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ABSTRACT

A numerical method is proposed to find the titn@end price of a zero-coupon bond
with maturity timeT under the Cox, Ingersoll and Ross (CIR) model dlesd by a
Lévy process. When the underlying distribution lve tLévy process is normal, the
numerical results thus found for the bond prices fairly close to the corresponding
theoretical values. The similar numerical methodeat applied to evaluate the bond
price of a zero-coupon bond with maturity tifheunder the Chan, Karolyi, Longstaff
and Sanders (CKLS) model described by a Lévy peoc&®e numerical results
obtained show that bond price decreases slightigmthe parametey in the CKLS
model increases, and the variation of the bondepsislight as the non-normality of the
underlying distribution in the Lévy process variés.method is also proposed for
pricing the European call option with maturify and strike priceK written on a
zero-coupon bond with maturityS > T. The numerical results thus found show that
option price decreases as the paramgtem the CKLS model increases, and the
variation of the option price is slight when thenArmormality of underlying distribution
in the Lévy process becomes more severe. So farpdéinameters in the interest rate
models are assumed to be constants. The restristiacronstant parameters is lifted by
describing the parameters as ones which follow Hivatiate non-normal distribution.
Compared to the CKLS model with fixed parametdrs, EKLS model with stochastic
parameters is found to yield more reasonable piiediénterval for the future interest

rate.



ABSTRAK

Satu kaedah berangka dicadangkan untuk mencaria hpagla masda bagi bon
kupon-sifar dengan masa matandi bawah model Cox, Ingersoll and Ross (CIR) yang
digambarkan oleh proses Lévy. Apabila taburan psarddi dalam proses Levy adalah
normal, keputusan berangka yang didapati bagi Hamgaagak dekat dengan nilai teori.
Kaedah berangka yang serupa digunakan seterusniyigk umenilai harga bon
kupon-sifar dengan masa mataiigdi bawah model kadar faedah Chan, Karolyi,
Longstaff dan Sanders (CKLS) yang digambarkan gbebses Lévy. Keputusan
berangka yang diperolehi menunjukkan bahawa haogahberkurang sedikit apabila
parametery dalam model CKLS meningkat, dan perubahan hargaablalah sedikit
apabila ketaknormalan yang berada di dalam tabpeardasar dalam proses Lévy
diubah. Satu kaedah juga dicadangkan untuk mehdaga opsyen panggilan gaya
Eropah dengan masa matahglan harga laksana yang berasaskan bon kupon-sifar
dengan masa matai®p T. Keputusan berangka yang diperolehi menunjukkémawa
harga opsyen berkurang apabila paramgtedalam model CKLS meningkat, dan
perubahan harga opsyen adalah sedikit sahaja agesithknormalan yang berada di
dalam taburan pendasar dalam proses Lévy menjaithi feruk. Setakat ini, parameter
model kadar faedah dianggap sebagai pemalar. Kakakg atas parameter boleh
dimansuhkan dengan menganggap bahawa parametaslrart tak normal multivariat.
Berbanding dengan model CKLS yang mengandaikannpeea sebagai pemalar,
model CKLS dengan parameter stokastik adalah didaganghasilkan selang ramalan

yang lebih munasabah untuk kadar faedah pada neteda k
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CHAPTER 1

INTRODUCTION

1.1 | ntroduction

Interest-rate-contingent claims such as bond opti@aps, swaptions, captions and
mortgage-backed securities are getting popular days The valuation of these
instruments usually utilizes interest rate models.

The fluctuation of interest rates is affected byngnéactors, such as the general
economic conditions, inflation, monetary policy ¢gpgvernment, supply and demand for
bonds and others. These factors are random andleéhadyto unpredictable future in
financial market. Due to these factors, the flugtraof interest rates is considered as a
primary source of market risk. The market risk banminimized if we understand the
behavior and fluctuation of interest rates. Thewfovarious types of models are
implemented to model the fluctuation of interesésa

One-factor interest rate models are a popular aassterest rate models. In
general, the one-factor interest rate model caddseribed by the following stochastic
differential equation (SDE):

dr = z(r,t)dt + w(r,t)dz, t = 0. (1.1)
where #(r,t) and w(r,t) determine the behavior of the interest rate timet anddz

is the increment of a standard Brownian motion. ripi@s of one-factor interest rate



models are the Vasicek model (see Vasicek (19%1@)Cox, Ingersoll and Ross (CIR)
model (see Cox et al. (1985)), the Ho-Lee modek (Bl® and Lee (1986)), the
Hull-White model (see Hull and White (1990)), thédnad, Karolyi, Longstaff and
Sanders (CKLS) model (see Chan et al. (1992)) émers.

In our research works, we focus on CIR and CKLS ef®dlhe CIR model is
chosen as it is one of the most widely acceptedfacter interest rate models in
mathematical finance. The CIR model’s tractabiliiypperty in bond pricing and its
interesting stochastic characteristics make the eingdite popular. The purpose of
choosing the CKLS model in our research work ist tlhacovers many types of
one-factor interest rate models.

The description of the Vasicek, CIR, Ho-Lee, Hulhllé and CKLS models

under the risk neutral measupeare respectively given below.

TheVasicek model

Under the risk neutral measu@e the Vasicek model follows the following SDE:

dr =a(m-r)dt+odz, t=0, (1.2)
where r =r(t) is the interest rate at time a the drift factor, m>0 the long term
average rate for, o the volatility factor anddz is the increment of a standard
Brownian motion. The drift factora governs the speed of mean reversion. The
parametem reflects the mean around which mean reversionreccu

In mean reversion, if the interest rate is above the long run mean, then
the coefficient ofa performs a negative drift such that the interast is pulled down

back to the long run meam. Likewise, if the interest rate¢ is below the long run



meanm, then the coefficient ok performs a positive drift such that the interederis
pulled up back to the long run meam Thus, the coefficient of is a speed of
adjustment of interest rate towardswhen it wanders away (see Zeytun and Gupta

(2007)). Figure 1.1 shows the occurrence of thamreversion.

Interest rate
A

High interest rate has
negative trend

O Mean ra/erson Ie\/d
Low interest rate has

/ positive trend

» Time

Figure 1.1 The occurrence of the mean reversion.

However, there are some drawbacks of the Vasicedkeindhe dependence on
the one-factor interest rate limits the possiblapgls of the yield curve where the
theoretical yield curve does not correspond to tharket yield curve. Another
shortcoming is the yield curves of all maturitieg @erfectly correlated, which is an
impractical assumption about the behavior of theldyicurve. The most significant
drawback is that the interest rate is theoreticplbgsible to become negative which
obviously does not make sense in financial markats main shortcoming was then

fixed in the CIR model.



The Cox, Ingersoll and Ross (CIR) model
Eight years after the Vasicek model was develofauk et al. (1985) introduced a
model named as the CIR model to solve the drawbtike Vasicek model. Under the
risk neutral measur@, the CIR model follows the SDE given by

dr =a(m-r)dt +o+/r dz, t = 0. (1.3)

In the CIR model, the term/r is imposed and its standard deviation factor

becomesa+/r . This standard deviation factor guarantees a regative interest rate

and hence eliminates the main drawback of the ¥&sitodel.

TheHo-Lee model
Ho and Lee (see Ho and Lee (1986)) proposed tis¢ rimodel of the whole term
structure of interest rates as a random processtiove. They constructed the model in
the form of a binomial tree of bond prices with tparameters, which are the short rate
standard deviation and the market price of the okhe short rate in discrete time.
Under the risk neutral measu@e the Ho-Lee model follows the SDE given by

dr =6(t)dt + o dz, t 20,
where 6(t) is a function oft and o is a nonnegative constant. The varial#i)
defines the average direction thahoves at timé. The main drawback of this model is

that it does not exhibit the mean reversion akén\fasicek model.



The Hull-White model

In 1990, Hull and White (see Hull and White (1990)posed a one-factor interest rate
model that contains three time-varying paramelftds a(t) and of(t). By adding
H(t) to the process for interest rateand allowing the parametessand o to be
functions of timet, Hull and White presented the extensions of theicék and CIR

models as follows:

Hull-White model (Extended Vasicek)
Under the risk neutral measu@e the Hull-White model (extended Vasicek) folloviae t
SDE given by

dr =[6(t) +a(t)(m-r)]dt + oft) dz, t = 0,
where a(t) and oft) are functions of. As mentioned earlier, the Ho-Lee model does
not deal with the mean reversion property, and hey Hull-White model (extended

Vasicek), Hull and White incorporated the mean rgiem property.

Hull-White model (Extended CIR)

In the CIR model (see Equation (1.3)), the parammetem and o are assumed to be
some constants. Hull and White extended the CIRahadth the incorporations of
6t), alt) and oft). Under the risk neutral measuf@ the Hull-White model
(extended CIR) follows the SDE given by

dr =[6(t) +a(t)(m-r)|dt + ot Wr dz, t = 0.



The Chan, Karolyi, Longstaff and Sanders (CKLS) model
In 1992, Chan et al. (1992) were the first to coou¢ with the general one-factor
interest rate model. The generalized model is knasvthe CKLS model. Under the risk
neutral measur®, the generalized CKLS interest rate model follokaes SDE given by

dr =a(m-r)dt+or” dz, t=0, (1.4)
where y is a positive constant that indicates the powethefinterest rate at tinte
Chan et al. (1992) showed that the value jofis the most important parameter to
discriminate the one-factor interest rate modedd ttave been studied in finance. For
instance, the CKLS model becomes the Vasicek madélthe CIR model when the
value of y takes 0 and 0.5 respectively.

The one-factor interest rate models play a vitk no the pricing of bonds. In a
very broad sense, a bond or conventionally knowa fased-income security, which is a
formal contract that pays interest known as cougbfixed time intervals during the
lifetime of the contract and principal at the magutime T. The principal of a bond
contract is also known as face value or par valiéchvis paid when the contract
expires at the maturity time

There are two main types of bonds, namely coupamdbend zero-coupon
bond. A coupon bond is a type of bond which issnisest payment during the lifetime
of the bond period. If there are no periodic coupagments, the bond is known as a
zero-coupon bond. In other words, an investor aan & zero-coupon bond at a price
cheaper than its face value for a maturity timnd@he equation for finding bond price of
a zero-coupon bond is given below.

Let P(t,T) denote the bond price at time of a zero-coupon bond that



matures at timeT . The bond priceP(t,T )can be expressed as an expectatih

under the risk neutral measueas shown below:
P(t,T) = E{e_ir(s)ds}, (1.5)

where r(s) is the interest rate at tinge t <s<T.

In the Vasicek model, the original derivation tbg explicit formula for the
bond price was based on solving the partial difféa¢ equation (PDE). Duffie and Kan
(1996) provided a further characterization of fABE. They showed that the bond price
has an exponential affine form if some Ricatti goues have solutions to the required
maturity. Alvarez (1998) considered the valuatibzero-coupon bonds with maturity
in the presence of an affine term structure, liredt and affine diffusion coefficient. In
the paper, he also showed that the term structursterest rates can be represented
explicitly in terms of the fundamental solutionsasf associated ordinary second order
linear differential equation with variable coef@ais. Elliott and Van der Hoek (2001)
proposed a new method of solving the problem stuldieDuffie and Kan (1996). Their
proposed method showed that the evaluation of ¢imel Iprice under the Vasicek model
is done by integrating the linear ordinary diffei@hequation and the Ricatti equations
are not needed. Chacko and Das (2002) introducedetiponential jump-extended
Vasicek model, which is also called the VasicekiBddel. In their paper, they
considered the bond pricing under their Vasicekaittiel and derived an analytical
solution to the bond price. The main advantagéefMasicek-EJ model is its flexibility
in allowing different distributions for the upwajgmps and downward jumps. Mamon
(2004) discussed three approaches in obtainingltsed-form solution of the Vasicek

bond pricing problem, which are a derivation basetély on the distribution of the



short rate process, a method of solving the PDtaebond price and the consideration
of the bond pricing problem within the Heath-Jarblerton (HIM) framework in
which the analytic solution follows directly fronmdé short rate dynamics under the
forward measure. Stehlikova and Sevcovic (2009p@sed an explicit formula for a
higher order approximation for pricing zero-coupmmmds. The proposed approximation
was tested numerically for a class of one-factéergst rate models and it showed a
high accuracy for a reasonable range of time hoszblonda et al. (2010) described the
influence of non-Gaussianity and the dependencymdvations in zero-coupon bond
pricing under the discretized version of Vasiceldeio

In recent years, regime-switching models haveoilmec more and more
important in different branches of modern finan@abnomics. Elliott and Tak (2009)
established a Markovian-modulated exponential affinond price formula with
coefficients given in terms of fundamental matmtusions of linear matrix differential
equations when the short rate process is deschiyeal Markovian regime-switching
CIR model or a Markovian regime-switching Hull-Wéitnodel. Tak (2010) employed
the concept of stochastic flows to derive an exptakaffine form of the bond price
when the short rate process is governed by a Mahkowegime-switching
jump-augmented Vasicek model. In the paper, a sepitation of the exponential affine
form of the bond price in terms of fundamental mxasolutions of linear matrix
differential equations was provided.

Recently, Lo (2013) applied the Lie-algebraic ragh to solve bond pricing
problem in one-factor interest rate models. Hewveeria general analytical closed-form

bond pricing for four types of one-factor intereate models, namely Vasicek model,



CIR model, double square-root model and Ahn-Gao ehobh his paper, he also
incorporated time-varying model parameters into tlegivation of the bond price
formula.

There are many methods including the analytical #wednumerical methods
for evaluating the bond price. Despite the fact #ralytical solutions are found for the
bond price based on the Vasicek, CIR, Ho-Lee anlir\White models, no analytical
solutions are available for the bond price basedhenCKLS model. Thus in order to
evaluate the bond price based on the CKLS modehenigal approaches are required.
The following are some numerical methods for evahgathe bond price of the
zero-coupon bond when the CKLS model is descrilyeal Brownian motion

Barone-Adesi et al. (1997) introduced a numerigapraach call the Box
method for valuing the bond price of a zero-coupond. In Barone-Adesi et al. (1999),
the Box method was found to lead to more accuratw lprices in the case when the
parametery in the CKLS model takes the value of 0.5 when carmag with the
traditional Crank Nicholson Scheme (see Crank aicgdlsbn (1947)). The Box method
was applied later using historical interbank estesaf the CKLS model obtained for a
few countries to calculate the bond prices (see iNaw and Sorwar (2001, 2003,
2005)). Sorwar et al. (2007) found that in specdases of the CKLS model where
analytical prices are available, the obtained bomces using the Box method produced
more accurate results than those found from titktimaal Crank Nicolson method (see
Crank and Nicolson (1947)). Choi and Wirjanto (2003roposed an analytic
approximation formula for pricing zero-coupon bomdthen the CKLS model is

described by using a Brownian motion. Their boridepresults showed a high accuracy



level provided that the maturity time was not lontien 5 years. Tangman et al. (2011)
developed another numerical approach for approxmgagtrices under CKLS models

described by using a Brownian motion. The new agghmo known as the exact

exponential time integration (ETI) method, giveshigher accuracy level in bond

pricing when it is compared with the Box method.

Many researchers work on the interest rate motiatsare described by using a
Brownian motion. In practice, it would be more abie to use a Lévy process rather
than a Brownian motion as the non-normal distrifrutin the Lévy process can better
model the fat-tailed characteristic exhibited by thnancial data. Hence, we are
motivated to carry out research in finding the b@nde when the one-factor interest
rate models described by a Lévy process. The rdsesron bond price findings thus
found have been reported in Khor and Pooi (200€)kamor et al. (2010). In Khor and
Pooi (2009), a numerical method was proposed faluating the bond price under the
CIR model described by using a Lévy process. Wherunderlying distribution in the
Lévy process is normal, the numerical result fotordhe bond price in the CIR model
is fairly close to the corresponding theoreticdlea In Khor et al. (2010), a numerical
method was proposed for finding bond price of abzmupon bond with maturity
under the CKLS model described by using a Lévy ggecThe numerical results show
that bond price tends to decrease slightly whenptrametery in the CKLS model
increases. The numerical methods in Khor and P2@09) and Khor et al. (2010) are
described respectively in Chapters 2 and 3.

Next consider the bond option. A bond option isaaling derivative contract

whereby the underlying asset is a bond. The botidropontract allows the owner of a
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bond to buy or sell the bond at a fixed price, knasg strike price, either on or prior to
the expiry date of the option.

Basically, there are two types of options, namally lsond option and put bond
option. A call bond option gives authority to anrew of a bond to buy the bond
whereby a put bond option gives authority to an ewof a bond to sell the bond.
Options can be either American option or Europeption. The difference between
them is that an American option can be exercisédrber at the expiration time of the
bond contract, whereas a European option can angxbrcised at the expiration time.

Under the risk neutral measu@® the price of the call option with maturity

and strike pricd written on a zero-coupon bond that matures at 8nsegiven by
T +
C= EQ{exp{— IO r(s)ds}[BTS - K] } (1.6)

where BS denotes the bond price at tinte=T of a zero-coupon bond that matures at
time t=S, 0<T<S and [BTS - K]+ = max{ [BTS - K] ,O} is the payoff function.

A number of research studies are carried out testigate the call option price
written on a zero-coupon bond when the underlyisgribution is a normal distribution.
Nowman and Sorwar (2003) used the Box method dpedldy Barone-Adesi et al.
(1997) to value the call option prices based onUhi€. interbank rates for different
maturities using the CKLS model. Nowman and Sor(2805) again applied the Box
method to calculate the call option prices usirggtitstorical Euro-currency estimates of
the CKLS model obtained for a few countries. Soramad Mozumder (2010) derived
the Expanded Box method to price the call opticangiman et al. (2011) proposed a

numerical method, known as the exact exponentia tintegration (ETI), to calculate

11



the bond option prices under the CKLS model. Theymated results are comparable
with those found from the Box method. Recently, faand Tak (2013) derived an
integral representation for the pricing formula af European option written on a
zero-coupon bond under a Markov regime-switchingll-Mthite model. Their
numerical results for the prices of bond optionhwdifferent strike prices and expiry
dates have motivated them to consider the reginmielsiwg extension of the
Hull-White model in pricing bond option.

In this thesis, we propose a numerical method &ivihg the European call
option price under the CKLS model described by aylLprocess. The method thus
proposed has been reported in Khor et al. (20188¢. description of this method will
also be given in Chapter 4.

Apart from that, some research works also have hmsmred out on the
one-factor interest rate models with the considenadf stochastic parameters. Hull and
White (1988) proposed a Brownian motion model ofcltthe volatility is modeled by
another Brownian motion process. Andersen and L{119®7) showed that the CIR
model with an added stochastic volatility factooyades a good characterization of the
short rate process. Vetzal (1997) provided empievadence which strongly indicates
that the incorporating stochastic volatility sigogntly improves the ability of the
models to fit movements in short term interest satbuan and Simonato (1999)
proposed a unified state-space formulation for patar estimation of
exponential-affine term structure models. The psggomethod uses an approximate
linear Kalman filter which only requires specifyitige conditional mean and variance

of the system.
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In this thesis, we consider the CKLS model of whilsh parametersa, m,
and y are all treated as random variables. The CKLS inwedle stochastic parameters
is found to be a more reasonable model for predjdtie future interest rate. The results

on the CKLS model with stochastic parameters valgbven in Chapter 5.

1.2  Layout of thethesis

The remaining of this thesis is organized as foio@hapter 2 illustrates the methods
for evaluating the bond price of a zero-coupon bonder the CIR model described by
a Lévy process. Chapter 3 explains the methodsvatuating the bond price of a
zero-coupon bond under the CKLS model describedayévy process. Chapter 4
describes the bond option pricing under the CKLSIehalescribed by a Lévy process.
Chapter 5 gives the prediction of interest rataaguthe CKLS model with stochastic

parameters. The thesis ends with some concludmgries.

13



CHAPTER 2

BOND PRICE UNDER THE CIR MODEL

21 I ntroduction

In this chapter, the timebond price of a zero-coupon bond with matufitynder the
CIR model described by a Lévy process is evalu&@edtion 2.2 presents the proposed
method based on moments, simulation method, and atiedytical formula for
evaluating the bond price under the CIR model. Réne steps in the proposed method
include (i) the discretization of the model; (et application of recursive procedures to
find the first four moments of the random variablegiven by the integration of the
short rate front to T; (iii) the derivation of approximate distributidar V based on its
first four moments; (iv) the evaluation of the egigel value of" to get the bond price.
In Section 2.3, the numerical results based omptbhposed method for the bond price in
the CIR model are presented. These numerical sesafeé fairly close to the
corresponding theoretical values in the originalRCimodel. This means that
non-normality in the distributions of the incremertas very slight effect on the

zero-coupon bond price. Section 2.4 gives somelgsions.
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2.2 Methodsfor evaluating the bond price

This section describes three methods for evaluatiegbond price of a zero-coupon
bond under the CIR model. In this model, under tis& neutral measur®, the
instantaneous short rate follows the SDE.

dr =a(m-r)dt +o+/r dw, t =0, (2.1)
wheredw is a Lévy process. The definition of Lévy processas follows:

A stochastic procesX = (Xt) with X, =0 almost surely is a Lévy process if

0<t<co
(1) X has increments independent of the past:

For any O0<t <t,<..<t, <o , X, —-X.,X

2 !

y = Xy e X =X
independent.
(i) X has stationary increments:

Forany 0<s<t<ewo, X, — X, does notdepend dn

t+s
(i) X, is continuous in probability:

Itim X, = X where the limit is taken in probability.

Let At be a small increment in tinte The model for the interest rate in
Equation (2.1) may be approximated by the methodisdretization. The discretized

version of Equation (2.1) is

ro =1, +am-r,_ At +o/r_wJAt, k=1. (2.2)

In Equation (2.2),r, :r(kAt), W, W, ,... are independent and identically

distributed with mean 0 and variance 1.

In this thesis, we assume that, has a type of non-normal distribution called

the quadratic-normal distribution. This non-norrdadtribution, as noted in Page 10 of
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Chapter 1, can model the fat-tailed characteristioibited by the financial data. We
note that after the change of the distribution wf from standard normal to
quadratic-normal, the stationary property of theréments of the process is still
preserved. The description of the quadratic-nowfisdtibution is as follows:

Let u and A=(A, A, A,)" be constants and consider the following

transformation of the standard normal random végiako the random variable

/,[+/112+/12(22 —(1+—2"3)j 220

r\a =
/j t Alz t AZ(A3ZZ —( As)j ,Z<O

(2.3)

When % is such thatr@ is a one-to-one function af the random variable
r@ s said to have a guadratic-normal distributiothwparameterg and A, we may
write r@ ~QN(u,1) (see Pooi (2003)). With suitable choice of theapzaters, the
guadratic-normal distribution will have narrow wagsd fat tails. Thus this distribution
is suitable for modeling the interest rate datacwhare known to exhibit narrow waist

and fat tails characteristics.

2.2.1 Method based on moments

In the method based on moments, we first use Emu##.2) to obtain the following

results on the moments af conditional on the value of, , .

E(r, |r,)=cr+ (2.4)
E(r? In.)=er + fr, +g, (2.5)
E(r2 Iry)= pra, +arZ, + s, +v, (2.6)
E(r P 1) KO +ur, +wWrl +xr,_ +Y, (2.7)
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where
c=1-aAt, d =amAt, e=(1-aAt)’, f =2amAt(l-aAt)+o?At, g=(amAt)?,
p=(1-aat)’, q=3At(1-ant)[amil-aat)+o?|, s=3amat? [am(1-aat)+o?| |
v=(amat)’, & =(1-ant)*, u=Atl-aat)[4am(l-aat)+60?]
w= At?|6(am)? (L ant)’ +12am{1- ant)o? + E(z¢) o] and
x = 4(1- aAt)(@amat)® + 6(am)’At’c? and y = (amaAt).

The iterative formulas which are similar to thoseeg by Equations (2.4) —
(2.7) have been used in Ng et al. (2008) and Poacal.e(2008) for finding the
distribution of the interest rate . Presently, we show that this type of iterative
formulas may also be used to find the bond price.

Suppose we approximate the integral which appearshé right side of
Equation (1.5) by

V =(r,+r,+..+r)At. (2.8)
Furthermore, lefr, ,} denote the vectodr,,r,,...r,,)and perform the following
iterative process.

Applying Equation (2.4) withk=K to find the expected values of

conditional on the values of,,r, ,...,r._, we get

= |{rK_1}){§ri cleo) +d}At |

which is a linear function ofr,,r, ,...,r,_,. If the process of applying Equation (2.4) for
k=K-1K-2..,1 is continued, we can finally obtai#{V) in terms ofc andd.
Applying Equations (2.4) and (2.5) witk = K to find the expected value of

V ?conditional on the values of,,r, ,...,r,_,, we get
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K-3 K-2

E@/z‘{rm) {Zr +{+e+r2c)r2 +2> S, +2(1+C)VK-1§G

i=1l j=i+l

caas (1 v2a)n, g ()

i1
which is a quadratic function of,,r,,...,r._,.Continuing the process of applying
Equations (2.4) and (2.5) withk =K -1, K - 2,..., , e can finally obtailE(\/z) in
terms ofc, d, e, f andg.

If we apply Equations (2.4), (2.5) and (2.6) with=K in finding the

expected value oV *conditional on the values of,,r, ,...,r,_,, we get

X

-2K-2

e
i=1 j=1
iz

e lrcat) = Xl prdlerellrt, 2

K-2 K
+3L+c)r, > 12 +3L+e+2c)re, > r +3d >,
i=1 i=1 i=1
K-4 K-3 K-2
+[q+3(d + f)]r|<2—1+6z z Zrirjrl
i=1 j=i+l=j+1
K-3 K-2 K-3 K-2
+6(1+c)r, > Y orr +6d> > rr,

i=l j=i+l i=l j=i+l

K-2 K-2

+3(f +2d)r,, > 1, +3g> 1, +(s+3g)r +v} (at)®,
i=1 i=1

which is a cubic function ofr,r,,...,r._,. Continuing the process of applying
Equations (2.4), (2.5) and (2.6) wkEF K -LK - 2,..., , E(\/3) in terms ofc, d, e, f,
0, p, 9, sandv can be finally obtained.

Similarly if we apply Equations (2.4), (2.5), (2.6nd (2.7) withk =K in

finding the expected value of * conditional on the values of,,r, ,...,r,_,, we get
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K-2K-2

56/4‘{&—1) Zr +(1+x+4c+ap+6e)r, +4> >’
i=1 j=1,
j#i

K-2 K=2
+(@4+4c)r > P +(4+ap+12c+12e)r2 >,

i=1 i=1

K-2
+6 r’r? +(6+6e+12c)r2, > r?
i=1 j=i+l i=1
K2KA K3 KoK=
+12] r2rn +(12+120)r, Zr r

i
i=11=j+1 i=1 j=L
1 ¢

K-3 K-2 K-5K-4 K-3 K-2

+(12+12e+24c)r2, > Srr #2433 S,

i=1 j=i+l i=1l j=i+l=j+1m=l+1

K-4 K-3 K-2 K-3 K-

+(24d)>” rror +(12f +24d)r, Zrirj

i=1 j=i+l=j+1 i=1 j=i+1

X
N

K-3 K-2

K-2
+(69)> r2 +(w+4s+6g)re, +(129)> > rr,
i=1

i=1 j=i+l

H(as+12g) 1, S+ (@S, + (x+ 4v) 1, + y} i

=1 =1
which is a quartic function ofr,r,,....,r,_,. Continuing the process of applying
Equations (2.4), (2.5), (2.6) and (2.7) with=K -1 K - 2,..., , Ve can finally obtain
E(\/“) interms ofc, d, e, f, g, p, 4, S, V,«, U, w, X andy.

After getting the first four moments & we may find the bond price using the
following truncated series expansion of the exptiaenfunction (exponential

expansion):
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P(O,T) =1- E(V)+ E(\zl ) _ E(Z ) 4 E(;; ). 2.9)

Alternatively, we may evaluate the bond price usithg power-normal

distribution described below.

Yeo and Johnson (2000) considered the followinggyavansformation:

[(z+1” —1] [ (2204 20
~:¢/(/1+,)l‘,z) log( z+1 z=0,A" =0 (2.10)
[ z+1)" - ]//r Z<0X #0
~log(-z+1) z<0,4" =0

If zhas the standard normal distribution, thenhas a non-normal distribution
which is derived by a type of power transformatmirandom variable with normal

distribution. Then, we may refer t& as one which has a power-normal distribution.

Let

@ = ) 4 ) [E—EE)] 2.11
T e @4

The random variabler® is referred to as a random variable which has a

power-normal distribution with parametep®, o@, A~and A*.

To find the bond price using the power-normal distiion, we first find the
power-normal distribution with parameters®, ¢@, A and A* (see Equations

(2.10) and (2.11)) such that the first four momaits (a) given by Equation (2.11) are

approximately equal to those ¢f i.e.
E(f@)=€e['), 1<1<4.
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The distribution of V may then be approximated by the power-normal
distribution with parameters,u(“), o@ 2 and A* and the bond price

P(0,T)=E(e™) may be evaluated by means of numerical integrati

2.2.2 Simulation method

Supposet = 0and the interval[0,T] is divided into K =T/At intervals of the same
lengthAt . In the simulation procedure, we first geneffsiteralues of r = (rl,r2 ..... rK)

using Equation (2.2). For theh generated value of we compute

! K
pl) = ex;{— ZrkAtj . (2.12)
k=1
The bond price estimated by means of simulatidghasa given by
13
P(S)(O’T):ﬁz pl) (2.13)

2.2.3 Analytical formulafor bond price under the CIR model
The bond price can be obtained directly from theofzang explicit expression for the
bond price under the CIR model (see Cox et al. §1)98

P{t,T)= Alt,T)exd- B, T)r,] (2.14)

where

2am
2

2h ex;{; (a+h)(T - t)} ’

2h+(a+h)lexph(T -t))-1]

B(LT)= 2lexg((T -t)h)-1]

AL T)= ~ 2h+(a+h)exdh(T -t))-1]’

and h= (a2 + 20_2)% :
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2.3 Numerical results

For the random variabley, which appears in Equation (2.2), its third momeE‘(w,f)
and fourth momentE(Wli1 ) are referred to as the measure of skewness andeasure
of kurtosis of the underlying distribution respeety. We indicatem, as E(Wlf)
and m, as E(Wlf). When w, ~ N(01), the values ofm, and m, are respectively 0
and 3. Whenm, is large, the distribution ofw, will have narrow waist and heavy
tails.

Consider the CIR model of which the parameter ve¢mym,o) assumes the
value ( 1.01.00.1) or (05008,001). For a variety of values ofm,,m,), the first
four moments oWV obtained from the methods of based on momentsiamalation are

given in Tables 2.1 and 2.2, respectively.
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Table 2.1 Moments ofV when (a,m,o)=(10100.1),At =1/365, r, = 008, T =1

and a variety of values ofm,,m,) are used. (The values in bold form are the values

based on simulation.)

(m.m) | EW) E(v?) Efv?) E(v*)
( ) 0.41957949 | 0.17654375 | 0.07449251 | 0.03152051
0030

0.41950345 0.17647390 0.07444450 | 0.03149124
( ) 0.41957949 | 0.17654375 | 0.07449251 | 0.03152052
0080

0.41957949 0.17604695 0.07386569 | 0.03099253
( ) 0.41957949 | 0.17654375 | 0.07449283 | 0.03152106
0562

0.41930091 0.17625339 0.07427371 | 0.03137753

0.41957949 | 0.17654375 | 0.07449381 | 0.03152272
(2016.0)

0.41966568 0.17657774 0.07449014 | 0.03150599

0.41957949 | 0.17654375 | 0.07449446 | 0.03152382
(3020.0)

0.42012692 0.17698566 0.07476222 | 0.03166811
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Table 2.2 Moments of V when (a,m,cg)=(05008,001), At =1/365, r, = 005,

T =5 and a variety of values ofm,,m,) are used. (The values in bold form are the

values based on simulation.)

(m.m) | EW) E(v?) Efv?) E(v*)
( ) 0.34499212 | 0.11907993 | 0.04112331 | 0.01420881
0030

0.34504610 0.11911737 0.04114281 | 0.01421784
( ) 0.34499212 | 0.11907993 | 0.04112331 | 0.01420881
0080

0.34494643 0.11904816 0.04110672 | 0.01420109
( ) 0.34499212 | 0.11907993 | 0.04112332 | 0.01420882
0562

0.34493565 0.11903986 0.04110201 | 0.01419875

0.34499212 | 0.11907993 | 0.04112334 | 0.01420884
(2016.0)

0.34497355 0.11906882 0.04111847 | 0.01420702

0.34499212 | 0.11907993 | 0.04112336 | 0.01420886
(3020.0)

0.34499419 0.11908314 0.04112593 | 0.01421046

Tables 2.1 and 2.2 show that the momentg bésed on the iterative procedure
in Section 2.2.1 agree fairly well with those foubg using simulation. The results
based on simulation vary compared to the othersuener, the variation is slight, being
noticeable only at about the fifth decimal poins the simulation is used basically to
check the validity of the results based on theattee procedure, we do not choose to
explore the small variance exhibited by the sinedatesults. Besides, the moments
hardly vary when we vary the value §in,,m,). The reason behind this appears to be
quite complicated. However, the fact thatn Equation (2.8) takes the form of a large
number of random variables could be the main re&sbind the small effects oifn,
and m,.

24



Table 2.3 shows the parameters of the power-nodisalibution which has
about the same values of the first four momentg obtained from the method given in

Section 2.2.1.

Table 2.3 Parameters of the power-normal distribution whewadety of values of

(m,,m,) are used.

(m,,m, ) ) ol x x

(0030) 0.34499212 0.80776956 0.4 0.5
(0.080) 0.34499212 | 0.759722681 0.4 0.5
(0562) 0.34499212 | 0.878889077 0.7 0.8
(20160) 0.34499212 | 0.710188104 0.2 0.4
(3.0200) 0.34499212 | 0.817507843 0.5 0.7

Apart from using the methods described in Secti@nt@ find the price of the
bond, we also use a method known as the exact erpiahtime integration (ETI)
method. The ETI is a numerical approach developedréngman et al. (2011) for
approximating bond prices under the CIR model dlesdr by using a standard
Brownian motion. We choose to compare the bondepwbich is obtained from our
proposed method with the one obtained from the &Tihe ETI gives a high accuracy
value of bond price when the underlying distribatifollows a standard Brownian

motion in the CIR model. Table 2.4 shows the comgutond prices from the methods

25



of exponential expansion, power-normal approxinmtigTI, analytical formula and

simulation for (a,m,o) = ( 05008,001).

Table 2.4 Bond price when(a,m,o)=(05008,001), m, =0, m, =3, At =1/365,

r, =005 and T =5.

Method Bond Price
Exponential expansion 0.70833B
Power-normal approximation 0.70829¢
ETI 0.708294
Analytical formula 0.708294
Simulation 0.708253

Table 2.4 shows that the bond price given by thegpenormal distribution is
comparable to those based on ETI and analyticaindta. The performance of
power-normal approximation depends on whether tis# four moments ofV are
sufficient for specifying the distribution of. Table 2.4 shows that for the given
example, the first four moments dfare quite sufficient for specifying the distriluri
of V.

For other values oi(ms,m), we can likewise find the first four moments\of
It is found that the first four moments have extegymnsmall variation as we vary the
value of (m,,m,). Based on the first four moments, we can nextuatal the bond
price. Tables 2.5 and 2.6 display the bond pricedeu the CIR model described by

using a Lévy process.
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Table 2.5 Bond prices when(a,m, o) = ( 1.01.00.1), At =1/365, r, = 008, T =1 and

a variety of values of(m,,m,) are used. (The value ® used in the simulation is

10,000.)
Mm=00 | M=00 | M=05 | m=20 | m=30
Method
m,=30 | m =80 | m =62 | m =160 | m, =200
Exponential | ) cconas | 0.658332]  0.658332  0.658332  0.658932
expansion
Power-normall  <carng | 0658220] 0658220  0.658229  0.658329
approximation
Simulation | 0.657588| 0.658067  0.656193  0.659628 5286

Table 2.6 Bond prices when(a,m )= (05008,001),At =1/365, r, = 005, T=5

and a variety of values ofm,,m,) are used. (The value bf used in the simulation is

10,000.)
Mm =00 | M=00 | mM=05 | m=20 | m=30
Method
m =30 | m =80 | m =62 | m =160 | m, =200
Exponential | 00005 | 0708333] 0708338 0708333  0.708%
expansion
Power-normall ) Jo00, | 0708204 0708294  0.708294  0.7083
approximation
Simulation | 0.708253| 0.708279  0.708286  0.708261 8246

33

94

Tables 2.5 and 2.6 show that the effect of non-maditynon bond price is

extremely small. The small effects of non-normaétyain may probably be due to the

fact thatV in Equation (2.8) takes the form of a large nundfeandom variables.
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24  CONCLUSION

When the underlying distribution in the CIR modghion-normal, it is possible to find
the first four moments of the integrdlof the interest rate function. From the first four
moments ofV, we can approximate the bond price by using trigtcaxponential

expansion and power-normal distribution.

For other more general one-factor models in whinghinterest rater, at time
t =kAt depends onr,_,, it is possible that the first four moments pf can also be
expressed in terms of,_, as has been done in Equations (2.4) — (2.7). Téthod
given in Section 2.2.1 may then be applied to find first four moments o¥ from

which an approximate value for the bond price cawltained.
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CHAPTER 3

BOND PRICE UNDER THE CKLS MODEL DESCRIBED
BY ALEVY PROCESS

3.1 Introduction

In this chapter, a numerical method similar to ttkescribed in Section 2.2.1 is applied
to evaluate the bond price of a zero-coupon bontkuthe CKLS model described by a
Lévy process. Section 3.2 gives the descriptiothefproposed method for finding the
bond price. Section 3.3 displays some numericailtesn bond price. The results show
that the bond price tends to decrease slightly winenparametery in the CKLS

model increases, and the variation of the bondepsislight as the non-normality of the
underlying distribution in the Lévy process is eaki Some conclusions given in Section

3.4 end this chapter.

3.2 Methods for evaluating the bond price

This section presents a numerical method for evialgithe bond price of a zero-coupon
bond under the CKLS model described by a Lévy @msice
dr =a(m-r)dt+or” dw, t=0, (3.1)

wheredw is the Lévy process.
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Let At be a small increment in time The CKLS interest rate model in
Equation (3.1) may be discretized to

ro =1 +a(m-r_ )At+or) ,w /At k=1, (3.2)
where r, is the spot rate at = kAt, y a positive constant which indicates the power
of the interest rate at time¢, w,,w,,.. are independent, andv, has a

quadratic-normal distribution with parameters 0 agand i is such thatE(Wlf)=1.

3.2.1 Method based on moments
To evaluate the bond priEéO,T) (see Equation (1.5)), we use a method adapted from
the procedure based on moments given in Sectioh.2.2

Firstly, the discretized version of the CKLS modelEquation (3.2) is

used to obtain the following results on the momafts, conditional on the value of

My -
E(r, |r,)=(1-aAt)r, , +amAt, (3.3)
E(r2 |1, )= (- aat)?r2, + 2amat(L- aAt)r, , + oAt 1, + (amat)?, (3.4)
E(r2 1) = (L-aat)*r2, +3amat(L-ant)?r2, +3(amat)*(1-aat)r, , (3.5)
+3ama?At?r?, + 302 At(L- alt)r2™
+ Mo At + (amaAt ),
and
E(r’ |r) = (1-aat)'rt, + 4amAt(1- aat)’r?, (3.6)

+6(amat)? (1- aat)?r2, +4(amat)’(1- ant)r,
+6(amAt )’ At3r 2 +12ama?At?(1- ant) r2*

+ 6020t (1- ant)*r2? + damo’m,AtY2rY,
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+40°m, (1- aAt)At¥?r 2t + otm,AtcrY, + (amat)?,
where m, and m,, as defined in Section 2.3, are respectively thasure of skewness
and kurtosis of the random variabie, .
Next, a polynomial P, (r, ;) =C;, +Cyf, 4 +C 12 +---+C; r), of degreej
(2< j <£4) is found such that
P(x)=E(r [ =x, ) 1<l <j+1,

where the; are given in Table 3.1.

Table 3.1 Value of x; .

2 0.01 0.50 0.99
3 0.01 0.25 0.75 0.99
4 0.01 0.25 0.50 0.75 0.9¢

The values in Table 3.1 are chosen such that th@@mials would give good

approximations when the values of the interest rate lie in the interval [0,1].

The expected vaIuE(rkj |rk_1) is then approximated by the polynomial
P, (r,.,) - The method given in Khor and Pooi (2009) may pplied to find the first
four moments of the random variab\é given in Equation (2.8). An outline of the
method in Khor and Pooi (2009) is given below.

Let {r,,} denote the vectofr,,r, ,....r,_,).

Applying Equation (3.3) withk=K to find the expected value o¥

conditional on the values of r, ,...,r_;, we get
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W 1{r.))= {Zr Fro ), + cm} At

i1
which is a linear function ofr,,r, ,...,r,_,. If the process of applying Equation (3.3) for
k=K-1L,K-2,...,1 is continued, the equation cE(V) in terms of c;;and ¢, can
finally be obtained.

Applying Equations (3.3) and (3.4) witk = K to find the expected value of

V ?conditional on the values of,,r, ,...,r,_,, we get

) K-3 K-2 K-2
e ()= {zr 1 Cp+20,) 120 + 25 S 0r 420 6T S
i=1 j=i+l i=1

K-2
26,35 +(cn + 200) s } (),

i1
which is a quadratic function of,,r,,...,r._,. Continuing the process of applying
Equations (3.3) and (3.4) withk =K -1 K - 2..., , the equation ofE(\/z) in terms
of ¢,,,¢,,Cx,C, and c,, can finally be obtained.

By applying Equations (3.3), (3.4) and (3.5) wik= K to find the expected

value of V®conditional on the values of,T, ,...,r_,, we get

K-2 K-2 K-2
el = S sl v, vt 35 S
i=1 i=1 j=li#]
K-2 , , K-2 K-2 ,
+3(1+011) rK—lzri +3(1+022 +2C11) rK—lzri +3C102ri
i=1 i=1 i=1
K-4 K-3 K-2
+ [C32 +3(Clo + C21)] Mot 6 r|rjr|
i=1 j=i+l |=j+1
K-3 K-2 K-3 K-2 K-2
+6(1+C11) rK—lz rirj +6C102 zrirj +3(C21 +2C10)r|<—1zri
i=1 j=i+l i=1 j=i+l i=1

K-2

+ 3CZOZ ri + (C31 + 3C20) r.K—il. + C30} (At)3 ’

i=1
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which is a cubic function ofr,r,,...,r,_,. Continuing the process of applying
Equations (3.3), (3.4) and (3.5) witk=K -1, K - 2,..., , the equation ofE(\/3) in

terms of c;;,Cy,,C,,,Cyy, Cop, Ca3, Csp, Cy; AN €5, Can finally be obtained.

Similarly by applying Equations (3.3), (3.4), (3.&8)d (3.6) withk=K to

find the expected value of * conditional on the values of,,r, ,...,r,_,, we get

K-2
E@‘*\{rK_l}):{zrf + {1+ Cu + 4y, + ey, + 60,11
i=1

K-2K-2

+4> >+ (4+4c,) rK_lKZ_:zrf
i=1

i=1 =L
j#i

-3K-2

K-3 K
+6z r2r2

[

(4 + 4C33 + 12C11 + 12C22) I? 12 r'l

i=1 i=l j=i+l

2K-4 K-3

+(6+6¢,, +12c,,)r? 1Zr +1ZZZ_: Z_:rizrjrI
i=1

i=1 j=1,1=j+1
j#i

K-2K-2 K-3 K-2
+[12+12¢,)r, ., > > P, +(12+12c,, + 24c,)r/2 rr

i=1 j=1, =1 j=i+l
=i

K-5 K-4 K-3 K-2 K-4 K-3 K-2

+24) % nronr, +(24+24c,)r > > Sy,

i=1l j=i+l=j+1m=l+1 i=l j=i+l=j+1

K-2 K-2K-2

+ (4C10)Z ri3 + (C43 +4c,, +4c;, + 6C21) rlf—l + (12C10)Z Z rizrj
i=1 i=1 j=1,
j#i

K-2
+ (6C21 +12C10) rK—lz ri2 + (4032 +12c,, + 12021) rK2—1 z f

i=1 i=1

K-4 K-3 K-2 K-3 K-2

+ (24C10) Z ri rj r| + (12C21 + 24C10) r'K—Zl.z z r'i r'j

i=1 j=i+l=j+1 i=1 j=i+1

K-3 K-2

(6C20)zr +(12021 +24C10) I 12 Zrlrj
i=1

i=1l j=i+l
K-2 K-3 K-2

+ (6C20 )z ri2 + (C42 +4c;, + 6C20) r|<2—1 + (12C20) Z ne

i=1 i=1 j=i+l

K-
(4C31 +12020) N 1zru + (4030)2 f

i=1 i=
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+(Cyy +4Cy )1y +Cyot (A)*,

which is a quartic function ofr,r,,....,r,_,. Continuing the process of applying
Equations (3.3), (3.4), (3.5) and (3.6) wkitk K -1, K - 2,..., , the equation CE(\/“)
in terms of C;, Cy, Cyy, Cory Cogs Cazs Caps Capy Cags Casy Cyss Cyy C,y @Nd C,, can be
obtained.

After getting the first four moments of, the bond price can be evaluated
approximately by using either a truncated seriggapgion of the exponential function
(exponential expansion) as shown in Equation (@9)umerical integration ofE(e‘V)

after obtaining a power-normal distribution fér

3.2.2 Simulation method
In the simulation method, the procedure of findithg bond price of a zero-coupon
bond under the CKLS model described by a Lévy mecesimilar to the one explained

in Section 2.2.1. The generation ki values ofr =(r,,r,,...,r, ) is now performed
using Equation (3.2) instead of Equation (2.2). #ari-th generated value of , the
value of PU in Equation (2.12) is computed and the estimateddbprice is then

obtained using the Equation (2.13).

3.3 Numerical results

This section presents some numerical values fobtmel prices when the interest rate
follows the CKLS model described by a Lévy procelse parameters of the CKLS

model and the maturity time T are chosen to be
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(a,mo,At,r,,T)=(101.0,01,1/365,008,1),( 05,008,001,1/365 ,005,5).
Consider initially the situation where the randoaniable w, in Equation (3.2)
has a standard normal distribution, in which case= 00 and m, = 30.

Table 3.2 shows the results of bond price basedfoon methods when

y= 00051525 and w, ~ N(01).

Table 3.2Bond prices for(a,m,g,At,r,,T) =( 05,008,001,1/365,005,5) when

m, =00 and m, =30 are used.

y Exponential Power-normal ETI Analytical
expansion approximation formula
0.5 0.708333 0.708294 0.708294 0.708294
1.0 0.708313 0.708274 0.708275 -
15 0.708300 0.708273 0.708273 -
2.5 0.708287 0.708272 0.708273 -

[ETI - Exact Exponential Time Integration]

Table 3.2 shows that the bond prices obtained ftben four methods are
comparable. Wheny = 05we see that the bond price based on the powenalor
approximation agrees well with those found from BEH and analytical formula. On
the other hand, the bond price obtained from théhateof exponential expansion is
only accurate up to the third decimal place whemmgares to the ETI and analytical
formula.

When the distribution is non-normal, the bond proceild not be evaluated

using ETI or analytical formula. As a result, th@gosed numerical methods are used
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to evaluate the bond price. Tables 3.3(a) to 3.di{pplay the bond prices for two

different sets of value ofa,m,o,At,r,,T) when different values ofy and (m,,m,)

are used.

Table 3.3(a) Bond prices for(a,m,o,At,r,,T)=(101.0,01,1/365,08,1) when a

variety of values of y= 00,0.1..., 0.6and (mg,,m) are used. (Values not in

parentheses are found by using exponential expar{see Equation (2.9)). Values in

parentheses are found by using power-normal apmpion. Values in bold form are

found by using simulation.)

| m=00 m, = 00 m, = 05 m, = 20 m, = 30
m, = 30 m, = 80 m, = 62 m, =160 m, = 200

0.0 | 0.658729 0.658729 0.658729 0.658729 0.658729

(0.658620) | (0.658620) | (0.658620) | (0.658619) | (0.658619)
0.658384 | 0.658671 0.657961 0.657605 0.656624

0.1| 0.658556 0.658556 0.658556 0.658556 0.658556

(0.658450) | (0.658450) | (0.658450) | (0.658450) | (0.658449)
0.657766 0.658913 0.658401 0.656975 0.657280

0.2 | 0.658464 | 0.658464 0.658464 0.658464 0.658464

(0.658359) | (0.658359) | (0.658359) | (0.658359) | (0.658359)
0.658461 0.658407 0.658194 0.657920 0.656243

0.3 | 0.658406 0.658406 0.658406 0.658406 0.658406

(0.658303) | (0.658303) | (0.658303) | (0.658302) | (0.658303)
0.658178 0.658216 0.658064 0.657600 0.656933

0.4 | 0.658365 0.658365 0.658365 0.658365 0.658365

(0.658262) | (0.658262) | (0.658262) | (0.658262) | (0.658262)
0.658235 0.658278 0.658139 0.657287 0.656798

05| 0.658332 0.658332 0.658332 0.658332 0.658332

(0.658229) | (0.658229) | (0.658229) | (0.658229) | (0.658229)
0.657875 0.658531 0.657802 0.657970 0.657119

0.6 | 0.658304 | 0.658304 0.658304 0.658304 0.658304

(0.658202) | (0.658202) | (0.658202) | (0.658202) | (0.658202)
0.658064 | 0.658246 0.657765 0.657874 0.657413
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Table 3.3(b) Bond prices for(a,m,o,At,r,,T)=(101.0,01,1/365,0081) when a

variety of values ofy = 0.7,08,09,1.0,15,25and (Wg,r_n4) are used. (Values not in

parentheses are found by using exponential expar{see Equation (2.9)). Values in

parentheses are found by using power-normal apmpion. Values in bold form are

found by using simulation.)

| m=00 m, = 00 m, = 05 m, = 20 m, = 30
m, = 30 m, = 80 m, = 62 m, =160 m, = 200
0.7 | 0.658281 0.658281 0.658281 0.658281 0.658281
(0.658178) | (0.658178) | (0.658166) | (0.658178) | (0.658178)
0.658000 0.658312 0.657895 0.657620 0.657184
0.8| 0.658260 | 0.658260 0.658260 0.658260 0.658260
(0.658158) | (0.658158) | (0.658158) | (0.658158) | (0.658158)
0.658039 0.658407 0.657814 0.657596 0.657375
0.9 | 0.658242 0.658242 0.658242 0.658242 0.658242
(0.658140) | (0.658140) | (0.658140) | (0.658140) | (0.658140)
0.657773 0.657833 0.657912 0.657769 0.657605
1.0 | 0.658226 0.658226 0.658226 0.658226 0.658226
(0.658125) | (0.658125) | (0.658125) | (0.658125) | (0.658125)
0.657858 0.658268 0.657622 0.657550 0.657504
15| 0.658172 0.658172 0.658172 0.658172 0.658172
(0.658071) | (0.658071) | (0.658071) | (0.658071) | (0.658071)
0.658019 0.657918 0.658014 0.657846 0.657708
2.5 | 0.658131 0.658131 0.658131 0.658131 0.658131
(0.658055) | (0.658055) | (0.658055) | (0.658055) | (0.658055)
0.657867 0.657910 0.657938 0.657906 0.657872
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Table 3.4(a)Bond prices for(a,m,o,At,r,,T)=( 05008,001,1/365,005,5) when a

variety of values of y= 00,0.1..., 0.6and (mg,,m) are used. (Values not in

parentheses are found by using exponential expar{see Equation (2.9)). Values in

parentheses are found by using power-normal apmaion. Values in bold form are

found by using simulation.)

| m=00 m, = 00 m, = 05 m, = 20 m, = 30
m, = 30 m, = 80 m, = 62 m, =160 m, = 200
0.0 | 0.708643 0.708643 0.708643 0.708643 0.708643
(0.708602) | (0.708602) | (0.708602) | (0.708602) | (0.708602)
0.708516 0.704775 0.709235 0.708525 0.708567
0.1] 0.708461 0.708461 0.708461 0.708461 0.708461
(0.708423) | (0.708423) | (0.708423) | (0.708423) | (0.708423)
0.708547 0.708463 0.708561 0.708444 0.708383
0.2 | 0.708387 0.708387 0.708387 0.708387 0.708387
(0.708350) | (0.708350) | (0.708350) | (0.708350) | (0.708350)
0.7083242 | 0.709200 0.708543 0.709255 0.709581
0.3 | 0.708356 0.708356 0.708356 0.708356 0.708356
(0.708318) | (0.708318) | (0.708318) | (0.708318) | (0.708318)
0.708159 0.708341 0.708474 0.708638 0.709390
0.4 | 0.708341 0.708341 0.708341 0.708341 0.708341
(0.708303) | (0.708303) | (0.708303) | (0.708303) | (0.708303)
0.708287 0.708298 0.708319 0.708548 0.709265
0.5 | 0.708333 0.708333 0.708333 0.708333 0.708333
(0.708294) | (0.708294) | (0.708294) | (0.708294) | (0.708294)
0.708209 0.708279 0.708286 0.708261 0.708246
0.6 | 0.708327 0.708327 0.708327 0.708327 0.708327
(0.708290) | (0.708290) | (0.708290) | (0.708290) | (0.708290)
0.708220 0.708272 0.708275 0.708536 0.708246
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Table 3.4(b)Bond prices for(a,m,o,At,r,, T)=( 05008,001,1/365,005,5) when a

variety of values ofy = 0.7,08,09,1.0,15,25and (Wg,r_n4) are used. (Values not in

parentheses are found by using exponential expar{see Equation (2.9)). Values in

parentheses are found by using power-normal apmpion. Values in bold form are

found by using simulation.)

| m=00 m, = 00 m, = 05 m, = 20 m, = 30
m, = 30 m, = 80 m, = 62 m, =160 m, = 200
0.7 | 0.708323 0.708323 0.708323 0.708323 0.708323
(0.708350) | (0.708285) | (0.708285) | (0.708286) | (0.708285)
0.7082204 | 0.708264 0.708267 0.708289 0.708254
0.8 | 0.708319 0.708319 0.708319 0.708319 0.708319
(0.708276) | (0.708277) | (0.708277) | (0.708266) | (0.708277)
0.708228 0.708240 0.708368 0.708357 0.708292
0.9 | 0.708316 0.708316 0.708316 0.708316 0.708314
(0.708285) | (0.7082898) | (0.708288) | (0.708303) | (0.708294)
0.708208 0.708258 0.708301 0.708309 0.708259
1.0 | 0.708313 0.708313 0.708313 0.708313 0.708313
(0.708274) | (0.708274) | (0.708274) | (0.708274) | (0.708274)
0.708212 0.708234 0.707348 0.707841 0.708255
15| 0.708300 | 0.708300 0.708300 0.708300 0.708300
(0.708273) | (0.708282) | (0.708311) | (0.708291) | (0.708270)
0.708226 0.708262 0.708283 0.708258 0.708260
2.5 | 0.708287 0.708287 0.708287 0.708287 0.708287
(0.708272) | (0.708273) | (0.708276) | (0.708271) | (0.708300)
0.708225 0.708229 0.708231 0.708226 0.708229

Tables 3.3(a) to 3.4(b) show that bond price teénd¥ecrease slightly wheny

increases and the effect of non-normality on bordepis very small. It would be

interesting to investigate further the effects pf using more examples of the

parameters of CKLS model.
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3.4 CONCLUSION

When the distributions of the increments in the GKmodel are non-normal, we
approximate the expected first four moments of ihierest rate by polynomial
functions. From the polynomial approximations floe first four moments, we can find
the bond price under the CKLS model described hg\wy process. When the value of
y takes 0.5 in the CKLS model and the underlyingribistion in the Lévy process is
normal, the obtained bond price is found to beeltsthose based on the analytical
formula of the CIR model and the ETI method.

It should be possible to improve the precisiortha bond price found by the
proposed numerical method if we increase the degodéethe polynomials used to
approximate the expected moments of the interést ra

The formulas used in proposed numerical methodathrigasically iterative in
nature. The iterative characteristic makes it corem to carry out the related
computation in a computer. Furthermore, the contfmurtaime required is found to be
fairly short. Further comparisons of computatiands among the above three methods

are an interesting topic for future research.
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CHAPTER 4

BOND OPTION PRICING UNDER THE CKLSMODEL

4.1 | ntroduction

Consider the European call option written on a zeEngpon bond. Suppose the call
option has maturityl and strike pricek while the bond has maturitys>T . In this
chapter, the evaluation of the call option pricelemthe CKLS model is described.
Section 4.2 illustrates the numerical method faaleating the call option price under
the CKLS model in which the increment of the shate over a time interval of length
dt, apart from being independent and stationary, asing the quadratic-normal
distribution with mean zero and variandte The key steps in the numerical procedure
include (i) the discretization of the CKLS modaei) (he quadratic approximation of the
time-T bond price as a function of the short ratél’) at time T; and (iii) the
application of recursive formulas to find the mortseaf r(t +dt) given the value of
r(t). The simulation method and analytical formula ®raluating the price of a
European call option written on a zero-coupon bareddescribed as well in Section 4.2.
The numerical results in Section 4.3 show that dpdion price decreases as the
parametery in the CKLS model increases, and the variatiorthef option price is
slight when the distribution of the increment dépdrom the normal distribution.

Section 4.4 ends this chapter with some conclusions
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4.2 Methods for evaluating the call option price written on a

zer o-coupon bond under the CKL S model

The discretized version of the CKLS model descriimd a Lévy process with
quadratic-normal increments is shown below:

r. =t +a(m-r_ )At+or) w/At, k=1
(see also Equation (3.2))
Suppose the interva[IO,T] is divided into N, intervals each of lengtldt and the
interval [T,S] into N, intervals each also of lengtht (see Figure 4.1). In Figure
4.1, u, and r, denote the interest rates at a tirk&t units ahead whert =0 and

t =T are taken respectively as the original time point.

r(t) Option matures Bond matures

I’Nb

u
N¢ M1 /

Uy,

A
0]
A 4

Figure 4.1 Short rate and times of the maturity of bond and option.
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4.2.1 Numerical method
Recall that in Section 3.2.1, the polynomial apjmations of the first four moments of

r. in Equation (3.2) conditioned on the given valfierp, are given as

E(rk | rk—l) = Cyo T Cylh g 4.1)
2 — 2

E(rk | r.k—l) - CZO + Cerk—l + C22rk—l' (42)
3 — 2 3

E(rk | r.k—l) - C30 + C31rk—l + C32rk—l + C33rk—l' (43)

E( 11t) = Cao + Canlis + Canl 2y + CagliSy + Calt (4.4)
k k-1 40 41" k-1 42 k-1 43" k-1 447 k-1 .

where c,,c,,,...,C,, are some constants.

The polynomial approximations for the first four ments of r, conditioned
on the value ofr,_, are now used to find the bond prigg. Under the risk neutral
measureQ, the bond priceBy at time t=T of a zero-coupon bond that matures at

time t=S, 0<T<S isgiven by
BS = EQ(e‘f#(S"’Sj . (4.5)

Let V, = (rl +r, +.t rNb)At. Applying Equation (4.1) with
k=N,,N, -1..1, E(,) can be found in terms of a linear function qf and
c,- Applying Equations (4.1) and (4.2) witk = N,,N, - 1..., , fve can getE(\/bz)
in terms of a quadratic function af,,, ¢,;, C,, C, and c,,.

Applying Equations (4.1), (4.2) and (4.3E(\/b3) is found in terms of a cubic
function of c,, C;,, C,, C,, Cx, Cs, Cs, Csp and c.,. Applying Equations (4.1),
(4.2), (4.3) and (4.4), we geE(Vb“) in terms of a quartic function ot,,, c,, C,,

Corr Cpv Caor Carv Capv Cagn Cagr Cays Cupv Cyz @NM Cyy.

By using Equation (4.5), the following bond pricancthen be obtained for a

43



given value of r,:

B ~1-E(V, )+
After computing BS for a number of selected values gf in (0,1), we then

fit a quadratic function t8;:

Br =gy + Gifo *+ G5l - (4.6)
We note that the value of, coincides with the valuai which appears in

the vector V= (ul,u2 ,...,uNC)At . Thus from Equations (1.6) and (4.6), we get

C=E(g) (4.7)

Uy Jug EU2|U1 EU3|U2 . 'EUNC [Ung -1 (w) !

where

0= {ex;{— [ OT r(s)ds}[(go + QU +g,U2 )- K]}

2 3 4
) (1‘Vc *V_E_V?c +%j[(go + gy, + 0,035 )-K]',

with V, = (ul +u, +..+ uNC)At :

Next, let
FUNC—I = EUNC ung -1 (w)’ (48)
Ung-2 = EUNC—1|UNC—2 EUNC lung -1 (w) ! (49)
FU1 = EU2|U1 EU3|U2 h 'EUNC [ung -1 (w) ' (410)

Tofind F, ., we first use numerical integration to compute
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Eou,. =E { u, [(90 tOUy, t gzuric)_ K] } a= 01234,

UNC‘UNC—l

and express eaclt, , as alow degree polynomial function of, _;:

— 2 —

Et)/,uNC_1 =T + TaluNC—l + TaZUNC—l’ a=0. (411)
— 2 3 —

Ea,uNC_1 =Ts + TaluNC—l + TaZUNC—l + TaSUNC—l’ a= 12 (412)
— 2 3 4 —

Ea,uNC_1 - TaO + TaluNC—l + TaZUNC—l + Ta3uNC—1 + T0/4UNC—1’ a= 3’4 (413)

By using Equations (4.11), (4.12) and (4.13), wen chnd F, |
approximately (see Equation (4.8)) and exprégs as a low degree polynomial

function F, ~ of uy ;.

We next use Equations (4.1), (4.2), (4.3) and (dompute F,  given by

Equation (4.9):

Uy -2 Ung-2lUng-2 Ung-1 "

Similarly by using the iterative formulas in Equats (4.1), (4.2), (4.3) and

(4.4), F, F, ,F, andC can also be found.

g 1 u, ? U

4.2.2 Simulation method

Firstly, we use Equation (3.2) to generatk, values of V, :(ul,uz ,...,uNC)At. For
each generated value of , we again use Equation (3.2) to generdg values of

V, :(rl,rz,...,rNb)At.

Denote thei-th generated value o¥ by V., =(uil,ui2,...,uiNc)At and the

j-th generated ofv, by V, = (rjl, Fia ,...,erb)At . For thei-th generated valué, , the

following bond price, p(‘) and payoff, q(i) are computed.
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i 1 i i +
_M_Zl p( bj) and ¥ ={p! -k},
where V, :(rj1+rj2+...+ erb)At.

The priceC of the European call option written on a zero-aupond can be

estimated using the following expression:

c= L S feuv, o

c i=1

where V, = (uil U+t Uy )At :

4.2.3 Analytical formula for the call option price written on a
zer o-coupon bond under the CIR model

When the incrementw (see Equation (3.1)) in the CIR model is having tlormal

distribution with mean zero and variandg the analytical result for the price of the

European call option written on a zero coupon boad derived in Cox, Ingersoll and

Ross (see Cox et al. (1985)). The explicit expozs&ir the price is given below:

ZBC(t,T,S,K)= P(t,S (Zr [o+¢+B(T,S); ‘;’(29 prrf ;efi?T(g_)t)}j

<P (Zr[ +¢] 4/(8 2p 2r(t)exdh(T —t)}j’

p+e
where

P(t,U)= Alt,U)exd-B(t,U),] , U=Tor s,

20

2n ex;{; (k +h)U —t)}
2h+(k +h)exph(U -t))-1] |

Alt,U
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_ Zexd(L -t)h)-1
BV)= s h)[exp(th(U ‘1t))‘1]

49

B(T,S)

h=+«?*+20?%,
6 =mwhich appears in Equation (1.3).

The function x2(x;«,4) is a non-central chi-squared cumulative distrituti
function with k¥ degree of freedom and non-centrality parametdn Section 4.3, the
numerical results based on the above formula velltbmpared with those obtained by

using the proposed numerical method and the simuolatethod.

4.3 Numerical results

This section presents some numerical values foptlee of the European call option
written on a zero-coupon bond when the interest falows the CKLS model with
guadratic-normal increments.

Consider the example whef@a,m,o,y)=( 10,10,10,05), r, = 01, m, =0,
m, =30 and strike pric&k = 0.4. For a given value of the tinfeof maturity of the
bond option, two sets of value dk,At) are chosen. For each chosen valuglgft),

the bond option price is evaluated by using the enical method in Section 4.2.1.
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Treating the bond option price as a function&tf, a linear extrapolation procedure is
then applied to obtain the price whekt = . Asimilar extrapolation procedure is also

applied to the price based on simulation. The exieted prices and the price based on

analytical formula are shown in Table 4.1.

Table 4.1 shows that the option prices found bypgishe numerical method in

Section 4.2.1 and the simulation method in Secfiéch2 agree fairly well with those

found from the analytical formula.

Table 4.1 Call option price under the CIR model whém,,m,) =(0,3).

[(a,m.a,r,)=( 10,1010,01),K = 04

Extrapolated Extrapolated | Analytical
T (k, At) (Numerical | (Simulation) formula
method)
50/365 | (50,/365) | (40,/292) | 0.22202743| 0.21734559 | 0.22020237
200/365 | (200/365) | (150,4/1095 | 0.13439033| 0.12651932 | 0.130716
1 (3651/365) | (100/100) | 0.08315497| 0.08100513 | 0.082288

When the random variablaev,

respectively having quadratic-normal

and the value ofy in Equation (3.2) are

distributiondataking 0.5, the option prices

obtained from simulation and numerical method fer €IR model are shown in Table

4.2.
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Table 4.2 Call option prices wheny = 0.5and various values o(ms,m) are used.

[(a,m,g.At,r, T)=( 10,1.0,1.0,1/365 ,0.11), K = 04]

Option Price
m, m, ) ) )
Simulation Numerical method
0.0 2.6 0.08222548 0.08321126
0.0 8.0 0.08085196 0.08320795
0.5 6.2 0.08106944 0.08307427
2.0 16.0 0.08208495 0.08266137
3.0 20.0 0.08208171 0.08238580

In Table 4.2, we observe that whem, has the quadratic-normal distribution,

the option prices found by using the numerical mdtlagree fairly well with the

simulation results.

Table 4.3 displays the option prices when

(a,m,0,At,r,,T)=(05,0.080.01,1/365,005,5) and y is varied from 0.0 to 2.5.
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Table 4.3 Call option prices wher(a,m,o,At,r,,T)=(05,0.080.01,1/365,005,5).

(Values in bold form are found by using simulatjon.

0.0
30

3 3
]

0.0
80

3 3
1

05
6.2

3 3
]

20
6.0

3 3
In 1
|—\

30
200

3 3
]

0.0

0.19414593
0.19412724

0.19414593
0.19482926

0.19414591
0.19283685

0.19414585
0.19296948

0.19414581
0.19167305

0.1

0.19406680
0.19394658

0.19407512
0.19418128

0.19406680
0.19459041

0.19406677
0.19402156

0.19406676
0.19305651

0.2

0.19403468
0.19362533

0.19404221
0.19409710

0.19403468
0.19493375

0.19403467
0.19449029

0.19403466
0.19325086

0.3

0.19402105
0.19368910

0.19402565
0.19388792

0.19402105
0.19450377

0.19402104
0.19500121

0.19402104
0.19322113

0.4

0.19401467
0.19368012

0.19401655
0.19387504

0.19401467
0.19438058

0.19401467
0.19463014

0.19401467
0.19329431

0.5

0.19401113
0.19361511

0.19401113
0.19388729

0.19401113
0.19367042

0.19401113
0.19347181

0.19401113
0.19317296

0.6

0.19400872
0.19363350

0.19400769
0.19356810

0.19400872
0.19408560

0.19400872
0.19409402

0.19400872
0.19302674

0.7

0.19400678
0.19365208

0.19400541
0.19357328

0.19400678
0.19391341

0.19400678
0.19401571

0.19400678
0.19319893

0.8

0.19400507
0.19363338

0.19400386
0.19359546

0.19400507
0.19387127

0.19400507
0.19418270

0.19400507
0.19324893

0.9

0.19400351
0.19362739

0.19400280
0.19360623

0.19400351
0.19383953

0.19400351
0.19398982

0.19400351
0.19336284

1.0

0.19400206
0.19360182

0.19400206
0.19365199

0.19400206
0.19353956

0.19400206
0.19354853

0.19400206
0.19343928

15

0.19399626
0.19360901

0.19400060
0.19360983

0.19399626
0.19363808

0.19399626
0.19361205

0.19399626
0.19354709

2.5

0.19398990
0.19360729

0.19399948
0.19360775

0.19398990
0.19360951

0.19398989
0.19360792

0.19398989
0.19360224
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From Table 4.3, we see that the option price dsesealightly only wheny
increases, but the variation afi, and m, does not have much influence on the
prices.

The change of(m,,m,) from (0,3) to other values yields more realistic
interest rate models. It happens that these change(sTg,r_n“) do not have much
influence on the call option prices. However, fdhay interest rate derivatives, we

cannot as yet rule out the possibility thﬁfg,m) may have an effect on their prices.

44  CONCLUSION

The major characteristics of the proposed numenueeathod for evaluating the bond
option price are the approximations of the CKLS eidal its discretized version and
the approximation of the price of the underlyinghddby a quadratic function. The
approximation of the bond option price may be inweb by using an extrapolation on
the bond option price treated as a function ofdtep sizeAt, and a polynomial of

degree higher than two for the price of the undegyond.
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CHAPTER S

PREDICTION OF INTEREST RATE USING CKLSMODEL
WITH STOCHASTIC PARAMETERS

51 | ntroduction

In the previous chapters, we use the CKLS modéi Wixied parameters to model the
interest rates. In this chapter, we use instead Gk&S model with stochastic
parameters to forecast the future interest rates.

Section 5.2 recapitulates the CKLS model that heenldiscussed in Section
1.1. In Section 5.3, the data used in this chagterdescribed. Before introducing the
method for forecasting thd-week ahead interest rate using the CKLS model with
stochastic parameters, we introduce in the negetbections the distributions which are
important in the implementation of the method. lect®n 5.4, a multivariate
non-normal distribution called the multivariate powormal distribution for the
random vectoy of k variables is introduced. In the same section, s iatroduce the
method for computing the conditional probabilityndity function (pdf) of the last
variable in the random vectgrwhen the values of the initigk —1 variables iny are
given. Furthermore in Sections 5.5 and 5.6, weothice respectively the methods
given in Pooi (2012) for estimating the parametarshe multivariate power-normal

distribution, and computing the conditional joirdfpf a number of variables in the
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random vector when the remaining variables in #melom vector are given.
The methods for forecasting tlieweek ahead interest rate using the CKLS
model with fixed and stochastic parameters are ridest in Section 5.7. Some

numerical results are shown in Section 5.8. Se@&iérgives some conclusions.

52 M odel examined

The CKLS model under the objective meas@g follows the following stochastic
differential equation:
dr(t) =[am-(a+ Ao)r(t)at + ofr ©)] dW°(t) . (5.1)
The discrete version of Equation (5.1) is

r, =1, +amat - (a+Ao)r At +ofr,_ |"'Wo/At
=B+ Bt O'(I’k_l) yVVkO\/E

where £, =amit, S, :1—(a+/10)At, A is a new parameter, contributing to the

market price of risk andV,’ is assumed to have a quadratic-normal distributitih

parameters 0 and., and A is such thatE[(wf)Z] =1.

If we treat the parameter®,, B,, o0 and y as correlated random variables,

then the resulting model may be referred to as Gkd.S model with stochastic

parametersf,, f£,, o and y.

In this chapter, the interest rate at the end péréod of lengthd units ahead is

forecasted using respectively the CKLS models Wixibd and stochastic parameters.
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53 Data

To illustrate the forecasting of the interest raéi@sed on the CKLS models with
respectively fixed and stochastic parameters, veetlis weekly 6-month Treasury Bill
Interest Rates (T-Bill) taken from the Board of @owrs of the Federal Reserve

System via the link http:research.stlouisfed.oegi#f/categories/116nder the file name

WTB6MS.xls. The data cover the period from DecemiZrl®58 to January 25, 2008.
The total number of data points I =  25@hd the length of a one-week period is
given by At =7/365. Some of the T-Bill Interest Rates are shown ihl&@&.1. Figure

5.1 shows the plot of, given in WTB6MS.xIs against

Table 5.1 T-Bill interest rates.

weekk e
1 0.0307
2 0.0304
3 0.0297
4 0.0292

2564 0.0232
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54  Conditional pdf derived from multivariate power-normal

distribution

Consider the univariate power-normal distributiesctibed in Section 2.2.1. In what
follows, we use the univariate power-normal disttibn to obtain the multivariate
power-normal distribution (see Pooi (2012)).

First let y be a vector consisting &fcorrelated random variables. The vector
y is said to have &-dimensional power-normal distribution with paraerst
pH A A o, 1<i<k if

y =p+He, (5.2)
where p = E(y), H is an orthogonal matrixg,, &,,...,, are uncorrelated,

& =0 [Eu - E(Eu )]/[Va'(gu )]}é (5.3)
o, >0 is aconstant, and, has a power-normal distribution with parametefs and
A

When the values ofy,,V,,...,y,, are given, we may use the following
method given in Pooi (2012) to find an approximatior the conditional pdf ofy, :

(1) Select a large integer N,> 0 and compute

o

=y, +(ip —1)h, 1<i,<N_, where y, and y, are such that
P(ye <y, <V;) iscloseto 1, anch=(y; -y, /N, .

(2) Form the vectory(i") =[yl,yz,...,yk_l,yff’)]T and find the value of
g such that

gt = Hgl),

3) Replace (A‘,A*) in Equation (2.10) by(/]i‘,/}i*) and findz such that
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= gi(i”). Let the answer af be denoted byzi(ip).
4) Compute

I R Ll F

Then the conditional pdf (evaluated z;rEp)) of y, can be estimated

by fip/i(fiph).

=

E.

55  Estimation of the parameters of the multivariate power-nor mal

distribution

Supposet is a (I +1)x1 random vector of which then-th observed value is
denoted by ™ ,1<n, < N,. The following is a procedure to fit a(l +1)—dimensiona|

multivariate power-normal distribution to :

N;
(1) Compute r. :izrl'(nl) and (klvkz) ZLZ(FI'(”L) _r_i)kl (F'(nl) -T )kz ,

i j
N1 m=1 Nl m=1

1<i,j<l+1; 0<k,k, <1.

(2) Compute the |+1 eigenvectors of the variance-covariance matrix

0D

{mj(n) _ mj(LO) m

i —th eigenvector.

} and form the matrixH, of which thei-th column is the

(3) Computes™ =H](F®) -7).

Nl
(4) Compute m® :NiZ[s,‘”l’]", 1<i<|+1; k= 2,34.

1n=1

57



(5) Find (17,A7) and o, such thatE(s¥)=m®, where ¢ is defined in Equation

(5.3)and1<i<l+ 1 k= 234.

Then F=7F+H,s of which s =g,[¢ -E())/[vafg)}> and & has a

power-normal distribution with parameters and A .

5.6  Conditional pdf of a number of variablesin random vector vy

SupposeX is an (m+1)n_x1 random vector of which the,-th observed value is
x () :[inz_m,...,inz_l,'inz] and X, is an n,x 1vector ,1<n, <N,. The following

is a procedure to estimate the conditional pdfhef last n, components ofx when

*

the values of the initialmn, components are given b[>’~<nz—mv--1>~<;2—zj;2—1] :

(1) Obtain g{(g]z) as a vector consisting of the initishn, components ofx™ and
g initial components ofX,, ,1<q<n,.
The value ')Z[(;‘f) may be viewed as tha,-th observed value of a certain vector
i[q] consisting of mn, + g random variables.

(2) For g=12...,n,, apply the method in Section 5.5 to find a multiate

power-normal distribution for'i[q] and use the resulting distribution to generate a
value X, for the (mn,+q)" component of X when
X, veeen X, 10 X1 Xp oo Xy AFE given.

(3) Repeat (2) to generaten Values of (xlxzxn) and use the method in

Section 5.5 to find a multivariate power-normaltdisition as an estimate of the

conditional distribution of the lash, components ofX .
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5.7 Methods for forecasting d-week ahead interest rate using the

CKL Smodelswith respectively fixed and stochastic parameters

From the T-Bill Interest Rates in Section 5.3, veenf Table 5.2 which shows the

interest rates in the present and next weeks.

Table 5.2 Interest rates in the present and next weeks.

weekk re Mot
1 0.0307 0.0304
2 0.0304 0.0297
3 0.0297 0.0292
4 0.0292 0.0298
5 0.0298 0.0305
2562 0.0311 0.0291
2563 0.0291 0.0232

Next, we define thg-th window of sizen as the set consisting of rowso
j+(n—1) in Table 5.2. If we wish to investigate the prosex for forecasting the
d-week ahead interest rate based on the data givenwindow, then the total number of
windows that we can form i\, = N -d —n. For thej-th window (1< j<N,), the
four parameters of the CKLS model are estimatedguttie least squares method and
the resulting estimated parameters are denoteﬁogé, [3,1(1) ) and ?(j). An outline
of the least squares method is given below.

Initially, for the j-th window, we regress,,, on r, and obtain the following
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line of best fit:
o= B0, ).
We next obtain the residuals
el =rea =" =B,

and regress{eﬁ‘;)l

on r, to obtain the best power function which fits theinps
), i<k<j+n-1:

SpON eI

(r e,

&)

The above estimates are basically based on theoohethleast squares. For
these estimates, their characteristics in termfoogxample, consistency and efficiency
are clearly ofinterest to us. The investigation of these charaties should be a good
topic for future research.

Suppose by using the CKLS model with the parameﬁd‘é),,@l(j), &) and
7). we predict the value ., of the interest rate in the next week when theiwal
r.., of the interest rate in the present week is gives.the parameters(?o(j),,@l(j),

) and f/(j) change whenj increases, we may describe the variation of

o =[50, 1) 50) pU|T py means of a 4-dimensional multivariate power-radrm

distribution.
To find a 4-dimensional multivariate distributionrf(p(j) , we first assume
that @) will depend on U™ @™ (|>("‘1),rj+n where m> 1is a chosen

integer and j=2m+ 1 We next use the method in Pooi (2012) to find a

[4(m+1)+1]-dimensional multivariate power-normal distributitmthe random vector

Il
o
=

which the n, -th observed value is

i) = [(p(”l),(p(”“l) ,...,(p(”1+m‘l),rmmm,(p(““m)] T ,1<n, <N, -m. A description of the
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multivariate power-normal distribution is given $ection 5.4 and the estimation of the
distribution is given in Section 5.5.

From the above [4(m+1)+1] -dimensional multivariate power-normal
distribution, we use the method in Pooi (2012)ihal fa conditional distribution for the
last 4 variables inf when the values of the initiaf4m+1) variables are given by

(i-m) limma) o)

[(p ) e, @Y, j+n]T .

The resulting conditional distribution will then Iee required 4-dimensional
multivariate distribution for(p(j). An outline of the computation of the above
conditional distribution is given in Section 5.6.

From the 4-dimensional multivariate power-normadtidbution of (p , the
d-week ahead interest rate,, .,, is then generated using the CKLS model with
stochastic parameters.

Let J=j+n+d,and r,; andr, thed-week ahead interest rates generated
using the CKLS models with fixed and stochasticapsters respectively. Sections
5.7.1 and 5.7.2 explain respectively the procedafgeneratingr,” and r, .

The computed numerical results fof and r, are displayed and analyzed in

Section 5.8.

5.7.1 The CKLS mode with fixed parameters

The value ofr, ., is obtained using the following discretized vensiof the CKLS

model with the fixed parameter vectar” [,80 ,81 G0 )]
]+n+l ﬁo 18 ]+n+ [ J+n+ ] J+n+| \/E, 1S| < d .

When | =d, the value ofr,, ., is then thel-week ahead interest rate .
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Suppose we repeat the generation rgf M times. We next rank thé
generated values in an ascending order and oltairand R* as respectively the
estimated 100(a/2)% and 1001-a/2)% points of the distribution ofr; . The
interval (L*, R+) may then be taken to be a prediction interval for

The coverage probability of the prediction interi@l r, may be estimated by
using the proportion of times (among th¢, times) the observed value of thaveek
ahead interest rate falls inside the predictioarivsl.

The expected length of the prediction interval twe bther hand may be
estimated by using the average value (owey values) of R* —L".

The numerical results for the coverage probabditg expected length of the

prediction interval forr, are given in Section 5.8.

5.7.2 The CKLS mode with stochastic parameters

The value ofr, ., is obtained using the following discretized vensiof the CKLS

model with the parametetp [,80 ,81 N ,y )]T which is generated from the

conditional distribution of¢(’) when [(p(j‘m),(p(j‘m+1),...,(p(j‘1),rj+n]T is given:

~ (i i)
]+n+l ﬁo +181(J) '+ +J []+n]y( Wj+n+1\/E'

The value ofr, ., is next obtained from the CKLS model of which the

parameter(p(J s generated from the conditional distribution (i“*l) when

(i-m+1) (i-1)

[(p ol gl ]+n+1]T is given.

The process to generate,,,, for | = 34,...,d is as follows. We first define

p)=fol) it s
{l;(l) if iz

We next generate the paramet@?“"l) from its conditional distribution when
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#(j-me-1)

[(p yees®

*(j+-3) *(j+I-2)

,Q ,rj+n+,_1]T is given, and then generate the valuerqf,,,
using the CKLS model with the generated paraméftféf"l). When [=d, the
value of r;, ., is then thel-week ahead interest rate .

Next, we generat®! values of r; and arrange th®l generated values in an
ascending order. From the ranked valuesrpf we estimate thel00a/2)% and
1001-a/2)% points of the distribution ofr; . Let the estimates obtained be denoted

by L' and R respectively. The interva(L* , R*) may then be treated as a nominally
1001-a)% prediction interval forr, .

From the N, values of (L*,R*), we estimate the coverage probability and
expected length of the prediction interval.

In Section 5.8, the coverage probability and exgebdength of (L*,R*) for

r, are compared with those found from the CKLS med# fixed parameters.

5.8 Numerical results

Let n=200, d=20, m=2, M =120 and a = 005
Figures 5.2 and 5.3 display respectively the notyirth% prediction interval

for the 20-week ahead interest rate|,,, and r;,,,, found respectively using the

CKLS model with fixed and stochastic parameters.
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Figure 5.2 The nominally 95% prediction interva(L*, R*) for r,.

[n=200d=20,m=2M =120,0 =0.05,J = j +n+d]
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Figure 5.3 The nominally 95% prediction interva(L* : R*) for r,.

[n=200d=20,m=2M =120,0 =0.05,J = j +n+d|




The estimates of the coverage probability expetéegth of the prediction
interval for r, in Figure 5.2 are respectively 0.587 and 0.023)enmine estimates of
the coverage probability and expected length ofptteeliction interval forr; in Figure
5.3 are respectively 0.972 and 0.116.

Compared to the estimate of the coverage probwlmfitthe nominally 95%
prediction interval forr, found by using the CKLS model with fixed paramstéee
Figure 5.2), we can see clearly that the estimate@rage probability of the nominally
95% prediction interval forr, found by using the CKLS model with stochastic
parameters (see Figure 5.3) is very much clostretdarget value 0.95.

On the other hand, the estimate of the expectegtheof the nominally 95%
prediction interval forr, found by using the CKLS model with stochastic pasters
(see Figure 5.3) is longer than the one found bgpguthe CKLS model with fixed
parameters (see Figure 5.2). This is not surprisiagause in order to have larger
coverage probability, the length of the predictioterval needs to be made longer.

Figures 5.4 to 5.11 provide the values bf,R*,L" and R’ for selected

values of j.
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Figure 5.4 The nominally 95% prediction interva(IL+, R*) for r,.
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Figure 5.5 The nominally 95% prediction interv:{IL* , R*) for r,.

[n=200d=20,m=2M =120,¢ =0.05,J = j +n+d,  =5051,...70]
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Figure 5.6 The nominally 95% prediction interv:{ILﬂ R*) for r,.
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Figure 5.7 The nominally 95% prediction interv:{IL* , R*) for r,.
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Figure 5.9 The nominally 95% prediction intervz{IL* , R*) for r,.
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Figure 5.11 The nominally 95% prediction interv:{L* , R*) for r,.
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Figures 5.4 to 5.11 show the instances when thdigiien interval (L*,R+)
fails to cover the observed future interest raje while the prediction interva(L* , R*)

succeeds in covering the observed

59 CONCLUSION

The prediction interval for the 20-week ahead ieserate using the CKLS model with
fixed parameters is unable to cover the observédevaf the 20-week ahead interest
rate with a coverage probability which is closdlte target value 0.95. This is because
the parameters of the CKLS model have significartation over the 20-week period.
On the other hand, the CKLS model with stochastiameters takes into account the
possible variation of the parameters, and with fhature, it helps to yield a wider
prediction interval with a satisfactory level ofvesage probability.

The conditional distribution of the parametengagsified as Type 1 parameters
in Pooi (2012)) of the CKLS model has been obtaiinech a [4(m+1)+1] -dimensional
multivariate power-normal distribution of which tiparameters (classified as Type 2
parameters in Pooi (2012)) do not vary with timetufe research may be carried out to

investigate the stationarity of Type 2 parameters.
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CONCLUDING REMARKS

The main contributions of this thesis are the evaluation of the prices of bond
and bond option under the CIR and CKLS models of which the underlying distribution
is quadratic-normal, and the prediction of future interest rate using the CKLS model
with stochastic parameters.

The methods introduced make use of the approximation of the CKLS model
by its discretized version, and the approximation of the expected moments of the
interest rate and the bond price by low degree polynomials. The above approximations
may be improved by using an extrapolation procedure and the polynomials of higher
degrees.

The approximate methods introduced in this thesis may be applicable to other
more general interest rate models like the multi-factor interest rate models, the models
which describe the dependence of the future interest rate on the present interest rate and
several other past interest rates, and also the dynamic interest rate models.

Although the prediction interval based on the CKLS model with stochastic
parameters has approximately the required coverage probability, its expected length is
very much longer than that of the prediction interval based on the model with fixed
parameters. To find a prediction interval which exhibits smaller expected length apart
from having the required coverage probability, it is likely that the CKLS model has to
be changed to a model in which the future interest rate depends not only on the present
interest rate, but also on several past interest rates and some important macro-economic

factors. Furthermore, it could be that the description of the parameters of the model by a

72



fixed set of Type 2 parameters may not be adequate for long range prediction. The

dynamic modeling of Type 2 parameters offers a very challenging research problem.
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