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ABSTRACT

The starlikeness of integral transform V), f(2) = fol )\(t)@dt was first studied by
Fournier and Ruscheweyh in 1994. This investigation is extended to starlikeness and
convexity of order 6 where § € (0, %] Making use the class introduced by Rosihan et
al. (2012b), we determine the starlikeness and convexity of order § for the integral
transforms V) f using the concept of duality and Herglotz formula. In addition, a
sufficient condition for V) f to be starlike and convex functions order § and some
applications of certain operators are also looked at. Furthermore, these properties
are obtained for the integral transform V) f(z) = zfol )\(t)ll__—’f:dt x f(z) (p<1)

using the similar manner.

Recently, using the theory of differential subordination, properties of 1+52zp(2), 1+

521;, ((ZZ)) and 1+ 5z Z’j ;((Zz)) subordinated to certain classes have been studied by many
authors. In 1996, Sokdl and Stankiewicz introduced the class SL* which contains
function associated with the right-half of the lemniscate of Bernoulli. By considering
the class of Janowski starlike functions and a class defined via the Cassinian curve,
a class closely related to the SL*, we obtain conditions on 8 using the differential
subordination concept. Furthermore, the Briot-Bouquet differential subordination

is used in obtaining the inclusion theorems for classes defined by Dziok-Srivastava

operator and generalised multiplier transformations.

The extremal problems of multivalent and univalent harmonic functions have
been discussed intensively by numerous authors. Motivated by Ahuja and Jahangiri
(2001), new classes are introduced using certain operators. Coefficient conditions,
extreme points, convex combination and distortion upper and lower bounds are de-

termined for each of the classes.

Finally, some miscellaneous problems were also investigated which include preser-
vation of certain operators to be in Hardy space as well as the preservation of the
Jung-Kim-Srivastava operators for a new introduced class of functions. Suggestion

problems for future research are also discussed.
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ABSTRAK

Penjelmaan kamiran bak-bintang V) f(z) = fol )\(t)@dt mula diselidiki oleh
Fournier dan Ruscheweyh pada tahun 1994. Kajian ini telah diperkembangkan
kepada sifat bak-bintang dan sifat cembung peringkat 6 dengan ¢ € (0, %] Menggu-
nakan kelas yang diperkenalkan oleh Rosihan et al. (2012b), sifat bak-bintang dan
cembung peringkat ¢ bagi penjelmaan kamiran V), f dikaji dengan menggunakan kon-
sep kedualan dan formula Herglotz. Di samping itu, syarat cukup bagi penjelmaan
kamiran V) f supaya menjadi fungsi bak-bintang dan fungsi cembung peringkat &
dan beberapa penggunaan operator-operator tertentu yang berkaitan dengan pen-

jelmaan kamiran V) f juga dilihat. Selanjutnya, sifat-sifat tersebut turut diperolehi

1—ptz

—Zdt x f(2) (p <1) dengan meng-

untuk penjelmaan kamiran Vy f(z) = z fol A(t)

gunakan kaedah yang serupa.

Akhir-akhir ini, dengan menggunakan teori subordinasi kebezaan, sifat-sifat bagi

14+ B8zp'(2), 1+ 62’; ((ZZ)) dan 1+ 5z 5 ;(é)) subordinat kepada kelas-kelas tertentu telah

diteliti oleh kebanyakan pengkaji. Pada tahun 1996, Sokdl dan Stankiewicz telah

memperkenalkan kelas SL* yang terkandung di dalam lemniskat Bernoulli baha-
gian kanan. Dengan mempertimbangkan kelas fungsi bak-bintang Janowski dan
kelas yang berada di dalam lengkuk Cassini yang mempunyai kaitan rapat den-
gan kelas SL*, syarat [ diperolehi dengan menggunakan konsep subordinasi ke-
bezaan. Seterusnya, subordinasi kebezaan Briot-Bouquet digunakan untuk mem-
perolehi teorem-teorem rangkuman bagi kelas-kelas yang ditakrifkan oleh operator

Dziok-Srivastava dan penjelmaan pengganda teritlak.

Masalah ekstremum bagi fungsi harmonik multivalen dan univalen telah dibin-
cangkan secara intensif oleh para penyelidik. Bermotivasikan Ahuja dan Jahangiri
(2001), kelas-kelas baru diperkenalkan dengan mempertimbangkan beberapa oper-
ator tertentu. Syarat-syarat pekali, titik-titik ekstrem, kombinasi cembung serta

batas atas dan bawah herotan ditentukan untuk setiap kelas.

Tesis ini diakhiri dengan penyelidikan terhadap pelbagai masalah yang meli-
batkan pengawetan operator-operator tertentu dalam ruang Hardy dan juga pen-
gawetan bagi operator Jung-Kim-Srivastava dalam kelas yang baru diperkenalkan.

Cadangan masalah-masalah untuk kajian selanjutnya juga turut dibincangkan.
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CHAPTER 1

PRELIMINARIES

1.1 Introduction

Complex analysis and geometric function theory play an important role in Mathe-
matics and Physics. Complex analysis or better known as the theory of functions
of a complex variable, was rigorously investigated in the 19" century. It deals with
the study of the sets and functions in the complex plane. It is particularly con-
cerned with the analytic functions of complex variables and the theory of conformal
mappings. These theories are useful in many branches of mathematics such as num-
ber theory and applied mathematics, as well as in physics including hydrodynamic,
thermodynamics, eletrical engineering and others. Geometric properties of analytic
functions are studied in geometric function theory and Riemann mapping theorem

is the fundamental result of this theory.

Since analytic functions are the central components in complex analysis due to

their interesting properties, we give its definition first.

Definition 1.1. (Duren, 1983) A complez-valued function f of a complex variable

f(Z)=f(z0)

erists at zy. A
Z2—20

z is differentiable at a point zog € C if f'(20) = lim,_,,,
function f is analytic at zy if it is differentiable at every point in some neighborhood

of 2.

A power series represents an analytic function of z in its region of convergence.
A complex-valued function f of a complex variable has a Taylor series expansion

f(2) =320 Au(z — 2)" where A, = £ (HLEZO) and is convergent in some open disk




centered at zg.

Univalent function theory is classified under the broader area of geometric func-
tion theory. One of the basic result in the theory of univalent functions in one
variable is the Riemann mapping theorem. As early as 1851, the Riemann mapping
theorem initiated by Bernhard Riemann(1826-1866) states that for every simply
connected domain GG which is proper subset of the complex plane C, can be mapped
conformally onto the unit disk D = {z € C: |z| < 1}. Moreover if z, is a given
point in G, then there exist a unique function f which maps G conformally onto
D such that f(z) = 0 and f’(2) > 0 (Graham and Kohr, 2003), (Duren, 1983)
and (Pommerenke, 1975). In view of the Riemann mapping theorem, it suffices to

consider the unit disk D rather than a general simply connected domain.

Definition 1.2. (Duren, 1983) A function f is said to be univalent (schlicht or
one-to-one) in a domain E C C if the conditions f(z1) = f(z2) for all points z; and
zo in B imply that z1 = zo. The function f is locally univalent at a point zg € E if

it 1s univalent in some neighborhood of 2.
The definition for p-valent (multivalent of order p) in D is given as follows:

Definition 1.3. (Goodman, 1983) A function f is p-valent (multivalent of order p)
in D if for each wy (infinity included) the equation f(z) = wqy has at most p roots
in D (the roots are counted with their multiplicities) and there are some wy so that

f(2) = wy has exactly p roots in D.

The inverse mapping theorem implies that if f is locally univalent then f’(z) # 0.
There are univalent functions but not analytic, for example f(z) = % Conversely,

the function f(z) = €* is an analytic function but not univalent. We are interested



in univalent functions that are also analytic. An analytic univalent function is called
a conformal mapping because of its angle preserving property. The theory of con-
formal mapping is a shift of emphasis from the function theoretical to the geometric

side of problem.

Consider a Maclaurin series expansion that is convergent in D,

g(z) = Zanz" =ap+a;2' + a2 + -+
n=0
z)—a -
f(z):M:Z+a2z2+...:z+2anz", ay # 0. (1.1)
ax n=2

The above process is called the normalisation of function with f(0) = 0 and f'(0) =
1. The reason for introducing this normalisation is to eliminate unnecessary param-
eters, which simplifies the statement of the results (Pommerenke, 1975). Observe
that if g is univalent in D then the translation of the image domain of g(z) — ag

is univalent in D. Since g is univalent in D then a; = ¢'(0) # 0. Thus we may

divide by a; so that gives f(z) = g(zil—ao. Since multiplication by % rotates and

stretches the image domain, then for ¢ is univalent in D would imply the function

f is univalent in D.

Definition 1.4. (Goodman, 1983, p. 15) A function of the form (1.1) is said to
be normalised. If f(z) is univalent and has the form (1.1), it is called a normalised

univalent function.

Let A denote the class of all analytic functions f in the form (1.1) and normalised
by f(0) =0 = f'(0) — 1. Let S C A be the class of functions f that are analytic
and normalised univalent functions in the unit disk D. One of the most important

example of a function in S is the Koebe function

(1—-2)

K(’Z>:;2:Z+222+323+---+nzn+“':an”, z€D
n=1



which we can also write as

1 142
4 1—2z

k(z) = -1

In Figure 1.1 (Goodman, 1983), the sequence of mappings used in building the

1+2
11—z

Koebe functions is shown.The function w = maps D univalently onto the right
halfplane Re{w} > 0. Then the function g(z) = w?(z) takes this half-plane onto

the entire plane minus the part of the negative real axis from _Tl to infinity so that

the Koebe function x(z) = § (g(z) — 1) is established.

Figure 1.1: The mapping of Koebe functions

Ludwig Bieberbach (1916) proved that the coefficient |as| < 2 if f in S. Since



the equality occurs for as = 2, the Koebe function is called an extremal function of

S where the extremal function refers to a function for which equality occurs.

1.2 Subclasses of univalent functions

Due to Koebe function, most researchers are motivated to study and introduce sub-
classes of S. The well known subclasses of S are classes of starlike functions, S*,

convex functions, C and close-to-convex functions, K.

The class of starlike functions in D was presented by Alexander (1915), and

studied by Nevanlinna in 1921.

Definition 1.5. (Duren, 1983) A set E C C is said to be starlike with respect to
a point wy € E if the linear segment joining wqy to every other point w € E lies
entirely in E. If a function f maps D onto a domain that is starlike with respect to
wo, then f is called a starlike function with respect to wy. For wg = 0, the function

f s said a starlike function.

The Koebe function is a starlike function and the domain (D) is starlike with
respect to each wy > —%. Figure 1.2 (Graham and Kohr, 2003) describes the image
for a starlike function.

Alexander (1915) also presented the class of convex functions in D and later

studied by Gronwall (1916) and Léwner (1917).

Definition 1.6. (Duren, 1983) The set E C C is said to be convex if the linear
segment joining any two points of E lies entirely in B. If a function f maps D onto

a convexr domain then f is said to be a convex function.

The image of a convex function is shown in Figure 1.3 (Graham and Kohr, 2003).



v ° |
J F(=z)
TN

Figure 1.2: The image of starlikeness

The Mdbius function M,(z) = i’j is a convex function because it maps D onto a

half-plane. Any circular disk or any half-plane is a convex set (Goodman, 1983).

Figure 1.3: The image of convexity

The following theorems give an analytic description of starlike and convex func-

tions.

Theorem 1.1. (Duren, 1983) Let f be analytic in D with f(0) =0,

f'(0) =1. Then a function f € S* if and only if

Re {Z;(g)} >0,(z € D)




Further, a function f € C if and only if

Re {1 + Zﬁ;g)} > 0,(z € D).

The concepts of functions starlike of order ~y, S*(y) and convex of order 7, C(7)

were introduced by Robertson in 1936. The theorem of these classes are given below.

Theorem 1.2. f € S*(v) if

2f'(2)
Re{ 8 }>7 (zeD,0<y < 1),

and a function f € C(vy) if and only if

2f"(2)
Re{l—i— 702) }>7 (zeD,0<vy<1).

The relationship between starlike and convex function was first noticed by Alexan-

der in 1915.

Theorem 1.3. Suppose that f'(z) # 0 in D. Then f is convex in D if and only if

z2f'(z) is starlike in D.

As an example, consider a function

f(z) = : —z+Zz"
n=2

11—z
which maps D onto the half-plane Re w > —%. Thus the function f is a convex

function in D which implies the function

2f'(z) = (1.2)

is starlike in D. Recognize that the right side of (1.2) is the Koebe function.

The definition of the close-to convex functions was given due to Kaplan (1952).

7



Definition 1.7. Let f € S. The function f is said close-to convex function in D if

there exists a convex function g in D such that

Re{f/(z)} >0, z€D

9 (2)

or

Re{'z]{;g)} >0, €D

where h is a starlike function in D.
Most of these subclasses have both an analytic and a geometric characterization.

These classes are related with functions of positive real part in D which is called

Carathéodory class and denoted by P.

Definition 1.8. (Goodman, 1983) The set P is the set of all functions of the form
f(z) =143 a,z" that are analytic in D and such that for z € D, Re{f(z)} > 0.
In the class P, the Mobius function

_1+z
11—z

M,(z) :1—|—22+222+---:1+2Zz”
n=1

plays a central role as the Koebe function for the class S. This function is analytic

and univalent in D, it maps D onto the half-plane.

The class R is the class of analytic functions whose derivative has a positive real part.
Properties for this class have been obtained by many and in particular introduced

and studied by MacGregor (1962). Formally, we have

Definition 1.9. Let f € S and z € D, f is said to be in R if Re{f'(z)} > 0 and

if f satisfying Re{f'(2)} > ~,(0 <~ < 1) then f € R(v).



1.3 Generalised hypergeometric functions, convolution and operators

The Bieberbach conjecture remained open for a long time and was surprisingly
proved by Louis de Branges in 1984 using hypergeometric functions (de Branges,
1985). The implication of this discovery, theory on hypergeometric functions was
developed [Koepf (2007) and Shanmugam (2007)] and various properties of classes
were obtained via operators and generalised hypergeometric functions.

Representation of a function g(z) = i a € C as a geometric series

1
1—2z)a”

1 — (@,
(1—,z)a:Z nl

n=0

leads us to define a function

0 b .
=> O (1.3)
where b and ¢ are complex numbers with ¢ # 0, —1, —2,... and (\),, is the Pochham-

mer symbol defined, in terms of gamma function by

F'(A+n) 1 , n = 0, A#0

AA+DA+2) - (A+n—1) , n = 1,2,3,...

The function (1.3) is called a confluent (Kummer) hypergeometric function. This

function is analytic and satisfies Kummer’s differential equation

2w (2) 4 [e — zJw'(2) — aw(z) = 0.



Further, (1.3) can be generalised as

o abz a(a+1)b(b+ 1)z?
2Fi(a, bie;2) = 1+7+ c(c+1)2!

— (@)n(0)n
:%Wz, a,bce C(c#0,-1,-2,...)

and is called the Gaussian hypergeometric function which is analytic and satisfies

the hypergeometric differential equation
2(1=2)w"(z)+[c— (a+ b+ 1)zJw'(z) — abw(z) = 0.
More generally, for complex or real parameters
a;(i=1,2,...,1) and B; € C\{0,—-1,-2,...} (=1,2,...,m),

the generalised hypergeometric function F,,(aq,..., 00 01,...,Bm; 2) is given as

[e.e]

: : _ (@)n - ()n
lFm(Ckl,---7al;B17-'-7ﬂmaz) - ; (ﬁl)n(ﬁm)nn'z

(I<m+1;I,meNy = NU{0};z € D).

An operator is a type of function which acts on functions to produce other
functions. In calculus, there are three typical types of operators: integral operators,
differential operators and convolution. The convolution is a mathematical operation

on two functions ¢ and v in order to produce a third function.

Definition 1.10. Let ¢(z) = > 7 a,z" and ¥(z) = > 7 byz" are analytic func-

tions, then the convolution of these functions is
P(2) x () = ) anbn" = P(2) * o(2).

n=0

The convolution is also called the Hadamard product.

10



Corresponding to the generalised hypergeometric functions and using the con-
volution, for f in the form (1.1), Dziok and Srivastava (1999) initiated to introduce

the operator

HLm(Oél""aOél;ﬁla"'7ﬁm)f("7’) :ZlFm(ala-"705l;617"'7ﬁm;z)*f(z>

al)n 1- (Oél)n 1 n
—cT Z ﬁl (ﬁm)nfl(n o 1)!anz

=z+ Z Onlar]a,z"
n=2

(@1)n-1...(1)n—1

B1)n—1..(Bm)n—1(n—1)!"

where ¢, [aq] = (
a;(i=1,2,...,1) and B; € C\{0,—-1,-2,...}(j=1,2,...,m)
are complex or real parameters. For convenience we write
HY [en] f(2) == H™ (o, a5 Br, - B) £(2).

The Dziok-Srivastava operator includes well known operators such as:

i) Hohlov operator (Hohlov, 1978)

H2’1((l, b7 C)f(Z) = Ha,b,cf(z) =z+ Z Lﬂllanzn

where a,b,c,€ C and ¢ #£0,—1,-2,....

ii) Carlson-Shaffer operator (Carlson & Shaffer, 1984)

H*'(b,1;¢) f(2) = L(b, C)f(Z)

:z—i—z n—l ——————a,2", bc€Cc# 0,-1,-2,...

iii) Ruscheweyh derivative operator (Ruscheweyh, 1975b)

H* (1 +1,1;1)f(2) = D" f(z Z n—l a2, (> —1).
=2
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iv) Bernardi integral operator (Generalised Bernardi-Libera-Livington integral op-

erator) [(Bernardi, 1969), (Libera, 1965) and (Livington, 1966)]

(e 9]

H* (c+1,1;c+2)f(2) = Fu.(2) = 2 + Z %anz” (e > —1).

Motivated by Ruscheweyh derivative operator, Noor (1999) introduced new op-
erator by setting

fu(z) = A= et (1 € No)

and defining fj in terms of the convolution as

fu(z) * fj(z) = , (2 €D).

z
(1—2)?
Then, Noor operator is defined by I, f(z) = (fﬁ % f) (). Choi, Saigo and Srivastava
(2002) generalised the operator I, for & > 0, p > —1 and obtained I, f(z) =
(fuse *f) (2). Then, using the generalised hypergeometric functions, Kwon and Cho
(2007) established an operator using the similar manner as Noor (1999) and Choi

et al. (2002). The Kwon-Cho operator is given as

Hlm Oél Z (ﬁz)nan+12n+l s (Cll =1 , A > O)

n=0

For special cases, the Noor operator, Choi-Saigo-Srivastava operator and Kwon-Cho
operator are equivalent to the Dziok-Srivastava operator.

) H¥' 2,0+ 1) f(2) = Lf(z) =24+ >0, (u+1 A"

i) B2 L+ 1) f(2) = Lue [(2) = 24+ 20, podpt=an 2"

n—1

iii) Forl=m+ 1, =1, =1and fy = aq,... Bny1 = u,

HY™ [an] f(2) = HY™ o] f(2)-

12



Besides that, we provide some definitions of other operators that are used in this
study.

i) Jung-Kim-Srivastava operator (Jung et al.,1993)

v+1
_Z+Z(V—l—n) , v>—1

and

v P+ ) O ( T(p+n) n
fuf(Z)—Z+Wz<m)anZ,I/>O,[L>—1.

n=2

ii) Generalised Salagean operator (Al-Oboudi, 2004)

Genaralised Salagean operator was introduced by Al-Oboudi (2004) as follows:
DFf(z —z—i—z 14+ —DN" a2, A>0,keNy={0,1,2,...}.

For A = 1, the Al-Oboudi operator is reduced to Salagean operator (Salagean, 1983)

iii) Catag multiplier transformations (Catas, 2008)
For any real numbers k£ and X\ where k > 0, A > 0, ¢ > 0, Catas defined the multiplier

transformations I(k, A, ¢) f(z) by the following series:

14—)\(71—1)4—0}]~C .
anz".
1+c

Ik o) f(z2) =2+ {

1.4 Duality principle

The concept of duality associated with convolution for a function f in A was devel-
oped by Ruscheweyh (1975a) and the basic results of Ruscheweyh’s duality theory

can be found in the book (Ruscheweyh, 1982). Here, some basic concepts and re-

sults from this theory are given. Let Ay = {g: g(z) = {2, f € A}, g(0) = 1 and

z

13



for a subset B C A, the dual set is defined as
B ={g€Ay: (fxg)(z) #0,z€ D, forall feB}
and (B*)* = B* is called the second dual or dual hull of B.

Theorem 1.4. (Ruscheweyh, 1982) Let

1422
=yl =1
—{TE el = =1

Then B** = H where

H={g€Ay:3¢ € R such that Re ¢[g(z)] >0, z € D}.

Theorem 1.5. (Ruscheweyh, 1975a) Let

={6+(1—5)Gizj) :|:c|=|y|=1} . BER, BAL

Then
(i) B = {g € Ay : 3¢ € R such that Re ¢*®[g(z) — 8] > 0, 2z € D.

(i1) If 'y and 'y are two continuous linear functionals on B with 0 ¢ T'y(B), then

I'i(g) _ T'i(©)

for every g € B** T2(9) ~ T2(9)°

These theorems have many applications to classes of functions which are defined
using properties like bounded real part, starlikeness, convexity, close-to-convexity,
univalence and other properties. The application of Herglotz formula [(Herglotz,
1911), (Rudin, 1973), (Hallenbeck and MacGregor, 1974)] is involved in proving the
theorems. The definition of Herglotz formula is stated for all f € P, there exists a

probability measure £ on the interval]0, 27| so that

oo

~ 142 f 2”2 o) [ aco) =

14



The extreme points of P are the function f(z) = 2. The class P C Ay is defined

1—2

by
P={g€ Ay: Rel[g(z)] >0,z € D}.
The result from Ruscheweyh (1982, p. 23) is stated in the following lemma.

Lemma 1.1. (Duality Theorem) The dual of the class P is

P = {g € Ao : Re[g(2)] > %72 S D}-

1.5 Differential subordination

In the theory of complex-valued functions, there are numerous characterisation of
function which are determined by a differential condition. As a simple example, the

Noshiro-Warschawski theorem stated:

Theorem 1.6. If f is analytic in the unit disk D, then Re[f'(z)] > 0 implies f is

univalent in D.

The real-valued techniques were used in the complex plane since most of the known
differential implications dealt with real-valued inequalities. Alternatively, a differen-
tial inequality in a real variable concept was replaced with its complex analogue by

Miller and Mocanu in 1981 and called the differential subordination.

Definition 1.11. An analytic function f is subordinate to an analytic function g,
written f(z) < g(z)(z € D), if there exists an analytic function w in D such that
w(0) = 0 and |w(z)| < 1 for |z| < 1 and f(z) = g(w(z)). In particular, if g is

univalent in D, then f(z) < g(2) is equivalent to f(0) = g(0) and f(D) C g(D).
The subordination can be illustrated as in Figure 1.4 (Graham and Kohr, 2003).

15



Figure 1.4: Subordination of f and g

The subordination principle can be used to characterize classes of analytic func-

tions. For examples:

1+ 2
1—2’

i) fePifandonlyif f(z)<

1+2z
1—z

because the function is a univalent function maps D conformally onto the

right-half plane.

i) fes*@%iz))epﬁzﬁg) < iz

iii) fec@1+%iz))e7?@zﬁz) < 12_22.

i) fes* () e ZJ{;? < 1+(11_—227)Z L (0<y<1).
W fecm e TE LI o<yc,

Furthermore, we give some definitions of other classes which are used in our
study. Firstly, we denote S*[A, B] as the class of Janowski starlike functions by
Janowski (1973) consisting of functions f € A satisfying

z2f'(z) 1+ Az
f(2) = 1+ Bz -

16



For ¢ € (0,1], Aouf et al. (2011) defined the class S*(q.) as:

[Zf’(”r_l <e ZGD}.

f(z)
feS(q) <= Zﬁ(;;) <V1+ecz (2 €D).

S*(q.) = {f cA:

It can be established that

Denote ©,. as the set of all points on the right half-plane such that the product of

the distances from each point to the focuses —1 and 1 is less than ¢;

@c::{wGC’:Rew>O,

w2—1’<c}

thus the boundary 00, is the right loop of the Cassinian ovals. Geometrically, a
function f € S*(¢q.) if w= % is in the interior of the right half of the Cassinian
ovals (22 + 3%)? — 2(2% — y?) = ¢® — 1. Particularly, for ¢ = 1, the right half of the
lemniscate of Bernoulli (z2+%?)?—2(2%—%?) = 0 is obtained and S*(¢;) = SL*. The

class of SL* was introduced by Sokdl and Stankiewicz in 1996 which is consisting

normalised analytic functions f in D satisfying the condition )

[Zf’(ﬂQ . 1‘ <lze
D. a function f € SL* if % is in the interior of the right half of the lemniscate
of Bernoulli. The illustration of this class is shown in Figure 1.5 (Sokdl, 2009b). A
function in the class SL* is called Sokdl-Stankiewicz starlike function. Alternatively,

we can also write

fesr < ) <V1+z.
f(z)

Some properties of functions in class SL* have been studied by (Rosihan et al.,

2012c), (Sokdl, 2009a), (Sokdl, 2008) and (Sokdl, 2007).
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Im pio?= (6 +4v2)(z — 1) + (6 + 4v/2)y?
D ’ . A=4+\/§
7
ReB=Rec=i@7—“ﬁ
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‘Re - :
. P2 M@+ -2 - ) =
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ImD=~ImE=

M’HM

Figure 1.5: The graph of the interior of the right half of the lemniscate of Bernoulli.

Let N be the class of all analytic and univalent functions ¢ in D and for which
¢(D) is convex with ¢(0) = 1 and Re {¢(z)} > 0 for z € D. For ¢,¢ € N, Ma and
Minda (Ma and Minda, 1992) studied the subclasses S*(¢),C(¢) and K(¢, ) of the

class A. These classes are defined using the principle of subordination as follows:

*(¢p) := : an ) Z) in
S(gb).—{f.fE.A d B < ¢(2) D}
i red a1
C(gb).—{f.fEA d 1+ 70) < ¢(2) D}
zf'(2)

K(p,v) = {f :f €A and Jg € S*(¢) such that < ¢(z) in D}

9(2)

Obviously, we have the following relationships for special choices ¢ and ¥:

S*(1+Z):S*, C(1+z)zc7
1—2 1—2

’C(1+z 1+z) K. S*(l—i-Az) _ 5[4 B].

1—2"1—2 1+ Bz
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1.6 Harmonic functions

A continuous function f = u + iv is said to be a complex-valued harmonic function
in a complex domain E C C if both v and v are real harmonic in E. A real-valued
function wu(z,y) is harmonic if satisfies the Laplace equation (% + %) u =0
.There is an interrelation between harmonic functions and analytic functions. In
any simply connected domain E we write f = h + g where h and ¢ are analytic
in E. Respectively, h and g are called the analytic part and co-analytic part of
f. The function f = h + g is said to be harmonic univalent in D if the mapping
z — f(z) is orientation preserving, harmonic and univalent in D. This mapping is

orientation preserving and locally univalent in D if and only if the Jacobian of f,

Ji(z) =|W(2)]* = |¢'(2)]* > 0 in D (Lewy, 1936).

From the perspective of geometric function theory, Clunie and Sheil-Small (1984)
initiated the study on these functions by introducing the class Sy consisting of nor-
malised complex-valued harmonic univalent functions f defined on the open unit
disk D = {z: z € C, |z| < 1}. Necessary and sufficient conditions for f to be locally
univalent and sense-preserving in D were obtained. Coefficient bounds for functions
in Sy were determined. Since then, various subclasses of Sy were investigated by
several authors [for examples see (Al-Shaqgsi and Maslina, 2008), (Chandrashekar
et.al, 2009), (Jahangiri,1999), (Murugusundaramoorthy et.al, 2009), (Murugusun-
daramoorty, 2003) and (Rosy et.al, 2001)]. Note that the class Sy reduces to the
class of normalised analytic univalent functions if the co-analytic part of f is iden-

tically to zero(g = 0). Duren(2004) gives an informed literature on harmonic map-
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pings. Let Sy denote the class of univalent harmonic functions f = h + g where

h(z)=z+ Z a 2", g(z) = Z b, 2" (1.5)

and S% () denote the class of univalent harmonic starlike functions of order v (0 <

v < 1). The function f of the form (1.5) is in S (7y) if (Sheil-Small, 1990)

0 ioyy _ g d ol re?) | [ () — 2g'(2)

h(z) + g(2)

Multivalent harmonic functions in the unit disk D were investigated by Duren,
Hengartner and Laugesen (1996) via the argument principle. For p > 1, let Sy (p)
denote the class of multivalent harmonic functions f = h + g where

h(z) = 2P + Zanﬂ,_lz"“’*l , g(2) = anﬂ,_lz"”*l (1.7)
n=2 n=1

Lastly, let S§ denote the class of starlike functions with respect to symmetric

points. This class was introduced by Sakaguchi (1959) where f satisfying

Re{#ﬁg_z)}m, 2 eD.

Then, Ahuja and Jahangiri (2004) studied the class of harmonic starlike functions

of order v with respect to symmetric points, S},¢(7) and satisfying the condition

. 2.0 f (rei?) . 2 [zh’(z) —2g'(2)
! {fwe) _f(—rew)} A Il R

1.7 Scope of thesis

This thesis has six chapters. The basic concepts and some known results are given
in chapter one. The subsections are designed to prepare the back ground for re-

quirement in the subsequent chapters of the thesis.
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The main part of this thesis is treated in chapter two. Using duality concept,
the integral transform V) f and V,f are considered as an important components.
The starlikeness and convexity of order 0 for integral transform V) f and V,f are
determined for f in a class Ws(c,y). This result is used in obtaining a sufficient

condition for V) f which leads to several applications for specific choices of \.

The purpose of chapter three is to discuss some applications of differential sub-
ordination for certain classes. This chapter gives a combination treatment of results
concerning the right-half of the lemniscate of Bernoulli and generalisation of multi-
plier transformations. The Dziok-Srivastava operator is also considered in getting

some inclusion theorems.

Some extremal problems such as coefficient bounds, extreme points, convex com-
bination and distortion upper and lower bounds for multivalent and univalent har-
monic functions are obtained in chapter four. New classes are established using a
generalisation of certain operator. A starlike function with respect to symmetric

points is also studied.

In chapter five, we investigate some miscellaneous problems such as a preserva-
tion of certain operators for a class of Hardy space. Besides that, we use the convex
null sequence in showing the preservation of these operators. Lastly, in chapter six

we suggest some problems for future research.
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CHAPTER 2
STARLIKENESS AND CONVEXITY OF INTEGRAL

TRANSFORMS USING DUALITY

In the field of geometric function theory, there have been many approaches to solving
research problems and obtaining results. Ruscheweyh (1975a) introduced the con-
cept of duality which since then has been progressively utilised to establish results.
Recently, this utilisation is much more intensive [see (Rosihan et al., 2012a), (Rosi-
han et al., 2012b) and (Ponnusamy and Ronning, 2008)]. The duality technique is
a powerful method and is widely used in getting results on starlikeness, convexity
as well as other properties where other methods have failed. This chapter focuses
on starlike and convex properties of certain integral transforms using the duality

technique for analytic functions in a certain class of analytic functions.

2.1 Introduction

For some ¢ € R, a class Wg(a,y) where @ > 0,7 > 0 and f < 1 was given by

2

Rosihan et al. (2012b) as:

f(2)

We(a,y) = {f € A: Re e {(1 —a+ 27)7 +(a=27)f"(z)+~zf"(z) = B

(z € D)

and unified the following classes:

(1) a=1~v=0,
Ws(1,0) = P(B) :={f € A: Re " [f'(2) — 5] > 0,2 € D}

(Fournier and Ruscheweyh, 1994).
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(ii) « > 0,7 =0,

f(2)

Ws(a,0) = Pa(B) : {f € A: Re ¢ {(1 — @)= +af(z) - 5} > o}

(Kim and Ronning, 2001).

(ili) o = 14 27,7 > 0,
Ws(1+27,7) = R(B) :={f € A: Re & [f'(2) +v2f"(z) — 8] > 0}

(Ponnusamy and Ronning, 2008).

In 1994, for f € A, Fournier and Ruscheweyh introduced the integral operator

tz)

FE) =G = [ A2

ot (2.1)

where A\ is a nonnegative real-valued integrable function satisfying the condition
fol A(t)dt = 1. The integral transform V)(f) in the form (2.1) reduces to various

well-known operators for specific choices of A. For examples:

(i) A(t) == (1 4 ¢)t¢, ¢ > —1 gives the Bernardi integral operator.

(i) A(t) = %td (log%)pi1 ,a > —1,p > 0 gives the Komatu operator (Komatu,

K(z) = (a;(pl))p /O ot (log%)p_l F(t2)dt.

In fact, for p = 1 the Komatu operator becomes the Bernardi operator.

(iii) The integral transform V) (f) can be expressed as [see (Kiryakova et al., 1998),

(Kim and Ronning, 2001)]:
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VA(f) = Hiape)(f)(2)

_ [(c) 1 AR
- F(G)F(b)F(c—a_b+1)/0 (1 —t)

X oFi(c—a,l—a,c—a—b+1;1—1

(@>0,6>0 and c>a+b—1)

['(c)

A Y P——y

71—t Fi(c—a, 1—a;e—a—b+1;1—t)

and H(qp.¢)(f) is the Hohlov operator.

For operators other than (2.1), a long list of references can be found in the mono-
graph of Miller and Mocanu (2000). Problems on the integral transform V,(f) for
special choices of A\ have been recognized in a number of earlier papers by various
authors [see e.g. (Rosihan, 1994), (Mocanu, 1986), (Nunokawa, 1991), (Nunokawa
and Thomas, 1992), (Ponnusamy, 1994), (Raghavendar and Swaminathan, 2012),

(Singh and Singh, 1989), (Singh and Singh, 1982) and (Singh and Singh, 1981)].

There are authors [see (Rosihan and Singh, 1995), (Anbu Durai and Parvatham,
2005) and (Balasubramanian et al., 2007b)] who studied the integral transform

Y\ f(2) defined as:

1—ptz

Wi == [ AT ) (<),

11—tz
The integral transform V), f(z) can be written as a generalisation of V) f(z) as

W(z) =pz+ (1= p)Vaf(2).
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The theory of subordination has been used as the typical method in handling
problems of starlikeness and convexity of the integral transforms V)f and V,f.
However the method of differential subordination does not give sharp results. Since
the duality technique seems to work best in the sense that it gives sharp estimates
of the parameter 3, starlikeness of the integral transform V) (f) was first studied by

Fournier and Ruscheweyh (1994) for a function f in the class defined by
P(B) :={g € Ay : J¢ € R such that Re ¢’ [g(z) — 3] > 0}.

Then, these properties were extended to starlikeness of order 4,4 € (0, %] by Pon-
nusamy and Ronning (1997). Furthermore, the starlikeness of integral transform
VA(f) for a function f in the classes P,(5) and R (/) respectively were studied in
(Kim and Ronning, 2001) and (Ponnusamy and Ronning, 2008). The convexity of
this integral transform over P(f) was investigated by Rosihan and Singh in 1995.
For the class P, (), the property of convexity was discussed by Choi, Kim and Saigo
(2002) and was extended to convexity of order 0 (0 < § < 1) by Balasubramanian
et al. (2007b). Since, there have been integral transforms being investigated using

the duality technique [see (Aghalary et al., 2008), (Sokdl, 2010)].

Rosihan et. al. studied the starlikeness and convexity of V\(f) in (Rosihan et
al., 2012b) and (Rosihan et al., 2012a) using duality concept for a function f in the
class Wg(a, 7). In this section, we continue the study of the integral transform of
the form (2.1) to be starlike and convex of order ¢ for f € Ws(a, ) where conditions
on 3 and X\ are determined for this to be true. Besides that, a sufficient condition
for the integral transform V) (f) to be starlike and convex of order § is obtained .
In addition, the starlikeness and convexity of order ¢ for the integral transform V), f
are also investigated.
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2.2 Starlikeness of order § for integral transforms V,(f)

In Rosihan et al. (2012b), the following properties have been obtained. These prop-
erties are needed in the sequel.

Let © > 0 and v > 0 satisfying p + v = o —~v and puv = . When v = 0, then
i is chosen to be 0, ¥ = a > 0. When o = 1 + 2, (i) for v > 0 then choosing

uw=1v=r~and (ii) fory =0then p =0, v =a = 1.

Let g be the solution of the initial-value problem satisfying g(0) = 1 and

d 1 [1+4g(t)] Zfi/su [1—6(1+ st)]
—tv = d >0 2.2
dt 2 pe Jo o (1 =0)(1+ st)? o7 (22)
It is easy to verify that the solution is given by
2 - *—1 —0(1
g(t) = / / (1+sw)] dsdw —1 (2.3)
(1 —=0) (1 + sw)
and can be expressed in series form as follows:
- (n+1-—0)t
yw:1+ }: i (2.4)

1+nu 14 nv]

n:l

Remark 2.1. For v =0,a > 0, (Balasubramaniam et al., 2004)

da[l+g(t)] _ ta 1 —6(1 +t)]
dt 2 a(l—=6)(1+1)?2

and the solution g is given as:
2~ Ly 1-601
g@)—-——————-—t/‘ua‘l———ég—ifadu-—l
a(l=206) Jo (14 w)?

Using the function g given in (2.2) and condition 3, we obtain the first result so

that the integral transform V)\(f) is starlike of order .
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Theorem 2.1. Let p > 0,v > 0 and 8 < 1 be constants such that p + v =

a—y, prv=-y and

% —_ /O ME)g(t)dt (2.5)

where g is defined in (2.2). Assume the functions

v

A(t) = /tl M) 4w w0 (2.6)

and

(

ftl Ay(x)x%_i_ldx ¥>0(u>0, v>0)

satisfying the conditions tvA,(t) — 0 and t%HW,(t) — 0ast — 0". For f €
Ws(a,y) and

2 (1+52552)

he) = =

e =1, (2.8)

the integral transform F(z) = Vi(f)(z) € $*(6),0 <& < 1 if and only if

p

1 11 | h(t2) 1-8(1+t)
Re fy Wy ()t (M2 — =808, Tar >0, 4> 0

1 1 [htz) _ 1-8(141) _
\ Re [, Ao (t)ta [ =) — (1_5)(1+t)2] dat>0 , ~v=0.

The value of B is sharp.

Proof. Since the case v = 0 (u = 0,v = «) corresponds to Theorem 1.2 in (Bala-

subramaniam et al., 2004), it is sufficient to consider the case v > 0.
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For f € Ws(a, ), we define

f(2)

H(z) = (1 - a+2y)=—= + (a = 29)f(z) + 72" (2).

Then for some ¢ € R we have Re €' [%)5_[3} > 0 and

(1—a+29)L + (a—29)f'(2) +v2f"(2) - B
1-8

ep

which implies there is a probability measure ¢ on [0, 27] so that with the Herglotz

representation, we can write

H(’Z) _B - o n _—inf o _
5 _1+2/0 ;ze dc(o) /Odg(e)_

2w 0

H(z)=14+2(1-7 / Zze mid¢(6)

It can also be shown that H(z) =14 > 7 apq1(nv + 1)(np + 1)z". Thus

00 o 00
14+ an[(n—1)v+1][(n—1)p+1]2""" = 1+2(1-B) / > len 04 (6).
n=2 0 n=2
Note that a,, = [(nfl)yi(lli(i)fl)#ﬂ] 02” e~""=194¢(#) and hence
S 2(1—p)=" /27r —i(n—1)
z)=z+ e ""THNAC(0 2.9
)= L =T+ = e 1] o 2
(o) 5)271—1 /27r itn—1)0
= “THAC(). 2.10
ZQ n—lu+ n—1)u+1] Jy c () (2.10)

A well-known result from the theory of convolution in (Ruscheweyh, 1982):

F € 8%(9) if and only if M*M?go, ze€D
z

z
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where h is given by (2.8). Hence F' € §*(¢) if and only if
)
0 7é dt *

By R UPNONG

1—1tz z z

— ' )\<) 2<1_ﬁ) ol o —i(n—1
WA= ”Z CEpTER rere AR R

h(tz) )z I
A(t dt 1 *« 142 e
/0 + Z (nv + 1 J(np+1 * / Z o

oo

h(z)

z

Since 1 + 2 fOQW S 2" ™9d(¢(f) € P, application of the Duality Theorem in

Ruscheweyh (1982) gives

Re

htz
At dt 1
/0 +Z nu+1 n,u+1)

fe /0 (1= B)AE )h( )dt+ﬁ— *1+Z nu+1)(nu+1)
Note that since (1 — ) [; A( g(t)]dt = 1, we obtain
Y N PP LT T

1+;(nv+1)(nu+1) ~
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n

Re(1 - 5)/0 Al) {hitj) - +2g<t)} A O e crE Vi

dt >0

= 2" Jh(tz)  1+4g(0)
/ [Z nv + 1)( nu+1) tz 2

n:0

[ e
o[ [ M g0,

Making the change of variables u = ¥ and v = &, the inequality reduces to

(t Wl 1+ g(t)
I
/ / / 2uv) Ly dudy — 1+4()
tzuv 5% 2

dt >0

and by letting tu = w, we have

1 t el 1
At h tv |1 t
Re/ (1) [/ / —(wzv)w% Ly dpdw — P T I 1+ 9(t) dt > 0.
0o tv 0o Jo wzv 2
In view of the fact that A/ (t) = —%, integrating by parts with respect to ¢ and

using (2.2) we obtain

Re /O 1 A (1)

1 Vsl —
/ h(tw)ti_lvi_ldv—ti_l/ S( [1 5(1+8t)]dS] dt > 0.
0 0

tzv 1—0)(1+ st)?

The change of variables tv = w and st = n reduces the inequality to

o [t [
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Integration by parts with respect to ¢ yields

1 1y [h(tz2) 1—6(1+1)
Re/o 1L, (¢)tw { tz  (1—0)(1+1)?

> 0.

Next, we proceed to verify the sharpness. Suppose fo € Ws(cv, ) is the solution of

(1—a+27)@+(

from (2.9), we obtain

2(1 - p)="

a—27)f(2) +y2f"(2) =B+ (1 - 5)

folz )—Z+Z = D+ 1[0 = Do £ 1]°

Thus

o0

Tn %

1+ 2
1—2’

n

F(z) =W\(f)(2) =2z +2(1 - 5)2 [(n—1)p

n=

where 7, = fol ()t —1de.

Substituting (2.4) into (2.5), we have

o0

+1][(n — v + 1]

g ! 1) (n — o)t
m__/oA { Z n—l,u+ ][(n—l)l/—l—l]}dt

n:2

) — 8T

—_
|
=
|
|
H
|
3M8

1)n—1

2(1 nz n—lu—l—l][(n—ly—i-l

n—l,u—l—l][(n—l)v—i—l]

e}

(=) 17,
ZQ (n—=Dp+1)[(n—1)r+1]
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Hence

oo

n(-1)""'r, _6-1 - (—1)" 7,
2 (n=Dp+1[(n—1p+1]  2(1-5) +5; [(n = Dp+1[(n = r+ 1]

_ (2.11)
We see that for z = —1,
F(-1)=-142(1-B) i (=17
—[(n—1Dp+1][(n—1)r+1]
and
F(-1)=1+2(1-8) ; (= 1)271 gigi L (2.12)

Substituting RHS of (2.11) into (2.12), we have

"1z,

o BN NS . -
F(=1) =1+2(1-p) 2(1_@+5;[(n—1)u+1][(n—1>v+1]

(=1)"7,
[(n—1Dp+1][(n—1)r+1]

:5—25(1—5)50:

n=2

(=1)"7,
[(n—1Dp+1][(n—1)r+1]
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therefore Z?ES) at z = —1 equals . This implies that the result is sharp for the

order of starlikeness. This completes the proof. O]

In the next result, we determine a sufficient condition for V)(f) to be a starlike

function of order 4.

Theorem 2.2. Let1l,, and A, be as given in Theorem 2.1. Assume that both 11, ,
and A, are integrable on [0,1] and positive on (0,1). Furthermore, for > 1, the

function

0<6<2) (2.13)

N —

is decreasing on (0,1). If 5 satisfies (2.5) and f € Ws(a,7y) then Vy(f) € S*(9).

Proof. To verify the theorem above, we use a result earlier obtained by Ponnusamy
and Ronning (1997, p. 281). This together with (2.13) and the fact that ¢!

decreasing on (0,1) for u > 1, suggest that

! L [h(tz) 1=06(1+1)
I, ,(¢)tx — dt > 0.
Re/o polB)E { tz (1—=08)(1+1)2 =0
The desired conclusion now follows from Theorem 2.1. O

Our next result is an application of Theorem 2.2. First, we establish that the

function

v(t)

( )1+25

p(t) = 1;

(1+

is decreasing in the interval (0,1). Note that p'(¢t) <0 for ¢ € (0, 1) is equivalent to

the inequality
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1

(1— )\, (t)trw !
R

q(t) =T, (t) =

and ¢(1) = 0.

We note that if ¢(t) is increasing on (0, 1) then p(t) is decreasing on (0, 1). Therefore,

we obtain
£ n N (1 4 1)
! — —
7(t) = 20t +6(1+ t)]QA(t)
where

A(t) = —[t+ 6(1+1)](1 — )A(E)t >

AL [t+6(1+t)](1;t) (1—_—1) L[l —t— 81+ 0))(1+ 20)

Our aim is to show that if A(¢) <0 then ¢/(¢t) > 0. Let

X(t) = [t + 81+ D)1 1)

Y(t) = X(1) (1 L 1) +Z(0)

voop

Z(t) = —t[l —t —06(1 4+ t)](1 + 20);
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In this case, we propose to show A(t) < 0. It suffices to show that B(t) is an

increasing function of ¢. Simple calculation shows that

s {[ 0 e

B'(t) > 0 means

{1 tX(t)] X(t) {tX(t

)/
P vt 1“@

Y(?)

hence the following expression is obtained:

) S % B E/(((?) ([tx)/(((tﬂ/* 1) : (2.14)

Now, we determine conditions on v and p using the inequality (2.14) so that
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At)<0for0<0 < % In the first case, considering = 0, we have

X(t) =t(1—t)

Y(t) = t(1 1) (1_1_2)

v
V() <0if L -2 —2<0orv> 2

o 2p+1

If0<v< s£= then Y(¢) >0 on (0,1) and () < 1+ L which leads to the result
2p+1 A(t) B

of Rosihan et al. (2012b).

Next, for 0 < § < 3, we derive the inequality (2.14) as

vy | Y <tX'<t>+X<t>>—tX<t>Y’<f>+1} < (1 tX(t))X@)Y(t)

Y2(t) v At

and

Y () [EX' (1) + X ()] — tX ()Y () + Y2(t) < G -5 ) XY (). (215)
Since Y (t) = X(t) <% — % — 1) + Z(t), substituting Y'(¢) into (2.15) we have

(1 _1_ 1) X(8) [X(8) + Z(1)]

2
(-5 -2 o2
<tXW)Z'(t) — ZOEX D)) — Z2(1). (2.16)

Set D(t) =t(1+6) — (1 —9) =[t+0(1 +t) — 1] and write

N
~~
~
N—
I

tD(t)(1 + 20).
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Simple computation shows that tX (¢)Z'(t) — Z()[tX(t)] — Z2(t) = 25t*(1 +
26)(1 — D?(t)) is nonnegative on (0,1). Similarly, it can be verified that D?(t) < 1
and also that X (¢) and [X(¢) + Z(t)] are nonnegative on the interval (0, 1).

Thus, the inequality (2.16) holds if v > —£5 where Y'(t) > 0. With the restriction

0
A(t)

v > ﬁ for0<d < %, we obtain the condition <1+

==

Remark 2.2. The problem concerning the condition on A for 0 < v < ﬁ remains

open since the calculations become more complicated.

Theorem 2.3 states the conclusion of the above discussion and gives the following

result.

Theorem 2.3. Let A be a nonnegative real-valued integrable function on [0,1]. Let

feWs(a,y) with v > ;ﬁ and B < 1 satisfying

<l+-  (p=21,7>0) (2.17)

then F(z) = ViA(f)(z) € S*(9).

Remark 2.3. Taking o =1+ 27,7 >0 and p =1 in Theorem 2.3 yields Theorem
3.1 in (Balasubramaniam et al., 2007a) and for pn < 1, the conditions obtained will

be complicated.
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2.3 Applications to certain integral transforms

In this subsection, we present results for various cases of A. As examples, we con-

sider three operators defined by Bernardi (1969), Komatu (1990) and Hohlov (1978).

i) Bernardi integral operator

Theorem 2.4. Let v > ﬁﬁ € (0,3]. Let ¢ > —1 and 8 < 1 satisfy

s p
where g is defined by (2.3). Let f € Ws(a,vy) and
1
R =A(E) = 1+ [ 7 s
ifc <1+ ;lz (> 1,7>0) then F.f € S*(9).

Proof. Since A(t) := (1 + ¢)t¢, simple computation gives ti,(—g) = ¢. By hypothesis of

Theorem 2.4, ¢ <1+ i thus the result follows from Theorem 2.3. O

Remark 2.4. When o = 1+ 2,y > 0,u = 1, Theorem 2.4 yields [Corollary 4.1,

Balasubramaniam et al. ( 2007a)]
ii) Komatu operator

Theorem 2.5. Let —1<a, p>1, a>0, v> ﬁ and 5 < 1 satisfy

=S )

where g is gwen by (2.3). Let f € Ws(a,y) and 6 € (0,3]. Then the function
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defined by

belongs to S*(6) if a <1 +%L (u>1, v>0).

Proof. To prove Theorem 2.5, it suffices to verify inequality (2.17). Since t:\\;—g) =

a —

lpoé the inequality (2.17) is equivalent to

which implies

1 1
0§<1—|———a>+p =y (2.18)
iz logs

Since p > 1 and log (3) > 0 for ¢t € (0,1), the inequality (2.18) holds by the

hypothesis. [
Now, define ® as ®(1 —t) =1+ > by(1 —¢)", b, >0 for n > 1 with
At) = wt"H 1 =)D (1 — )

where £ is a constant chosen such that fol A(t)dt = 1. Finally, we give our last

theorem.

iii) General result for certain operators

Theorem 2.6. Let a,b,c, o,y > 0,v > ﬁ and § < 1 satisfy

ﬁ — ' b—1 __ 4\c—a—b -
- /Ot (1= )b (1 — £)g(t)dt
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where Kk is a constant such that k fol 711 =)ot ®(1 —t)dt = 1 and g is given by

(2.3). Ford € (0,3], if f € Ws(a,) then the function

Va(f)(2) = /{/0 71— 1) D (1 — t)@dt

belongs to S*(0) whenever a, b, ¢ are related by the conditions b < 2—1—% and c > a-+b.

Proof. 1t can be verified that

tX(t) @A -t) te—a=b)

A1) B(1— 1) 1t

Thus, the inequality (2.17) is equivalent to

t(c—a—10)
1—t O(1—1)

1
1+~ —b+1+
1

[(2+ i) —b} + t(czf;[ﬁ +t(g<(11:f)) >0

and holds true using the hypothesis. O

Remark 2.5. For a special case by choosing ®(1—t) = F(c—a,1—a,c—a—b+1;1—t)

T'(c)
L(O)'(c—a—b+1

and Kk = ) ) where ¢+ 1 —a — b > 0, the integral operator V\(f)(z)

reduces to the Hohlov operator.

2.4 Convexity of order o for V) f

We start our discussion by considering the function ¢ which is the solution of the

initial-value problem satisfying ¢(0) = 1 and

d, o tv—1 Pt —=6) — (1+0)st]
= /Os 1= 0)(1 £ st ds , v>0. (2.19)
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It can be verified that the solution ¢ is given by

IS Ay e () R CE L0 P
q<t)_/W(1_5)/0/0 L s ds dw. (2.20)

Our next result determines condition on the convexity of V) f.

Theorem 2.7. Let p > 0,v > 0 and B < 1 be constants such that p + v =

a—7, pv =y and

*f: 2 — —/0 A(t)q(t)dt (2.21)

where q is defined in (2.20). Assume the functions A,(t) and I1,,(t) which are
respectively defined in (2.6) and (2.7) and satisfy the conditions tv A, (t) — 0 and
tiHW,(t) — 0 ast — 0%, For f € Ws(a,7y) and h is given by (2.8), the integral

transform F(z) = Vyf(z) € C(6), 0<6 < 3 if and only if

(1—8)— (1+0)t
(1—0)(1+1)3

at>0 , ~v>0.

Re /0 (! {h’(tz) _

Proof. The case v =0 (= 0, v = «) has been discussed by Balasubramanian et al.

(2007b). Thus, it is sufficient to consider the case v > 0.

It is well known that (Robertson, 1936), F' € C(¢) if and only if 2" € §*(9). Thus

L F(2) * h(2)

z

04

where h is defined by (2.8). Let f € Ws(«,~y). Then using the theory of convolution
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(Ruscheweyh, 1982) and @ is given by (2.10),

0# < [F(z) » 2H(:)]

_ 1 Uol A(t)@dt x 20 (2)

z

— /1 A) dt 1(2) x h'(2)

1—tz

_ [T N 2(1 - )= G ,
TR S T T, €O K

:/1)\( )h’(tz)dt>x<1+z (1—5)=" 1+2/2W N 2"~ ™m0 qc(6).

(nv+1)(np+1)

Since 1+2 fo% o2 2"~ ™MPd((A) € P, application of the Duality Theorem (Ruscheweyh,

1982) gives
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Re /0/\( )h’(tz)dt*lJrZ nyil_)(ﬁn);nﬂ) >%

R (1= BN ()t ! Ty G 0
| [ a-amonanss -5} T T

Re {/0 )\(t)h’(tz)dt—i—f:;}*{1+Z(ny+1§znu+1)} >0

Re {/0 )\(t)h’(tz)dt—/o A(t)q(t)dt}*{1+;(ny+1)(w+1)} >0

/ [Z (nv+1 nnu +1) * ' (2) — q(t)] dt >0

n=0

/ U / 1 _dncjiuz R Q(t)} dt >0
Re/olx\(t) Uol /01 h’(tznugu)dndg_q@)} .

Making the change of variables u = n* and v = £*, the inequality reduces to

1 1 pl uﬁflvifl
Re/ A(t) / / h' (tzuv) dudv — q(t)| dt > 0
0 0o Jo 214
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and by letting tu = w, we have

1
Re/
0

)‘(t) L / 14719 1
- R (wzv)wy " vr " dvdw — pvtvq(t)| dt > 0.
tv 0o Jo

Using integration by parts with respect to ¢ and (2.19) we have

Re /0 1 A(#)

1 L L ) 1 i—1 1-68) — (1
/ W (tzv)ty o do — tv_l/ s [(1=0) = (1+9)st ds| dt > 0.
0 0

The change of variables tv = w and st = n reduces the inequality to

1 PRt oY wz)we tdw — tn%_l[(l —0) = (1+9)
Re | At [/ Hwsad o = [ d”] =0

Integration by parts with respect to ¢ yields

Re/o H,W(t)ti*1 {h’(tz) — (1(1__5)5)_(1(?;)?1 dt > 0.

]

Before we proceed to the next result, we provide the following lemma given by

Ponnusamy and Ronning in 1997 [Theorem 2.3, p. 268].

Lemma 2.1. Assume A is integrable on [0, 1] and positive on (0,1). Assume further

that

A(t)
(I +t)(1— )+
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is decreasing on (0,1). Then Lx(Ks) =0 for 0 < § < 3 where

1—5(1+1)
(1—0)(1+1)

La(h) =inf /01 A(t) {Rehitzz) — dt (z € D)

and LA(ICg) =inf LA(h) (h S ’C(s)

Theorem 2.8. Let 11, , and A, be as given in Theorem 2.1 where both I1,,,, and A,

are integrable on [0, 1] and positive on (0,1). Furthermore, for p > 1, the function

(1 - ﬁ) T, () + A, (£)7 5
FDEDEE

N | —

is decreasing on (0,1). If (5 satisfies (2.21) and f € Ws(a,7y) then V\f € C(9).

Proof. 1t can be verified that

o [ -2

B ! 1oy d [h(tz) 1 —6(1+1)]
‘&A“Ww“%{z'WumuHA“

then integration by parts gives

! 1,d [h(tz) {1 —0(1+1)]
re [ Mutort™* |12 - e

e R (S RIS R

Since ¢! is decreasing on (0, 1) for u > 1, together with the hypotheses of Theorem

2.8 and Lemma 2.1 give

Re/o H,W(t)ti*1 {h’(tz) — (1(1__5)5;(1(?;)?1 dt > 0.

Hence, the conclusion follows from Theorem 2.7. O
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2.5 Starlikeness and convexity of order § for integral transform V), f

First, we determine the starlikeness of order § for the integral transform V), f where

f € Wsl(a,v).

Theorem 2.9. Let 6 € [0,3], p <1 and 3 <1 be constants. Let

1—ptz
1 -tz

F@%z%ﬂ@z;AA@ dte £(2

and

2@—5u—mzﬂu@(kgw)“

where g is defined by (2.3). For f € Ws(a,7), Vaf € S*(6) if and only if

! 1_ h(tZ) 1— (5(1 + t)
1
e © — > .

Proof. By the theory of convolution given by Ruscheweyh (1982), together with

(2.10) we have

Fz) e 5°(0) & L&), 12

z z

#0,
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where h is given in (2.8). Thus

1—ptz ) h(z)
0#/ T i, dt* * .

h(tz) b

- / A(t)(1 — pt2)

2(1 — B)z"t o o—i(n—1
1+Z [(n—1Dr+1][(n—1)u+1] / | de(@)

h()

dt + B * 1+Z

:/0 A1 = B)(1 = ptz) nu+1)(nu+1)

o0

*1+2/2FZ e M9dc(6)

- [ao{a-na-n"s1-a-nu-pba
o ; (nv + 1)(np + 1) fh 2/0 ;z"e_medC(Q)

Application of the Herglotz formula and the Duality Theorem give

Re /0A<t>{<1—ﬁ><1—p>h(t” (L= 5)(1 = )| dos

z" 1
1 > —
+Z (nv+1)(np+1) 2

! h(tz) 1 1
fe /owl‘ﬁ)“‘p){ i +(1—ﬁ)<1—p)_1_2(1—6)(1—p)}dt

*1+Z;(ny+l)(nu+l)

fre /01““ {hit;) - (1 - A —p>>}dt*

= z
1 >0
+Zl (nv+1)(np+1)

>0
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Re /1 { fol AL — gt )]dt) } dt*

7”L

i w+ D 1) Y
-(+5

1 N
dt 1 0
re| [0 o) Jars *Z (T D0 1) |~
! = 2" h(tz) 14 g(t)
R A(t — dt >0
6/0 O[nzg(nl/—i-l)(nu—l—l)* tz 2
/ / / dnd§& h(tz) 1+ g(t) Q>0
1-— Vf“z tz 2
v u 1
/ V/ (o€ ndg. +g<ﬂdt>o_
tznvEF 2
By letting u = n¥ and v = &, the inequality is reduced to
1 19
V 1
/ [/ / (zuw) won gy~ LEID | gy
tzuv U 2
and for tu = w, the inequality becomes
1 trtp 1 1 tv[1 t
Re/ A®) [/ / Mw?_lvﬁ*ldvalw — w dt > 0.
0 0 Jo wzv 2

Using integration by parts with respect to ¢ and by substituting (2.2), we obtain

Re /O 1 A (#)

) 1 t-1py
/ h(tzv)t%ilvﬁ_ldv _ t%fl / SH< [1 (5(1 + 8t>]d$] dt > 0.
0 0

tzv 1 —6)(1+ st)?
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Making the change of variables tv = w, st = 1 and integrating by parts with respect

to t we have

|=

1
Re/ A (e
0

1 "h(wz) 14 tni_l[l—(;(l—i—n)]
[/0 e wh dw—/o A= 5)1 +1) dn| dt > 0.

and

! 1 [h(tz) 1—96(1+1)
Re/o I, (t)tw { e (1_5)(1”)2} dt >0

O
Next, let f € Wg(c, ) then we obtain the convexity of order ¢ for V, f.
Theorem 2.10. Let 6 € [0,3], p <1 and 3 <1 be constants. Let
! 1 —ptz
F(z)=Wf(z) =z [ A{) dt * f(2)
0 1 -1z
and
1 1
= [ A®)[1—q(t)dt (2.22)
A=~ , MO -

where q is defined by (2.20). For f € Wg(a,vy), Vxf € C(6) if and only if

(1—06)— (1+0)t
1—0)(1+1)°

1
Re/ I, (t)ts ! {h’(tz) - ] >0, v>0.
0

Proof. The idea of the proof is similar as in Theorem 2.7. Using F(z) = V) f(2), it
suffices to verify

n

/01 s (e (1= gy ) e+ i G D | "
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Then, by substituting (2.22) together with the change of some variables and using

integration by parts, we obtain the condition

Re /O I, (t)ts " [h’(tz)— (1(1_—5)5)_( fi)?t dt>0 , v>0

as a result. O
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CHAPTER 3
PROPERTIES OF FUNCTIONS FOR CLASSES DEFINED BY

SUBORDINATION

In this chapter, properties of functions using differential subordination method as-
sociated with certain classes are presented. Ali et al. (2012c) studied conditions

on 3 such that 1+ Bzp'(z) < v/1+ z implies p(z) < v/1+ z. Similar results are

also obtained for expressions of the form 1 + 6%;()2) and 1+ 2 ;f (IS) We determine

these properties for classes involving the Janowski starlike functions and the Cassini

curve in obtaining the condition on . Furthermore, for f € A to be in the class of

Sokdl-Stankiewicz starlike functions if f satisfying O

2z 1) <1 (2 € D). Based
on this condition, we extend to a-convex and convex classes. Some applications for
these classes are considered. In addition, some inclusion results for classes defined
by the Dziok-Srivastava operator and the generalised multiplier transformations are

determined using the Briot-Bouquet differential subordinations.

3.1 Properties of Janowski starlike functions

Quite a number of authors [see Nunokawa et al. (1997), Nunokawa et al. (2003),
Obradovic and Owa (1988), Ravichandran and Maslina (2003) and Ravichandran et

al. (2005)] have intensively studied properties of functions involving the expression

1 1+Zf,//(z)
[(1 + Z;:,é’?) (5@))} which can also be expressed as [ ) } . The properties of
o)

starlikeness for functions in the class

2"(2)
LT
7@
7

GbZ:{fGAZ

<b, 0<b<1, zED}

o1



has been obtained by Silverman (1999). Obradovic and Tuneski (2000) showed that

Gy C S*[0,—b] C S* ( ) and the inclusion conditions of G, C S*[A, B] was

2
1+/118b
obtained by Tuneski (2003). Rosihan et al. (2007) unified the properties obtained

in Tuneski (2003) by considering the general analytic function p(z) as 2. The

condition is given as follows:

2p'(2) 1+ Az
1+ —<14+0b2= .
+p2(z) < 1+bz p(z)-<1+BZ

Also, the authors considered the expression given by Frasin and Maslina (2001);

2f'(2)
f*(2)

L)) 2f(2) | (1—a)e
) ) 2—a

—1‘<1—0¢.

. . . . Bzp'(2) 1+Dz 14 Az
and further generalised in the following manner: 1+ 6 ST < p(z) < 5

for p(z) = Z[;{Z,)(}ZQ), f € A. Another special case of the above implications can be

found in Ponnusamy and Rajasekaran (1995).

There are several interesting results related to the above implications. Previ-
ously, the criterion for a normalised analytic function to be univalent using the
result 1 4+ zp'(z) < 1+ z implies p(z) < 1 4 z where p(z) is analytic in D and
p(0) = 1 has been studied by Nunokawa et al. in 1989. Then in 2007, Rosihan

et al. determined conditions A, B, D and F so that when 1+ gzp'(z) , 1+ %;()Z)

and 1+ ﬁng)_(’i,)z) are subordinated to }igj, the relation p(z) < }i—g‘z holds true. Some
applications using these properties have been obtained for analytic functions in the
class of Janowski starlike functions. Recently, Rosihan et al. (2012c¢) considered the
class of Sokdl and Stankiewicz starlike functions to obtain conditions on 5. Moti-
vated by these studies, we determine conditions on [ by considering the classes of
Janowski starlike functions associated with the class of Sokdl-Stankiewicz starlike

functions.
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The following lemma is needed in proving our results.

Lemma 3.1. (Miller & Mocanu, 2000: p. 135) Let q be univalent in D and let ¢ be
analytic in a domain containing q(D). Let zq'(2)p[q(2)] be starlike. If p is analytic
in D, p(0) = q(0) and satisfies zp'(2)p[p(z)] < 2¢'(2)plq(2)] then p < q and q is the

best dominant.
We now derive some theorems as the results.

Theorem 3.1. Let p be an analytic function on D and p(0) = 1.

Letﬁoz%whem —1<E<1,|D|<1and D # E.

If

1+ Dz
1+ Ez

14 Bzp/(2) < (B> o)

then
p(z) < V1+z.

Proof. Let q(z) = V14 2z with ¢(0) =1,¢q: D — C. ¢(D) is a convex set and hence
q is a convex function. Thus z¢/(z) is starlike with respect to 0.

From Lemma 3.1,

14 Bzp'(2) < 1+ Bz (2) = p(2) < q(2).

To prove our result, it suffices to show

1+ Dz Bz
= 1 "(2) =1+ ——— = h(2).
5(2) 1+ Ez AR - 2vV1+ 2 =)
Since s (w) = 27,

Bz

ST = oV1tz(D—E)—BE:
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For z =€ 0 € [-m, 7],

|57 [1(2)]] = |7 [A(e™)]]

_ B
2V1+€e?(D — E) — fEei|

B
2 VT (D —E) 1 Al

_ B

2, /2cost||(D - B)| + B|E|

It can be shown that the above expression is minimum when § =0 .

Thus

1 o4
N = A By aE -

for p > %. Therefore D C s7[h(D)] or s(D) C h(D) implies s(z) < h(z)

and proves the result. O

The above result is applied to determine sufficient condition for f € A to satisfy
2
2f'(2) " _
(F5) -1

Corollary 3.1. Let 3y = % where —1 < E < 1,|D| <1, D # E and

the condition < 1.

feA

i) If f satisfies the following

z2f'(z) zf”(z) z2f'(2) 1+ Dz
TE (f’(z) ") “) I+ B

o4



then f € SL* .

iz’)[f1+ﬁzf//(z)<% (B> Bo) then f'(z2)<+1+z.

Proof. Define p(z) = ZﬁS) and using Theorem 3.1, the first part of Corollary 3.1

is proved. The second part of our results in Corollary 3.1 can be derived by taking

p(2) = f'(2). O

Using a similar manner, we obtain the second theorem.

Theorem 3.2. Let p be an analytic function in D and p(0)

1. Let 6(] =

iy 0 —L1<E<L [D[<1landD#E.

/ 1+D
1+62§(i§)—<11Ej:>p(z)—<\/1+z (8 > Bo)-

Proof. Let q(z) =+/1+ z ,q(0) = 1. Elementary calculation will show that qu/(z) =
Bz

() is starlike. Thus, Lemma 3.1 can be applied as

(2)

2p/(2) 2q'(2) s s
1+6p(z) <1+p ) = p(2) < q(2).

Next, we prove the subordination

1+ Dz 2q'(z) Bz
5(2) 1+EZ<1+6q(z) :1+2(1—|—z)_ ()
s h(2)] = ik

2(1+2)(D — E) — BE=

For z = e 0 € [-m, 7],
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|57 [1(2)]] = |~ [A(e™)]]

B
~12(1 +€) (D — E) — BEei?|

S B
— 20+ e(D - E) + BIE|

_ B
- 4feos||(D — E)| + BB

A straight forward computation verifies that the above expression is minimum when

0=0
Then
_ 3

N = Gy A 2
for > 4}(1?|7ELT))| . Hence s(D) C h(D) implies s(z) < h(z). O
Corollary 3.2. Let 8y = ﬂljﬁ)' ,—1<E<1,|D|<1and D+E
i)

2f'(2)  z2f'(2)] 14Dz N

”Bl” 7 e } Ty €8 B2k

i)
(zf(z)) 2zf(2)| 14Dz 22f(z)
1+3 e i) ]<1+Ez: 720 <V1+z (B > Bo).

Proof. Letting p(z) = 2L in (i) and p(z) = 210G gy (ii) and applying Theorem

3.2, the results are proved.

f2(z)

]
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Theorem 3.3. Letﬁoz% , —1<E<1, |D|<landD+#E.

! 1 D
1+6;€<(5)) - 1:[Ej =p(2) <V1it+z (8> P

Proof. Let q(z) = +/1 + 2z, which implies Z%I((j)) is starlike.
Using Lemma 3.1,

2/ (2) 2q'(2)
p*(2) ¢*(2)

Next, let h(z) = 1+ p24E =14 2

1+06 <1+p =p(z) <q(z) .

s [h(2)] =

21+ 2)2(D — E) — BE=

For z = ¢ 0 € [-m, 7] ,

|57 [1(2)]] = |~ [A(e™)]]

B B
21+ €®)3(D — E) — BEe®)|

- B
T 2(1+¢?)2(|(D - E)| + I E|

B
2|(2c055)? ||(D — E)| + 5| E|

As in previous case, the above expression is minimum when 6 =0 .

Then

1 54
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for 5 > % . Hence D C s~ [h(D)] implies s(z) < h(z). O

Corollary 3.3. Letﬁoz% , —1<E<1,|D|<1, D#Eand f € A,

zf// z
1+ f’(i)) 1+ Dz

1-6+6 BuE T B

fesrtr (B> pH)

Proof. By taking p(z) = Z}CQS) in Theorem 3.3, the result is obtained. O

Since SL* C SS*(%), the last theorem gives a result for (—iigz)a

Theorem 3.4. Let p be an analytic function in D and p(0) = 1. Let By =

LeAlEBID-El 1< E<1, [D|<1, D#Eand-1<B<A<1.
2p'(z) 1+ Dz 14+ Az\“
1 < > 0<a<l).

Proof. Let q(z) = (iig’z)a , then

q(z) - (14 Az)(1+ Bz) = Q).

Bzq'(2) Baz(A — B)
(

It can easily be verified that Q(z) is starlike. By Lemma 3.1, we prove the subordi-

nation
1+ Dz 2q(z) paz(A—-B)
G =1 E SV T i anar s M
Since s (w) = 325
s h(2)]] = pod—5)

(1+ Az)(1+ Bz)(D — E)] — pazE(A — B)

N Baz(A ~ B)
“|[(1+ A2)(1 + B2)(D — E)]| + |BazE(A — B)|

o8



For z =€ 0 € [-m, 7],

pal(A - B)|
[(1+ Ae®) (1 + Be?)(D — E)|| + fa|E(A - B)]

|57 [h(e”)]] = |

with minimum value being attained at 6 = 0.

Hence
. A— B)|
-1 h 0 > BOZ|( >1
N T+ B0 - B+ palEGa - B -
for g > |[(12@£1];r|ﬁ)£|1;_‘)E)]| implies s(z) < h(z) and the result is obtained. O

Remark 3.1. Theorem 3.4 is reduced to Theorem 3.2 when a = % A =1 and

B =0.
Finally, we state the next obvious result.

Corollary 3.4. Let ) = HAHAE-A - —1 < E <1, [D| <1, D+#E and

—-1<B<A<1. Then

2f'(2)  z2f'(2) 14+ Dz zf'(2) 1+ Az\“
OIS T ) e T G <(1+Bz) |

3.2 Properties of functions involving Cassini curve

With a similar method as in section 3.1, we investigate the lower bound of 3 for a

function in the region of Cassini curve.

Theorem 3.5. Let p be an analytic function on D, p(0) = 1 and By = 2v/2(v/c + 1—

1) where ¢ € (0,1]. If the function p satisfies the subordination

L+ Bzp'(2) < Vi4cz (B> fo)

29



The lower bound (g is best possible.

Proof. Define the function ¢ : D — C by ¢(z) = V/1+ 2 with ¢(0) = 1. Since
q(D) = {w : |w? — 1] < 1} is the interior of the right half of the lemniscate of
Bernoulli, ¢(D) is a convex set and hence ¢ is a convex function. The Alexander’s
Theorem showed that z¢'(z) is starlike function with respect to 0. It follows from

Lemma 3.1 that
1+ Bzp'(2) < 1+ Bz¢(2) = p(2) < q(2).

To prove our result, it suffices to show

Bz

avir:

s(2) =V14cz <14 pB2¢(2) =1+

Suppose s(z) = /1 + cz = w. Then we have
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For z = ¢ (0 € (—m, 7)) , we obtain

[s7 [1(2)]] = |7 [A(e™)]] =

1 [ Bew :| [2+ 561‘0 :|
c [2v1 + et 2v/'1 + et

Since the above expression is minimum when ‘2\/ 1+ et

=24/2 cosg 1S maximum

and this occurs at 6 = 0,

w*mumZé[i%}P+i%]:%

<H2%)2_1]m

for B > 2v/2(y/c+1—1). Hence D C s7'[h(D)] or s(D) C h(D) which implies

s(2z) < h(z) and this proves the result. O

By taking p(z) = Z]]:ES) and p(z) = f'(z), we have the following result using

Theorem 3.5.

Corollary 3.5. Let By = 2v/2(v/c+ 1 — 1) where c € (0,1] and f € A.

i) If f satisfies the following

P () =)
1+5ﬂa<fw>‘f@>+9*”“”z“2%>

then f € SL* .

i) If 14+ B2f"(2) <= V1+cz (B> ) then f/(2)<vVI+z.

Theorem 3.6. Let fy =4(v/c+1—1) and c € (0,1]. If

1 +ﬁZ§;i§) <V14cz then p(z) <vV1+z (B> Po),

then the lower bound [y is best possible.
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Proof. Let q(z) =+/1+ z ,q(0) = 1. Elementary calculation will show that 5%;(;) =

Bz

57152) is starlike. Application of Lemma 3.1 will deduce

2p/(2) 2q'(2)

1+5W<1+5W = p(z) < q(2),

provided we show that

s(z):\/1+cz-<1+/32q/<z) =1+ b = h(z).

q(2) 2(1+ 2)
Easily
L+ 5| — 1
57 ()] = s : ]

For z = €",0 € (—m,7) ,

) 1 2 eiG €i6 2
[s7H Ae)]| = |- ’ o T ’ 0
c |2(1+e?) 2(1+ )
1 0 10
L RO i POV A 1
c [2(1+ ") 2(1 + €)
Since max|1 + ew| = 2cos g, this implies the minimum of the above expression is

attained at 6 = 0.

Then |s7'[h(2)]] > 4% 2+ %] =1 [(1 + %)2 - 1} >1for 8 >4(v/c+1—1). Hence

s(z) < h(z) O
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Applying Theorem 3.6 and letting p(z) = Liz) in (i) and p(z) = Z;f—(/;(j) in (ii), the

following results are obtained.

Corollary 3.6. Let Sy =4(v/c+1—1) and f € A. i)

Lrafis LO G

e f(z))} <Vitez=feSL* (8> ).

1

1p|EGE) 2Zf,(2)] VTFe= 200 i (8 = Bo)-

f'(2) f(2) f*(2)

Theorem 3.7. Let 3y = 4v2(v/e+1—1). If

- @Zg’g)) S VITez=p) <Vit: (BB,

then the lower bound [y is best possible.

Proof. For q(z) =+/1+ z, 202 ig gtarlike. Lemma 3.1 can then imply the following

q*(z)
relation
zp'(2) z2q'(2)
1+ 6—p2(z) <144 202) = p(2) < q(2) .

o)

Writing h(z) = 1+ 55 = 1+ Y

we then have

[1 2(1i2)§r_1
s [h(2)] = c
_Ly By B
¢ |2(1+2)2 21+ 2)2 ) |

In a similar manner to previous cases, for z = e, 0 € (—m,7) ;

63



|s7Lh(2)]| > %{(1—%%)2—1} > 1 for 8 > 4v2(y/e+1—1). Hence D C

s~ [h(D)] implies s(z) < h(z). O
By setting p(z) = Z}c(,S) in Theorem 3.7, we have the following corollary.

Corollary 3.7. Let By = 4V2(vVc+1—1) and f € A ,

2" (2)

1+ =57
L=+ | —F | <Vitez=feSL (82 f).
f(z)

Remark 3.2. For the special case of ¢ = 1, all the above theorems and corollaries

are reduced to the results obtained by Rosthan et al. (2012c).

3.3 Properties of certain analytic classes

Let SL(«) and SL¢ denote the classes of a-convex and convex functions which

respectively satisfy |[J(a, f(2)))]° — 1| < 1 and )

[1+Zf”(z)]2—1' <1 (z € D)

where

2f'(2)
f(2)

J(a, f(z)) = (1 —a)

+a [1+Zf”<z)] ,a>0.

f'(2)
It is obvious that f € SL(a) & J(a, f(2)) < V1+zand f € SL < 1+ % <
v 1+ 2z . These classes are generalised from the definition of the class SL*. Using

results given in section 3.1, properties of functions in the classes SL(«) and SL¢ are

obtained.

Corollary 3.8. Let 3y = 2\[21(1—?];']5” Bl <1, DI <1, D#E, > p and
fe A If f satisfies
(1)

1+

2f"(2) (AR 2f"(2) 1+ D>
F(2) { i) () “}<—1+EZ
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then f € SL; and
(ii)
145 {<1 B a)Zf’(Z) (Zf"(Z) _ ) 1) L) <Z[f”(2)]’ MO 1>}

f(z) \ f(z)  f(z) f'(z) \ f'(2) f'(2)
14+ Dz
= 1+ FEz

then f € SL(w).

Proof. (i) Let p(z) =1+ Zj:/l;(g) Then

L2 e 2P
PE =Ty TR R

LG AR )
T ) { e TR }

and applying Theorem 3.1 gives 1 + %5 ((Z)) < 122, hence f € SL°.

(i) With p(z) = (1 — ) [ZJJ:((?] + a [1 + ZJ{(())] we have

oy 1o [TEIE) + [ = 2 )
pla) =0 >{ ok }
FEEFEY + 1) - 2 )P
*“{ PP }
RN O ECIPC)
= (=55 { o TG }
) (AP 2
TR { e T }
and from Theorem 3.1, the result implies f € SL(«). ]
Corollary 3.9. Let By = 4|D—\E}ﬂ and f € A.
() If
) AR ) 14Dz
TS o] { ) ) 1} 1+ Bz
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then f € SL°.

(i) If
1+
S 4 LSS ex(e) 18 AL
(1—a)zf'(2) + af(2) [1 + ;“Tg)] (1— o) f'(2) 5 + alf'(2) + 21"(2)]
y 1+ Dz
1+ Ez

then f € SL(w).

Proof. (i) For p(z) =1+ zJ{,/ES),

2 (2) _ 2f"(2) lf’(Z) —2/"(2)

_ f'(2) }
p(2) f'(2)

f'(2) } "(z) +2f"(2)

i [ [ff<(> ]/] [ff(z)ff )f<>]

2"z [2f"(2)]” O
(@) + 28] ) +2()]  [f(2) + 2f"(2)]

) AP )
_[f'(Z)+zf”(z)]{ iy f’(z)}

and based on Theorem 3.2, f € SLC.
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2 — (1 — 2f'(2) 2f"(2)
(ii) Let p(z) = (1 — «) [ ) } +a [1 + 5 } :

F'2) 22 £(2) (2) [ 2" () 2f"(2)
p(z) (= a)p { 7o Tl }+af’(z) { iy T

f'(2)

}

<
" (1-a) 3] +alt+ 5]

(1) f () {=() + ') - LG5}
P {0 = =) +af(z) (1+ 52 }

af'(2)f () {25 +1 - £}

_|_
F {1 =) () HE + alf/(=) + ()] |

R Ve S (O (e
(Ao DG+ 58 - 7535)
(1= a)=f/() +af(2) [1+ )]

oD [AEY L g 2
7 { o 1 f’(Z)}

(1= ) f'(2) 55 + alf'(z) + =f(2)]

(-0 {8 +1- 48
(= a)r(o) +afC) 1+ 52
af’(2) {Z[f”(Z))]/ 1 f:<(>)}

(1- a)f’(z) f( )

Applying Theorem 3.2, f € SL(«).

Corollary 3.10. Let 5y = WRAD—B| g feA

(1-1E]
(i)
') A" E)) 22 1+ Dz
+6[}"(2’)+zf”(z>]2{ o TR }< 1+ E>
(ii)

+alf'(z) +2f"(2)]

= feSL
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1+ 0z

(1= PR [F5 +1- FE] + ol @PF @) [ +1- £
(=)@l G + o EIFE + 2 G

~ 14+ Dz
1+ Ez

= f e SL(a).

Proof. (i) Using Theorem 3.3 with p(z) =1+ Zf’;()), we obtain the result.

(i) Similarly, set p(z) = (1 — «) [Zf(())] + [1 + Zf’;i))] u

Remark 3.3. For a« = 0 and o = 1, Corollary 3.8 (ii), Corollary 3.9 (ii) and

Corollary 3.10 (ii) give the results f € SL* and f € SLC.

Our discussion is continued by introducing new classes defined by Dziok-Srivastava
operator and generalised multiplier transformations. Inclusion theorems are deter-
mined using Briot-Bouquet differential subordinations. There were some authors
introduced new classes using certain operators and Briot-Bouquet differential sub-
ordinations method [see Kanas (1995), Choi et al. (2002a), Cho and Kim (2006)

and Kwon and Cho (2007)].

3.4 Classes of function defined by Dziok-Srivastava operator

Using the Dziok-Srivastava operator, we generalise new classes from Sokdl-Stankiewicz
and Janowski strongly starlike functions. Classes denoted by SL*[an], H(ay; A, B; A\)(A €

(0,1]) and SL[ay] are introduced and defined below:

ot dr L (O
SL* o] := {f.feS, Holon]f(2) <V1+z, GD},

. A 2 [HYon] f(2)] 1+ A2\ )
H(al,A,B,)\)._{f.feS, e <<1+Bz) | GD},

2 [ o)/ ()]
[H ™ o] f(2)]

Sﬁc[al]::{f:feS, 1+ <V1+4z, zGD}.
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Quite trivially, the Alexander’s Theorem is also observed for the SL[a;] and

SL* o]

f€S8L] & 2f'(2) € SL[aq]. (3.1)

In proving our results, the following lemmas will be required.

Lemma 3.2. (Enigenberg et al., 1983) Let h be convez in D, with Re [fh(z) + 7] >

0. If p is analytic in D with p(0) = h(0) = 1, then

—Zp,<2) zZ Z z
pe) b5 < he) = plz) < he)

Lemma 3.3. (Kanas, 1995) Let A € (0, 1] be fized, 5,0 € C, Arg 5 € (w, w)

2 2

and Re 0 > 0. Let p be analytic function such that p(0) = 1 and p(z) # ya (z € D).

If

‘Arg {p(z) + L@}

then |Arg p(z)| < 2Z.

We prove now the inclusion theorem for the class SL*[a;] using the Dziok-

Srivastava operator. It is easily to verify that

o H™ oy +1]f(2) = 2 [Hl’m[al]f(z)}/ + (a1 — 1) H"[aq] f(2). (3.2)
Theorem 3.8. Let a; > 1 and Re{(cy — 1)+ /(1 + 2)} > 0. Then SL*[ay + 1] C
SL*[Oél].

Proof. If f € SL*[ag + 1] then

2 [HY oy +1]£(2)]

Holor 1 1f(z) V7
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and from (3.2) we have

ar H"™ oy + 1] f(2) _Z [Hl’m[alf(z)]l
HEmlon] f(2) Hbmlon) f(2)

+ (Oél - 1)

After differentiating this equation and then rearranging it, we have

[atmiaals )]
z [H"™ oy + l]f(z)}’ oz [Hl’m[ozl]f(z>]/ S\ AT

Himlay +1]f(2)  Hbmag]f(2) 2[HLm ] f(2)]
Hbmlaq]f(2)

(3.3)
+ o — 1

A[HY (0] f(2)]

—~Flalre - and h(z) = v/1+ z, it is clear that h is convex in D

Letting p(z) =

and p(0) = h(0).

[H e +1)f(2)]

Since s ORER v 1+ z, applying Lemma 3.2 with § =1 and v = a; — 1
2[HY ™M on)f(2)] .
proves W < V14 z. Thus f e SL [Oél]. [

Next, Bernardi operator and Jung-Kim-Srivastava operators are shown to be

preserved for the class SL*[ay]. The results are stated in Theorem 3.9-3.11.

Theorem 3.9. If for = € D, Re{c++/1+z} > 0 and f € SL*|o] then F.f €

SL*ovy].

Proof. Since the Bernardi operator satisfies the relation cF.[f(2)] + z (F.[f(2)])' =

(¢c+1)f(z), it can be established that
¢ (H"™ ] Fel f(2)]) + 2 (H"™ [on] FL[£(2)]) = (¢ + 1D H"™[on] £(2) (3.4)

which upon rewriting gives

(c+ D)H" ] f(z) _ = (H™ ] E[f (2)])]
Him ] F[f(2)] Him ] F[f(2)]

+ c.

Differentiating both sides in the above equation and using the hypothesis that f €
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S L*[a], we have the following relation

NECELIO)RY
2 [H o] f(2)] 2 (H[aa] () e

g _l_ -
Hbmaq]f(2) Hbm[og ] F[f(2)] (H ™ on] Fo[f(2)]) n
HE (0] Fol ()]

1+ 2.

(3.5)

2(HY™ [on] Fe[£(2)])
HUm [an]Fe[f(2)]

As before, by letting p(z) = and h(z) = /1 + z. Lemma 3.2 implies

< v/1 4 z and this completes the proof. n

2(HY o] Felf(2)])
A anFL[f(2)]

Recall that two of Jung-Kim-Srivastava operators are defined as:

P f(z) = z+z <n—21—1> a,z"

and

. B Tv+pu+1) o I'(p+n) "
éuf(z>—2+wg(m)anz .

Using these operators, we obtain the next results.

Theorem 3.10. Suppose for z € D, Re{1 + 1+ z} > 0 and P*"'f(z) € SL*[av].

Then PYf(z) € SL*[ay] (v > 1).
Proof. Tt can be derived
2 [HO ] P £(2)] = 2 [H7[on| PP £ (2)] — B o [P ()

and rearranging the equation gives

2[Han) PP f(2)] 2 [HY[an) PP (2)]

= —1.
Hbmag | P f(2) HEm g PY f(2)
Differentiating both sides, we obtain
2 [ o] P ()] (2)
- Bl ATV}
) ey (R T E U

[V (00 PV f(2)]
Hbm o] PV f(z)

where p(z) = Using Lemma 3.2 with 8 = v = 1 implies the
result. O
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Theorem 3.11. Let Re{(v + p— 1) +1+2} >0 forv > 1 and p > —1. If

(1 f(2) € SL*|ay] then €f(2) € SL*|ay].

Proof. Since z [Hl’m[ozl]fo(z)}/ = (v+p) [H ™ [oa] 07 f(2)] = (vp—1)H"™ on 0 £ (2),

2 [H ol ()] ) [H el ()]
el i) Hr /() ey

From the differentiation of the above equation, we have

2 [H ™ [on]e f(2)])

/()
Al ) P

p(z)+ (v +p—1)

The hypothesis of the theorem and Lemma 3.2 give the result by letting p(z) =

z[Hbm ) ()]

WwithﬁzlandyzijM_l' -

Furthermore, inclusion theorems and preservation properties for the classes

H(ay; A, B; \) and SLay] are shown in the following results.
Theorem 3.12. Let A € (0,1] and Re (ay—1) > 0, H(ay+1; A, B;\) C H(au; A, By \).

Proof. The proof is trivial. Since the Dziok-Srivastava operator satisfies (3.3) and

2[Haa + 1 f(2)] | A
ATg( Hm oy + 1] (2) )‘<7

[H a1 (2)]

Therefore applying Lemma 3.3 with p(z) = , f=1land o = a3 — 1

Hb™[aq]f(2)
gives
z [Hl’m[ozl]f(z)}/ AT
Ar 2)| = |Ar < —.
|Arg p(2)] g( o] £(2) 5
Hence f € H(ay; A, B; \). ]
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Theorem 3.13. Suppose A € (0,1] and Re ¢ > 0. If f € H(ay; A, B;\) then
F.f € H(ay; A, By \).

Proof. The proof follows easily since F.f satisfies the equation (3.4) and with p(z) =

2(H-m ] Felf(2)])]
HY o el (2)]

in Lemma 3.3 (8 =1 and 0 = ¢) results

2 (H™ ] Ef ()| An
AW( H' on | F[f(2)] >'< 2

|Arg p(z)| =

O

Remark 3.4. In a similar manner as in previous theorems, it can easily be shown

that

P f(2) € H(ay; A, B; \) = PYf(2) € H(ay; A, B; \)
and

EZ_lf(z) € H(an; A, By A) = ( f(2) € H(ai; A, By A).

Remark 3.5. For A = %, A=1and B =0, Theorem 3.12 and Theorem 3.13 reduce

to Theorem 3.8 and Theorem 3.9.
Theorem 3.14. Let ay > 1. Then SL oy + 1] C SLavy].
Proof. Using (3.1) and Theorem 3.8, we can easily deduce our result.
f(2) € 8Ly + 1] & 2f'(2) € SL*[ag + 1]
= 2f'(2) € SL*[oy] & H"™ o] [2f(2)] € SL*
& 2 [H"™an]f(2)] € SL* & H'"™[aq]f(2) € SL°

& f e SL ).

Theorem 3.15. If f € SLay] then F.f € SLay].
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Proof. By applying Theorem 3.9, it follows that

feSL] & 2f(2) € SL*[a4]
Fi[zf'(2)] € SL*[au] & 2 (F.[f(2)])" € SL*[au]

& F.f € SLq).

3.5 Subclasses of analytic functions associated with generalised

multiplier transformations

Recently, some properties of functions using the multiplier transformations have
been studied by Catag et al. (2008), Catag (2009), Cho and Noor (2012), El-Ashwah
et al. (2010) and Lupag (2010). Using the convolution, we extend the multiplier
transformation in (1.4) to be a unified operator. The approach used is similar to
Noor’s (Noor, 1999), except we generalise and extend to include powers and use the

multiplier Catag as basis instead of the Ruscheweyh operator.

Set the function

1+4+c¢ kn
frelz Z+Z{1+)\n—1 }z (B, AER,E>0,A>0,¢>0)

and note that for A = 1, fi .(2) is the generalised polylogarithm functions discussed
in Mondal and Swaminathan (2010). A new function f;’ (2) is defined in terms of

the Hadamard product(or convolution) as follows:

Jre(2) * fioo(2) = (b >0).

1=z

Motivated by Cho and Kim (2006), Choi et al. (2002a), Kwon and Cho (2007) and
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analogous to (1.4), the following operator is introduced:

L 1) f(2) = fie* ()

B ()1 1+)\(n—1)—|—ck "
_Z+Z_;(n—1)!{ 1+c¢ ] n

The operator I¥(\, p) f unifies other previously defined operators. For examples;
(i) I¥(\,1)f is the I1(6, A\, 1) f given in Catag (2008)

(ii) I¥(1,1)f is the I*f given in Cho and Srivastava (2003).

Also, for any integer k,

(iii) I¥(X\, 1) f(2) = D} f(2) given in Al-Oboudi (2004)

(iv) I¥(1,1) f(z) = D* f(2) given in Salagean (1983)

(v) IF(1,1)f(2) = I.f(2) given in Uralegaddi and Somanatha (1992).

The following relations are easily derived using the definition:

(LI A\ f(z) = (1= A+ IEA w) f(2) + Az [TE ) f(2)] (3.6)

and

pIE O 4+ 1) F(2) = 2 [TFO ) £(2)] + (= DIFO, ) £(2). (3.7)

Using Ma and Minda (1992) classes and the generalised multiplier transformations
IF(O\, p) f, new classes S¥(\, 11; ¢), CF(\, p; ¢) and KE(\, pi; ¢,4) are introduced and

defined as below:
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Se s ¢9) = {f € A IF(\ ) f(2) € S*(¢) }

Cenms o) = {f € A I7(\, ) f(2) € C(o) }

KEO i ¢,0) o= {f € A IF(\ p) f(z) € K(¢,9)} .

It can be shown easily that

f(z) € CEON\ 15.0) & 2f'(2) € SE(N, 3 ). (3.8)
Lemma 3.2 and the following lemma are needed in proving results;

Lemma 3.4. (Miller and Mocanu, 1981) Let ¢ be convex univalent in D and w be

analytic in D with Re{w(z)} > 0. If p is analytic in D and p(0) = ¢(0), then
p(2) +w(2)2p'(2) < o(2) = p(z) < ¢(2).

3.5.1 Inclusion properties involving I*(\, ) f

Some results on inclusion theorems are given;

Theorem 3.16. For any real numbers k and A where k>0, A >0 and ¢ > 0. Let

¢ € N and Re {¢(z) + 125} > 0. Then SEY(\, ps ¢) C SE(N\ ;) (> 0).

O ()]

Proof. Let f € S!f“()\,,u; ¢) and set p(z) = TEOu) f(2)

where p is analytic in D

with p(0) = 1. Rearranging (3.6), we have

(Lt I A ) (2) Az [ ) f(2)]

=(1-X4+0o)+
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Next, differentiating (3.9) and multiplying by z gives

o)\
O] 2 [Eowwfz)] F TERRIE)

TEPY(A ) f(2) IR 1) f(2) O £(2)]

(1—A+c)
+ A

[ )] : .
O G) < ¢(z) and applying Lemma 3.2, it follows that p < ¢. Thus

fe Sk o). 0

Since

Theorem 3.17. Let k,A € Rk > 0,A > 0 and u > 1. Then S¥(\, u+ 1;¢) C

SE\ ;¢0) (c>0;0€N).

Proof. Let f € S¥(\, i+ 1;¢). From (3.7) we obtain

PO p+10)f(z) 2 [IF ) f(2)]
) (Ifl;;m)f( ) I(wlf)u)( L -, (3.10)

A EOw (=)

Making use of the differentiation on both sides in (3.10) and setting p(2) = —frr 577

we get

2[5O+ D) f ()]
IE p+1)f(2)

2p/(2)
p(z) +(p—1)

=p(z) + < ¢(z2).

Since ¢ > 1 and Re{¢(z) + (n—1)} > 0, using Lemma 3.2 we conclude that
f e Si\ 1 9). O
Corollary 3.11. Let A > 0,0 > 1 and =1 < B < A< 1. Then Sg,, . [1; A, B] C

Se 3 A, B] and Si, [u+1; A, Bl C i, [15 A, BJ.

Next, we obtain inclusion theorems for class of convex functions defined by gen-
eralised multiplier transformations using the result of Theorem 3.16 and Theorem

3.17.
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Theorem 3.18. Let A > 0. Then C*TL(\, p; ¢) € CH(\, p; @) and CE(\, u+1;¢) C

CEN 13 0).

Proof. Using (3.8) and Theorem 3.16, we observe that

f(2) € CEF (N 0) & 2f'(2) € e (N 5 )
= 2f'(2) € S¢(\ 1 9)
s I\ p)2f'(2) € S*(¢)
&z [IEA ()] € 57(9)
s LI\ ) f(2) € C(o)

& feCHN 1;0).

To prove the second part of Theorem, using the similar manner and applying The-

orem 3.17 the result is obtained. O
Finally, we use Lemma 3.4 to prove the following theorem;

Theorem 3.19. Let A > 0, ¢ > 0 and Re{*=5F<} > 0. Then KM\, p;0,9) C

KEO\ w3 0,0) and KEO\, p+ 1;0,9) € KE\, p;0,4) (6,0 € N).

Proof. Let f € KFY(\ pu; ¢,1). In view of the definition of the class K**1(\, u; ¢, ),

there is a function g € S¥1(\, u; ¢) such that

/

2 [T\ ) f(2)]
TEFE (N, 1) g(2)

< Y(z).

z k z !
Apply Theorem 3.16, we have g € S¥(\, ii; ). Let q(2) = % < ¢(z).

Letting the analytic function p with p(0) =1 as:

[ fR)]
PE) = TR0 el (3:11)
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Then, rearranging and differentiating (3.11) we have

[LEA wzf' ()] () [IE g (2)]
15X 1)g(2) IE(A w)g(2)

+7/(2). (3.12)

Making use of (3.6), (3.11), (3.12) and ¢(z), we obtain

[N fR)] IO )2 (2)]

R\ pwg(z)  IF (N p)g(2)

(L= A+ OIEN w)zf'(2) + Az [1EO p)zf'(2)]
(L= A+ TEN, g (=) + Az [TE(N, m)g(2)]

(1A O f/(z) | A[IEOw)zf'(2)]
1E(\w)g(2) 1E(\w)g(2)

A 1E g (=)
(L= A+ + e

(1 = A+0)p(z) + A p(2)q(2) + /()]
(1=X+¢)+ A(2)

zp'(z)
=p(z) + W < (2).

Since g(z) < ¢(z) and Re{'=*¢} > 0, Re{q(z) + (I_%C)} > 0. Using Lemma
3.4, we conclude that p(z) < 1(2) and thus f € K¥(\, u; ¢,). By using a similar

manner and (3.7), we obtain the second result. ]

3.5.2 Inclusion properties involving F_f

In this section, we determine properties of Bernardi operator and satisfies the fol-

lowing;:
cIFO\ W FLf(2)] + 2 [TEOL ) FLF(2)]] = (e DIEQA, ) £(2)- (3.13)

Theorem 3.20. If f € S¥(\, u; ¢) then F.f € S\, u; ¢).
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21O £(2)]
Proof. Let f € S¥(\, u; ¢) then W =< ¢(2).

Taking the differentiation on both sides of (3.13) and multiplying by z, we obtain

JrowrirE]
O] [ E[f(2)]] T\ TEOWETET

O i) f(2) FOVOES)] | romrre]

TFOFIFE] T C
. 2O EFR))
Setting p(2) =~ arpey - We have
/
[ EA IR o)+ )
IFO 1) f(2) p(z) +c
k
Lemma 3.2 implies % < ¢(z). Hence F.f € S¥(\, p; ¢). o

Theorem 3.21. If f € C*(\, u; ¢) then F.f € CH(\, u; ¢).

Proof. By using (3.8) and Theorem 3.20, we have

fECEN 1:0) & 2f'(2) € SEN 1;0) = Flzf'(2)] € S\, 13 9)

S 2 [FLf())] €SI\ 13 9) & Flf(2)] € CEA 15 9).

Theorem 3.22. If ¢, € N and f € KF(\, p; 6,9) then F.f € KF(\, u;¢,1).

Proof. Iff € KF(\ u;¢,v) then there exists function g € S¥(\, u;¢) such that

2[1E N u)f(z i
TFOm)g(

c

< 1)(z). Since g € S¥(\, y; @), from Theorem 3.20, F.[f(2)] € S*(\, u; ¢).

Then let

< ¢(2). (3.14)

Set

p(z) = : (3.15)
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By rearranging and differentiating (3.15), we obtain

[LEQ W ELS )] p() [N 0 FL()]]) | [LEO 0 Flg(2)] P'(2)
IEN, p) Eelg(2)] LEA p) Felg(2)] EO pFelg(2)]

Making use of (3.13), (3.15) and (3.14), it can be derived that

2 [IFOL ) f(2)]
IE(N ) g(2)

zp'(2)
c+q(z)

=p(z) +

Hence, applying Lemma 3.4 we conclude that p(z) < 1¥(z) and it follows that F.f €

KEO w5 0,0). O
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CHAPTER 4

MULTIVALENT AND UNIVALENT HARMONIC FUNCTIONS

Ahuja and Jahangiri (2001) discussed and studied the class of multivalent harmonic
functions and multivalent harmonic functions starlike order ~, Sy (p,7v), p > 1
where 0 < < 1. Since then, there are authors [see (Ahuja et al., 2009), (Jahangiri
et al., 2009), (Rosihan et al., 2009), (Subramanian et al., 2012) and (Sharma and
Khan, 2009)] introduced subclasses of multivalent harmonic functions using linear
operators. For univalent harmonic functions, new subclasses defined by linear opera-
tors were obtained by Dixit et al. (2009), Murugusundaramoorthy et al. (2009) and
Rosy et al. (2001). Furthermore, subclasses of univalent harmonic functions with
respect to symmetric points were studied by Murugusundaramoorty et al. (2011)
and Guney (2007). In this chapter, new subclasses of multivalent and univalent
harmonic functions starlike of order v using certain operators are introduced. Prop-
erties of functions in these classes are studied. Generally, we determine the extremal

problems via coefficient conditions in all sections.

4.1 Multivalent harmonic functions defined by Dziok-Srivastava

operator

Al-Kharsani and Al-Khal (2007) introduced a class of univalent harmonic functions
starlike of order 7 using the Dziok-Srivastava operator and studied some extremal
problems. Now, we define subclasses of multivalent harmonic functions starlike of
order 7 using the same operator. We determine a sufficient condition bound, con-

volution condition, extreme points, convex combination and distortion bounds.
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First, we define the Dziok-Srivastava operator for multivalent harmonic functions

f = h+ g given by (1.7) as follows:
Hy™ [an] f(2) = Hy™ [on] B(2) + Hy™ [aa] 9(2)

where

H;?m [al] h(Z) = Zp+2;010:2 ¢nan+p—lzn+p71 ; H;l{m [al] g(z) = Zzozl ¢nbn+p—lzn+p71

and

(Oél)n—1 <. (Oél)n—1

n = Bt .- (B;n)n_l(n —

(4.1)

at,...,qq, B, ..., Bm are positive real numbers such that [ < m + 1.

Denote by S} (p, a1,7), the class of multivalent harmonic functions satisfying

(H™ [oa) h(2)) + (HE™ [ou] 9(2))

forp>1,0<y<1, ]zl =r<1.

Note that S}, (1, c1,7) = Sj(au, ) is the class defined by Al-Kharsani and Al-Khal
(2007). In the case of I =m+ 1 and ag = S1,..., 01 = B, Sh(p, 1,7) = Sk (p,7)
is investigated in Ahuja and Jahangiri (2001) and S7,(1,1,v) = S%(7) is the class

introduced by Jahangiri (1999).

Further T4 (p, a1,7), p > 1 denotes the class of functions f = h+g € S} (p, a1,7)

where h and g are functions of the form
h(z) = 22 = lanspt L g(2) = 3 byt (4.3)
n=2 n=1
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Necessary coefficient conditions for the harmonic starlike functions and harmonic
convex functions can be found in Clunie and Sheil-Small (1984) and Sheil-Small

(1990). Now we derive sufficient coefficient bound for the class Sy (p, a1, 7).

Theorem 4.1. Let f = h+7 be given by (1.7) and []._, (o), | > [T (Bj)p_y (=

L If
= n—i—p —7) -1 n+p(l+v)—1 1+~
Z ’an+p71| + |bn+p71| ‘¢n| < 1_ ’b |
— { —) p(1=7)
(4.4)
where |by| < 2, 0 < v < 1 and ¢, is given by (4.1) then the harmonic function

f is orientation preserving in D and f € S§(p, a1,7).

Proof. The inequality |h/'(z)| > |¢'(z)] is enough to show that f is orientation pre-

serving. Note that

o

W)= p |2l = (04 p = Dlanpllz"7
_ (n+p—1) e
=plzf 1{1— |ty ||2"
p
_ n+p-—1
> plzP™! {1 - (Pf)|an+p1|}

p1)y N tp(l-7)-1
> |2] {1 2 (=) |Dnl| n+p1|}

i
e "

2

3
||

NE

3
||
I\

[M]¢

||
N
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By the hypothesis, since |¢,| > 1 and by (4.4),

: 14y — (n+p(1+7) -1
) > | 1{ﬁ!bpl D |¢n||bn+p_1|}
i e (p (L49) = 1)
= [P~ {; p(1—7) |¢n||bn+p—1|}
> |Z|P—1 {Z(n—{—p — 1)|bn+p_1’}
n=1
> [P~ {Z(TﬁLp - 1)|bn+p—1!|z|n_1}
n=1

hE

(n+p = Dlbaipa 2"

n=1

= 19'(2)].

Thus, f is orientation preserving in D.

Next, we prove f € S5 (p, a1,7) by establishing the equation (4.2). First, let

z (HY™ (o] h(z))/ -2 (H;ljm [ ] 9(2)>/ A(z)

w(z) = =

(i 0] n(2) + (#7 wlgz) PO
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Now

[A(z) +p (1 =7)B(2)| = [A(z) —p (1 +7)B(2)]

o0

> (2p — )2 = Y (n+2p — py — Dldnanip 12"
n=2

- Z(n +pry - 1)|¢nbn+p—lzn+p_1| - p’7|zp|

n=1

=Y (n=py = Dentnip 12"
n=2

=Y (04 2p+py = 1) @nbpip_12" ]

n=1

oo

=2p (1—7)[2"| = ) _(2n+2p — 2py — 2)|¢nllansps| |27

n=2
= (@n+2p+ 2py = 2)[G,l [brgpa| [ZP
n=1
=2p (1 —7)[2"|

~(n+p—py—1) = (fp+py— 1) o
- (bn ntp- & N ¢n bn 12"
{ > T llansaeall ™ = 30 BT bl

n=1

o0 o0 _1
{ Z”“’ — >r¢n|ran+p_1|—z(”+p+_mw )|¢n\|bn+p_1r}
n=2

n=1 p <1

— 2 (1- )"
1ty ~[(tp—py 1) (n+p+py—1)
{1 - (Z[ 201 =, | EEEEEL |bn+p_1|}|¢n|)}

The last expression is non-negative by (4.4). Since Re w > p if and only if |A(z) +

p (1 =7)B(2)| = [A(z) —p 1 +7)B(2)], [ € Sip,01,7). =
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For >, (|#ntp-1] + |Jntp-1|) = 1 and z, = 0, the function

ﬁy) n+p—1
Tp4p—1° +
Z2n+p1— e

o

p(1—7) —ntp—1
DI e ey P A (45)

shows equality in the coefficient bound given by (4.4) is attained. For the function

f1 defined in (4.5) the coefficients are

_ (1—) _ (1—) =
Untp=1 = [ 1ign] Srto—1 A0 bnip1 = G g o1,

and since the equation (4.4) holds, this implies f; € S};(p, a1,7).

To show that the converse need not be true, consider the function

P p(1—7) P+l -1
&=+ a e Ty

It can be shown that

» + iyt -2 (5557
>

. =) 2(15) ”
= o) =
P+ w2 s

(p>1,0<y<1)

thus f € Sy(p,a1,7) but

“n+p(l—9)—1 n+p(l+y)—1
Z |an+p—1||¢n| +Z |bn+p—1||¢n|

—~  p(l-9) —~  p(l-7)
_ 1+p(1—y) p(1—) 1+w y=1
— p(1—y)  |[[I+p(1—9)]62 [é2] + 15 | - 1

The next result provides a convolution condition for f to be in the class S}, (p, a1, 7).

Theorem 4.2. f € S5 (p,ay1,7) if and only if

HY™ [aq] h(z) * {219(1 —7)2P 4+ (§ —2p + 2py + 1)21”“}

(1—2)?
— H ] g(0) + [219(6 + )2 + <f1__2§)£2_ 2py + 1)zp+1] L0k|=1zeD.
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Proof. A necessary and sufficient condition for f € S} (p,a1,7) is given by (4.2)

and we have

2 (HY™ [oq) h(2)) — 2 H;,l;mal z/
Re{p(l {(p ] h(z)' — = (" [an] (=) ) m]}m

(H™ [oa) h(2)) + (Hi™ o] 9(2))

Since

| e k) = = (" alg(2))
- pY
(E Tl (=) + (H™ [l 9(2))

at z = 0, the above required condition is equivalent to

- pY

1 z (HY™ [ay] hz)) -2 <H]f,’m (1] g(z)), p e-1
PO (5 ) + (™ el o)) e+l

Simple algebraic manipulation in (4.6) yields

0#(E+1)

(4.6)

{z (H;;m (o] h(z))/ —z (H;;’m o] 9(2)>/ - pVH,ljm [o] h(z) — pVHzl;m [ov] g(z)}

— (€= Dp(L = ) H"™ [aa] A(z) = (€ = Dp(1 =) Hy"™ [a1] 9(2)

2 (1 —p)zp> _ (2py +p§—p)2*

(1-2)

|

(1-2)

F (( zP (1—p)zp) Al +p£—p)zp}
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= HY™ 1] h(2) * {21’(1 — )P+ (€= 2p+2py + 1)Zp+1]

(1—2)
e B (€= 2= 4 )
H g | — |

]

The coefficient bound for the class T7;(p, a1,7) is determined in the following
theorem. Furthermore, we use the coefficient condition to obtain extreme points,

convex combination and distortion upper and lower bounds.

Theorem 4.3. Let f = h+ g be given by (4.3). Then f € T} (p, a1,7) if and only

if

(n+p(1—7)—1 n+p(l+v)—1 } 1+
Apyp— + bn — ngl_—b
S {mE N LD ol < 1- 1

n=2

(4.7)
where |b,| < ﬁ , 0< vy <1 and ¢, is given by (4.1).

Proof. Since T4 (p, aq,7) C Sy (p, aa,7y), sufficiency part follows from Theorem 4.1.

To prove the necessity part, suppose that f € T5(p, aq,7). Then we obtain

L | ) - = (] o(=)

p(1—7) <H};m [a1] h(z)) + (H,l;m [a1] g(z)>

Re —pY

Re S %m”*p*lwnznﬂ_l = 2 %wnw*l@ninﬂ’_l
o = s lnp 16021+ 20T, il gn 701
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>0

The condition must hold for all values of z, |z| = r < 1. Choosing the values of z on

the positive specific values, 0 < z =r < 1, and ¢, is real, we have

e} n 1—v)—1 n— 0o n 1 —1 n—
1= (0, S an iy lowr™ ! + Loy D b, g )

I 2212 ‘aner*ll(bnrnil + 22021 |bn+p71‘¢nrn71

>0
(4.8)
Letting 7 — 17 and if the condition (4.7) does not hold, then the numerator in

(4.8) is negative. There exists a zp = ry € (0,1) such that (4.8) is negative and this

contradicts the required condition for f € T} (p, a1,7). H

Let clco T} (p,an,7y) denotes the closed convex hull of T (p, a1,7). Now we

determine the extreme points of clco T} (p, a1, 7).

Theorem 4.4. Let f be given by (4.3). Then f € clco T}(p, aq,7) if and only if f

can be expressed in the form

= Z (Xntp-1hntp—1 + Yosp-19n4p-1) (4.9)
n=1
where
1 —
hy =27, hpip-1(z) = 2P — p(l=7) 2Pl (n =23,

[0+ p(1 =) — 1[¢n]

D p<1 — ’Y) n+p—1 _
P it T (=23,

Gntp-1(2) =

by, is given by (4.1) and Y 0" | (Xnsp—1 + Yogp1) =1, with Xpipp 1 > 0,Y, 4,1 > 0.

In particular, the extreme points of T} (p, a1,7) are hpyp-1 and gpip-1.

90



Proof. Let f be of the form (4.9). Then we have

- D p(1—7) n+p—1
f(2) = Xy + D Xy ( T -1l )

n=2
- p(1—9) —n+t —1)
+ ) S (zp + ZnP
nz:l w [+ p(1+7) — 1] ¢
- ) n+p—1
n —12
z; n +p - 1] |¢n| i

- 7) —n+p—1
+ Yn 12 L
an [+ p( 1+'y — 1] |ga| "

Furthermore, let

p(1—)

1—
antp1] = gt Xt and by 1| = Gt Yatr-1-
Then
= n+p —7) = 1] ¢n| n+p (1+7) = 1] |pn
an + byt
; f}/) ‘ +p— 1| Z D (1 _7) ’ +p 1|
[t (=) — 1] p(1—7)
— Z Xn+p—1
ot p(1—=7) [n+p(1 =) — 1] |94
n+p 1+~ —1] |0, 1-—
+Z[ p (1+7) —1][¢] ( p(1—7) Ynerl)
o p(l—7) [n+p(L+7) — 1] ¢
= ZXn+p—1 + ZYner 1
n=1
—1-X, <1
Thus f € cleco Tj(p, a1, 7).
Conversely, suppose that f € clco Ty (p, a1, 7). Set
1—~) = 1lnllanen_
Xn+p—1 — [n+p ( 7) :HQS Ha +p 1| (n — 273’ )7

p(1—9)
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[TL +p (1 + 7) — 1]|¢n||bn+p—1|

P (1) (n=1,2,..),

Yn+p—1 -

and define X, =1 -2, X, p-1— > o Yaip—1. Then

= _Zlan-i-p 1|Z P 1+Z|bn+p 1|_n+p !

o0

_ P p(l_’y)Xn—I—p—l ntp—1
- ;mp(l— >—1]|¢n|z

o0

n+p 1 —n+p—1

nz‘: ”ﬂ? 1+7)—1]|¢>n|

— S . P(1—7) n+p—1
=5+ 3 Koo (= o S )

n=2
S p (1 _7) - _1)
LSy (m
Z ntp (1+7) — 16

Z n+p— lhn+p 1 +Yn+p 19n+p— 1)

as required. O
Theorem 4.5. The class Ty (p, a1,7) is closed under convex combination.
Proof. For i =1,2,3, ..., suppose that f;(z) € T} (p, a1,7) where f; is given by

o o
2) =2 — Z @i |27+ Z 1Biy iy |27
n=2 n=1

By Theorem 4.3,

“n+p(l—9) -1 “n+p(l+q) -1
> v (=) |Onlli, ey |+ (1) |60 1Dir,, 1| < 1. (4.10)

n=2 n=1

For Zf; t; =1, 0 <t; <1, the convex combination of f; may be written as

oo o) 0o o 00
Ztlfz(z) =2 - Z (Z ti|ain+p—1 |Zn+p_1> * Z (Z ti|bin+p—1 |Zn+p_1> |
i=1 n=2 i=1 n=1 i=1
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Then, by (4.10)

i’;(mp(l@_ rqsn)(
+Z(n+p1+7) \asn)(

)

7fn+p 1 |

)

— [n+p (1—7) —1]|¢| [n+p (1+9) = 1l[¢nl,,
{Z i ‘b’"+“'}

Hence, >, t;fi(2) € T (p, a1, 7). L

In the last theorem below we give distortion inequalities for f in the class
T (p, 01,7).

Theorem 4.6. If f € T} (p, aq,7) with ¢, > ¢o, then for |z| =r < 1,

b L ol p(1—7) B p (1+7)b|
NS e+ { g e — e

and

p_ pptl p(1-—7) B p (1+7)[by|
0 2 (1= e =0 { gt - el

Proof. Since

p(—v
;(—m > (anspa| + oy
n=2

n—l—p y
< Z 75 (tmspes] + louspil) 0]

= n+p(1—fy)—1 n+p(l+7v)—1 )
Aptp—1| T bn — ¢n7
( L g+ S ) 6

the result of Theorem 4.3 gives

- p(1-7) 1+
> (anipl + i) < gt M (- Tl @
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Next, again since f € T} (p, a1,7), we have from (4.11) and |z| = r that

[f(2)l = 2" = i |an-&-p—1|Zn+p_1 + i |bn+p—1|2n+p_1

n=2 p—
<143 s [ 43 g 27

n=2 —
=rP+ i | [P+ i [

n—2 p—
< (1+ |by|)r? + (i (|ansp1] + ’bn+p1‘)> 1
n—2

<@+ e~ B )

which gives the first result.

In a similar manner, we obtain the following lower bound.

> [e.e]
f2)] =z = Z |yt [P = Z by [P P
n=1

(L= 01" =3 (Janspor] + by ]) 7477
b — et p(=7  pA+9)lb }
> (L= 16) {[p<1—w+11|¢2| I ESe

4.2 Subclasses of univalent harmonic functions

In 1983, Salagean introduced an operator D* f(z) = z+> 2, n*a, 2", k=0,1,2,....

Then, Al-Oboudi (2004) derived the generalised Salagean operator as:

Dif(z) =2+ [1+4 (n— 1N a,2"

where A > 0,k € Ng ={0,1,2,...} and f(2) =2+ > 7, a,2"
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Combining the generalised hypergeometric functions and the generalised Salagean

operator, we establish the operator Hl/{ defined as below:

H’;(Oél, oo B, B Z) = ZlFm(Oéh o B, B Z) * Dl;f(z)
= Z‘i_Z@fL,)\anzn
n=2
where

14+ (n— DA (@1)no1 - ()0
(ﬁl)n—l Ce (ﬁm)n_l(n — 1)' ’

ko _
(I)n,)\ -

(4.12)

a1, ..., 0q, B1, ..., By are positive real numbers such that [ < m + 1. For convenience

we write Hl;\(ala s 7al;ﬁl7 cee 7/6m7 Z) = Hl;if(’z)

Observe that when k = 0, the linear operator H f(z) reduces to the Dziok-Srivastava
operator (Dziok and Srivastava, 1999) which includes well known operators such as
the Hohlov operator (Hohlov, 1978), Carlson-Shaffer operator (Carlson and Shaffer,
1984), Ruscheweyh derivative operator (Ruscheweyh, 1975b) and the generalised
Bernadi-Libera-Livington integral operator (Bernadi, 1969), (Libera, 1965), (Liv-

ington, 1966).

Also for the case k = 0, H5(1,2;4 4+ 1) = I,f(z)[Noor operator (Noor, 1999)],
H5(1,¢ 0+ 1) = 1,¢f(2)[Choi-Saigo-Srivastava operator (Choi et al., 2002)] and
HY (1, 1,81, ... Bty o) = Hf;m [a1] f(2)[Kwon-Cho operator (Kwon and Cho,

2007)].

Furthermore, in the case ay = 1, ...,q; = B, the operator H’; (z) reduces to the
Salagean operator (A = a1 = 1) (Salagean, 1983), generalising Salagean operator
(o = 1) (Al-Oboudi, 2004) and Ruscheweyh derivative operator (k = 1,1 = pp+1)
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(Maslina and Al-Shagsi, 2006).

The operator Hf f(z) for harmonic functions f = h 4 g given by (1.5) is defined

as

H}f(2) = Hih(2) + Hyg(2)

where Hyh(z) =2+ > 07, ®F (a,2" and Hig(z) = Y00 ®F b, 2"

Two classes using the operator H’}\ f are introduced. For 0 < vy < 1,A > 0, let
St (A k, aq,7y) denote the class of univalent harmonic functions starlike of order 7

satisfying

>

o {M} ) - = (1)
1) HE(2) + Hig(2)

where [H’/{f(z)}/ = 2 [HS f(re?)].

Further denote T7 (A, k, a1, ) as the class of functions f = h+g € S5 (A, k, aq,7)

such that h and g are of the form

hz)=2=Y lanlz" , g(z) = |balz". (4.13)

Theorem 4.7. If f is of the form (1.5) and

l

1+ (0= DX ] (), = [T (8,0 (= 1L

If

— [n—7 n+7 " 1+
n byl ¢ |P <1- b 4.14
> { Tl T 1ot < 1 (4.14)

where |by| < ﬁ , 0 <7y <1 and®, is given by (4.12),
then the harmonic function f is orientation preserving in D and f € S (A, k, ay1,7).
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Proof. By differentiation of h and the hypothesis of the theorem, ]®§7A| > 1, we

obtain

7' (2)] =

o

1+ E nanz" 1
n=2
o

> 1> nlay||2"!

n=2

o0

n—vy
>1-3 T a2}

n=2

o
> SO @k |
_71:21_ry ! "

which implies f is orientation preserving in D.
To prove f € S} (A k,aq,7), let

o z (H’f\h(z))/ —z (Hlf\g(z))/ _ A(2)

HYn(2) + Hbg(2) B(z)’

where

A(z) =z + Z n®) \a,2" — Z n®k \b,zn
n=2 n=1

and

B(z)=z+ Y O a,2"+ > O b2,
n=2 n=1

Notice that Re w >  if and only if |A(z) + (1 — v)B(2)| > |A(z) — (1 + v)B(2)|.

Thus
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[A(z) + (1 = 7)B(2)| = [A(2) = (1 +7)B(2)|

> (2 =)zl = Y+ 1=k \llanl[2"] = Y (n =1+ 7)| \lball="] = 12|

n=2 n=1
oo

= (= 1= llanl[2"] = ) (04 14 7)[®F ,][bal]2"|
n=2

n=1

o0 o0

=2(1 =)zl = D _ (20 — 29)|®p sllanl|2"] = Y (20 + 279) P ] ball="

n=2 n=1

= 21-n)lz|- 3 2= o, o ) 2= Dt 1

1—
n=2 n=1

- e n+7 e
ZQO—Vﬂﬂ{l—EZ F a2 = 2: @,MbH 1@

n=2 n=1

22(1—7)Iz!{1—2 &l A—Z“”@ Allbn |}

n=2 n=1

+v S n+ -y
= 21— )l {1 = 2 (5 el + 2 o \}
n=2
This last expression is non-negative by (4.14), and thus f € S} (A k, aq,7). O

The result on distortion bounds for f in the class S7 (A, k, aq,7) is given in the

following theorem.

Theorem 4.8. If f € S;(\ k,aq,7) with ®f \ > ®F | then for |z| =r <1,

7)< <1+|blr>r+r2{ 11 (1+7)|b1||}

(-5 (2 —7)|®f

and

rf<z>|z<1—\bly>r_r2{( . éHJ,l'DbIH}
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Proof. Since

2_7 00 0o
TZ [an| + [ba]) | @5, Z Ian|+|b DN
’.Yn:2 n=2
> n— n+ 7
< D T @]+ b2k
n=2

1
S{l_lﬂ'bl'}

for 0 < |z| = r < 1, we prove the result by considering the above inequality.
2 =2+ lanle" + ) [ba|z"
n=2 n=1
<[zl + > lanl 21"+ > [bal [2]"
n=2 n=1
o)
= (L4 [ba)lz+ > (Janl + [bal) 2"

n=2

< (L4 [BaDl2l + Y (laal + [ba]) |21

:(1+|b1|)r+r2{2(|an|+|bn|)}
9 1—7 I+~
= ity {( NI |'1'}'

The lower bound of f can be derived using a similar manner.

o o0
2 =2l =D lanl 2" =Y [bal 2"
n=2 n=1
o0

> (1= [bul)lz] = Y (lanl + [bal) |2

n=2

9 1—7 1+
2(1—|b1|)7“—7“{< S E ||b1|}-

]

Next, we prove the hypothesis in Theorem 4.7 is a necessary and sufficient con-
dition for f to be in the class TF (A, k, aq,7).
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Theorem 4.9. Let f = h+ g be given by (4.13), f € TH (N k, aq,7) if and only if

Z{l—| A+ el < 1= 1 (4.15)
n=2
where |bi] < 2, 0 <y <1 and ®F w18 given by (4.12).

Proof. In view of the fact that T} (A, k, a1,v) C S5 (A k, aq,7), the "if” part follows
from Theorem 4.7. For ’only if’ part, assume that f € T} (A, k,a1,7). Therefore,

we have

1 2= 3L, @k a2t = 3707, n®f | |by]2n
= Re — k’ - k— —
1 -7 Z_Zn:Q (I)n,A|an|Zn+zn:1 q)n,)\’bn|zn

Re {Z EDIATE zq)k |an|z" = 3202, ?Jrz(bk |bn|z"}
2= 3y OF \lan|zm + 307, @F | [bn]2n

The same condition as in previous case, the above inequality reduces to

— 2 2?__3(1)’6/\’%“4 i 1%1(1)]6,\“7 =t

1— Zn:2 n,)\|an’rnil + Zn:l n,)\‘bn‘Tnil

and the result follows by letting » — 1~ along real axis. O

>0

The following result gives extreme points of clco T (X, k, a1, 7) where

clco Th (A, k, a1, 7y) denotes the closed convex hull of TF (A, k, aq,7).

Theorem 4.10. Let f = h+ g be given by (4.13). Then f € clco T (N k, ay,7) if

and only if f can be expressed in the form

= (Xuhn + Yagn) (4.16)
n=1
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where

1 —v
hi(z) =2z, hy(z)==z2 2" (n=2,3,...),
(n—)|7 .|
gn(2) = 2 + L=7 o (n=1,2,3,...)
" EEEEN )

il v\ s given by (4.12) and Y77 (X, +Y,) = 1, with X,, > 0,Y,, > 0. In particular

the extreme points of Tr (A, k,cq,7y) are h, and g,.

Proof. Let f be of the form (4.16). Then we have

(X, +Y) X, 2"+ Y. z"
= 2 ) Y e N 2 e
:z—i 1= X ”—i—i it Y, z"
= (n— 7)., = (n+7)|2; |
— 1—y
Furthermore, let |a,| = )@k X and b, | = TR A‘Yn
Applying Theorem 4.9, gives
= (n—7)|P7 = (n+7) |07,
LIS SRR L S
-7 -7
n=2 n=1
- il 11—+
Xn
nz:; (n =)@\

+imwbm 1=y
= -y (Il

=) X, +>) Y,
n=2 n=1
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Thus f € cleco T (N k, aq,7).

Conversely, let f € clco TF (M, k, ay,7). Setting

ok la,
x, ol
1=
n+ ¥)|®* \||b,
v, IRl
L=y

and define X1 =1-> 7", X, —> 7 Y,

Thus,

oo [o.¢]
B)=z= ) lanl" + > [balz"
n=2 n=1

f(z):z_zél—ﬂzuzwﬂ

= (n—7)|®} | — (n+7)|®; ;|

)"
X“*ZX { \cb’f \}*ZY{ n+v>r¢>:z,k|}

f(z) =" (Xph, +Yag,) as required. O
Theorem 4.11. The class Tf (M, k,a1,7) is closed under convex combination.
Proof. Suppose that for i =1,2,3, ..., fi(2) € T{(\, a1,7) where f; is given by

fiz) = Z_Z|an1|z +Z|bnz|z

From Theorem 4.9,

S (1

n=2

A“anz

For Zf; t; = 1 where Vi, 0 <t; < 1, the convex combination of f; may be written

as

n=2 =1 =1
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Then, by (4.17)

®7L
Z<Fﬂ’®<“

Zti|an,i| Zt |bnz

)

)5 () (i
mm@}

nm0+i(

Hence, > .7 tifi(z) € TH(N k, aq, 7). O

4.3 Subclasses of harmonic functions with respect to symmetric points

The class of analytic univalent functions in the unit disk which are starlike with
respect to symmetrical points was first introduced by Sakaguchi (1959). Since then,
some authors [for examples see Guney (2007), Aini et al. (2008), Aini and Suzeini
(2009) and Murugusundaramoorthy et al. (2011)] have studied the classes of har-
monic starlike and convex functions with respect to symmetrical points motivated by
Jahangiri (1999) and Ahuja and Jahangiri (2004). In (Ahuja and Jahangiri, 2004),
for 0 < v < 1, the authors introduced the class S} 4(v) which denote the class of
complex-valued, sense-preserving, harmonic univalent functions f of the form (1.5)

and satisfying condition

- 2.9 f(ret?) _pe 2 [zh’(z) — 29'(2)
! {ﬂMW—me@}_R TS ChE

Using the operator HY f defined in section 4.2 and for 0 < v < 1, Stg(\, k, ay, )

denote the class of harmonic univalent functions starlike of order v with respect to
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symmetric points. The function f € S§¢(\, k, aq,7) is satisfying
Re { 22 [H];f(z)}/ }
[F3f(2) — HYf(~2)]
2 [z (H];h(z))/ -z (Hig(z))/}
([H5h() — HEA(=2)] + [Hig(=) — Hig(—2)])

= Re

> (4.18)

where [H];f(z)}/ = 2 [HS f(re?)].

Further denote TF (A, k, a1, ) as the class of functions f = h+g € Sio(A, k, a1,7)

such that h and g are of the form (4.13).

Theorem 4.12. Let f = h+g be given by (1.5) and [1+ (n — DA [T._, (@i)n_1 >

H;n:1(6j)n—1(n— DL If
— 20— [1 = (=1)"] 2n+v [1 = (=1)"] i 14y
;{ 2 (1—7) |an| + 2 (1—7) !bn|} [Py al <1 ; _7‘b1|
(4.19)

where |by| < L_r—z , 0 <~ <1 and®, is given by (4.12) then the harmonic function

[ is orientation preserving in D and f € Sy ¢(\, k,aq,7).

Proof. To verify that f is orientation preserving, we show |h'(2)| > |¢'(2)].
B (2)] =1+ na,z""|
n=2
> 11— nfagl=["!
n=2

o0

>1- Zn|an|.

n=2
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By the hypothesis of the theorem, |®% ;| > 1 and by (4.19) give

o0

>1- 5 2o =B o

n=2

— 20+ (1= (=1)"]
> ok | ||b,
> Zn|bn|

n=1
> nfb||z"

n=1
= lg'(2)I.

Thus, f is orientation preserving in D.

Next, we prove f € S} (A, k,aq,7). It suffices to show that the condition (4.18) is

satisfied. Then, let

B 2 [z (H’;h(z))/ - (H];ig(z))/ _A(z)

([Hih(z) —Hih(—2)] + [Hﬁg(z) _ H’;g(_z)D B(z2)

where  A(z) =22 + )07, 2n®; ya,2" — 3007 2n®F (b, 2

and  B(z) =22+ 37,1 — (1)) yanz" + 3004 [1 = (=1)"] 05 \bazm.

Since Re w > = if and only if |A(z) + (1 —v)B(2)| > |A(2) — (1 +7v)B(2)|, thus the

result is achieved by showing |A(z) + (1 —v)B(z)| — |A(z) — (1 +v)B(z)| > 0.

Consider
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[A(z) + (1 = 7)B(2)| = [A(2) = (1 +7)B(2)|
(4—27)[z] - Z!‘D allan] 2] (20 + (1 = 7)1 = (=1)"])
—ZI‘P Allballz"[ 20 — (1 =)[1 = (=1)"]) = 27/2]
—Z@ allan|l2" 20 = (1+5)[1 = (=1)"])

—ZI@ Allballz"[ (20 + (1 +9)[1 = (=1)"])

41 =)z = ZI‘P allan][2"|(4n = 291 — (=1)"])

—ZI‘D allbnl[2"](4n + 291 = (=1)"])

> 4(1 - 4)|2]

- o2n — [l — (=1)" - on + [l — (=1)"
{ LA wl (g =) - > e} bl (2 =5 ”)}

= 4(1-)l2

1 > [2n—~[1 = (=) 2n 1
{1—1”|b1|—<n2[ P 222 = C ot |>}

=2

This last expression is non-negative by (4.19), and thus f € S} (A, k,aq,7). O

For > |zn| + Y07, |Ja] = 1, the functions

- 2 (1) N 21 —7) G
OREEDY T G O,

shows the equality in the coefficient bound given by (4.19) is attained.

The following result proves the hypothesis in Theorem 4.12 is a necessary and

sufficient condition for f to be in the class Tjg(A, k, aq,7).
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Theorem 4.13. Let f = h+ g be given by (4.13), f € ThHo(A k, a1,7) if and only

if

= fom—y 1= (=)7, | 204y [1—(=1)"] A
Z{ 2 (1 —’7) |a”| + 2 (1 _'7) |bn|} |®n,)\| <1 1 —’7|b1|

n=2

(4.20)
where |by] < ﬁ , 0 <7y <1 and @, is given by (4.12).

Proof. Since f € Tho(\ k,a1,7v) C Sys(A k,aq,7), sufficiency part follows from
Theorem 4.12. To prove the necessity part, assume that f € Tj (A, k, aq,7). For

functions f of the form (4.13), the condition (4.18) is equivalent to

N 2 [2 (H5h(=) = (Hig(2))

(I3 (2) — Hyh(—2)] + [Hhg(s) —Hg(—=)])

R 22—, 2n®k japz" — Y 2ndk b, 2"
= lie %) %) ’ -7
22 — 3 2, BF a2 1 — (1)) + 3007 ®F (b2l — (—1)7]

> 0.

The condition should hold for all values of z,|z| = r < 1. Choosing the values of z

on the real positive axis, 0 < z =7 < 1, and ®" , is real, we have

{ 2(1 = 7) = 3y Ppanr™ ! (20— 41 = (=1)")) }
2=

ney ®paanr ™ L= (1) 4 3002, @ b1 = (=1)7]

n,

D on1 Paabar™ T (20 4+ 91 = (=1)7))
2= 3ty O aanr M L= (1) 300 B b [ = (—1)7]

> 0. (4.21)

Letting » — 17 and if the condition (4.20) does not hold, then the numerator in
(4.21) is negative. Thus the coefficient bound inequality (4.21) holds true when
f € Ty (p, k,aq,7). This completes the proof of Theorem 4.13. ]
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Denote clco Thg(A, k,aq1,7) as the closed convex hull of T%¢(A, k,a1,7). The

following result gives extreme points of clco Thgo(\, k, ay, 7).

Theorem 4.14. f = h+ g € clco Tf5(\, k,aq,7) if and only if f can be expressed

in the form
f = i(thn+Yngn) (4.22)
where
=z zZ)=2z— 2(1_7) 2" (n=
e I M
gn(2) = 2 + 21 —1) ' (n=1,2,3,..),

20+l — (1))@, ]

D% | is giwen by (4.12) and Y | (X, +Y,) =1, with X, > 0,Y, > 0. In particular

the extreme points of T g(A\ k,aq,7) are h, and gy.

Proof. Let f be of the form (4.22). Then we have

- - —7) o
=2 (Kt V)z-) o < Dyt

n=1 n=2

- 2(1—7) o
+Z @n Al - (e,

n=1

N -7)
= X, 2"
;2”— 1——)])|‘1> Al
- 2(1 =)
+ Y, z".
;(%M[l—(— D) 197 4
Furthermore, let |a,| = 20=) X,, and |b,| = 2(1—) Y,

@n—l-(-Dr]ef | @na - ()" D[@E ]
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Applying Theorem 4.13, gives

i%— ( D" 1275 ||an’+i(2n+v[1—(—)])l¢ Al

=) D I
— (2n—~ 1—(—)])@ N 2(1—7)
Z =) (0= — () @]
- 271+71—(—)])|‘I> N 2(1—~)
*Z —) @0 A )DL
S,
=1—-X; <1
Thus f € clco Thg(M k, aq,7).
Conversely, let f € clco Thg(\ k, ay,7). Set
~ @2n =91 = (=1)"]) [P} ,llan] B
n — 2(1_7> (n—2,3,...),
@Al = (1)) [ 4] [n] _

and define X1 =1—-> 7, X, + >~ V,.
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Therefore,

F) =2 = Janlz" + 3 fbf2”
n=2 n=1

o0

LN 2(1 =) X n 2(1 = 7)¥n z"
JE)=2-2 (2n —A[1 = (=1)"]) |®F | ! z; (@2n 471 = (=1)"]) |27

o . e . 2(1—")/)271
fz) =X, +ZX"{ (2n—7[1—(—1)”])|@ﬁ¢\|}

n=2
- 2(1 —)z"
+ Y, < z+
2 { @0 A0 — (D)oL }
f(z)=>" (Xph, +Y,0,) as required. 0

Theorem 4.15. The class Tjg(A, k, aq,7) is closed under convex combination.

Proof. Suppose that for i = 1,2,3, ..., fi(z) € Tf;5(\, k, a1,7) where f; is given by

fi2) =2 =) lanlz" + > |bilz"
n=2 n=1

From Theorem 4.13,

(2= =D e YN (2t = GO
Z( 1) |<I>n’/\|]an,z\>+;( =) \<I>n7x\|bn,l|)§1.

n=2

(4.23)

For Zf; t; = 1 where Vi, 0 <t; <1, the convex combination of f; may be written

as,

thfz(z) =z — Z (Z ti|an7i|z"> + Z ( ti|bn7i|2n> .
=1 n=1 \i=1

n=2 =1

Then, by (4.23)
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:2 (2n —27([11_—7()—1)”]@%') ( >

> tilanl
=\ [ 2n 1—(=1)"
+Z( +27([1—'5) | ]@Z’A') (

)

Z ti|bni
i=1

)

(2= L= (=D = [2n 1—(=1)"], .,
{22( Ty whallend) + 32 (* ”@mmmo}
Siﬁﬂ)Zl

This is the condition required by (4.23) and hence, Y -2, t; fi(z) € Tfg(A, k, o1, 7).

]

In the theorem below we give distortion bounds for f in the class T ¢(\, k, a1, 7)
Theorem 4.16. If f € Tj (A k, a1, 7y) with @\ > O | then for |z| =r <1,

|f<z>|§<1+|b1|)r+r2{(1—7> (1+v>lb1!}

2‘(13126,)\‘ 2’(1)]2?,)\|

and

V@NZO—MMT—H{Sggf_Uiéﬁﬂ}'
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Proof. Since

oy 3l + ) 95,

<3 (T ) el B 9k

)

= /2n — [l = (=1)"] 2n +~[1 — (=1)"]
<> ( 2(1 — ) lan] + 2(1—7) ‘b"‘) 2

n=2

147

<1-

\61!

Thus using the result of Theorem 4.13, the above gives

( v 1+’Y
E an| + |bn byl. 4.24

Next, since f € Thg(A, k,a1,7) and for 0 < |z| = r < 1, we have using (4.24)

f(2) =12 = lanle" + > |ba|2"
n=2 n=1
<2l ) lan] 21"+ bal 12"
n=2 n=1

= (L+ o)zl + Y (lanl + [Bal) [2]"

n=2

< (L4 [BaDl=l + Y (laal + [ba]) 1217

n=2

= (14 |by|)r + 72 {Z lan| + |bn]) }

<(1+1b + 72 (1- b

which gives the first result.

112



In a similar manner, we derive the following lower bound.

) 0
D> 2l =Y lanl 12" =D bl 2]"
n=2 n=1
0

= > (lan| + [ba]) 2"

n=2

= (1= [bu])]2

oo

> (1= [bal)l2] = D (Ianl + [ba]) |2/

n=2

= (L= [b)r—r {Z |an| + |bn]) }

(1-7v) 147y
> (1= |by])r —r? — b1 ¢ -
' {2|®§A| 2105, |
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CHAPTER 5

PRESERVATION OF CERTAIN OPERATORS

Jung, Kim and Srivastava (1993) introduced the families of integral operators and
investigated the preservation of these operators in Hardy space of analytic func-
tions. In this chapter, preservation of the Carlson-Shaffer operator, Hohlov opera-
tor, Dziok-Srivastava operator and Kwon-Cho operator are shown to be preserved
in the same class. Beside that, class R(\, k, ay,7) is defined using the operator Hf f
as introduced in section 4.2. Using the condition of convex null sequences, we show

the preservation of Jung-Kim-Srivastava operators in this class.

5.1 Preservation on hardy space

Recently, some authors (Raina, 2009), (Raina and Srivastava, 1999) and (Jung et
al., 1993) have considered relationships between certain families of integral operators
and the Hardy space of analytic functions. For our case, we consider Carlson-Shaffer
operator, Hohlov operator, Dziok-Srivastava operator and Kwon-Cho operator. For

f € R, these operators will be shown to be preserved in Hardy space.

First, let H”(0 < P < 00) denotes the Hardy space of analytic functions in D.

The integral mean Mp(r, f) is defined as follows:

Definition 5.1.

(% fo% |f(7’ew|P d@)% , 0<P<o

MP(T7 f) = (51)

maxiz|<r 1£(2)l ) P=o0
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An analytic function f in D belongs to the Hardy space HY (0 < P < oo) if

lim,_,;- Mp(r, f) < co. HY is a Banach space for 1 < P < oo with norm
I£llp = lim Mp(r, f) (5.2)
whilst H* s the class of bounded analytic functions in D.
Next, we list some prior results which will be used in establishing our results.
Lemma 5.1. (Jung et al., 1993) If f € R then f € HY(0 < P < 00).

Lemma 5.2. (Libera, 1965) If M and N are regular in D, N(0) = M(0) = 0, N
maps D onto a many sheeted region which is starlike with respect to the origin, if

M’ M
WePthenﬁeP.

Therefore if Re {M/(Z)} > (0 then Re {M(Z)} > 0.

N'(z) N(z)
Proposition 5.1. (Duren, 1970: p. 42) A function f(z) which is analytic in |z| < 1

is continuous in |z| < 1 and absolutely continuous on |z| = 1 if and only if f' € H".

For the first theorem, we show the preservation of Carlson-Shaffer operator,
L(b,o)f.

Theorem 5.1. Given Re b >0, Re ¢ > 0 and f € R then L(b,c)f € H” (0 < P <

o0) and L(b,c)f € H®.

Proof. The Euler representation of Carlson-Shaffer operator is

I'(c) Dot el ;
)/0 P () (5.3)

L(b,c)f(2) = NORCED)

with Re ¢ > 0, Re b > 0.

Differentiating with respect to z, (5.3) becomes

d [(c)

E[L(b’ of(z) = ——b)/o Pt =)t %f’ (tz)t dt
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and taking the real part gives,

ReC%M@pﬂﬂ@):f@§%%ijt“%l—ﬂ*“ﬁ%v%mﬂdt

z
Since f € R, Re[f'(tz)] > 0 where t € (0, 1).
Hence, Re (ZL[L(b,c)]f(z)) > 0 and thus [L(b,c)]f € R. Lemma 5.1 implies

[L(b,e)|f € HF.

To prove L(b,c)f € H*, it can be shown that

AL 0.1 ) = 0L+ 1) - (0= DL, b>0

which gives

d

SILG.A )

Furthermore, using
maz {A”, B"} < (A+ B)” <27(A” + BY) (5.4)

we can easily derive

P P

! < 2 { | HLO + L)) 7 +] 0= DILG0LS ) 7).

dz

[L(b,0)]f(2)

From Proposition 5.1, we obtain that if £[L(b,c)]f(z) € H* then [L(b,¢)] f is con-
tinuous in D = {z: 2z € C and |z| < 1}.
With P=1, |z] =7 <1,

1

d

L5, 0) £

{! DILO+ 1) f(2) |+ (b= 1) [L(b, )] f(2) '}

1

—— [L(b, )] f(2) S%{Ib[L(bﬂLLC)] F) 1M+ (0= 1) [L( 21}

dz
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Making use of (5.1) and (5.2), the inequality (5.5) yields

My (4t 10,01 7(2))

< g{ o] Mi(r, [L(b+1,¢)] f(2) + | (0= D) Mu(r, [L(b,¢)] f(2))}

and

d

— [L(b, )] f(2)

- <200 [ IO+ 1,01 f(2) [ +2] (0=1) [ [L(b, )] f(2) ], -

1

(5.6)

Since [L(b,c)] f € HY (0 < P < 00), [L(b,c)] f(2) € H* | [L(b+1,¢)] f € H" and
the equation (5.6) implies - [L(b,c)] f € H'.

Upon application of Proposition 5.1, [L(b, ¢)]f is continuous in D = D + éD. D is
compact(closed and bounded). Therefore, [L(b, ¢)]|f is a bounded analytic function

in D. Hence [L(b,c)] f € H*. O
Next, the result for Hohlov operator, H,,; ,. f is obtained.
Theorem 5.2. If f € R then Hyyp,. f € HY (0 < P < 00) and Hyyp . f € H*.

Proof. Hohlov operator in terms of Euler presentation is given as

1 _ \e—b-1
Howoo f(2) = Lle) ) /0 F(S— at)_ = l)tb’QF(c—a, l—a;c—a—b+1;1—t) f (tz) dt

(5.7)

where (c—a+1) >b> 0.

Differentiation of (5.7) gives

3t 1(2)

_ T /1 $=2 (1 — )"

['(a)(D) F(c—a_gH_l)F(C_aal—G;C—a—b+1;1—t)f’(tz)tdt
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. T(c) Lb=1(1 — t)cfafb | | ,
‘r<a>r<b>/0 Moo € wlsema—brL1-1)f (i) di

Taking the real part

Re (L (Han) 1))

. F(C) 1 $0-1 (1 _ t)C—a—b | | /
a F(a)F(b)/O F(c—a—b+1)F(C_a,1—a,c—a—b—i—l,l—t)Ref (tz) dt

and since f € R, Re|[f'(tz)] > 0, t € (0,1). Then

e (- (Haac) £)) 0

Thus Hyyp . f € R. From Lemma 5.1, Hy,p,. f € HY (0 < P < o0). The second

result is obtained by using a similar manner as in Theorem 5.1. [

We now present two results concerning inclusion theorems of Dziok-Srivastava

operator and Kwon-Cho operator in Hardy space using Libera’s Lemma.

Theorem 5.3. Let H'™ [aq] f(2) = Y00y & (1] @12 where z € D, ¢, [aq] =

(a1), (o),

BBl and oy <1 ,a; =1

a; >0 (i=1,2,...)and B; #0,-1,-2,... (j =1,2,...) are real parameters with

[Tici(@)n =TT, (8))an! and (ar + 1), [Ticy(i)n > TT7 (8)an!-

If f € R then H'™ [o] f € HE (0 < P < 00) and H"™ [oy] f € H*.

Proof. Easily, it can be shown that the differentiation of Dziok-Srivastava operator
gives

%H b an) f(2) = 1 {oan H"™ [on +1] f(2) + (1 — an) H"™ [an] f(2)}
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and

d
e { L o 1)
{al i ¢n [al + 1] CLn-i—lzn+1 + (1 o Oq) i ¢n [al] Zn-l—lzn+1 }
n=0

D12 g fon + 1]+ (1= ) [mb}

gt
{ P }
n{ )

Since f € R, using Lemma 5.2 results in Re {f(z)} > 0 and Lemma 5.1 implies

z

H'™[aq] f € H? (0 < P < 00).

Next, consider

d l,m " 1 Ilm l,m "
L] )] = | o+ 176) + (- 0™ o] £(2)
Using (5.4)the following inequality is easily derived.
d im r
L H o] £(2)
2\” P P
< (M) {|a1Hl’m [y + 1] f(z)‘ + ‘(1 — o) H"™ o] f(z)! } :
From Proposition 5.1, we have
d i '
L H o] £(2)
2 l,m 1 l,m 1
< (3) {loutr w0 40 = a7} (58)
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Making use of (5.1) and (5.2), the inequality (5.8) yields

M, (7“, dilZHlvm (o] f(z))

< %{ | ar | My (r, H"™ joq + 1] f(2)) + | (1 — ) | My (r, H™ [aq] f(2)) }

and

<2lar | | H™ [+ 1] f(2) ||, +2] A=) | || H™ ] f(2) [, (5.9)

d I,m
S H o) £(2)

1

Since, we have established earlier that H"™ [o] f € HP (0 < P < o0), H"™ [ay] f €
H' and H"™ [0y + 1] f € H' thus (5.9) implies LH""[oy]f € H'. Applying
Proposition 5.1, H"™ [a4] f is continuous in D = D + §D. D is compact(closed
and bounded). Therefore, H"™ [ay] f is a bounded analytic function in D. Hence

H'™ [oy] f € H™. 0

Lastly, the Kwon-Cho operator defined by Kwon and Cho (2007) as HY™ [a1] f(2)

is used in obtaining the following theorem.

Theorem 5.4. Let Ho'™ [on] f(2) = 32, W,y [N apgr 2"t where z € D, U, [\ =

n=0 N

Bl 0 <A< lar =1, 0;>0(i=1,2,...) and B #0,~1,-2,... (j =

1,2,...) are real parameters with (A), [[;Z,(5;)n > Hizl(ai)nn! and

A+ D [T (B > TTizy (w)anl. If f € R then HY™ [oq] f € HY (0 < P < 00).
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Proof. Differentiation of HY™ [o] f results in

ALl (0} = Mo+ 1) - (- D ] 1

Lo S = A o+ 1] £+ (= N EE o] 1))

d%Hle ] f(2) = {A > v, [A+1ian+1z”+1 ‘ —A)i v, [ azﬂznﬂ}
Re{d%Him [ozl]f(z)} — Re ia”%znﬂ(wn A+1]+ (1 - AT, [A])}

vV

=

Q)

— N 3

S

3

A
RIS
3
X
——

The hypothesis f € R implies Re {f (Zz)

} > 0. Applying Lemma 5.1, Hi’m laq] f €

H? (0 < P < o0). O

Remark 5.1. Hf\’m [aq] f € H® can be shown using similar method as in Theorem

5.8.

Remark 5.2. The notation of Kwon-Cho operator can be written as H™ N f(2),

hence Theorem 5.4 is a special case of Theorem 5.3.

5.2 Preservation using convex null sequences

There are some classes were introduced using various operators and the class R(7)
[for examples see (Al-Oboudi, 2004) and (Murugusundaramoorthy, 2003)]. The op-
erator H f defined in section 4.2 is considered to introduce a class R(\, k,aq,7)
which satisfies the condition Re [Hlf\f(z)}/ > (0 <~v<LA>0keN =

0,1,2,...}).
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The Jung-Kim-Srivastava operators:

and

vy Tw+p+1) K ( T(u+n) 0
guf(2>—2+wz(m)an2, V>O,/L>—1

are shown to be preserved in the class R(\, k, ay,7y) using condition of convex null

sequence. Some papers on convex null sequences can be found in (Al-Oboudi, 2004)

and (Babalola, 2009).

Throughout this section, these two lemmas are used in proving our results.

Lemma 5.3. (Goodman, 1983) If p(2) is analytic in the unit disc D, p(0) =1 and
Relp(z)] > 3,z € D, then for any analytic function q in D, the function p % q takes

its values in the convex hull of q(D).

Definition 5.2. A sequence cy,cy,...,¢p,... of nonnegative numbers is called a

convex null sequence if ¢, — 0 asn — o0 and cg — ¢y > ¢; — ¢y >

~ch—0n+12

.>0.

Lemma 5.4. (Fejer, 1925) Let {c,}., be a convex null sequence. Then the function

s(z) =2+ > 07 2™ is analytic and Re[s(z)] > 0 in D.
Theorem 5.5. If f € R(\, k,aq,7) then J,f € R(\ k,aq,7).

Proof. Let f € R(\, k,«1,7) then

e} / o0
Re {z + Z @ﬁvkanz”} = Re {1 + Zn@ﬁj/\anznl} > 7.
n=2

n=2

Let q(z) =1+ 307, n®k \a,2""".
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Considering

Let

<1+Zn<bn/\an )(HZ(ZLD ‘1>

= q(2) *p(2).

Applying Lemma 5.4, let ¢, = Vi:}rl (v > —1) with ¢y = 1. Then

i) ¢, nonnegative numbers.
ii) ¢, » 0 as n — oc.
iif)

CntCng2e  VH1 v+1  2w+1)
2001  vHAn+1l v+n+3 vidn+2

B (v+n+2)?
S (w+n+ 1)@ +n+3)

1

— 14
(v+n+1)(v+n+3)

> 1.

Therefore {c, },, is a convex null sequence. Thus the function s(z) =

a 00 n
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is analytic and Re[s(z)] > 0. Using the above ¢,, we have

1+1/+1 +V—|—12
z z
2 v+2 v+3

1 v+1 +1/+12
z z
2 v42 v+3

Using Lemma 5.3 we obtain

Re[P(z)] = Re [1 +>, n@fm (ZE) anz”_l} > v, hence J,f € R(\, k,a1,7). O

Theorem 5.6. If f € R(\, k,ay,7) then 0] f € R(A k,a1,7).

Proof. Let f € R(\, k,aq,7) then

e} / (o)
Re {z + Z @ﬁvkanz”} = Re {1 + Zn@ﬁj/\anznl} > 7.
n=2

n=2
Let q(z) = 1+ 307, n®F a,2""".

Considering
/
C(v+p+1) o= .4 ( I(p+n) )
Red st~ THT DN g (ST ) o
{ Gt 2" e )

T+ p+1) & (g +n) -1

=2
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Let

N no1 Fw+p+1) g~ (_Dlptn) ne1

= q(2) *p(2).

Applying Lemma 5.4, let ¢, = E((l:’:f;(}l()yrii 12111)) with ¢g = 1. Then
i) ¢, nonnegative numbers.

ii) ¢, — 0 as n — oc.

iii)

%+wM2:{HV+M+DFw+n+1) Nu+u+nnu+n+$}
Fp+DI'v+p+n+1) Dp+ Iy +p+n+3)
LI+ p+D(p+n+2))

Flp+DI(v+p+n+2)

Cn+1

(v p+n+1) (p+n+2)
(p+n+1) (v+p+n+2)

. 1+ 02
(p+n+Dv+p+n+2)

> 2.

Therefore {c,},_ is a convex null sequence. Thus the function s(z) = £+ | ¢,2"
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is analytic and Re[s(z)] > 0. Using the above ¢,, we have

()_1+F(V+#+1)[‘(M+2)Z+F(V+/L+1)F(ﬂ+3)22
T2 T T+ p+2)” Tt DI+ p+3)

()_E_F(V+u+1)F(u+2) +F(u+,u+1)f‘(u+3)22
T T T )T+ p+2) T+ )T+ +3)

The function

y+u—|— - w+n 1
=1+ n
P(z) ( L(p+1 Z( u+u+n)>az )

n—=

k)
P) =14 5() ~ 5 = 5 +5()
Relp(=)] = Rel; + ()] > 3.

Using Lemma 5.3 we obtain Re[P(z)] = FV(Zf{l) S, ndk ( V(ji:ﬁl)

v. Hence £ f € R(A, ay,7).

) CLnZn_l
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CHAPTER 6

FUTURE RESEARCH

In the last chapter, we discuss open problems for future research. Some topics in
this thesis can be extended to generate new results.

Problem I: Necessary and sufficient conditions for the integral transform V) f to be
a convex functions of order § where f in Ws(a,y) have been investigated in chap-
ter two. This study can be continued to determine the sharpness of § and to find
conditions on A such that the results can be applied for certain integral transforms

as Bernardi integral operator, Komatu operator and Hohlov operator.

Problem II: Raghavendar & Swaminathan (2012) studied the combination of star-
like and convex functions for the integral transform V) f where f in certain class. The
investigation in chapter two can be extended to obtain new result using combination

properties of starlikeness and convexity of order ¢ for V) f where f € Ws(a, 7).

Problem III: In chapter three, the conditions on  have been obtained for func-
tions in the classes of Janowski starlike and the Cassini curve. Beside that, the class

of uniformly convex can be considered in getting new results on f5.

Problem IV: Lastly, the discussion on properties of functions for the subclasses
of multivalent and univalent harmonic functions in chapter four can be extended to
meromorphic multivalent and univalent harmonic functions. Previously, there are
authors [see (Ahuja and Jahangiri, 2002), (Patel and Palit, 2009) and (Wang et al.,

2009)] studied meromorphic harmonic functions.
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