CHAPTER 2

The Close-Coupling Method (CC)

The details of the close-coupling method (CC) which is based on the work by
Mitroy and Ratnavelu (1994) are described in this chapter. The CC had been used in the
study of hydrogenic atoms such as lithium, sodium and potassium. Here, the CC is used

in the investigation of theoretical scattering of electrons and positrons by atomic Rb.

2.1  Terminology

Before moving on to the theoretical details of both methods, the following

terminology must be understood:
1) Wavefunction, ¥

In quantum mechanics, the wavefunction is a function in Hilbert space that describes
the states of subatomic particles. The wavefunction is a probability amplitude
(complex vector) and |W = W| yields the probability of finding the particles at certain

position and time. It is the solution of Schrodinger equation.
2) Schrodinger equation

In quantum mechanics, the Schrodinger equation is an equation that describes the
behavior of particles in time, i.e. the changes of quantum state with time. There are 2
types of Schrodinger equation, the time-dependent Schrodinger equation and the

time-independent Schrodinger equation.
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3) Channel

Channel is the possible mode of fragmentation of the system during the collision. A
channel is “open” if the particular collision is allowed by some known conservation
laws, else the channel is “closed”. Initial channel and final channels are the possible
fragmentation of system before and after the collision process. The incident channel
is always “open” and elastic. Non-elastic channels are considered to be different
channels and the channels are “closed” as long as the energy required to excite the
system into inelastic states is insufficient. Once the energy is sufficient to excite the
system to the excited states, the non-elastic channels will “open”. Once a non-elastic
channels is opened, the incident flux will either be diverted into the elastic or the

non-elastic channels. Fig. 2.1 illustrates the concept of channel.

/ Non-elastic

Incident Flux /_\ Outgoing Flux
Elastic Atom Elastic
——— —
Incident Channel S~

Fig. 2.1 : The concept of channel.

2.2  Type of Interaction

When an incident particle approaches an atom and eventually collides with the
target atom, a few types of interaction may happen. If an electron collides with an atom,

elastic scattering, inelastic scattering or ionization might happen. If a positron collides
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with an atom, elastic and inelastic scattering, ionization and Ps formation might happen.

The following figures show the types of interactions.

Incident

electron/positron
o/
Valence
Electron

Ground state

Fig. 2.2 : An incident particle is approaching an atom with a valence electron
orbiting the core in the ground state. The core consists of the nucleus and all the
other electrons of the atom except the valence electron.

2.2.1 Electron-atom Scattering

Elastic Scattering

Scattered incident
electron

Valence
Electron

Ground state

Fig. 2.3 : The elastic scattering of electron-atom scattering. The incident electron
collides with the atom. The incident electron is scattered without changing the
internal quantum state of the atom.
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Fig. 2.4 : Part 1 of the inelastic scattering of electron-atom scattering. When the
incident electron collides with the valence electron in the ground state, it changes
the internal quantum state of the atom where the valence electron is excited into the

excited state.
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Fig. 2.5 : Part 2 of the inelastic scattering of the electron-atom scattering. The
excited valence electron is de-excited into ground state by emitting energy in the

form of a photon.

Ground state
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Fig. 2.6 : lonization in electron-atom scattering. The valence electron is removed
from the atom. The atom is ionized and becomes an ion.

2.2.2 Positron-atom Scattering
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Fig. 2.7 : Elastic positron-atom scattering.
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Inelastic Scattering
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Fig. 2.8 : Inelastic scattering in positron-atom scattering.
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Fig. 2.9 : lonization in positron-atom scattering.

Ps Formation

positronium

. electron positron

Ground state

Fig. 2.10 : Ps formation in positron-atom scattering. The incident positron binds
together with the valence electron and forms an unstable ‘atom’ which eventually
annihilates and produces photons.
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2.3 Theoretical Details
2.3.1 Electron-Rb Scattering
In general, the Schrodinger equation for a (N+1)-body system is defined as:
(H—-E)¥(r,m) =0 (2.1)

where r; is the coordinate of the incident particle (electron) and r; is the coordinates of
the N electron where i = {1,2, ..., N} (r; represents the valence electron of the target
atom). H denotes the total Hamiltonian of the system while E represents the total energy

of the (N+1)-body system.

In the CC formalism, the wavefuntion, W(r;, ) is expanded in an eigenfunction

expansion of electron scattering states which are coupled to the atomic states:
W (r;,m0) = Lo Yo () F, (10) (2.2)
By expanding equation (2.2), the following expression can be obtained:
W(r, 1) = W11 () Fiq (o) + Wi2 (1) Fiz (o) + Wiz () Fiz (1) + - (2.3)

Following McCarthy and Stelbovics (1983a), it is possible to transform the
Schrodinger equation into the momentum-space Lippmann-Schwinger (LS) equation for
an incident electron with momentum k on a Rb atom. The LS equation in the operator

form is given by:
T(Xlaf = V(x’a + Za” Va,a” Ga” TO(” C!l (24)
The LS equation in the explicit T-matrix elements:

w AR YAV K" X" P | T [ Ky )
1,2
R

pTlieped = Ko VI + Y [ @k

(2.5)
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(Refer to Appendix I for the crude illustration describing the T-Matrix (equation (2.5))

2.3.2 Positron-Rb Scattering

Valence electron Incident positron

Rb nucleus

Fig. 2.11 : Positron-Rb scattering.

Figure 2.11 shows the illustration of the positron-Rb scattering. Similar to the
electron-Rb scattering case, r, is defined in the coordinate system as the coordinate of
the incident positron and r; as the coordinates of the N electron where i = {1,2, ..., N}
(r; represents the valence electron of the target atom). The distance between the valence

electron and the incident particle (positron) is 7o, which is defined as r; = |r; — 1p].

Let p; be the relative coordinate and R; be the center of mass of the outgoing Ps,

the following relation can be established:
ri:Ri‘l'%pi TOZRi_%pi
pi =1; =1 R; = %(Ti +19) (2.6)
The Jacobian for the transformation between the 2 coordinate systems is:
J&r [ d*rg = [d’p; [ d°R; 2.7)
(Refer to Appendix Il for the Jacobian transformation of equation (2.7))

With these definitions, the Schrodinger equation, equation (2.1) can now be rewritten as:
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(Hatom + He - E)‘P(ri,ro) =0 (28)

where H,;,,, isthe N-electron Hamiltonian of the target Rb atom:

1 A 1 1
Hatom = Zizl (_Evlz + 7”_1) + _Zizl_ (29)

27T
and H, is the Hamiltonian consisting the coordinate of the incident positron:
1 Z 1
H, = =3 V§ T Limi (2.10)

Following Mitroy and Ratnavelu (1994), Ps formation can be incorporated into

the calculation. We can do so by partitioning the Hamiltonian in an alternative way:
(HPs(m) + Hion (m) + Hint (m))‘{J(ri,rO) =0 me {1' 'N} (211)

where Hp, is the interaction of the Ps molecule which contain the valence electron, r,

with the residual ion:

Hps = (—%sze +TZ_0—£) — Xi=2 (L - i) (2.12)

1 Ti0 Ti1

H,,, is the Hamiltonian of the residual ion with the valence electron removed from the

Rb atom:

1 7\ | 1 1
Hipp = Xi=2 (— EVL-Z - ;) + 521’,]:2 (—rj> (2.13)
¢ i# S

Finally, H;,; is the internal Hamiltonian of the Ps molecule containing the removed
valence electron from Rb atom:

1
Hine = =V5, +— (2.14)

T10

The wavefuntion, W(r;, 1) can now be expanded in an eigenfunction expansion

of Ps and continuum positron state which are coupled to the ionic and atomic states:
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lP(Ti'rO) = Za Lpa (ri)Fa (T'()) + Zﬁy 'Qy (ri’)q)ﬁ (p)GBy (R) (215)

where ;- is the N-1 electrons of the Rb residual ion. The notations ¥, (r;), Q, (r;+) and
4 (p) represent the bound atomic, ionic and Ps stationary states respectively. All these

satisfy the following conditions:

<Lpa (ri)lHatom - Ealqja (ri)) =0 (216)
(Dg(p) |Hine — €5|Pp(p)) =0 (2.17)
<-Qy (ri’)IHion — €core |-Qy (1)) =10 (2.18)

Substituting equation (2.15) into equation (2.1), the Schrodinger equation is now:
(E — H)(Zo Yo (r)F, (r0) + Xy Q, (1)@ (p)Ggy (R)) = 0 (2.19)

By multiplying the left hand side of equation (2.19) with W - (r;) and integrating the

equation with respect to d3r;, the following equation can be obtained:

Z Zl
Ty &=Typ;

i=1

Lpa) Fa (rO)

(E + %Vg — €4 ~ €core ) Fy (r) = z (o'
+ Xy (Wo' |[H — E|Q, D (p)) Ggy (R) (2.20)

Similarly, by multiplying the left hand side of equation (2.19) with Q;r(ri')CID;r (p) and

integrating with respect to d3r; and d3p, we can obtain the following equation:

1
(E+57% = 6 = ceore ) Gpryr (R) = D (@0, H = EIW)E,
a

11
+ gy (Pp Q) |E - Yi=2 (a - a)| Dp0,) Gy, (R)
2.21)

(Refer to Appendix Il for the details of integration of equation (2.20) and (2.21))
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Following Mitroy and Ratnavelu (1994), three approximations have been used to

simplify the system:

a) The wavefunctions for the atomic and residual ionic state will be computed in a

fixed-core model.

b) There is only one possible residual ionic state. Hence only the valence electron will

be removed during the Ps formation.

c) The exchange in between the electron in the residual ion and the electron in the Ps is

neglected.

Thus, equation (2.20) and equation (2.21) can be transformed into the
momentum-space LS equations. The momentum-space LS equation for an incident

positron with momentum k impacting on a Rb atom in atomic state ¥, are:

(K'Wo Tk, ) = (K'Y, [VIKW,)

. (KW, VK W, ) "
chﬁ T 2 (K'"W® . |T|kW,)
E(+) zk — €q" ~ €Ecore

(KW, [V|K @5 Qr
Z jd3 : |”i g ) (k" Dy Q- |T|k¥,)
E(+) 4k - Eﬁ" — €Ecore
(2.22a)
(k' 0, |T|k¥s) = (k’q)ﬂ'ﬂy' |V |k )
., (K dg, |V|K" W,
zfd?’k : ”y2| [ o) (K" |T|kW,)
EM — 7k —€g" ~ €Ecore
L (K@ VK Dy,
Z fd?’ ﬁl V”|2 | —t ) <k”q)ﬁ” QV” |T|kLpa)
By E® — 4k — €8" — €core

(2.22b)
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(Refer to Appendix IV for the transformation of the momentum-space LS equations

(equation (2.22a) and equation (2.22b)))
2.3.3 The Interaction Matrix Elements

The term V in the T-matrices is in the matrix form representing the interaction
between the different classes of channels. The 3 different classes are the interaction
between different positron channels, the interaction between Ps and the residual ion, and

the rearrangement matrix elements.
a) Interaction Between Different Positron Channels
This interaction is defined as:
(KW, |V|kWY,) = (2n)‘3fd3r0fd3ri‘P;f (r)exp(—ik .1p)
X [% — >N %] Y, (r;)exp(ik.1y) (2.23)
Following these relations:
Y, (r) =~ ¥, (r)Q>r;) [d3r, =~ [d3r; [d3ny (2.24)

Equation (2.23) can be written as:

(K'Y, |VIkWY,) = (2n)_3Jd3r0Jd3ri' fd3 n¥ (r)Q* (r;)exp(—ik'.7y)

Z-1 1 1 1 .

X [ —dig1—t—— —] W, (r)Q(r;) exp(ik.7g) (2.25)
To Tio0 To 701

Defining the core potential, v.,,. as:

Z—1 1
Ucore (rO) = [T - Ziil a] (226)

and V,,,, as:
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Veore = {Qvcore (1)1Q) = Zy(4ly + 2) f dgri’ w; (rl-’)a)y (ri') (% — r(%) (227)

where w,, (r;") represents the wavefunction of the frozen core. The sum over y covers
all the fully occupied orbitals in the frozen core.

After substituting equation (2.26) into equation (2.25), we have:

(K'Y, |V|kY,) = (2n)‘3fd3r0fd3ri' fd3 W (r)Q (ry exp(—ik'. 1p)
11 .
X [veare (o) + 7 = | Wa (r)Qr ) exp(ik. 7o) (2.28)

By using equation (2.27), equation (2.28) can be simplified as:

(K'Y, |V|kY,) = 2m)~3 f d3r0fd3 W () exp(—ik'.7p)

X [Vcore + < - L] Lpa (rl) exp(ik- rO) (229)
To To1

b) Interaction Between Ps and the Residual lon

Generally, there are 2 types of interactions between Ps and residual ion: the
direct-type and the exchange-type interactions. As mentioned previously in the 3
approximations that simplify the system, the exchange-type interaction will be

neglected in the calculation. The direct-type interaction is given as:

(K'Q, @y [V|kQ, dp) = (2ﬂ)_3fd3pfd3RJd3 i (rir)dbl’;f(p)exp(—ik’.R)

X[ 2= B (= )| 0 ) @ () exp(ik.R) - (2:30)

To 1

Equation (2.30) can be expanded into:

(kK'Q, @y [V|kQ, ®p) = (2n)‘3fd3pfd3Rfd3 ry Q (r )@y (p)exp(—ik'. R)

Z—1 1 Z—1 1 1 1
(- 2) - (-3 42
o Zlil Tio " Zlil i o -
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X Q, (r;)®Pg(p) exp(ik.R) (2.31)

We define the v,,,, and V., as:
Z-1 1 z-1 1
Ucore (rO) = [T - Zi;tl a] Ucore (rl) = [T - Zi#:l ;] (2323)

I/;ore (rO) = (lecore (T'o)m) Vcore (7'1) = (-lecore (T1)|Q> (232b)

By using the similar procedure of substitution and simplification as in section (a),

equation (2.30) can be written as:

(kK'Q, @4 |[V|kQ, ®p) = (2n)‘3jd3pjd3R @5 (p)exp(—ik . R)

1 1
X [Vcore (rO) - Vcore (rl) + E -

Lt

X @ (p) exp(ik.R) (2.33)
c) Rearrangement Matrix Element
The rearrangement matrix element of the Ps formation is:
(k'ﬂy'cbﬁ'|l/|kﬂyd>ﬂ) = (2n)‘3fd3r0fd3 rlfd3rl-' Q' (ry)®p (p) exp(—ik .R)
X [H — E|¥,(1;) exp(ik.7y) (2.34)

Defining H = Hy,,, + H, and following equation (2.10) and (2.16), equation (2.34) is

written as:

(K'Q, @y [V|k¥,) = (2n)‘3fd3r0fd3 7”1fd37”i’ ()05 (p) exp(—ik .R)
1 4 1 .
X [_EV% +o- Z"R + €core T Eq — E] W, (r;) exp(ik.1p)

(2.35)
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It was shown in section (a) that ri — Ziri = Ugore (19) + ri — ri so by using equation
0 i0 0 01

(2.27) and some algebraic manipulation, equation (2.35) can be written as:

(K'Q, @ [V|kY,) = (2n)‘3fd3r0fd3 n®; (p) exp(—ik .R)

1 1 1
X [EKZ + Vcore (TO) +r___
0

o1

+ Eoore + 2 — E|
X W, (r;) exp(ik.ry) (2.36)

Since there is an optional way of partitioning the Hamiltonian, H (H = H,,, + Hps +
H,,:), so there is an alternative way to obtain the matrix element. Thus, equation (2.34)

can also be expressed as:
(k'Qy'CDﬁ'|V|k‘Pa) = (2n)‘3fd3r0fd3 rlfd3rl-' Q' (ry)®p () exp(—ik .R)
X [Hion + HPS + Hint - E]Lpa (Ti) exp(ik-rO) (237)
Following equation (2.17) and equation (2.18), equation (2.37) can be written as:
(k'Qy'CDﬂ'|V|k‘}’a) = (2n)‘3fd3r0fd3 T1fd37"i' Q' (r)®p () exp(—ik .R)
X [Hps + & + Ecore — E]Ll’a (r;) exp(ik.1y) (2.38)

By using equation (2.16), equation (2.17) and equation (2.18), equation (2.38) can be
rewritten as:
(k’Qy'CDﬁ'|V|k‘Pa) = (2n)_3fd3pfd3RJd3 ry Q(ry )Py (p) exp(—ik .R)
1, 1 1
X [ZK 24 2V2 + Vigre (10) + o+ 8+ Ecore T80 — E]

X W, (r;) exp(ik.ry) (2.39)

Both equation (2.36) and equation (2.39) are the matrix elements in different forms.

Equation (2.36) is the post form while equation (2.37) is the prior form. Since the
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interaction Hamiltonian is sandwiched between the plane waves, so essentially both

matrix elements are equivalent.
2.3.4 Matrix Elements in Momentum Space

For computational purpose, the matrix elements are best expressed in the
momentum space forms. For the interaction between positron channels, equation (2.29)

in the momentum space form is written as:

1

(kW |VIEY,) = [m

]{6(1'“ — [&r¥ (MY, (expli(k — k)r]}

41, +2

+64 0 Yy [m] {1- J a3 (w, Mexplitk — kK)r]} (2.40)

Defining K = |k — k'|, equation (2.40) can be written in details as:

1

W IV I—W,) = [

| (8082, = Ty 14 (1) *

NT 74 l A l ' /1 la la’
Xl (OCH (= )12 (b 8 ) ( e ]

0 0/ \u m, mgy
+84 002 Veore (K) (2.41)
where:
Xy o (K) = [ dr 29 ()W, (1)) (K,) (2.42a)
c?,(k — k") = spherical tensor (2.42b)
PERN, > (2.42¢)
Viore () = 3, [555] [1 =y dr r2oy Mo, @io k)] (2420)

For the interaction between Ps and the residual ion, equation (2.33) in the momentum

space form is:
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(k' 0y @y V] @p) = |Veore (KD + 53] [ &0 @ (0) 9 (p)

X {exp Ei(k - k').p] —exp [—%i(k - k').p]} (2.43)
In details,

<k’Qy'Q)ﬁ' |V|kﬂy¢ﬁ) = [Vcore (K) + ﬁ]

x{[1 = (DA B D)"Y (KOCA (e = KDl 12}

Iy A zﬁf>(/1 lg zﬁf)
X 2.44
(0 0 o/\u mp —my (244
where:
o0 * . (1
V(O = [ dp p* By ()0 (o)) (5K, (2.45)

Referring to the term [1 - (—1)’1] in equation (2.44), it is clear that equation (2.44) will
be non-zero provided that A is an odd number. This property forces the interaction

between Ps and the residual ion core to only connect the states with different parity.

For the rearrangement matrix element, the Ps and alkali-atom wavefunctions are defined

as:
. _3
Alkali-atom : (2m)72 [ d3rW¥, (r)exp(—ip.T) (2.46a)

Ps: (Zn)_%fd?’plpa (p)exp(—ip. p) (2.46b)

The inverse Fourier transforms of equation (2.46) are:
. _3
Alkali-atom : (2m)72 [ d3p¥, (pr)exp(—ip.T) (2.47a)

Ps: (2m) 72 [ d*p¥, (p)exp(—ip.p) (2.47b)
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Following Mitroy and Ratnavelu (1994), after obtaining equation (2.46) and

equation (2.47), we can reduce equation (2.36) and equation (2.39) to:

1 1 2 , 1,
(k'Q, @y |V|kW,) = [EKIZ — |k—§k’| + &5 + Ecore + €4 —E] Y, (k —k)dp (Ek —k)

+ [ d2q¥ (k' = @) 5 (55 = ) [Veore (19 = kD) + 5= | (2482)

1 1 , 1,
(kK'Q, @y |V|kW,) = [ZKIZ —§|k —K'1*+ & + Eore + 64 — E] Y, (k —k)dp (Ek - k)

+ f d3ql‘pa (k’ - Q) q)E (%k’ - q) []/Z‘ore (lq - kl) + m] (248b)

1
2n2|q—k|?

The terms W, (k' — q)®; Gk — q) and V., (Ig — k) + are the functions for

k' & q and k & q, respectively. So, the integrands can be factorized into 2 parts and the
partial wave expansion of each part can be solved separately. Although the term
V.ore (1g — k|) will slow down the calculations of the matrix elements but this will not

cause any major changes in the results of the calculation.
2.3.5 Partial Wave Analysis

Following Mitroy and Ratnavelu (1994), the matrix elements can be reduced to

the partial wave form. For the interaction between different Rb channels:
vk k) = z fdl?]dl?’Y”f (RN MLy ey |TM))
a Ll al ! LM a fo4 J
ma'maMM'

X (k' |V]ak)LMlym, |JM)Y,y (k) (2.49)

where (L'M'l,'m,'|JM,) is a Clebsch-Gordan coefficient.
Since there is no exchange interaction in equation (2.49), the singlet and triplet partial
wave T-matrices are identical and thus all considerations of spin coupling can be

ignored. Equation (2.49) can be further reduced to:
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Vql)‘, aL(k,' k) = ZA,T il (_1)T+l, +/1+]j-3j'\lzza Za’EE,

a

1
_ @Y 2ty
[(21)!(2/1—21)!] k k Xa a(k'k)

SRR T
SN L e

where Xi"’;{ (k', k) is the angular integral defined as:

, 1
XA (k' k) = 2m f du Py (u)[83,6,0 — Xi'aUO]W
-1

1
+6/105aal 2 f_l du Pl’ (u)Vcore (K) (251)
where P, (u) is a Legendre Polynomial, u = k'. k, K = |k — k'|

The interaction between different Ps channels is quite similar to the Rb channels

case because of the similarity of having a non-zero interaction when there are different

parities exist between the states:

ATy & ATy

Vﬁqz’m (k' k) = Y55, i* (—1)T+4+A 4 BTl LT
ey 1
L 21— 't A:,{ ’ o 1
(21)!(2/1—21)!] Tk Y s (K, [1 = (=1)7]
x (L' AoA- r) (/1 T L’) (lﬁf 2 zﬁ)

AL L{lﬁ' lg ]}
x{l, . T} A (2.52)

where Y;?”Z} (k', k) is an angular integral defined as:

' ! 1 21 1
Vi g 0610 = [, du (55) (Veore (KD + 522 P )V (K) (2.53)
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Equation (2.51) and (2.53) can be solved numerically by using the composite Gauss-
Legendre quadrature mesh. Since this method was widely used in the electron-atom
scattering calculations, so it was proved to be a very reliable method to handle these

calculations.

Among the 3 interactions, the matrix element for Ps formation is the most

complicated. The matrix element of this interaction is defined as:

V(= Y ittt (c1) e 22 T
AtgTacjk

1
2le)!(215)! 2 nNBTTB .
it aTip~ta

X [(21,1)!(215)!(210,—21,1)!(216—213)!] (2 fe

><(j A L’)(k A L)(/la—ra J Aﬂ—rﬁ>

0 0 0/\0 O O 0 0 0
X(Ta k T[;){I: c L’}
0 0 0/U 4 k
k ¢ j

l, L rorr Lo’
o { . i } T lo o= Ta([Z05, (K 0 + 2355 (K K)] (2.54)
a ’[a lﬂ l‘B - TC{

where T = 7, + 75. Equation (2.54) consists of 2 separate integrals, Zf'ga (k', k) and
Zﬁl’;i (k', k). The first integral is defined as:
Arocp! 1 T ' 1 2 1 2
Zl,/?a (k ,k) - Ek f_ldu (Ek + EKI + €core T €4 T Eﬁ — E)
X W, (K1) pp (K2) Py (w) (2.55a)
Arocp’ — 1 T ! 1 12 1.2
Zig, (k k) = Sk _1du KKt core tEa t g —
X W, (K1) pp (K2) Py (w) (2.55h)

where K; = |k — k'l and K, = |k —%k’|.
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The numerical calculations of equations (2.55) are similar to equation (2.51) and

equation (2.53). Thus, the second integral is defined as:
Zye (K ) = — [ dq a2+ Hj, (k', ) [Veore . Ue, @) + Vi (K, )] (2.56)
where V.. ; (k, q) represents the Legendre coefficient of V., (|g — k|), defined as:
Veore (k@) = 21 [ du 2mV,or, (Iq — k1P, (w); u=q.k (257

and V;(k,q) is the partial wave component of the momentum-space form of the

Coulomb potential:

Vi(k,q) = 2m [, dulq — kI>P,(); u=4q.k (2.58a)

2o, Le+) s

q

The term @, E (% + S)] is a Legendre function of the second kind.

The term H[?a (k',q) consists of the projections of the product of the spherically

symmetric part of the momentum-space wavefunctions:
2 ’ _ 1 1.7 ’
Hp (K q) =21 [ dug, (|5 - q|) wa(K - )P, () (2.59)

withu = 4.k Hﬁa (k', q) is a function of k’.

Finally, the kernel matrix is converted into purely real numbers by dividing each

individual matrix element by il~L" 5o that the matrices are ready for the numerical

calculations. Thus, the partial wave forms of the LS equations are:

aEJ)a (k k“)TaEJ)"a (k”’k)

Taf"]L)'aL(k'lk) :Va('JL)'aL(k"k)-i_ZJ-d k” LE(+I)_ _ —c T_LékuZ
o 2.60a
Ve (K KT i (K K) (2:602

43" aL/;’L
+;J. EM ¢ — &4 — 1k

core

38



VO Lk KT (K" K)
Tiu (K K) = VL, (KK + ) [d ok
a" E gcore ga" 2k
VO LK KROTEL (K" K) (2.600)
+Zjd3k” pgLp L ’ p'L"a L 1
< EG _g

1 n2
core “€p T 7 k

2.3.6 Experimental Quantities
a) Differential Cross Section (DCS) and Total Cross Section (TCS)

The DCS for scattering from channel a to a” at angle @ is:

! Y 1 ’ ’
Dee = @m)* S G S s, U | T, s K (2.61)

where (k';n’, 1", m'|T|n, I, m; k) is the partial wave expansion of T-matrix.

The TCS is defined as:

C 12
T LEO) (2.62)

nlLl

k, $% 1
0¢a = @m) =g -ty 21+ 1)
where ] is the total angular momentum number.

Note that at intermediate energies, the differential cross section converges
slowly with J. In order to solve this problem, the Born approximation is used beyond

certain value of J, where:

ALy on L)
Tavi =V (2.63)

The Born approximation is sufficiently accurate to substitute the close-coupling

approximation beyond J,. The T-matrix can be rewritten as:
(ks ,U,m | TIn, Lm; k) = (kgsn',U,m [T = Vin, L, m; J)

+Hkpn', U,m' Vi, Lm; k) (2.64)
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For the first term on the right hand side of equation (2.46), the partial wave expansion is
used up to J,. For the second term, the closed-form expression for the Born

approximation is being used where:
b) Total Reaction Cross Section

The total reaction cross section is an essential part for the entrance channel. The

total reaction cross section is defined as:
on = () 2s@s+ DL, + D (1-15]) (2.66)
where S; is the S-matrix element defined as:
S = exp(2i6)) = 1 — 2mikoT,} ) (2.67)

nj0(J)

&y is the phase shift and T,/ is the elastic T-matrix.

Similar to the differential cross section, the total reaction cross section will
converge quite slowly with J. Since the Born approximation is valid when J > J,, the

total reaction cross section can be rewritten as:
2 2
o = (lj_g) 2528 + D3 + D (ISP = |s]7) + o (2.68)

where SJBOT” is the S-matrix element of the Born approximation and g5°™ is the Born

approximation to op:
orn 2
gforn = (—ko) (2m)3W (0) (2.69)

W (0) is the imaginary part of V(@ with K = 0.
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