 1 2 

 
0 0 1 

  
0 0 0 0 0 0 1 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 1 1 2 

 

0 0 1 

  

0 0 0 0 0 0 0 0 1 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 1 1 2 

 

0 0 1 

  

0 0 0 0 0 0 0 0 0 0 0 1 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
2 1 0 1 1 2 

 
1 0 1 

  
0 1 0 0 0 0 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

0 2 0 1 0 2 

 

0 0 0 

  

0 0 0 1 0 0 0 0 0 0 0 0 

 

0 0 1 0 0 0 0 0 0 

 

1 

  

0 1 2 1 1 2 

 

0 1 1 

  

0 0 0 0 0 1 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
0 1 0 2 0 2 

 
0 0 0 

  
0 0 0 0 0 0 0 1 0 0 0 0 

 
0 0 0 0 0 1 0 0 0 

 

1 

  

0 1 0 1 2 2 

 

0 0 2 

  

0 0 0 0 0 0 0 0 0 1 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

0 1 0 1 1 1 

 

0 0 1 

  

0 0 0 0 0 0 0 0 0 0 1 0 

 

0 0 0 0 0 0 0 0 0 

 
1* 

                                    

 

-1 

  

0 1 0 1 2 1 

 

0 0 1 

  

0 0 1 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 1 2 1 

 

0 0 1 

  

0 0 0 0 0 0 1 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
0 1 0 1 2 1 

 
0 0 1 

  
0 0 0 0 0 0 0 0 0 1 0 0 

 
0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 1 2 1 

 

0 0 1 

  

0 0 0 0 0 0 0 0 0 0 1 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 0 1 2 1 

 

1 0 1 

  

0 1 0 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
0 1 2 1 2 1 

 
0 1 1 

  
0 0 0 0 0 1 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

0 1 0 1 1 1 

 

0 0 1 

  

0 0 0 0 0 0 0 0 1 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1* 

                                    
 

-1 
  

0 1 0 1 2 2 
 

0 0 1 
  

0 0 1 0 0 0 0 0 0 0 0 0 
 

0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 1 2 2 

 

0 0 1 

  

0 0 0 0 0 0 1 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 1 2 2 

 

0 0 1 

  

0 0 0 0 0 0 0 0 0 1 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
0 1 0 1 2 2 

 
0 0 1 

  
0 0 0 0 0 0 0 0 0 0 0 1 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 0 1 2 2 

 

1 0 1 

  

0 1 0 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

0 1 2 1 2 2 

 

0 1 1 

  

0 0 0 0 0 1 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
0 1 0 1 1 2 

 
0 0 1 

  
0 0 0 0 0 0 0 0 1 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

0 1 0 1 2 1 

 

0 0 1 

  

0 0 0 0 0 0 0 0 0 0 1 0 

 

0 0 0 0 0 0 0 0 0 

 

1* 

                                    
 

-1 
  

0 1 0 2 1 1 
 

0 0 1 
  

0 0 1 0 0 0 0 0 0 0 0 0 
 

0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 2 1 1 

 

0 0 1 

  

0 0 0 0 0 0 0 1 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
0 1 0 2 1 1 

 
0 0 1 

  
0 0 0 0 0 0 0 0 1 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 2 1 1 

 

0 0 1 

  

0 0 0 0 0 0 0 0 0 0 1 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 0 2 1 1 

 

1 0 1 

  

0 1 0 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
0 2 0 2 0 1 

 
0 0 0 

  
0 0 0 1 0 0 0 0 0 0 0 0 

 
0 0 1 0 0 0 0 0 0 

 

1 

  

0 1 2 2 1 1 

 

0 1 1 

  

0 0 0 0 0 1 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

0 1 0 1 1 1 

 

0 0 1 

  

0 0 0 0 0 0 1 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
0 1 0 2 2 1 

 
0 0 2 

  
0 0 0 0 0 0 0 0 0 1 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

0 1 0 2 0 2 

 

0 0 0 

  

0 0 0 0 0 0 0 0 0 0 0 1 

 

0 0 0 0 0 0 0 0 1 

 

1* 
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Appendix C, continued 

Constant h  Power 

 
-1 

 

 

0 1 0 2 1 2 
 

0 0 1 
 

 
0 0 1 0 0 0 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 2 1 2 

 

0 0 1 

  

0 0 0 0 0 0 0 1 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 2 1 2 

 

0 0 1 

  

0 0 0 0 0 0 0 0 1 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
0 1 0 2 1 2 

 
0 0 1 

  
0 0 0 0 0 0 0 0 0 0 0 1 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 0 2 1 2 

 

1 0 1 

  

0 1 0 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

0 2 0 2 0 2 

 

0 0 0 

  

0 0 0 1 0 0 0 0 0 0 0 0 

 

0 0 1 0 0 0 0 0 0 

 
1 

  
0 1 2 2 1 2 

 
0 1 1 

  
0 0 0 0 0 1 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

0 1 0 1 1 2 

 

0 0 1 

  

0 0 0 0 0 0 1 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

0 1 0 2 2 2 

 

0 0 2 

  

0 0 0 0 0 0 0 0 0 1 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
0 1 0 2 1 1 

 
0 0 1 

  
0 0 0 0 0 0 0 0 0 0 1 0 

 
0 0 0 0 0 0 0 0 0 

 

1* 

                                    

 

-1 

  

0 1 0 2 2 1 

 

0 0 1 

  

0 0 1 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
0 1 0 2 2 1 

 
0 0 1 

  
0 0 0 0 0 0 0 1 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 2 2 1 

 

0 0 1 

  

0 0 0 0 0 0 0 0 0 1 0 0 

 

0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 2 2 1 

 

0 0 1 

  

0 0 0 0 0 0 0 0 0 0 1 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 0 2 2 1 

 

1 0 1 

  

0 1 0 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

0 1 2 2 2 1 

 

0 1 1 

  

0 0 0 0 0 1 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

0 1 0 1 2 1 

 

0 0 1 

  

0 0 0 0 0 0 1 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
0 1 0 2 1 1 

 
0 0 1 

  
0 0 0 0 0 0 0 0 1 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1* 

                                    

 

-1 

  

0 1 0 2 2 2 

 

0 0 1 

  

0 0 1 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
0 1 0 2 2 2 

 
0 0 1 

  
0 0 0 0 0 0 0 1 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 2 2 2 

 

0 0 1 

  

0 0 0 0 0 0 0 0 0 1 0 0 

 

0 0 0 0 0 0 0 0 0 

 

-1 

  

0 1 0 2 2 2 

 

0 0 1 

  

0 0 0 0 0 0 0 0 0 0 0 1 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
2 1 0 2 2 2 

 
1 0 1 

  
0 1 0 0 0 0 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

0 1 2 2 2 2 

 

0 1 1 

  

0 0 0 0 0 1 0 0 0 0 0 0 
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Appendix C, continued 

Constant h  Power 
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Appendix C, continued 

Constant h  Power 
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Appendix C, continued 

Constant h  Power 
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Appendix C, continued 
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Appendix C, continued 
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Appendix C, continued 

Constant h  Power 

 
-1 

 

 

2 1 0 1 0 2 
 

1 0 0 
 

 
0 1 0 0 0 0 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

-1 

  

2 1 0 1 0 2 

 

1 0 0 

  

0 0 1 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

-1 

  

2 1 0 1 0 2 

 

1 0 0 

  

0 0 0 0 0 0 1 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
2 1 0 1 0 2 

 
1 0 0 

  
0 0 0 0 0 0 0 0 0 0 0 1 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

1 1 0 1 0 2 

 

1 0 0 

  

1 0 0 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 2 1 0 2 

 

1 1 0 

  

0 0 0 0 0 1 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
2 1 0 1 2 2 

 
1 0 1 

  
0 0 0 0 0 0 0 0 0 1 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 0 1 0 1 

 

1 0 0 

  

0 0 0 0 0 0 0 0 0 0 1 0 

 

0 0 0 0 0 0 0 0 0 

 

1* 

                                    
 

-1 
  

2 1 0 2 0 1 
 

1 0 0 
  

0 1 0 0 0 0 0 0 0 0 0 0 
 

0 0 0 0 0 0 0 0 0 

 

-1 

  

2 1 0 2 0 1 

 

1 0 0 

  

0 0 1 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

-1 

  

2 1 0 2 0 1 

 

1 0 0 

  

0 0 0 0 0 0 0 1 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
2 1 0 2 0 1 

 
1 0 0 

  
0 0 0 0 0 0 0 0 0 0 1 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

1 1 0 2 0 1 

 

1 0 0 

  

1 0 0 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 2 2 0 1 

 

1 1 0 

  

0 0 0 0 0 1 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
2 1 0 1 0 1 

 
1 0 0 

  
0 0 0 0 0 0 1 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 0 2 2 1 

 

1 0 1 

  

0 0 0 0 0 0 0 0 0 1 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1* 

                                    
 

-1 
  

2 1 0 2 0 2 
 

1 0 0 
  

0 1 0 0 0 0 0 0 0 0 0 0 
 

0 0 0 0 0 0 0 0 0 

 

-1 

  

2 1 0 2 0 2 

 

1 0 0 

  

0 0 1 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
2 1 0 2 0 2 

 
1 0 0 

  
0 0 0 0 0 0 0 1 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

-1 

  

2 1 0 2 0 2 

 

1 0 0 

  

0 0 0 0 0 0 0 0 0 0 0 1 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

1 1 0 2 0 2 

 

1 0 0 

  

1 0 0 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
2 1 2 2 0 2 

 
1 1 0 

  
0 0 0 0 0 1 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 0 1 0 2 

 

1 0 0 

  

0 0 0 0 0 0 1 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 0 2 2 2 

 

1 0 1 

  

0 0 0 0 0 0 0 0 0 1 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
2 1 0 2 0 1 

 
1 0 0 

  
0 0 0 0 0 0 0 0 0 0 1 0 

 
0 0 0 0 0 0 0 0 0 

 

1* 

                                    

 

-1 

  

2 2 0 1 0 1 

 

1 0 0 

  

0 1 0 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
2 2 0 1 0 1 

 
1 0 0 

  
0 0 0 1 0 0 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

-1 

  

2 2 0 1 0 1 

 

1 0 0 

  

0 0 0 0 0 0 1 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

-1 

  

2 2 0 1 0 1 

 

1 0 0 

  

0 0 0 0 0 0 0 0 0 0 1 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
1 2 0 1 0 1 

 
1 0 0 

  
1 0 0 0 0 0 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 0 1 0 1 

 

1 0 0 

  

0 0 1 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

2 2 2 1 0 1 

 

1 1 0 

  

0 0 0 0 0 1 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

2 2 0 1 2 1 

 

1 0 1 

  

0 0 0 0 0 0 0 0 0 1 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1* 

                                    

 

-1 

  

2 2 0 1 0 2 

 

1 0 0 

  

0 1 0 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
2 2 0 1 0 2 

 
1 0 0 

  
0 0 0 1 0 0 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

-1 

  

2 2 0 1 0 2 

 

1 0 0 

  

0 0 0 0 0 0 1 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

-1 

  

2 2 0 1 0 2 

 

1 0 0 

  

0 0 0 0 0 0 0 0 0 0 0 1 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
1 2 0 1 0 2 

 
1 0 0 

  
1 0 0 0 0 0 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 0 1 0 2 

 

1 0 0 

  

0 0 1 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

2 2 2 1 0 2 

 

1 1 0 

  

0 0 0 0 0 1 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
2 2 0 1 2 2 

 
1 0 1 

  
0 0 0 0 0 0 0 0 0 1 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

2 2 0 1 0 1 

 

1 0 0 

  

0 0 0 0 0 0 0 0 0 0 1 0 

 

0 0 0 0 0 0 0 0 0 

 

1* 

                                    
 

-1 
  

2 2 0 2 0 1 
 

1 0 0 
  

0 1 0 0 0 0 0 0 0 0 0 0 
 

0 0 0 0 0 0 0 0 0 

 

-1 

  

2 2 0 2 0 1 

 

1 0 0 

  

0 0 0 1 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

-1 

  

2 2 0 2 0 1 

 

1 0 0 

  

0 0 0 0 0 0 0 1 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
2 2 0 2 0 1 

 
1 0 0 

  
0 0 0 0 0 0 0 0 0 0 1 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

1 2 0 2 0 1 

 

1 0 0 

  

1 0 0 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

2 1 0 2 0 1 

 

1 0 0 

  

0 0 1 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
2 2 2 2 0 1 

 
1 1 0 

  
0 0 0 0 0 1 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

2 2 0 1 0 1 

 

1 0 0 

  

0 0 0 0 0 0 1 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

2 2 0 2 2 1 

 

1 0 1 

  

0 0 0 0 0 0 0 0 0 1 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1* 

                                    

 

-1 

  

2 2 0 2 0 2 

 

1 0 0 

  

0 1 0 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

-1 

  

2 2 0 2 0 2 

 

1 0 0 

  

0 0 0 1 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
-1 

  
2 2 0 2 0 2 

 
1 0 0 

  
0 0 0 0 0 0 0 1 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

-1 

  

2 2 0 2 0 2 

 

1 0 0 

  

0 0 0 0 0 0 0 0 0 0 0 1 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

1 2 0 2 0 2 

 

1 0 0 

  

1 0 0 0 0 0 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
2 1 0 2 0 2 

 
1 0 0 

  
0 0 1 0 0 0 0 0 0 0 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

2 2 2 2 0 2 

 

1 1 0 

  

0 0 0 0 0 1 0 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 

1 

  

2 2 0 1 0 2 

 

1 0 0 

  

0 0 0 0 0 0 1 0 0 0 0 0 

 

0 0 0 0 0 0 0 0 0 

 
1 

  
2 2 0 2 2 2 

 
1 0 1 

  
0 0 0 0 0 0 0 0 0 1 0 0 

 
0 0 0 0 0 0 0 0 0 

 

1 

  

2 2 0 2 0 1 

 

1 0 0 

  

0 0 0 0 0 0 0 0 0 0 1 0 

 

0 0 0 0 0 0 0 0 0 

 

1* 

                                    
 

 



175 

 

REFERENCES 

Adan, I.J.B.F., Wessels, J. and Zijm, W.H.M. (1990). Analysis of the Symmetric 

Shortest Queue Problem. Communications in Statistics: Stochastic Models, 6(4),     

691–713. 

Adan, I.J.B.F., Wessels, J. and Zijm, W.H.M. (1991). Analysis of the Asymmetric 

Shortest Queue Problem. Queueing Systems: Theory Applications, 8(1), 1–58. 

Adan, I.J.B.F., Wessels, J. and Zijm, W.H.M. (1993). Matrix-geometric analysis of 

the symmetric shortest queue problem with threshold jockeying. Operations Research 

Letters, 13, 107–112. 

Choi, B.D., Hwang, G.U. and Han, D.H. (1998). Supplementary variable method 

applied to the MAP/G/1 queuing system, Journal of the Australian Mathematical 

Society, Series B,  40, 86 – 96.  

David, E. Everitt (1994).  Traffic engineering of the radio interface for cellular mobile 

networks. Proceeding of the IEEE, 82 (9), 1371-1382. 

Flatto, L. and McKean, H.P. (1977). Two queues in parallel. Communications in Pure 

and Applied Mathematics, 30, 255–263. 

Fleming, P. J. and Simon B. (1999). Heavy traffic approximations for a system of 

infinite servers with load balancing. Probability in the Engineering and Information 

Sciences, 13, 251–273. 

Franx, G.J. (2001). A simple solution for the M/D/c waiting time Distribution, 

Operation Research letters, 29, 221 – 229. 



176 

 

Gross, D. and Harris, C. M. (1998). Fundamentals of queuing theory (3
rd

 Ed.). New 

York: Wiley. 

Haight, F. A. (1958).  Two queues in parallel. Biometrika, 45, 401-410. 

Halfin. S. (1985). The shortest queue problem. Journal of Applied Probability, 22,   

865–878. 

Hariharan, R. , Kulkarni, V.G. and Stidham, S. (1990). Optimal control of two 

infinite server queues. Proceedings of the 29th IEEE Conference on Decision and 

Control, Hawaii, 3, 1329-1335. 

Kelly, F. P. (1986). Blocking probabilities in large scale circuit switched networks, 

Advances in Applied Probability, 18, 473 -505. 

Kingman, J.F.C.(1961). Two similar queues in parallel. Annals of Mathematical 

Statistics, 32, 1314–1323. 

Knessl, C. (1999). A new heavy traffic limit for the asymmetric shortest queue problem, 

European Journal of Applied Mathematics, 10, 497–509. 

Knessl, C. and Yao, H. (2011). On the infinite capacity shortest queue problem. 

Progress in Applied Mathematics, 2(1), 01–34. 

Kobayashi, M., Sakuma, Y. and Miyazawa, M. (2011). Join the shortest queue 

among k parallel queues: Tail asymptotics of its stationary distribution. Unpublished 

Manuscripts, Tokyo University of Science.  

Koh, S.K., Pooi, A.H. and Tan, Y.F. (2011). Queue length and waiting time 

distributions in a single server queue. Unpublished Manuscripts, University of Malaya, 

Kuala Lumpur.  



177 

 

Movaghar, A. (2011). Analysis of a dynamic assignment of impatient customers to 

parallel queues. Queueing Systems, 67(3), 251–273. 

Puhalskii, A.A. and Vladimirov, A.A. (2007). A large deviation principle for join the 

shortest queue. Mathematics of Operations Research, 32, 700-710. 

Ross, S.M. (2000). Introduction to probability models (7
th

 ed.). San Diego, CA: 

Academic Press.  

Sakuma, Y. (2010).  Asymptotic behavior for MArP/PH/c queue with shortest queue 

discipline and jockeying. Operations Research Letters, 38, 7-10. 

Sidi, M. and Starobinski, D. (1996). New call blocking versus handoff blocking in 

cellular networks. Proceedings of IEEE Infocom '96, 35–42. 

Tan, Y.F. (2002). Queue size and waiting time distributions in a one-server queue. 

Ph.D. Thesis, University of Malaya, Kuala Lumpur.     

Tamba Kortequee,  Wei Li and Demetrios Kazakos (2006). Performance evaluation 

of a soft hand off scheme in CDMA cellular networks. Proceedings of the Wireless 

Communications and Networking Conference (WCNC). 

Tarabia, A.M.K. (2008). Analysis of Two Queues in Parallel with Jockeying and 

Restricted Capacities. Applied Mathematical Modelling, 32(5), 802–810. 

Tarabia, A.M.K. (2009). Transient Analysis of Two Queues in Parallel with Jockeying. 

Stochastics: An International Journal of Probability and Stochastic Processes, 81(2), 

129–145. 

Turner S.R.E. (2000). A join the shorter queue model in heavy traffic, Journal of 

Applied Probability, 37, 212–223. 



178 

 

Wu, P. and Posner, M.J.M  (1997). A level-crossing approach to the solution of the 

shortest-queue problem. Operations Research Letters, 21, 181–189. 

Xeung, W.Y. and Kyung, C.C. (2003). Analysis of the M/G/c queue using a modified 

Supplementary Variable technique. Hawaii International Conference on statistics and 

Related Field. June 5 – 8. 

Yao, H. and Knessl, C. (2005). On the infinite server shortest queue problem: 

Symmetric case. Stochastic Models, 21, 101–132. 

Yao, H. and Knessl, C. (2006). On the infinite server shortest queue problem: Non-

symmetric case. Queueing System, 157-177.  

Yao, H. and Knessl, C. (2008). On the Shortest Queue Version of the Erlang Loss 

Model.  Studies in Applied Mathematics, 120(2), 129–212. 

Zhao, Y.Q. and Grassman, W.K. (1990). The shortest queue model with jockeying. 

Naval Research Logistics, 37, 773–787. 


