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ABSTRAK

Kajian ini melihat kepada tiga masalah berkaitangd® model regrasi bulatan
JS dengan lima objektif untuk dicapai. Dua objegiftama adalah berkaitan dengan
masalah titik terpencil dalam model. Objektif pertaadalah penyiasatan keteguhan
kaedah anggaran model regresi bulatan JS dengauikah titik terpencil dalam set
data. Objektif kedua adalah menggunakan tiga Wjenangka yang berasaskan kepada
pendekatan penghapusan baris untuk mengesan difericil yang mungkin dalam
model regresi bulatan JS. Ujian pertama adalah amhbikira versi statistik
COVRATIOyang diubahsuai dengan menggunakan matrik kovarigga dalam model
regresi bulatan JS. Ujian berikutnya adalah mengkam perbezaan purata ralat
statistik dengan menggunakan fungsi kosinus damssidntuk setiap ujian, penjanaan
nilai genting dan kuasa prestasi dipersembahkaalansimulasi. Secara umum, ketiga-
tiga ujian berangka menunjukkan prestasi yang balam mengesan titik terpencil

dalam model regresi bulatan JS.

Dua objektif seterusnya ialah melihat kepada pemiaan satu model regresi
bulatan JS teritlak. Objektif ketiga adalah memyeskan model regresi bulatan JS
untuk memasukkan lebih dari satu pembolehubah duléitlak bersandar. Formula
umum model regrasi bulatan JS teritlak dan anggpesameter regresi menggunakan
kaedah kuasa dua terkecil dibentangkan. Prestagidaka anggaran disiasat
menggunakan simulasi dan secara umumnya adalabs.bagbjektif keempat
membincangkan masalah multikolinearan dalam moegiesi bulatan teritlak. Satu
kaedah yang diubahsuai untuk mengesan kewujudarkotuearan berdasarkan faktor
inflasi varians dicadangkan untuk disesuaikan dergjtat model regresi bulatan JS

teritlak. Jika multikolinearan wujud, kami menggkaa idea analisis regresi rabung



bagi mendapatkan anggaran parameter di dalam mBdetedur yang dicadangkan

berfungsi dengan baik apabila dilaksanakan padasgdatsimulasi dan data set sebenar.

Objektif yang terakhir ialah membangunkan satu karkerja model hubungan
fungsian dengan menggunakan model regresi bul&atalhm pembangunan tersebut.
Di sini, kami menganggap kedua-dua pembolehubahatdiul bersandar dan
pembolehubah bulatan tidak bersandar mengandufagi Renganggaran parameter
diperoleh secara berangka meggunakan kaedah pguggan pelelaran kebolehjadian
maksimum. Disebabkan kerumitan penganggar parajmetat piawai bagi penganggar

di dapati dengan menggunakan kaedah cangkuk.

Untuk ilustrasi, tiga data set bulatan yang sebeli@ertimbangkan, iaitu, set

data arah pergerakan angin, set data mata dengapetibolehubah dan set data mata

dengan empat pembolehubah.



ABSTRACT

This study looks at three problems related to X8ecircular regression model
with five objectives in mind. The first two objeatis are concerned with the problem of
outliers in the model. The first is the investigatof the robustness of the JS circular
regression estimation method in the presence diemiin the data set. The second is
the use of three numerical tests based on row ideletpproach to detect possible
outliers in the JS circular regression model. Tinst test considered is a modified
version of theCOVRATIOstatistic by utilizing the covariance matrix osiduals of the
JS circular regression model. The other tests asedon the difference mean circular
error statistics using cosine and sine functiors. dach test, the generation of cut-off
points and the power of performance are preseritedimulation. In general, the three

numerical tests perform well in detecting outlierdS circular regression model.

The next two objectives look at the developmentaohew generalized JS
circular regression model. The third looks at edieg the JS circular regression model
to include more than one circular explanatory ydeaThe general formulation of the
generalized JS circular regression model and @ a&son of the regression parameters
using the least squares method are presented.€effagmpance of the estimation method
is investigated via simulation and is generally dyobhe fourth looks at the problem of
multicollinearity in the generalized model. A nemodified procedure to detect the
presence of multicollinearity based on the variamékation factor is proposed to suit
the nature of the generalized JS circular regrassiodel. If the multicollinearity does
exist, we use the idea of the ridge regressionyaisalo find the parameter estimates of
the model. The proposed procedure works well wineplemented on simulated and

real data sets.



The last objective is to develop a new functiomdhtionship model framework
by using the JS circular regression model in theipseHere, we assume both the
circular dependent and explanatory circular vaesbhre subject to errors. The
parameter estimates may be obtained numericallyguderative procedure on the
maximum likelihood estimators. Due to the comphexit the estimators, the standard

errors of the estimates are obtained using boptstiethod.

For illustration, three real circular data sets aomnsidered, namely, wind
direction data set, eye data set with two variables$ another multivariate eye data set

with four variables.
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CHAPTER ONE

INTRODUCTION

1.1 Background of the Study

Circular or directional statistics is a branch spatistics that deals with data
points distributed on a circle. It uses angleshasmeasurements of directions ranging
from 0° to 36C or in radians(O,Zn]. It can be displayed on the circumference of & uni

circle. Circular data arise in various ways inchglthose corresponding to two circular
measuring instruments, for instance the compasstt@nalock, and broadly used in

different areas such as

() Natural science Rivest (1997) predicted the direction of grounovement during
an earthquake, while Downs & Mardia (2002) had iaglptheir proposed circular
regression models on circular data.

(i) Medical sciences Downset al (1970) studied the correlations among circadian
biological rhythms wherein a 24-hour clock is colesed as a circle (Binkley,
1990; Downs, 1974; Moore-Edet al, 1982) and the angle of knee flexion as a
measure of recovery of orthopaedic patients (Jaesmmeadiakaet al., 1986).

(i) Meteorology. Data include wind and wave directions (Mardia729Johnson &
Wehrly, 1977; Hussiet al, 2004 and Gatto & Jammalamdaka, 2007), the number
of times a day at which thunderstorms occur andréguencies of heavy rain in a
year (Mardia & Jupp, 2000).

(iv) Biology: The bird orientation in homing or migration (Mad 1972), animal

navigation (Batschelet, 1981) and spawning times drticular fish (Lund, 1999).



(v) Physics Fractional part of atomic weights (von Mises, 8Pand source of signals
in the case of airplane crashes (Lenth, 1981).

(vi) Psychology Studies of mental maps to represent the surrogsdof respondents
(Gordonet al, 1989) and time pattern in crime incidence (Brums& Corcoran,
2006).

(viii) Geology Modelling the cross-bedding data (Jones & Jar@89), the orientations
of fractures and fabric elements in deformed rddkardia, 1972) and the direction
of earthquake displacement (Rivest, 1997).

(ix) Geography: Orientation data appear naturally when readingsist of longitudes

and latitudes such as the longitude and latitudeagh shock, the variation of the

number of earthquakes (Mardia, 1972).

Due to the bounded property of circular observetjowe need to consider
special statistical methods in analyzing such dat,is, the descriptive and inferential

analysis of circular data cannot be carried outgistandard methods for observations
on Euclidean space (Agostinelli, 2007). For examnjet us consider two angld®’
and 350 as illustrated in Figure 1.1. The arithmeticaméy treating the data as linear

observation is180 . However, the mean direction of the two diti has to bé®’ .

Therefore, special statistical methods and teclesgue needed to analyse circular data.

3500 g

180

Figure 1.1: Arithmetic and Geometric mean



Currently, the analysis of circular data attraitts interest of statisticians and
researchers from different scientific fields duethe accessibility to such data. As a
result, new statistical methods for circular datveh been developed and statistical
softwares have been produced that provide toolscifoular data analysis including
Axis, Oriana, DDSTP and MATLAB. In addition, Jammaadadaka & SenGupta (2001)
provided some routines for circular data analysigten in R/S-Plus language. More
routines are expected to be available in the futwtie more problems related to circular
data analysis being studied including the occueesfooutliers in circular samples and

circular regression models.

Strong interests on circular regression model te#se been shown (see Gould,
1969; Mardia, 1972; Laycock, 1975; Down & Mard2®02; Hussiret al, 2004 and
Kato et al, 2008). Another model of our interest is propobgdJammalamadaka &

Sarma (1993) for the case when both response lanaland explanatory variabla

are circular. They used the conditional expectatdnthe vector " given u to
represent the relationship betweeandu. The properties of the models for the case of
a single explanatory variable have been studied &ec. 8.6 of Jammalamadaka &
SenGupta, 2001). We refer the model as iBecircular regression modeWe will

extend the model by introducimpgcircular explanatory variables in the model.

The challenge to detect the existence of outliersircular regression models
has not received enough attention yet. So far, f@wpublished papers focusing on the
detection of outliers in circular regression modss be found in the literature such as
Hussinet al. (2004) and Abuzaiet al. (2008). Here, the problem of our interest is the
detection of outliers on the JS circular regressmdel. The circular residual is used

for the above purpose. Recently, Abuzeidal (2008, 2011, 2013) discussed the issues



and proposed several statistics for detecting erstlin Hussin’s circular regression
model. We employ the statistics and investigat& ferformance when applied on JS

circular regression model.

Multiple linear regressions are used to modeldineslationship between a
dependent variable and one or more independentbles. However, when the
independent variables are highly correlated, thee Wwave a problem of
multicollinearity. The problem can make it impossible or difficultassess the relative
importance of individual predictors from the estiath coefficients of the regression
equation (Farrar & Glauber, 1967). It can also hageere effects on the estimated
coefficients in a multiple regression analysis. nber of studies have been carried out
on overcoming the problem of multicollinearity ihet linear regression model (see
Farrar & Glauber, 1967; Lemieux, 1978; MansfieldH&Ims, 1982; Montgomery &
Peck, 1992 and Haan, 2002). The presence of militiearity problem can be detected
by looking at the correlation structure of the ipeedent variables. If the variables are
orthogonal, then the problem does not exist. A nudmjective way is by looking at the
values of variance inflation factoVIF), see for example, Lemieux (1978) and
Mansfield & Helms (1982). AnyIF values different from one indicates the presence
of multicollinearity. Now, the main goal is to deaith the multicollinearity when
estimating the parameters of the regression méotiedrl (1962) and Hoerl & Kennard
(1968) suggested a noble approach by introducingnatantk in the LS estimates of
the regression model which is believed to be ableontrol the effect of the problem.
But, to the best knowledge of the author, bothassof a multiple circular regression
and the problem of multicollinearity in the circuleegression model has not been
considered yet. The interest here is to developreemlized circular regression model

with more than one explanatory variable in the nhaaled to propose a modified



procedure of dealing with multicollinearity problem the JS circular regression

models.

The study of linear “measurement error” or “errorsAariables” models
(EIVM) began more than a century ago. Since thenalea has gained importance for
the study of relationships between variables. ibrsrin the explanatory variables are
ignored, it is well known that the estimators obéal by classical or ordinary linear
regression are biased and inconsistent (Buona¢d®$6). In practice most studies, for
example, the life sciences, biology, ecology andnemics involve variables that
cannot be recorded exactly. When the purpose isstimate relationships between
groups or populations, errors arise mostly as exygrtal and observational errors or as

errors representing variability of individual sutte

The functional model is a part of EIVM where it eef to the study of the
relationship between variables which are subjette@rrors (Ramsay & Silverman,
2005). The functional relationship models in linesaise have been extensively
developed in the literature. The interest here asektend the linear functional
relationship model to the case when both variaatescircular and subjected to errors.
Works on functional relationship models for cirawariables have also been reported
in the past (see Hussin, 1997; Bowtell & Patefidll99 and Caires & Wyatt, 2003).
We will consider the circular regression model p®gd by Jammalamadaka & Sarma
(1993) in the setup. Herewith, we refer the modslthe JS circular functional

relationship model. Note that we only consider phecated data in this study.

1.2 Statement of the Problem

So far, the study on circular regression is limii@@ single independent variable

only. One of the models is the JS circular regagssiodel which is known to have very
5



interesting properties closely related to the themrmultiple linear regression. In this
study, we look at three main problems which havebeen explored yet related to this
model; firstly, we use three methods of identifyimgtliers in the model; secondly, we
generalize the JS circular regression model to ipielcase and then we look at the
problem of multicollinearity in the model; and tilly, we utilize the model in the

functional relationship framework.

1.3 Objectives

Based on the statement of problem above, the smahas outlined the

following objectives for this study:

1. To investigate the robustness of the JS circulgiression estimation method toward
the existence of outliers in the data.

2. To extend the use of three different methods oéd@tg outliers in JS circular
regression model, i.ecCOVRATIQ DMCEcandDMCEsstatistics.

3. To extend the JS circular regression model to gdimed JS circular regression
model with two or more independent variables.

4. To propose a new procedure of dealing with mullicearity problem in the JS
circular regression models.

5. To develop a new functional relationship model feswark based on the JS circular
regression models.

6. To apply the methods on real life data.

1.4  Significance of Study

The findings from this study will be beneficialtime following ways:



1. Contribute to the knowledge regarding the modellaigcircular regression and
detection of outliers.

2. Optimize the estimation of parameters in circulaydels by the identification of
outliers.

3. Contribute to the new method of dealing with mulliimearity problem and
optimize the estimation.

4. Contribute to the functional model framework incailar regression model.

1.5 Research Outline

This research attempts to handle the problem dieosiin circular regression by
proposing three statistical methods, then, loothatproblem of multicollinearity in the
model using Hoerl and Kennard’'s method; and lasplyppose the functional
relationship framework for JS circular regressiondel. The research is outlined as

follows:

Chapter two gives a literature review on the circular regr@ssimodels and the
problem of outliers in circular regression modéiée present a review on different
methods of identification of outliers in linear regsion which has the possibility to be
extended to the model proposed by Jammalamadakaaénes (1993). Special
discussions are also presented on the problem hicoilinearity in the multiple linear
regression model and on the setup of the functioaktionship model involving

circular regression models.

Chapter three discusses the theory of JS circular regressioneinadd the general
effect of outliers on the model as well as the sthess property of the model. We

illustrate the application of the model on two réata sets.



Chapter four presents a numerical statistic based on the iHEOD¥RATIOstatistic in
linear regression that can be used to detect dessuftliers in the JS circular regression
models. Via simulation, the cut-off points are otéa and the power of performance is

investigated. The statistic is then applied on wdirdction data.

Chapter five presents another two numerical statistics to dgtessible outliers in the
JS circular regression models by considering tlfierdnce mean circular error using
cosine and sine functions. The cut-off points ahd power of performance are

investigated. The statistics are then applied oalleye data.

Chapter six presents the development of the generalized &8lairregression models
and the treatment of multicollinearity problem imetmultiple JS circular regression
models using ridge regression approach. We usentligvariate eye data to illustrate

the problem.

Chapter sevenpresents the development of functional relatigmshodel involving JS

circular regression models. The parameters arenatad using maximum likelihood
estimation method. Due to the large number of patamm to be estimated, the
asymptotic variances of the parameters are obtaugdg bootstrap procedure.
Extensive simulation studies are used to show thdopnance of the maximum
likelihood estimation method. For illustration, v@@ply the method on bivariate eye

data.

Chapter eight presents the summary of the study and the sugge$tir further

research.

Lists of appendices are attached including thedaya sets, wind direction data,

simulation results, and the S-Plus subroutines irsdds thesis.



CHAPTER TWO

LITERATURE REVIEW

2.1 Introduction

This chapter reviews the theory on circular stia8s circular regression model
and the detection of outliers in linear and circuggression models. We also look at the
problem of multicollinearity and the theory on lardunctional relationship model with

the intention to be extended to the case involdi&gircular regression models.

2.2 Circular Statistics

There has been a great deal of interest for thefpasdecades in the study of
data of circular type. For describing circular datavelopment of descriptive measures
and the investigation of special characteristicsimular data have been studied, see for
example, Rao (1969), Lenth (1981), He & Simpsor9)9Jammalamadaka & Sarma
(1993), Katoet al. (2008) and Abuzaiet al. (2012). We present some numerical and

graphical techniques that can be used to desantdar data.

2.2.1 Numerical Statistics

Let 4,,...,6, be observations in a random circular sample oé siZrom a

circular population. Some of the circular descriptmeasures are as follows:



(i)

The mean direction

To find the mean direction, we consider each olzeEm Hi as a unit vector and

calculate the corresponding valuesaafsg, andsin g, . The resultant lengtR is

then given by
R=4C?*-5%, (2.1)
where C=> cosf, and S=)sing. The mean direction, denoted I, is
i=1 i=1

given by the argument of the vecto= C +iS giving

5 { tar(S/Q if C=0 2.2)

tan’(S/IQ+ if C<O

One of the characteristics of mean direction iat th_sin(g - &) = 0,which is
i=1

similar to that of the linear case.

(i) The median direction

(iii)

Mardia & Jupp (2000) defined the median as anytpgi where half of the data lie
in the arc[¢,¢ + n) and the other points are nearer¢othan to ¢+ 7. For any
circular sample, Fisher (1993) defined the mediagcton as the observationg

which minimizes the summation of circular distantzeall observations,
Z‘ﬂ 6, - ‘ g fori=1,..n. (2.3)

Fisher's definition is used to obtain the circutaedian in the Oriana statistical

software package.

The mean resultant length

Mean resultant lengtiR is defined as the length of the centre of veaderC +iS

and is useful for unimodal data to measure the eatnation of the circular data
10



towards the centre. It is defined I®/= R/ nand lies in the range [0,1] wheR is

given in (2.1) above.

(iv) The sample circular variance

The sample circular variance is defined by the tjitla =1- R, where0<V <1.
The smaller value of circular variance refers tanare concentrated sample.
However, this measure is rarely used compared @éoother measures of circular

concentration, in particular, the concentratiorapagterx to be described later.

(v) The sample circular standard deviation
The quantityV:J—ZIogfl—Vj is defined as the sample circular standard

deviation withO<v <o , whereV is the sample circular variance. The reason for
defining the circular standard deviation in thisywather than as the square root of
the sample circular variance is to obtain some amasle approximations for
proportion of von Mises distribution provided thistdbution is not too dispersed

(see Fisher (1993, p.54)).

(vi) The concentration parameter
The concentration parameter, denotedkhyis a standard measure of dispersion for
circular data. Best and Fisher (1981) gave the mari likelihood estimates of the
concentration parameter as follows

2§+§3+gﬁ5, if R<O053

K= —o.4+139ﬁ+0'—4§), if 053<R< 085

(R*-4R?*+3R)™, if R > 085

where R is mean resultant length. The valueskofies in the rangd0,»). The

larger the value ofx suggests the circular data are more concentratethe
11



direction of the mean directiod. When« is closer to zero, the circular data is

more uniformly distributed around the unit circle.

(vii) Circular distance between circular observations
Jammalamadaka & SenGupta (2001) defined the cirdidgéance between any two
circular observations to be the smaller of the anolengths between the two points

along the circumference of a unit circle. For awp angles¢ and &, the circular

distance is given by
d. (.6) = min(p- 6,21~ (9~ 6)) = m~|1~|p- 4 (2.4)
where d, (0,9)D[0,n]. If the circular distances between observat®nand its

neighbours on both sides are relatively larger than distance between other

successive observations, thBnmay be considered as an outlier.

2.2.2 Graphical Techniques

Several graphical techniques can be used to expmowlar samples, in
particular the von Mises sample, and will be ddémxdihere. These graphical techniques

can also be used for the purpose of detectingevstin the data set.

(i) P-P plot
P-P plot can be obtained by finding the best fittiof cumulative von Mises

distribution If(H;,[/,/?) for the circular sample. Then the plot is obtdingy
plotting the pairs ol(i/(n+1),lf(t9(i);/fl,/?)), i =1...,n, where §,, are the ordered

observations with respect to origin andis the sample size. Any point in P-P plot

that seems not to be close enough to the diagmesaisl suspected to be outliers.

12



(i) Q-Q plot

Q-Q plot is obtained by plottingsin(g; /2), z;,) , whereq, = F *(i/(n+1);0,%) and

z :%Z_’U), i=1..,n and z,,...,.z,, are the ordered values &' . &ny
points in Q-Q plot that are relatively far from tbdegonal line are candidate to be

outliers.

(i) Spoke Plot
The spoke plot is introduced by Hussinal. (2007). It consists of inner and outer

rings for & and ¢, 0° <8,¢ <360, respectively and straight lines are used to
connect the pair of point§d,¢ between the two circular variables. The lesser

number of lines crossing the inner ring indicatgghér correlation between the two

variables.

(iv) Circular Boxplot
Boxplot has been widely used in the linear exptosatdata analysis. One of its
applications is to identify extreme values andietglin a univariate data set. It was
developed by Tukey (1977) for linear univariate pls. This type of boxplot,
however, is not suitable for a circular data dughi fact that there is no natural
ordering in circular observations. This motivatdsu&aidet al (2011) to develop a

special boxplot for circular variables, called tieeular boxplot.
The circular boxplot is also useful to identify piide outliers in circular
samples. Five circular summary statistics are uskd.circular median is obtained

using the definition given by Fisher (1993) andtlwe case of prior knowledge

13



about the circular distribution, Mardia (1972) defil the median directiop as the

solution of
@+ @2
j f(6)do = j f(6)d6 =05,
@ g+

where f(é?) is the probability density function &. Meanwhile, the first and third

quartile directionsQ, andQ, are defined as

9 P+Q3
| f(8)do=025and | f(8)d6 =025,
) 4

respectively. In finding the circular interquarsileangeCIQR, the observations are
transformed using the formulg -6 giving the new first and third quartileQy

and Q3, respectively. Hence, ti@QRis obtained using the formula

CIQR=277-Q5 +Q;.
Next, we find the upper and lower fences of theutar boxplot. Using the idea in
linear boxplot, the lower fence of the circular ptot is given by
L =Q, +vxCIQR and the upper fence ¥, =Q, —v xCIQR, wherev is a
suitable resistant constant. Abuzatdal. (2012) proposed the resistant constant to
be v=15 for 2< k<3 andv= 25for x > 3. Examples of the circular boxplot
for symmetric simulated circular data is givenkigure 2.1.

0 Q

4 Qs L

270

180
(@ (b)

Figure 2.1: Circular boxplot
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2.3 Circular Distributions

A circular distribution is a probability distriboih which total probability is
concentrated on the circumference of a unit cirBlach point on the circumference
represents a direction. Circular distributions @ssentially of two types; they may be
discrete, assigning probability masses only tountable number of directions, or may
be absolutely continuous with respect to the measur the circumference of a unit
circle. There are a number of important circulatribbutions that have been developed
in the past (see Mardia, 1972; Fisher, 1993; K&21Jammalamadaka & SenGupta,
2001 and Agostinelli, 2007) including the von Mig&sormal Circular) distribution,

Wrapped Normal distribution, Wrapped Cauchy disiiiiin and Cardioid distribution.

The most common distribution used for circular dasathe von Mises
distribution. The distribution can be approximatag normal distribution for large
concentration parameter. Besides, Jammalamadakant\$pta (2001) reviewed the
wrapped a stable distribution with the wrapped Cauchy and tWrapped normal

distributions as the special cases. We present sdiese distributions below.

2.3.1 The von Mises\{M) Distribution

The von Mises distribution is introduced by von B&s(1918) to study the
deviations of measured atomic weight from integralues. It is the most common
distribution considered for unimodal samples ofcdiar data. The von Mises
distribution has been extensively discussed wheaayminferential techniques have

been developed. It is denoted Y8 (1, k) , where i is the mean direction anx is the

15



concentration parameter. The probability densitction for the von Mises distribution

Is given by

f(6;u,4)= exdxkcos@-pu)}, 0<6,u<2nandkz 0,

_
21, (k)
where |, & ) is the modified Bessel function of the first kindd order zero, and it is

given by Fisher (1993) where

ok ):inf xdkcose)d0=§0(gj2r(1jz.

r!
Some of the von Mises density properties are:
(i) itis symmetrical about the mean directign
(i) it has a mode at:, and
(i) it has antimode atu+ 1 .)
Best & Fisher (1981) gave the maximum likelihoodineates of the concentration

parameterx as follows:

2§+§3+§§5, if  R<053

_04+139R + 043), if 053<R< 085

x>
I

(R®-4R?+3R)?, if R> 085.

2.3.2 The Wrapped Normal YWN) Distribution

A wrapped normal distribution is obtained by wraygpa normal distribution
around a unit circle. The normal distribution is\deed byN( L,JE) where 1, is the
mean ando; is the variance while the/N distribution is denoted bWN(,u, ,0), where
M is the mean direction angp is the measure of concentration parameter. Its

probability distribution function is given by
16



where o? is the circular variance.

From Whittaker and Watson (1944), an alternatived amore useful

representation of this density is

f(@):%{hzip"z COSK(H—,U)}, 0< @< 27, 0< p<1.

The distribution is unimodal and symmetric about #adue & = 1. Unlike the von

K=—00

Mises distribution, the//N distribution possesses the additive property, thathe

convolution of two WN variables is alsoWN  Specifically, if 8, ~WN(y,,p,),

68, ~WN(u,, p,) , and are independent, thép+ 8, ~WN(, + 1, 0, + p,) -
2.3.3 The Wrapped Cauchy(C) Distribution

A wrapped Cauchy distribution is obtained by wiagphe Cauchy distribution

on the real line with density

f(e)=(7—17jm, —w<f<o,

around the circle. The probability density functisras follows

f(6)= %T (1+ Zi o* cosk(6 - ,u)j

k=1
-1 1-p°
211+ p? —2pcos(@- p)’

0<8<2rm,

where p=e™?. The equality of the two expressions above is igtiby equating the

real parts of the geometric series identity

17



ia":i, O<ac<l,

with a = pe”®*)  The distribution is unimodal and symmetric.

2.4  Circular Regression Models

A number of circular regression models have bempgsed by a number of
authors. Lund (1999) proposed a regression moderavkthe independent variables
consist of one circular variable and a set of lineaiables. For a circular responge a
circular predictor¢g and a set of linear covariateX, the least circular distance
regression model is given by

V=@ X B B) e,
where g, and g, are vectors of parameters aadis the random circular error with

mean direction). The parameter estimates are obtained by maxiqithe average

cosine residuals of the model given by
A 1n
L(,G,a,r) = E_zlcos{vi _,U((ﬂ, x !ﬂllﬂz)} .
|:

Earlier, Mardia (1972) considered a model by asagng@ach of the response
circular variable g, i=1...,n, to be independently distributed from von Mises
distribution with mean directiony, and unknown concentration parameter A

slightly different model was also proposed by FisBelee (1992). The model is
originally proposed by Gould (1969) in predictingetmean direction of a circular

response variabl® from a vector of linear covariates = (xl xk) given by

p
M= Hy +Zlgjxj )
j=1

where 4, and B's are unknown parameters ards a linear covariate, fgr 1, ...,p.

18



For the case when both response and explanatoigbies are circular, say
andV respectively, a few circular regression modelsehagen proposed using different
approaches. The earliest model is proposed by lcky¢d975) who expressed the
model as a multiple linear regression model witmptex entries. On the other hand,
Rivest (1997) proposed a circular—circular regassnodel to predict thg-direction
based on the rotation of the decentxezhgle. The model is given by

y=6(x;8,a,r)+¢&,
o(x;B,a,r) = B+tan{sin(x—a),r + cosk—-a)} (mod27),

where f and a are angles belonging t§0,27 , ) is real number anck has a

distribution with mear®. The parameters are then estimated by maximihiegverage

cosine residuals.

In cases whetJ andV are circular variables with mean direction$ and g’

respectively, Down & Mardia (2002) applied the doling mapping to relate andv

such that
tan% (v=-p04)= a)tan% (u-a,

where & is a slope parameter in the closed interval [-IThe mapping defines a one-

to-one relationship with a unique solution given by
1 _1 1 1
v = [+2tan {wtanz (u-a )} .

Later, Hussinet al (2004) proposed a simple circular-circular regi@s model
involving one independent variable only given by

v, =a" + ['u; +¢ (mod Z),
where ¢, is circular random error having a von Mises dittion with circular meagQ

and concentration parameterand a" and 8" are the coefficients of the model. The
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model is useful when we are interested to find raatlirelationship between the two
circular variables, for example, in modelling aatenship for calibration between two

instruments.

Another interesting model is proposed by Jammadiaka & Sarma (1993) who

considered the conditional expectation of the vead given u to represent the
relationship between andv andutilized the definition of characteristic functiaf a

complex number. The model is given by

E(e" |u) = p(Ye" = g,(u) +ig,(u),
where wu(u) is the conditional mean direction of given u with conditional
concentration0< p(u)<1. Due to the difficulty of estimating,(u) and g,(u), the

functions are expressed in terms of their trigonmim@olynomial expansions.

In this study, we consider the model proposed bynjalamadaka & Sarma
(1993) which is already referred to in Chapter as¢helS circular regression model
We will describe the model in detail in Chapteretair The adequacy of the model will
also be investigated and procedures of detectitigemiin the model will be developed

in the subsequent chapters.

2.5 Outliers and Influential Observations in Regresion Models

Outlier is a common problem in the statistical gsil. It is defined as an
observation that is very different to the otherasliations in a set of data. Beckman &
Cook (1983) and Barnett & Lewis (1994) defined autlier in a set of data to be an
observation (or subset of observations) which agpéa be inconsistent with the

remainder of that set of data. Different approadiedeal with the outliers in various
20



areas can be found in the literature. However etherfew published work discussing
the problem of outliers in regression models focudar variables. Overview on outliers

in linear and circular regression analysis is givethe following section.

2.5.1 Qutliers in Linear Regression Model

This section reviews some of the techniques usadewtify outliers in linear
regression based on row deletion approach, seéeBelsal. (1980). It investigates the
impact of deleting one row at a time from the deswgatrix X and vectorY on the
fitted values, residuals and the estimated paramidexe, the interest is in identifying

suitable methods that can be extended to the aircegression case.

Regression analysis concerns with fitting modelsdata in which there is a
single continuous response variable whose expeeieegs depend on the values of the
explanatory variables. Linear regression modehisrgby

Y =Xp+e, (2.5)
whereY is n—vector of responseX is nx p full rank matrix of known constantg

iIs p-vector of unknown parameters amrdis n-vector of errors with the assumptions

that E(¢) =0 andV (¢) = 0’1 . The least squares estimationfis given by
B=(XX)"XY, (2.6)

where E(8) = and cov(B) = g?(X X)™. The residual sum of squares about the

fitted model is given by8SE= (Y — Xﬁ') (Y = XB )while the least squares estimator of

o’ is an unbiased estimator defined Q?:SSE(n—p—l). In assessing the

goodness-of-fit of the regression model, we consjotitioning the total sum of
squares into two components due to the regressidihe residuals given by

SST= SSR+ SSE.
21



Table 2.1: Analysis of Variance (ANOVA) table

Source df SS MS
Total n-1 SST MST = SSTH1)
Regression p SSR MSR = SSKR/

Residual n-p-1 SSE MSE = SSHI- p-1

Meanwhile, thecoefficient of determinatigrdenoted b}RZ, is given by

2 _SSR_, SSE

which describes the proportion of variation “accmahfor” or “explained” by the
regression. The relative sizes of the sum of sguéeems indicate how good the
regression is in terms of fitting the data seth# regression is a perfect fit, all residuals
are zero, and the value & is 1. But if the regression is a total failureg ttum of
squares of residuals equals the total sum of sgudren novariation is accounted for
by the regression, and the value Bf is zero. The sum of squares terms can be
summarized in an Analysis of Variance table as showTable 2.1, wherdf refers to
the degrees of freedom, while the mean squared @I8&)s are the sum of squares
terms divided by the degrees of freedom. The regichean square (MSE) is the sample

estimate of the variance of the regression ressdudie population value of the error

term is sometimes written @’ while the sample estimate is given by
MSE = s2.

The square root of the residual mean square ieccdifie residual mean square error

(RMSBH, or the standard erro8F) of the estimatgiven by

RMSE=+/s? =-/MSE .

The ordinary residual vector is defined as

e=Y -Y = (1-H)yY,
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where Y is the vector of the fitted values and = X (X X)™X'is the hat matrix
which is a symmetric and idempotent matrix. TherirkaH contains the information
on the influence of the response valyjeon the corresponding fitted vall)?,;r =H)Y,
where H . is theith row of matrixH . The h, is the diagonal elements of the hat matrix

H . Huber (1981) suggested thhf with values less than 0.2 appearing to be safe,

values between 0.2 and 0.5 as being risky and sajueater than 0.5, if possible, be
avoided by the control of design matrix. Belsley al. (1980) suggested an

approximation cut-off value at 0.05 level of sigcdint to be (2p/n), wherep is the

number of model coefficients.

The effect of deleting one row on the estimation paframeters and their
covariance, residual sum of squares and fittedesatan be used to identify outliers in

the data set. First, we look at the effect of eutlion the parameter estimationfLet
ﬁ‘(_i) be the least square estimatefofwhen thdth observation is deleted. Then
- o
By = (X Xey) ™ Xy Yeaiy.
where X _;, andY_;, are obtained by removing thih row in X andY, respectively.
The change in the estimate of the parameter vegtowhen theith observation is

deleted is given by

~ A X X)*Xe
ooy =TS

where X, is theith row of the X matrix. Cook (1977,1979) considered a statistgeba

on the confidence ellipsoids for investigating toatribution of each data pointto the

least squares estimate of the paramgterwhich is given by

B-B)XXB-B) _
2 pn-p -

ps
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In order to determine the degree of influence & ith data point on the estimated
parameter vectorp , Cook suggested the measure of the critical natfireach data

point to be

_ (ﬁ_ﬂ(—i))‘ X X(ﬁ _ﬂ(—i))
G 2

ps

D

_e ] h
_p52 @-h)? '

A large value ofD _;, indicates that the associated observation hasagsinfluence on

the estimate of parameter vecfhr

Another technique is to compare the estimated cawvee matrix ofg# using all
available data,o®(X X)™, with the estimated covariance matrix when fitle
observation is deletedr® (X, X_,)™". Belsleyet al.(1980) suggested to compare the
two matrices using a determinantal ratio whichiveg by

_ det{st[X X1 7}
COVRATIQ,) === 0

2p
|3 | 1
S 1-h,

A value of COVRATIQ;, which is not near unity indicates that title observation is

possibly influential. They further proposed that a@aya point with COVRATIQ,;, - 1]

close to or larger thaiBp/n) is identified as an outlier. In this study, welwited the

idea of COVRATIO to the JS circular regression models, but baseth@rtovariance
matrix of the errors due to the two observatioegiression-like models found in the JS

circular regression framework.
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2.5.2 Qutliers in Circular Regression Models

Detection and investigation of outliers in circulagression is also important
since outliers also have influence on the infeedmesults of the model. There are few
published work related to the outliers in the regien for circular variables or circular
regression models. The occurrence of outliers eaddbtected through some diagnostic

tools such as P-P plot and circular correlationsuess.

Fisher & Lee (1992) discussed the diagnostics dhgckor their proposed
model. They used some diagnostic plots like thé plaesiduals direction against the
independent variable and the Q-Q plot when presgnlie analysis of the distance and

direction taken by small blue periwinkles.

Lund (1999) used the von Mises Q-Q plot and progase Akaike information
criterion AICC) statistic by assuming that the error has a vosellidistribution with
concentration parameter when proposing the least circular distance regregs.CD)
model for circular data. The model with minimukiCC is deemed to be the best fit.

Moreover, he assessed the goodness of fit by UA{AY given by the equation
1S ~ A
AR) ==Y codu ~ g0, B
i=1

where /}1,/}2 are the regression coefficients of the LCD modas, an analogue of the

residual sums of squareSE in linear regression. Further, Lund (1999) towtba the
available circular correlation measures (see Fjst@93; Mardia & Jupp, 2000) which

could be applied to the observed and fitted vabfdhe model. Consequently, squaring

these measures gives an analogue to the coeffiofadgtermination,R?, of the linear
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regression. For a random samigv,),....(u,,Vv,), the simplest measure is proposed by

Jammalamadaka & Sarma (1988) and is given by

isinq —u)sing; —-v)

r =

C

\/isinz(ui —U)sirf(v, -V)

wheret andv are the sample mean directions.

So far, only Abuzaiet al (2008) looked at the possibility of identifyingtbers
in Hussin’s circular regression model via residaallysis using a new definition of
circular residuals based on circular distance. dahalysis is done using graphical and
numerical methods. Besides, Abuzaidal (2011, 2012) also proposed tGOVRATIO
technique and residual-based statistics in detpctintliers in the same circular

regression model.

However, there is no published work can be foundhenproblem of outliers in
JS circular regression models. In this study, theestigation on the occurrence of
outliers in the JS circular regression model wél ¢arried out using two approaches;
firstly, via the row deletion approach using tB®VRATIOstatistic and, secondly,
using the new statistics first proposed by Abuzidl (2013) for the Hussin’s circular

regression model.
2.6 Multicollinearity in Multiple Linear Regression

Multiple linear regression (MLR) model is a methasked to model the linear
relationship between a dependent variable and omeoce independent variables. The
full multiple linear regression model is given iquation (2.5). In some cases, the
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independent variables in the model might be neeali dependence, leading to a
problem ofmulticollinearity. The problem will cause difficulty to assess theatigke
importance of individual predictors from the estiath coefficients of the regression
equation. In some extreme cases, we may fail taimlihe estimates as the matrix
X'X is close to being singular. Perfect multicollingaoccurs when the correlation
between two independent variables is equal to tlomMansfield & Helms (1982)

presented several indication of multicollinearitplplem including:

1) High correlation between pairs of independeniades,
2) Statistically nonsignificant regression coe#itis on important predictors, and
3) Extreme effect on the changes of sign or magdaitof regression coefficients

when an independent variable is included or exaude
2.6.1 Effect of Multicollinearity

In studying the effect of multicollinearity on megsion modeling, Hoerl &
Kennard (1970a, 1970b) and Swindel (1976) consitiére unbiased linear estimation

with minimum variance or maximum likelihood estinoat when the random vectos,,
is normally distributed givingﬁ = (X'X)*X'Y as the estimate off . This gives the
minimum sum of squares of the residugISE= (Y - X/S") (Y - X,@) The properties of

ﬁ can be found in Scheffe (1960) for the ca§exX is not nearly a unit matrix.

Hoerl & Kennard (1970a, 1970b) demonstrated theectdf of the

multicollinearity on the estimation gf by considering the variance-covariance matrix
Cov(ﬁ) = o2(X'X)™ and the distance of from its expected value, say, = § - §

giving
27



2 =(3-5)(3-5) (2.7)

E[12]= o?Tracdx ' X)*

with

or equivalently
El/} /}] =pp+c°Tracd X' X ).
When the errog is normally distributed, then
cov(2)=20*(x"X)?. (2.8)
Using these properties, we attempt to show the rtaingy in ﬁ when X'X moves

from a unit matrix to an ill-conditioned one. Ifetleigenvalues oK' X are denoted by

then

]ty 2 29)

i=1

and the variance when the error is normally disted is given by

VAR|LZ]= 2o—4zp:(/]—l_] . (2.10)

Note that when the matriX' X is ill-conditioned due to multicollinearity, thesome of
the A; will be small. Hence, from (2.9), the least sqeaeetimatesﬁ is farther away

from true parametep and, from (2.10), the variances of the least sspiastimator of

the regression coefficient have larger values. Men@roper handling of

multicollinearity problem is greatly needed.
2.6.2 Multicollinearity Diagnostics

Farrar & Glauber (1967) published a now well-knoavticle on the problem of

multicollinearity in regression analysis. Their elei presents the possibility of making
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misleading inferences by only examining the simpleariate correlations among the
variables in the presence of multicollinearity. fiéfere, the multiple correlations of
each variable on all of the others are needed &xbmined in order to assess the extent
of collinearity in the data. They also showed tifathe variables are found to be
orthogonal, then there is no multicollinearity pievh in the data. But if the variables
are not orthogonal, then, the multicollinearity mhg present in the data. Later,
Lemieux (1978) extended the work and developedltannative method of computing
the correlation using algorithm that is availabteni common multiple regression

algorithms.

Some authors have suggested a formal detectioratme or the Variance
Inflation Factor VIF) for measuring multicollinearity in the multiplenéar regression
models. “Variance Inflation” refers to the effedtraulticollinearity on the variance of
estimated regression coefficients. Multicollinearttepends not just on the bivariate
correlations between pairs of predictors, but om thultivariate predictability of any

one predictor from the other predictors. Accordmghe VIF is obtained based on the
value of the coefficient of determinatid®’ by regressingX, on the other independent

variables and is given by

1

VIF, = X (2.11)

where theVIF, is associated with thieh predictor, X, . Note that if thath predictor is

independent of the other predictors, 8~ will take value one, while if theth
predictor is almost perfectly predicted from théest predictors, th&/IF approaches
infinity. In this case, the variance of the estiethtegression coefficients is unbounded.
A good model should hav®’ closed to 1 (see Lemieux, 1978; Mansfield & Helms,

1982).
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Mansfield & Helms (1982) also presented the ndezkamining latent roots and
latent vectors of the correlation matrix and YHE. When the data is orthogonal then all

the VIF equals unity. Otherwise, thélF could be a good indicator that provides the
user with a measure of how many times larger\{AdR (,[;’J) will be for multicollinear

data than for orthogonal data. If tM@F's are not unusually larger than 1.0, then the

multicollinearity problem is not a problem.

Meanwhile, Haan (2002) noted that some researalssrsVIF of 5 and others
use aVIF of 10 as critical thresholds. These values cooedp respectively, taR?
values of 0.80 and 0.90. Some compute an avevégdor all predictors and declare
that multicollinearity problem exists when the ags is “considerably” larger than one.

The VIF is closely related to a statistic called the tahee, which is#. Some

statistics packages report tiie= and some report the tolerance. Once the problem ha
been identified, we may then use the ridge regrassiodel to study the relationship

between the variables and is described in theiatig section.
2.7 Ridge Regression

Hoerl (1962) and Hoerl & Kennard (1968) suggestedipproach to control the
inflation and general instability caused by mullioearity associated with the least
squares estimates by introducing a conskaint the LS estimates of a multiple linear

regression model as follows:
Br=(XX +k ' XY D k=0

=wx'y @, (2.12)
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where W =(X'X +kl )™. The estimation and analysis built for the equai(.12) is

labelled agidge regression analysi®Ve can show that the relationship between the LS

and ridge estimates is given by

-1

pe=l ko) s
= Zﬂ ,
whereZ = [I ot k(XX )_1]_1. The resulting residual sum of squares is

*

g (k)= -3 ) (v -xi)

which can also be written as

¢*(k):Y'Y—(/}*)X'Y—k(/}*)(ﬁ*) . (2.13)
The expression (2.13) shows tmil(k) is the total sum of squares minus the regression

sum of squares foﬁ’* with a modification depending upon the squaredtierof ﬁ

Hoerl & Kennard (1970a and 1970b) mentioned thdge regression for
multiple linear regression model has two importaspects to be considered; the ridge

trace and the determination of a valu&kdhat gives a stable estimate gf The ridge

trace is a two-dimensional plot of tlfé (k) and the residual sum of squargzis(k), for

a number of values df in the interval [0,1]. They have suggested somideiume to

choose an appropriate valuekads follow:

(i) The system should stabilize at a certain vadiek and should follow the
general characteristics of an orthogonal system.
(i) Coefficients should not have unreasonable hAlisosalues with respect to the

factors for which they represent.
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(i) Least squares coefficients with incorrectrsgwill eventually have changed
to the proper sign whdnget closer to one.

(iv) The SSE should not have inflated to an unreabte value. It will not be
large relative to the minimum residual sum of sgeaor too large to be a

reasonable variance for the process generatindetse

Meanwhile, Swindel (1976) proposed modified ridgggression estimators
based on prior information and Liu (1993) propoaetew estimator that combines the
Stein estimator with the ordinary ridge regresssstimator. Then, Li and Yang (2012)
proposed a modified Liu estimator based on pridormation and the Liu estimator.
Here, we will focus on applying the ridge regressimodel proposed by Hoerl &
Kennard (1970) to the generalized JS circular ssgo® models with more than one

explanatory variables.

2.8 Functional Model

The functional model is part of the general clagserror-in-variables model
(EIVM), in which the underlying variables are debtémistic (or fixed) where EIVM
refers to the case when both variables are subpeetrors (see Hussin, 1998). The
fitting of a linear relationship with errors in tkkentinuous linear variables or EIVM had
been explored, see Madansky (1959), Adcock (18878)1 Moran (1971), Kendall &
Stuart (1973) and Fuller (1987). Adcock (1877, 18W8&estigated the estimation
properties under some realistic assumptions innargli linear regression models and
obtained the least squares solution for the slograrpeters by assuming that both
variables have equal error variances. Since theveral authors have worked on the
problem of estimating the parameters in the seBgsides, Kendall (1951, 1952)
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formally made a distinction between functional atdictural relationship between the

two variables.

In the problem of linear functional relationshipdel, assume that we have a

sample{(xlle),...,(Xn,Yn)} , Where theXj's are independent and identically distributed
as a random functiod and theY;'s are generated by the following regression model;
x =X, +g andy, =Y, +e, ,where
Y, =a+bX,, for i=12,..n, (2.14)
wherea is a constantb is the slope function ane; , e, are the errors following

Normal distribution. Various estimation methodsnuddel (2.14) have been developed

in the past, see Hussin (1998), Caries & Wyatt 2@mhd Cai & Hall (2006).

As for circular functional relationship model, Hus®t al. (1997) proposed a
model which follows exactly the form of model (2)1bqut the variables are now
circular. Later, Caries & Wyatt (2002) considerad same model but the parameter
is fixed as unity. Suppose, and v; are the observed values of the circular variables
andV respectively, wherdd<u,,v, <2 forj =1, 2, ...,n. For any fixedU;, they
assume that the observations and v; are measured with errorg, and &,
respectively. Thus, the circular functional relasbip model is given by

u; =U; +9; andv; =V, +¢&;, where
YJ- —a+ bXJ— (mod Z), for j = 12...,n, (2.15)
wherea is a constant parameter amds a real value close to unity. The complex linear

functional relationship model for circular variablis given by
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(cosx; +isinx;)=(cosX; +isinX,)+3,
and

(cosy, +isiny,)=(cosY, +isinY,)+e, , (2.16)
where 9, and &; are independently distributed with bivariate coexplGaussian
distribution according to Goodman (1963), with zemean and variance? and o7,

respectively, and < x;,y; <2 forj = 1, 2, ...,n denoted by a series of a complex

number. By using equations (2.15) and (2.16), Hug$998) provided the maximum
likelihood estimators for the model and then agple the analysis of wind direction
data measured by two different methods: the andweare buoy and HF radar system,
with the objective is to compare the calibration lafth measurement techniques.
Recently, Hassaet al (2010) considered some issues with regard to m@i&6)

including a new method of estimating the concemmaparameter of errors. In this
study, we will extend the idea to accommodate Beidcular regression models in the

circular functional relationship set-up.

2.9 Summary

We have reviewed the theory on circular statistasular regression model and
the detection of outliers in linear and circulasesiin this chapter. We have also looked
at the problem of multicollinearity in multiple Bar regression and the theory on linear
functional relationship model and circular funcabmelationship model. We intend to
expand these theories to the case involving JSulaircregression models in the

subsequent chapters.
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CHAPTER THREE

JS CIRCULAR REGRESSION MODEL

3.1 Introduction

Regression analysis is a statistical technique ufed investigating the
relationship between variableBiscussion on the development of circular regressio

models has begun dated back to Gould (1969) inigined the mean direction of a

circular response variabl® from a vector of linear covariateX = (x,...,x ). Mardia
(1972) extended the model by assuming each ofetsgonse variabled, i =1...1n, to
be independently distributed from von Mises disttibn with mean directiory; and

unknown concentration parameter.

For the case when both response and explanatoigbies are circular, say
andv respectively, a few circular regression modelsehagen proposed using different
approach. The earliest model is proposed by Ldy¢b@75) who expressed the model
as a multiple linear regression model with compéemnries. Meanwhile, Downs &
Mardia (2002) proposed a model based on a onedo-im@apping between the

independent anglel and the mean of dependent anglesuch that the locus of the
points (u,v) is a continuous closed curve winding once aroutat@dal surface. Other

models include those proposed by Husgimal. (2004) and Kat@t al (2008). Another

interesting model of our interest is proposed hyalamadaka & Sarma (1993) who

utilized the theory on the conditional expectatudrthe vectore' given u and again is
referred as thdS circular regression modelThe properties of the models for single

explanatory variable are presented next.

35



3.2 JS Circular Regression Model

Jammalamadaka & Sarma (1993) proposed a regressidel for two circular

random variabledJ and V. To predictv for a givenu, consider the conditional
expectation of the vecte givenu such that
E(e" |u)=p (u) e
= p (u) cos (u) +ip (u) sinu (u)
=g,(u)+i g,(u), (3.1)
where € = cosv +i sinv, u(u) represents the conditional mean directiow gfvenu
andp(u) represents the conditional concentration paramgtgivalently, we may write
E(cosv|u) = g,(u)
E(sinv|u)=g,(u). (3.2)

Then, we may prediatsuch that

tan™ Z i((llj)) if g,(u)=0
u(u)=¥=arctan ‘g:((:g ={m+tan™ zi((:g if g,(u)<0 (3.3
undefined if g,(u)=g,(u)=0.

Due to the difficulty in estimatinggl(u) and gz(u), they are approximated using
suitable functions by taking into account the fit both are periodic function with

period Z. Jammalamadaka & Sarma (1993) considered thentigetric polynomials
of function of one variable to approximagg(u) and gz(u), see Kufner & Kadlec

(1971). For a suitable degree we have
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g.(u)=>" (A cosku+B, sinku)
(3.4)
,(u)=>(C, cosku+ D, sinku).
k=0
Consequently, we have the following two observatiorgression-like models:
cosv =" (A cosku+ B, sinku)+ &
N (3.5)

sinv = Zm: (Ck cosku+ D, sin ku)+ &,
k=0

where € =(&,,&,) is the vector of random errors following the biedei normal

distribution with mean vectd and unknown dispersion matriX. The parameteray,
Bx, Ck, andDy, k = 0,1,...m, the standard errors as well as the maffixcan then be

estimated.

3.3 Estimation of JS Circular Regression Parameters

We consider two methods of estimating the pararsetérthe JS circular regression

model, namely, the least squares and maximum tigetl estimation method.
3.3.1 Least Squares Method

Jammalamadaka & Sarma (1993) had described theatgin method for the JS

circular regression model based on the generaleast squares (LS) approach. Let
(up, Vi), (Uy, V) ,e0(U,, v,) be a random circular sample of sizeFrom (3.5), we now

have the observational regression-like equationsrgby

V), =cosy, = (Ay cosku; + B, sinku; )+ &

| (3.6)

V,; =siny; =

M EMB

(C cosku; + D, sinky, )+£2J

=~
I

0
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for j = 1, ... ,n. Assume thatB;=Do=0 to ensure identifiability. Therefore, the

observational equations (3.6) can be summarized as

I

V(l) = (Vll""’\/ln)

V(2) = (V21""’\/2n)

I

, (3.7)
e = (811""’£1n)
? = (521’---’£2n),
1 cosu, --- cosmu sSinu, --- sinmy
1 cosu, --- cosmu, sinu sinm
=, T Mt S e (3.8)
nx (2m+1)
1 cosu, --- cosmuy, sinu, sinmu,
and
A =(4y A A BBy
2=, ¢..C,.0..D,). (3.9)
The observational equations (3.6) can be writtematrix form
vO=ys® 40
V@ =upd +£@) 18)
The least squares estimates turn out to be
W=(uu)ytuvh
D ='u)uve (3.11)

Then, the covariance matriX resulting from equation (3.5) can be estimatedgithe

least squares theory. Let

T T

RO(D,CI) SVALAVACIRVA() U(U' U)_1U'V(q),

where R, =(R,(p.a)) , g, then

(3.12)

2 =[n-22m+1|'R, (3.13)
is an unbiased estimate af, and hence the standard errors of the estimastordhen

be found. The estimated covariance matixwill be used in the Chapter 4 to identify
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possible outliers in the data. We can also estimété by using equation (3.3) and

using the following equation:

p(u)=J%_ile2( J Z[gl J+g2u,)]. (3.14)

whereO< ,a(u)sl
3.3.2 Maximum Likelihood Estimation Method

An alternative estimation method is the maximunellilkood estimation (MLE)
method. This estimation method will be used indeelopment of the functional form
of the JS regression models in Chapter 7. For stihyplwe consider the case when

m=1. Hence, from equation (3.6), we expand therd¢ermn and obtain
g = (cos v, - A — Acosu,; - Blsinuj)

+i (sinv, -C, -C, cosu, - D;sinu,)
and

2 . 2
‘ej‘ —(cosvj - A, —Acosu, —Blsmuj)

. . 2
+(S|nvj -G, —C,cosuy;, —Dlsmuj) :

Therefore, the log-likelihood function is given by

log L (A, A,B,,C,,C,,D,,0%;u, v, )=
-nlog (77:72)—%2(cosvj - A, — A cosu, —Blsinuj)2 (3.15)

—%Z(sinvj -C, -C,cosu, - Dlsinuj)z.
j

The function logL is then differentiated with respect to each patarseand equated to

zero. Hence, we obtain the following estimateshefparameters:
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)
3|H

Z(cosv - A cosu, —Blsmu) (3.16)

j

Z(cosvj - A - élsinuj)
= (3.17)

> [cosu, )

i

'_J>>

) Z(cosv— Aicosuj)
B, = s ) (3.18)

i

> Z%Z(Sinvi -C, cosu, —[3lsinuj) (3.19)

i

A

C =

zj:(smv - D, sinu, )
Z(cosuj)

i

(3.20)

Z(smv -C,cosu. )
j

Zj:(smuj)

D, = (3.21)

As for the estimationd? for o2, we first let 0% =w. Using the log-likelihood

function given by (3.15), we differentialeg L with respect tav and then set to zero

giving
~ ~ ~ . 2
Z(cosvj - Ay - A cosu; - Blslnuj)
J’ . (3.22)

Sl 6 -6 o)
+Z sinv; —C, - C, cosu; - D, sinu,

S|

Both methods of LS and MLE should give similar msties of the parameters

A, A,B,,C,,C,,D,, under the assumption that the error terms armalby distributed.

We now consider the effect of outlier on the LSneates only in the next section.
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3.4 Effect of Outliers on LS Estimation Method

In statistical analysis, the existence of outlyiadues from the others in the data
set should raise some concern. The study on tlsteexie of outliers in linear data sets
and linear regression has been carried out extgsiu the past; see for examples,
Beckman & Cook (1983), Barnett & Lewis (1978), Beyset al (1980), Montgomery
& Peck (1992) and Barnett & Lewis (1994). The efffet outliers on the parameter
estimation and data modelling are known to be sewudere, it is useful to be able to
identify outliers first in the data before takinfgetnext course of action in treating the
presence of outliers in the data set. Next, we finrgestigate the robustness of JS

circular regression model by introducing outlierghe data set.

3.4.1 Simulation Procedure

A simulation study was carried out to investigtte effect of outlier on the
parameter estimates of JS circular regression mo#er simplicity, we consider the

case whem=1. Hence, we have the following set of parametetse estimated:
2=(29,29) = (4, 4y, 2gs A4 s, 4
=(4,.A.B.C,.C,.D,). (3.23)
We consider the set of uncorrelated random er(erss,) from the bivariate Normal

distribution with mean vectoO and variances &, ,0,) to be (0.03,0.03). For

simplicity, we set the true values Af andC, of the JS model to be zero, while, B,

C, and D; are obtained by using the standard additive trigoetac polynomial
equations cos(a+u) and sin(a+u). For example, cos(2+u):—0.416lcosu

- 09093 sinu and sin(2+u) =09093 cosu—-0.4161sinu whena = 2. Then by
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comparing with equation (3.5), the true valuesPef B;, C; and D; are — 0.416],

—0.9093 0.9093 and — 0.4161 respectively. Similarly, we can also get differsets

of true values by choosing different values aof Here, we consider the values of

a=-6,—2 2 and6. We then introduce outliers into the data sueth the percentages

of contamination used i6%=10%, 20%, 30%, 40% and 50% from the sample size

n=100. The full steps of the simulation are desaibelow:

(ii)

(iii)

(iv)

v)

(vi)

Generate fixed variabld of sizen from VM(72,2) .

, 0)(003 O , :
Generateg; and g of sizen from N : . For a fixeda, obtain
0){ 0 003

the true values oA\, B;, C; andD;. We let the true values @% and Cy being

zero. Then, we calculad; andV,;, ] =1...,n using equation (3.6).

. _ Vy |
Obtain the variabley; = arcta v | ] =1...,n.

1j
For uncontaminated model, the generated circule @g, v; ) above is fitted to
the JS circular regression model to give the patam estimates
i=(A,A.8,C,C.0,)
For c% contaminated data, we replace the @st/100 observationsy in (iv)

by the newly generated values such that the error%I and.o; are now

generated fromN{(gj,(%l OOJJ. Then, the generated contaminated circular

data are fitted using the JS circular regressiodehto give the parameter
estimatesi’ = (A)Al B; éoélf)l) using equations (3.16) - (3.21).

Finally, the steps (i) — (v) above are repeatedsforu=1000 times. For each
parameter estimate$/,, 2,45, A4, 45, %) = (A, A, B,,C,,C,, D), the estimated
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mean, bias, standard err@Hg and root mean squared err&MSH for outlier-
free data set are calculated using the followinghidas:

. Mean of the estimates is given by

_2A
A==—i=1,2,..,6. (3.24)
SimL

. Standard error§E) of the estimates is given by

Sizmu(ji,i _/Ti )2

~ i=1 .
SE()Ii): ‘ G171 2,6 (3.25)

. Bias of the estimates is given by
biad, )=1,-1,,i=1,2, ..., 6. (3.26)

. Residual mean square err®&\SH of the estimates is given by

..., B. (3.27)

Similarly, we calculate the mea8E bias andRMSEof the estimates for contaminated

data using equation (3.24) - (3.27) by replacﬁpg/vith )Alj for simu=1000 times.

3.4.2 Discussion

The results are tabulated in Tables 3.1 - 3.4 @mhevalue ofa considered.

Several results are observed as follows:

1. For outlier-free data set, the estimated mean fopaameter estimates are
consistently close to the true values. When the @dae contaminated with

outliers, the bias is generally larger than theomt@minated data set.
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2. When the percentage of contamination increases 1@¥ to 50%, the value of

the bias increases.

3. The standard errorsSE for all parameters estimates are generally srhoall

uncontaminated data but gets larger as the pegmstaf contamination

increase.

4. The value for root mean squares errBMSE of each parameter estimates

increase when the percentages of contaminatioraser

By looking at the results for uncontaminated d#ta, least squares estimation

method performs well in estimating the parametéth® JS circular regression model.

However, the method is affected by the presenceutiers in the data. The effect is

worsen with the present of higher percentage ofacoimated observations in the data.

Table 3.1: Parameter estimates for contaminatedinodntaminated data wharr -6

Uncontaminated Contaminated
True
Estimates | value 0% 10% 20%
mean SE bias RMSE mean SE bias RMSE mean SE bias RMSE
AO 0.0000 -0.0001 0.0053] -0.000 0.002 -0.0517 0.0699 -0.0577 1.8241 -0.1030 0.0929 -0.1030 3.2571
Al 0.9602 0.9597 0.0059 -0.000% 0.014 0.8761 0.0835 0.0841 2.6600 0.8083 0.1096 -0.1519 4.8024
él -0.2794 -0.2798 0.0042 -0.000 0.013 -0.2563 @03: 0.0231 0.7298 -0.2335 0.0451 0.045p 1.4512
éO 0.0000 -0.0006 0.0041] -0.0006 0.019 -0.0184 0.0684 -0.0184 0.5810 -0.0339 0.0938 -0.0339 1.0721
él 0.2794 0.2780 0.0059 -0.001p 0.044 0.2552 0.0765 0.0242 0.7643 0.2347 0.1063 -0.04417 1.4180
f)l 0.9602 0.9610 0.0036| 0.000 0.025 0.8763 0.0460 .0839 2.6521 0.8027 0.0603 -0.157¢4 49743
Contaminated
True
Estimates | value 30% 20% 50%
mean SE bias RMSE mean SE bias RMSE mean SE bias RMSE
AO 0.0000 -0.1576 0.1106| -0.1576 4.983 -0.2189 0.1291 -0.2189 6.9210 -0.2579 0.1360| -0.2579 8.15%8
Al 0.9602 0.7276 0.1284 -0.2326 7.354 0.6389 0.1463 0.3213 10.1601 0.5809 0.1552 -0.3793 11.9945
él -0.2794 -0.2105 0.0515| 0.068 2.179 -0.1899 0.0583 0.0896 2.8320 -0.1649 0.0664| 0.1145 3.6209
éO 0.0000 -0.0524 0.1129 -0.052: 1.658 -0.0705 0.1244 -0.0705 2.2309 -0.0799 0.1421] -0.0799 2.52498
o 0.2794 0.2105 0.1228 -0.068! 2.179 0.1991 0.1363 0.0893 2.8239 0.1744 0.1487 -0.1050 3.3214
|51 0.9602 0.7234 0.0727| -0.236! 7.488 0.6443 0.0836 0.3119 9.8632 0.5746 0.0913 -0.3856 12.1941
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Table 3.2: Parameter estimates for contaminatedinodntaminated data wharr -2

Uncontaminated Contaminated
True
Estimates value 0% 10% 20%
mean SE bias RMSE mean SE bias RMSE mean SE bias RMSE
,80 0.0000 -0.0001 0.0043 -0.0001 0.0021 0.0236 0.0664 0.0236 0.7475 0.0530 0.0962 0.053p 1.6762
Al -0.4161 -0.4161 0.0058 0.0000 0.0013 -0.384 0.0762 0.0315 0.9964 -0.3462 0.1044 0.070p 2.2131
él 0.9093 0.9089 0.0037] -0.0004 0.0127 0.8345 0.04416 0.0748 2.3650 0.7565 0.0624 -0.1528 4.8311
éO 0.0000 0.0001 0.0054 0.0001] 0.0020 0.0548 0.07p4 0548. 1.7333 0.0991 0.0923| 0.0991 3.1336
él -0.9093 -0.9088 0.0062 0.0005 0.0155 -0.829 0.08R5 0.0803 2.5396 -0.7648 0.1064 0.1445 45702
|51 -0.4161 -0.4159 0.0043 0.0003 0.0092 -0.38( 0.0356 0.0358 1.1332 -0.3496 0.0466 0.066H 2.1040
Contaminated
True
Estimates value 30% 20% 50%
mean SE bias RMSE mean SE bias RMSE mean SE bias RMSE
,80 0.0000 0.0702 0.1082 0.0702 2.2191 0.0988 0.1219 0988. 3.1250 0.1299 0.1336 0.1299 4.106:
Al -0.4161 -0.3227 0.1165 0.0934 2.9536 -0.282 0.13450.1334 4.2175 -0.2447 0.1404 0.171b 5.4225
él 0.9093 0.6874 0.073(9 -0.2219 7.0172 0.6125 0.08p7 0.2968 9.3867 0.5372 0.0909 -0.3721 11.7663
éO 0.0000 0.1504 0.1079 0.1504 4.7573 0.200f7 0.12p6  2000. 6.3475 0.2581 0.1417 0.2581 8.162:
o -0.9093 -0.6871 0.1228 0.2222 7.0254 -0.615 0.1315 0.2935 9.2821 -0.5339 0.1554 0.375¢ 11.8705
61 -0.4161 -0.3127 0.0577 0.1035 3.2714 -0.27§ 0.06[.3 0.1380 4.3629 -0.2474 0.0699 0.1688 5.3368

Table 3.3: Parameter estimates for contaminatedinodntaminated data wharr 2

Uncontaminated Contaminated
True
Estimates value 0% 10% 0%
mean SE bias RMSE mean SE bias RMSE mean SE bias RMSE
AO 0.0000 0.0000 0.0013 0.0001 0.0001 0.027 0.0646 027@. 0.8663 0.0511 0.0904 0.0511 1.6178
Ai -0.4161 -0.4161 0.0018 -0.0004 -0.0004 -0.38 3007 0.0352 1.1123 -0.3501 0.0995 0.0661 2.0901
EA;_L 0.9093 0.9093 0.0012 -0.000: -0.0001 -0.83f 0.04340.0786 2.4841 -0.7593] 0.058¢ 0.150p 4.7428
éO 0.0000 0.0000 0.0017 -0.000: -0.0003 -0.05 0.0658-0.0570 1.8010 -0.0972 0.092: -0.0972 3.0731
él -0.9093 -0.9093 0.0020 -0.001! -0.0010 0.82q @077 -0.0824 2.6062 0.7643 0.107 -0.1450 4.5849
[31 -0.4161 -0.4161 0.0014 -0.001 -0.0010 -0.37' 303  0.0372 1.1761 -0.347(4 0.047% 0.0692 2.1874
Contaminated
True
Estimates value 30% 0% 50%
mean SE bias RMSE mean SE bias RMSE mean SE bias RMSE
AO 0.0000 0.0705 0.1122 0.0709 2.2288 0.097 0.1246 0970. 3.0883 0.1246 0.1414 0.1241 3.939p
Ai -0.4161 -0.3215 0.1200 0.0947 2.993p -0.28 0.13350.1325 4.1897 -0.2479| 0.1467 0.168p 5.3201
EA;_L 0.9093 -0.6843 0.0721 0.225( 7.114p -0.61. 0.08000.2965 9.3766 -0.5385] 0.0907 0.3708 11.7258
éO 0.0000 -0.1529 0.1105 -0.152 4.834p -0.20. 0.1255-0.2010 6.3559 -0.2541) 0.138! -0.2541 8.0346
él -0.9093 0.6865 0.1257 -0.222 7.0464 0.61§ 0.1407-0.2939 9.2934 0.5379 0.14972 -0.3714 11.7441
|51 -0.4161 -0.3133 0.0575 0.1029 3.251f -0.27: 0.06490.1379 4.3601 -0.2440) 0.070! 0.172L 5.4436
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Table 3.4: Parameter estimates for contaminatediiers whera = 6
Uncontaminated Contaminated
True
Estimates value 0% 10% 20%
mean SE bias RMSE mean SE bias RMSE mean SE bias RMSE
AO 0.0000 0.0007 0.0057 0.0007 0.021p -0.05! 0.0672 0.0552 1.7446 -0.1104 0.095 -0.1104 3.4926
Ai 0.9602 0.9599 0.0062 -0.000 0.009p 0.8788 0.0801 0.0813 2.5720 0.7992 0.111 -0.1610 5.0902
él 0.2794 0.2800 0.0042 0.0004 0.019p 0.2559 0.0334 .0236 0.7440 0.2358 0.0451 -0.0436 1.3778
éO 0.0000 -0.0008 0.0043] -0.000 0.024p 0.0183 0.06780.0183 0.5794 0.0401 0.0971 0.0400 1.2641
él -0.2794 -0.2817 0.0062] -0.002 0.071p -0.25 ®076 0.0237 0.7508 -0.2294 0.107 0.050p 1.5823
f)l 0.9602 0.9607 0.0036 0.0005 0.017B 0.8810 0.0445 .0792 2.5042 0.8016 0.0613 -0.1586 5.0145
Contaminated
True
Estimates value 30% 20% 50%
mean SE bias RMSE mean SE bias RMSE mean SE bias RMSE

AO 0.0000 -0.1566 0.1111 -0.156 4.9519 -0.214 0.11/98-0.2145 6.7836 -0.2717| 0.136 -0.2717 8.5917
Al 0.9602 0.7280 0.1275] -0.232 7.341)7 0.644 0.1357 0.3146 9.9482 0.5628 0.154 -0.3974 12.5668
él 0.2794 0.2097 0.0521] -0.069 2.203p 0.186 0.0596 0.0929 2.9371 0.1629 0.0644 -0.1165 3.6847
éO 0.0000 0.0503 0.1122] 0.0503 1.589p 0.064 0.1291 o066a@. 2.0944 0.0899 0.1417 0.0899 2.8413
él -0.2794 -0.2113 0.1245] 0.0681 2.1534 -0.19 0.14090.0881 2.7872 -0.1653] 0.148 0.1141 3.6090
|51 0.9602 0.7215 0.0730] -0.238 7.546p 0.647 0.0810 0.3127 9.8876 0.5662 0.090 -0.3940 12.4591

3.5 Practical Example

We now apply the JS circular regression model anreal data sets; the local eye data

and the wind direction. The eye data are colledtech University Malaya Medical

Centre while the wind direction data are obtaimednfHussiret al (2004).

3.5.1 Eye Data

We consider the eye data consisting of 23 obsenatof glaucoma patients

(unit in radians) recorded using Optical coheramoeography (OCT) at the University

Malaya Medical Centre (UMMC). OCT technology origily is used in ophthalmology

to image the posterior segment, and has also bsed 10 image anterior segment
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structures such as the cornea. The angle imagintheofanterior segment OCT in
UMMC patients’ eyes were obtained with Anterior 8emt OCT (AS-OCT). The
measurements selected are the angle of the posterizeal curvatureuf and the angle
of the eye (between posterior corneal curvaturggp(v). The interest here is to model
the data using JS circular regression model anchexk the goodness of fit of the

model.

Estimation of the model parameters

We fit the JS regression model on the data setguspuations (3.6). The

N

parameter estimates are given by A) =1.0822 A =-0.1497

B, =-0.3837 C,=00986 C,=02534 D,=05935 &=2251, & =016

andd_ = 016 and thus the fitted model with respec@c(u) and gz(u) are as follows:
9,(u)=1.0822-0.1497cosu - 0.3837sin u
9,(u)=0.0986+0.2534cosu +0.5935sinu .

Further, the prediction of; is given by

. . 0.0986+0.2534cosu Pt 0.5935sinu P
,u(u):vj =arctan _ ] =1...n,
1.0822- 0.1497cosui —0.3837sin u,

and the concentration paramejertoward ,u(u) using equation (3.10) is given by

,??(u):\/l nZ,bz (uj)z\/% nZl [gf(uj)+g§(uj)]:o.9774

n,

which suggest that the data seem to be highly cdrated since the value closer to one.
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Goodness of fit of the JS model

The goodness of fit test is performed by using Akaike information criteria
(AICC) given by Lund (1999). ThAICC value for the JS circular regression model is
then compared with the values obtained for Hussirtsilar regression model (Abuzaid
et. al, 2010) and Down & Mardia’s circular regression mlo¢Rambli, 2012). The
AICC value for the JS circular regression modet k1627, which is lower than that of
Hussin circular regression model considered in Ambet al (2008), which is—11291
and Down & Mardia model considered in Rambli (2Q03hich is-11024. Hence, the

JS circular regression model provides a bettéo fihe data.

This is supported by the results of the diagngstit. Figure 3.1 shows the plot
of simple circular histograms for eye data measumgdwo different angles, i.e., the
posterior corneal curvature and angel of the eyee posterior corneal curvatures
angles concentrated around® 9thile the angel of the eye is more concentratedrad
45°. Figure 3.2 shows the spoke plot of eye data. ifimer ring represents the
measurements by posterior corneal curvature whike duter ring represents the
measurements of the angle of the eye. It can beredd that the lines do cross each
other suggesting the data are not highly correlatiéid estimated correlation parameter

f. =-0.2791 Figure 3.3 (a) and (b) show the Q-Q plots forrésduals resulting from

the two observational regression-like equationthefJS circular regression model. The

plot for £, shows that most of the points are closer to tregstt line except two points
at the top right and lower left of the plot. Meanlehplot of £, shows the points are

relatively closer to the straight line. The outlyipoint might correspond to the outliers

that may exist in the data. They will be dealt witlihe next two chapters.
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(a) Posterior corneal curvature (b) Angel of the eye

Figure 3.1: Circular histograms for eye data

270

Figure 3.2 Spoke plot of eye data
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Figure 3.3: Q-Q plot for residuals
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3.5.2 Wind Direction Data

The wind direction data are given in Hussinal. (2004) and are measured by
using two different instruments; HF (High frequepcgdar system and anchored wave
buoy techniques for measuring the ocean wind daecthe data were collected along
the Holderness coastline (the Humberside coashefNorth Sea, United Kingdom).
The wind direction is the direction of the localndiwhich blows across the sea surface
and along the coast where the HF radar system razcttbeed wave buoys are deployed.
The full data set is obtained from Hussin (19979 & given in Appendix 1 which
consists of time (in days) and the directions &dians) being recorded. There were 129
measurements recorded by HF radar and anchored lwawe respectively over the
period of 22.7 days. Since both measurements dodhlas are circular, we fit the wind

direction data using model (3.1).

Estimation of the model parameters

The least squares estimates of the parametersol@ened and given by
A, =00674 A =07559 B;=-00948 C,=-0047 C,=0.1049 D, =09762
g, =03 and g, = 03 and thus the fitted model giveg(u)and g, (u) to be
g1(u) = 0.0674+ 0.7559cosu — 0.0948sin u
9,(u)=-0047+0.1049cosu +0.9762sinu.

Thus, model (3.1) is obtained such that

. » —0047+0.1049cosu; + 0.9762sin u;
p(u)=Y; =arctan : L j=1...n,
0.0674+ 0.7559cosu |~ 0.0948sin u i

and the concentration parameteJ(u) is obtained using (3.10). The estimated

concentration parameter fz(u) =0.9322.
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Goodness of fit of the JS model

Figures 3.4 and 3.5 give the plots for diagngstigpose. The spoke plot of wind
direction data is shown in Figure 3.4. The corfefatvalue is 0.8317 which implies a
positiveand strong correlation between the readings ofwizeinstruments. Only two
pairs of observations result in straight lines siog the inner circle of the plot. One
line cut diametrically across the inner circle (@hstion 38) while the other only cuts it

in a short chord (observation 111). These obs@&waiare candidates to be outliers.

Figure 3.5 shows the Q-Q plot for residuals. Theresponding plot ofe;
shows that most of the points are closer to tregitt line except one point at the upper

right of the plot. Meanwhile, plot of,, also shows that most of the points are closer to

the straight line except one point at the bottoft & the plot. Those points are

candidate to be outliers.

180

Figure 3.4: The spoke plot of wind direction data
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Figure 3.5: Q-Q plot for residuals

3.6 Summary

We have considered the JS circular regression miodeghe case when both
response and explanatory variables are circulag.tf@ory of the model and parameter
estimation method for the JS circular regressiomehdased on the generalized least
squares approach has been discussed. The simwaiy has also been carried out to
see the effect of outliers on the LS method. Theliegtion on two real data sets is

presented.
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CHAPTER FOUR
OUTLIER DETECTION IN A CIRCULAR REGRESSION

MODEL USING COVRATIO STATISTIC

4.1 Introduction

In Section 2.5.1, we looked at some available tesidentify outliers in linear
regression includin@€ OVRATIOstatistic which is the ratio of the estimated c@ace
matrix of the estimated coefficients using all éafalie data with estimated covariance
matrix that results when th@h observation is deleted. We look at the backgrouind o

the statistic in detail.

Belsleyet al (1980) used row deletion approach to investighagimpact of
deleting one row at a time on estimated coeffiggritted values, residuals and
covariance matrix of linear regression models. drtipular, they suggested a measure
of influence based on the determinantal ratio given

|COV)|

COVRATIQ |y =——-,
|COV|

where|COV | is the determinant covariance matrix of coeffitsefor full data set and

|COV_;, | is for the reduced data set by excludingjtheow. If the ratio is close to the

unity, then there is no significant difference beén the covariance matrices. In other

words, thejth observation is consistent with the other obdeyuma. Further, they

proposed a statistic of the for}ﬁOVRATIQD -1‘ and established the cut-off point for

testing the existence of outliers. That is, if tladue of‘COVRATIQD -1‘ is closer or
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larger than (3p/n) then it indicates that thgh observation is a candidate to be an

outlier, wherep is the number of estimated coefficients ard the sample size.

This chapter discusses the possibility of extending idea of COVRATIO
statistic to the JS circular regression modelss Itnotivated by the fact that the JS

circular regression models have a closed form canee matrix of the residuals and
&, involved. In other word, instead of working withet covariance matrix of the

parameters, we used the covariance matrix of theluals of the two observational
regression-like models given by equation (3.5). &dewe subsequently define a
modified COVRATIOstatistic in the present case. Simulation is edrdut to obtain the
cut-off points and to investigate the power of perfance of the modifie@OVRATIO

statistic.

4.2 Covariance matrix of JS circular regression moell

We have discussed the covariance for the residiialse JS circular regression
model in Section 3.3.1. The covariance matrix hesnbgiven in equation (3.13) as

stated below:

X =[n-22m+1)| 'R, (4.1)
where Ry(pa)=V (PIv 0 v (Plu (0 ) 10V @, Ry = (Ro(pa)) g, and
1 cosu; --- cosmy Sinu; - sinmy
U = CoSu, -+ COSMU, Sinu, --- sinMu,
nx(2m+l)_ . . . . . . . H
1 cosu, --- cosmu, sinu, --- sinmu,

\% (p) andV(Q) are the variableV o andV @) respectively as defined in Section 3.3.1.
Here, we discuss the extension@DVRATIOstatistic to the circular case. That is the

COVRATIGstatistic in our case here is given by
54



|2(:j)|
| 2|

COVRATIQ ) = %.2

where ¥ is the covariance of the residuals of the full adand ﬁ(_j) is the
corresponding covariance after tfte observation is deleted. Any observation with

COVRATIQ;, -1‘ exceeds the cut-off points will be identified asautlier. The cut-

off points are obtained via simulation in the fallag section.
4.3 Cut-off Points of Test Statistics

A simulation study is carried out to obtain the-off points of the test statistic
for different sample sizea and different values of standard deviation and o,.
Specifically, we generate sets of random errormftbe bivariate Normal distribution
with mean vectob for various combination ofd;, , o, ) in the range of [0.03,0.3] amd
in the range [10,150]. The valuesa#f -3, -2, -1, 1, 2, 3 and 6 are also considered. We

first find the critical values of the statist’COVRATIQj) -1‘. The complete steps to

obtain the cut-off points are described below:

Step 1. Generate a variablg of sizen from VM (2,2).

0\(op O
Step 2.Generateg; ande, of sizen from N((O}( ! D For a fixeda, obtain

0 )

the true values o, B;, C; andD; with AgandCpare zero.
Step 3. Obtain the variabl® using equation (3.6).

Step 4. Fit the generated circular data to the JS cira@gression model to give the
parameter estimate‘%, Al él,éo,él and [31.

Step 5. Calculate@OV from equation (3.13).
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Step 6. Exclude thgthrow from the generated sample, wherel, ...,n. For each,

repeat steps 4-5 for the reduced data set to oja@iwj)|.

Step 7.ComputeCOVRATIQ;) and then obtail"nCOVRATle) -1‘ for eachj.

Step 8.Specify the maximum value (j)COVRATIQj) -1‘.

The process is carried out 500 times for each auaibn of sample size and

standard deviationsd( ,0,). Then the 1%, 5% and 10% upper percentiles of the
maximum values orCOVRATIQD -1‘ are calculated and used as the cut-off points of

the proposed procedure. Tables 4.1 - 4.3 give th@ft points of 1%, 5% and 10%

percentiles for different and standard deviationgr{,o,) ata = 2. The result shows
that, for fixedo, and o,20, , the cut-off points present an increasing trendragets

larger. The same trend is seen wheyis fixed ando, 20,. On the other hand, the

cut-off points are a decreasing function of the gansizen. Similar results are

obtained for other values afand are given in Appendix 2.

4.4 The Power of Performance o€EOVRATIO Statistic

A simulation study is carried out to investigatee tperformance of the

‘COVRATIQD -1‘ statistic for detecting outliers in the JS circutagression model

(3.1) based on equation (4.2). Four different sanspdes are consideredsz 20, 30, 50,
70, 100 and 130.. The same procedure employeddiio8et.3 is used here to generate

the data set. Then, the observation at posttji@ay vy , is contaminated as follows:

Vg =Vvq +Am mod(27),
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where vfj is the value after contamination ahds the degree of contamination in the
range0< A <1. The generated data bf andV are then fitted to give the parameter
estimate ofﬁb,ﬁi,él,éo,él and 51 and |COV | is calculated using equation (4.1).
Consequently, exclude théh row from the sample, fof = 1, ..., n and refit the

remaining data using equation (3.1). Then, @@VRATIQ ;, is then calculated. If the

values of COVRATIQ -1‘ is maximum and greater than the cut-off point that

obtained from the previous generated of cut-ofinfmithen we say that the procedure
has correctly detected the outlier in the datae pitocess is carried out 500 times. The
power performance of the procedure is then examityedomputing the percentage of

the correct detection of the contaminated obsermatt positiord.

The simulation results are plotted in Figures 44.2: Figure 4.1 illustrates the

power of performance of th€OVRATIO detection method fon = 70 and three
different values of ¢, ,o0,) = (0.03, 0.03), (0.05, 0.05) and (0.1, 0.1).ah ®e seen that
the performance of the procedure is increasinggasand o, get smaller. This is

expected ad/y; and Vo in equation (3.6) will fluctuate closer to the izontal axis

when g, and o, are closer to zero, and hence, better chancetéatdée outlier even

when A is small.

On the other hand, Figure 4.2 gives the plot of groaf performance of the
COVRATIOdetection method for fixedd, ,0,) = (0.1,0.1)and different values of

n = 20, 30, 50, 70, 100 and 130. We observe thatptrormance is an increasing
function of n but the curves are very close to each other whes large enough.

Similar patterns are also observed for the othees.
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Table 4.1: The 1% upper percentiles of ﬁﬁ‘@VRATIQ” -1‘ statistic ab = 2

92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.9693 0.9786 0.9871 0.9793 0.9872 0.9895
0.05 0.9655 0.9765 0.9743 0.9750 0.9815 0.9923
0.08 0.9631 0.9763 0.9710 0.9700 0.9806 0.9902
10 0.1 0.9601 0.9784 0.9763 0.9666 0.9795 0.9835
0.3 0.9819 0.9745 0.9780 0.9635 0.9786 0.9748
0.6 0.9794 0.9664 0.9763 0.9712 0.9704 0.9682
0.03 0.7791 0.7990 0.8435 0.8670 0.9318 0.9160
0.05 0.7477 0.7774 0.8120 0.8294 0.9420 0.8530
0.08 0.7862 0.7729 0.7781 0.7989 0.8966 0.8669
20 0.1 0.8070 0.8061 0.8662 0.7764 0.8854 0.8341
0.3 0.9003 0.9176 0.9556 0.9661 0.8528 0.8455
0.6 0.8396 0.8333 0.8538 0.8591 0.7998 0.7609
0.03 0.4479 0.7677 0.8306 0.8481 0.8995 0.7614
0.05 0.6979 0.7278 0.7881 0.8069 0.9063 0.7439
0.08 0.7062 0.7167 0.7457 0.7815 0.8956 0.7586
30 0.1 0.7195 0.7199 0.7240 0.7474 0.8890 0.7107
0.3 0.8139 0.8158 0.8143 0.8165 0.8818 0.9134
0.6 0.8785 0.8795 0.8773 0.9043 0.9321 0.9768
0.03 0.5554 0.6233 0.6938 0.7155 0.8383 0.8629
0.05 0.5591 0.5996 0.6760 0.7008 0.8360 0.8228
0.08 0.5900 0.6181 0.6678 0.6737 0.8313 0.6163
0 0.1 0.6106 0.6041 0.6602 0.6754 0.8202 0.8086
0.3 0.7117 0.7117 0.7042 0.6880 0.7670 0.8277
0.6 0.7797 0.7899 0.7967 0.7875 0.8187 0.8285
0.03 0.5100 0.5863 0.6283 0.6515 0.7574 0.7747
0.05 0.5611 0.5274 0.6010 0.6149 0.7314 0.7725
0.08 0.5983 0.5913 0.5578 0.5745 0.7279 0.7805
%0 0.1 0.6210 0.6274 0.5894 0.5697 0.7016 0.7713
0.3 0.6780 0.5748 0.6725 0.6703 0.7038 0.8285
0.6 0.6899 0.7138 0.6972 0.6964 0.7890 0.7029
0.03 0.4479 0.5228 0.5900 0.6210 0.7291 0.6206
0.05 0.4566 0.4814 0.5116 0.5640 0.7268 0.7199
0.08 0.5127 0.5010 0.5095 0.5210 0.7028 0.6798
o0 0.1 0.5156 0.4758 0.5354 0.5276 0.7196 0.7363
0.3 0.6165 0.6157 0.6194 0.6148 0.6387 0.6921
0.6 0.6093 0.6526 0.6668 0.6536 0.7160 0.6465
0.03 0.4553 0.5258 0.5622 0.5677 0.6971 0.5939
0.05 0.4245 0.4653 0.5334 0.5446 0.7403 0.5975
0.08 0.4765 0.4461 0.4746 0.5042 0.7099 0.5760
7 0.1 0.4764 0.4753 0.4681 0.4891 0.7032 0.5809
0.3 0.5688 0.5823 0.5829 0.5748 0.6452 0.5946
0.6 0.5648 0.5556 0.5496 0.5609 0.6615 0.6006
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Table 4.1, continued.

92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.3678 0.4199 0.4791 0.4892 0.5992 0.5704
0.05 0.4042 0.3684 0.4176 0.4402 0.5868 0.5701
0.08 0.4326 0.4177 0.3880 0.4038 0.5589 0.5475
8 0.1 0.4421 0.4320 0.4061 0.3982 0.5492 0.5471
0.3 0.5647 0.5476 0.5219 0.5365 0.5455 0.4948
0.6 0.5718 0.5624 0.5624 0.5601 0.5829 0.4732
0.03 0.3265 0.3710 0.4390 0.4532 0.6383 0.5105
0.05 0.3403 0.3267 0.3920 0.4264 0.6400 0.5156
0.08 0.3794 0.3424 0.3476 0.3887 0.6294 0.5128
% 0.1 0.3933 0.3654 0.3495 0.3554 0.6138 0.5166
0.3 0.5145 0.4860 0.4675 0.4445 0.5359 0.4965
0.6 0.5278 0.5403 0.5310 0.5165 0.5688 0.4381
0.03 0.3180 0.3712 0.4232 0.4502 0.6280 0.4684
0.05 0.3398 0.3437 0.3812 0.4015 0.6132 0.4674
0.08 0.3681 0.3629 0.3656 0.3813 0.6418 0.4578
100 0.1 0.3734 0.3702 0.3497 0.3699 0.6203 0.4547
0.3 0.4669 0.4571 0.4160 0.4069 0.5672 0.4434
0.6 0.4666 0.4570 0.4715 0.4755 0.4796 0.3781
0.03 0.2960 0.3514 0.3709 0.3854 0.5716 0.4102
0.05 0.3063 0.2964 0.3518 0.3612 0.5653 0.4303
0.08 0.3269 0.3088 0.3049 0.3233 0.5606 0.4565
1o 0.1 0.3468 0.3335 0.3160 0.3076 0.5445 0.4635
0.3 0.4292 0.4193 0.4224 0.4237 0.5064 0.3855
0.6 0.3981 0.4100 0.4358 0.4328 0.5192 0.3392
0.03 0.2896 0.3077 0.3606 0.3931 0.5533 0.3753
0.05 0.3147 0.2986 0.3046 0.3511 0.5424 0.3654
0.08 0.3434 0.3276 0.3011 0.3213 0.5279 0.3604
130 0.1 0.3464 0.3307 0.3257 0.3028 0.5149 0.3590
0.3 0.4563 0.4612 0.4728 0.4449 0.4882 0.3292
0.6 0.3541 0.3697 0.3905 0.3949 0.3716 0.3179
0.03 0.2251 0.2644 0.3200 0.3469 0.5387 0.3560
0.05 0.2306 0.2261 0.2797 0.3020 0.5428 0.3638
0.08 0.2552 0.2374 0.2518 0.2671 0.5432 0.3539
150 0.1 0.2578 0.2432 0.2296 0.2572 0.5402 0.3412
0.3 0.3890 0.4005 0.3930 0.3908 0.4140 0.3258
0.6 0.3637 0.3778 0.3857 0.3793 0.3841 0.2322
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Table 4.2The 5% upper percentiles of th@OVRATIQ” -1‘ statistic ab = 2

92
n gy
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.9345 0.9392 0.9467 0.9495 0.9636 0.9639
0.05 0.9208 0.9203 0.9397 0.9379 0.9614 0.9626
0.08 0.9302 0.9253 0.9340 0.9366 0.9579 0.9665
10 0.1 0.9311 0.9301 0.9293 0.9416 0.9630 0.9582
0.3 0.9385 0.9434 0.9382 0.9226 0.9534 0.9588
0.6 0.9431 0.9163 0.9409 0.9376 0.9418 0.9264
0.03 0.6741 0.7186 0.7608 0.7760 0.8404 0.8114
0.05 0.6856 0.6754 0.7297 0.7603 0.8455 0.7865
0.08 0.6996 0.6862 0.7053 0.7185 0.8099 0.7712
20 0.1 0.7075 0.6967 0.8137 0.6887 0.7912 0.7591
0.3 0.8268 0.8379 0.8594 0.8503 0.7110 0.7379
0.6 0.7176 0.7417 0.7359 0.7399 0.7120 0.6659
0.03 0.5813 0.6445 0.7026 0.7360 0.8107 0.6876
0.05 0.5957 0.5974 0.6818 0.6847 0.8000 0.6501
0.08 0.6137 0.6213 0.6604 0.6662 0.7930 0.6458
30 0.1 0.6162 0.6289 0.6262 0.6472 0.6856 0.6111
0.3 0.6915 0.6850 0.6933 0.7131 0.7850 0.8246
0.6 0.7978 0.7735 0.8022 0.7893 0.8295 0.8703
0.03 0.4918 0.5334 0.5789 0.5961 0.7315 0.7586
0.05 0.4705 0.5139 0.5505 0.5711 0.7046 0.7163
0.08 0.5058 0.5073 0.5170 0.5536 0.6984 0.5216
0 0.1 0.5184 0.5169 0.5212 0.5421 0.6832 0.7319
0.3 0.5846 0.6060 0.5849 0.5901 0.6516 0.7168
0.6 0.6755 0.6700 0.6562 0.6759 0.7197 0.7274
0.03 0.4124 0.4735 0.5244 0.5431 0.6548 0.6535
0.05 0.4240 0.4388 0.4974 0.5120 0.6453 0.6494
0.08 0.4503 0.4390 0.4678 0.4917 0.6226 0.6476
>0 0.1 0.4615 0.4517 0.4618 0.4706 0.6094 0.6469
0.3 0.5730 0.4613 0.5694 0.5632 0.6184 0.6279
0.6 0.5645 0.5913 0.5928 0.5978 0.6337 0.6157
0.03 0.3791 0.4118 0.4607 0.4809 0.5825 0.5480
0.05 0.3829 0.3939 0.4281 0.4516 0.6097 0.5866
0.08 0.4090 0.4018 0.4099 0.4215 0.6090 0.5666
o 0.1 0.4126 0.4059 0.4169 0.4232 0.5762 0.6010
0.3 0.4988 0.5059 0.5000 0.4942 0.5446 0.5814
0.6 0.5341 0.5557 0.5469 0.5451 0.5611 0.5328
0.03 0.3553 0.3751 0.4191 0.4459 0.6030 0.5002
0.05 0.3496 0.3656 0.3803 0.4043 0.5994 0.5043
0.08 0.3841 0.3631 0.3841 0.3940 0.5655 0.4990
7 0.1 0.3934 0.3799 0.3821 0.3877 0.5578 0.5065
0.3 0.4528 0.4397 0.4326 0.4350 0.5194 0.5179
0.6 0.4725 0.4754 0.4784 0.4829 0.5070 0.4711
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Table 4.2, continued.

92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.3053 0.3417 0.3775 0.4044 0.5146 0.4611
0.05 0.3188 0.3183 0.3456 0.3680 0.5132 0.4795
0.08 0.3572 0.3373 0.3303 0.3428 0.4915 0.4856
8 0.1 0.3626 0.3589 0.3418 0.3449 0.4882 0.4706
0.3 0.4510 0.4414 0.4355 0.4331 0.4321 0.4328
0.6 0.4529 0.4549 0.4583 0.4519 0.4647 0.3868
0.03 0.2762 0.3098 0.3569 0.3755 0.4973 0.4077
0.05 0.2869 0.2866 0.3177 0.3379 0.4939 0.4054
0.08 0.3052 0.3028 0.2934 0.3070 0.4995 0.4171
% 0.1 0.3131 0.3102 0.2958 0.3076 0.4900 0.4275
0.3 0.3993 0.4010 0.3966 0.3926 0.4422 0.3793
0.6 0.4096 0.4075 0.4131 0.4188 0.4533 0.3308
0.03 0.2650 0.2995 0.3354 0.3571 0.5032 0.3685
0.05 0.2683 0.2731 0.3141 0.3361 0.5155 0.3689
0.08 0.2837 0.2846 0.2891 0.3013 0.5051 0.3855
100 0.1 0.2881 0.2930 0.2872 0.2961 0.4892 0.3856
0.3 0.3699 0.3661 0.3603 0.3545 0.4106 0.3738
0.6 0.3822 0.3854 0.3897 0.3795 0.4007 0.3287
0.03 0.2379 0.2665 0.3096 0.3320 0.4460 0.3604
0.05 0.2328 0.2423 0.2742 0.2981 0.4501 0.3685
0.08 0.2531 0.2467 0.2460 0.2609 0.4205 0.3715
1o 0.1 0.2641 0.2566 0.2549 0.2550 0.4133 0.3718
0.3 0.3338 0.3372 0.3428 0.3426 0.3797 0.3355
0.6 0.3482 0.3489 0.3657 0.3681 0.3860 0.2762
0.03 0.2015 0.2381 0.2681 0.2850 0.4484 0.3051
0.05 0.2150 0.2144 0.2440 0.2570 0.4529 0.3160
0.08 0.2284 0.2186 0.2320 0.2414 0.4360 0.3173
130 0.1 0.2363 0.2273 0.2288 0.2406 0.4144 0.3135
0.3 0.3406 0.3450 0.3360 0.3265 0.3596 0.2923
0.6 0.3051 0.3288 0.3321 0.3329 0.3228 0.2354
0.03 0.1806 0.2137 0.2497 0.2637 0.4221 0.2749
0.05 0.1818 0.1877 0.2260 0.2405 0.4176 0.2729
0.08 0.2031 0.1889 0.1944 0.2125 0.4068 0.2791
150 0.1 0.2177 0.1962 0.1938 0.2021 0.3841 0.2831
0.3 0.2735 0.2775 0.2742 0.2610 0.3392 0.2534
0.6 0.2982 0.3057 0.3070 0.3117 0.3065 0.2076
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Table 4.3 The 10%

upper percentiles of t'@OVRATIQD -1‘ statistic a= 2

92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.8997 0.8992 0.9191 0.9230 0.9428 0.9445
0.05 0.8917 0.8944 0.9030 0.9037 0.9395 0.9358
0.08 0.8924 0.8927 0.8888 0.9022 0.9359 0.9416
10 0.1 0.8913 0.8968 0.8894 0.8994 0.9322 0.9358
0.3 0.8993 0.9062 0.8983 0.8923 0.9126 0.9233
0.6 0.9068 0.8831 0.9007 0.8986 0.9042 0.8880
0.03 0.6330 0.6434 0.6937 0.7022 0.7699 0.7477
0.05 0.6249 0.6328 0.6585 0.6771 0.7556 0.7287
0.08 0.6415 0.6395 0.6493 0.6568 0.7488 0.7229
20 0.1 0.6498 0.6344 0.7497 0.6392 0.7221 0.6986
0.3 0.7750 0.7855 0.8000 0.8095 0.6571 0.6780
0.6 0.6606 0.6702 0.6898 0.6823 0.6585 0.5891
0.03 0.5202 0.5710 0.6355 0.6536 0.7514 0.6126
0.05 0.5356 0.5426 0.6066 0.6352 0.7494 0.5707
0.08 0.5625 0.5566 0.5773 0.6084 0.7387 0.5881
%0 0.1 0.5729 0.5703 0.5770 0.5967 0.7301 0.5528
0.3 0.6468 0.6430 0.6468 0.6437 0.7136 0.7540
0.6 0.7078 0.7035 0.7445 0.7279 0.7760 0.7896
0.03 0.4308 0.4903 0.5204 0.5385 0.6544 0.6880
0.05 0.4424 0.4537 0.4987 0.5216 0.6305 0.6671
0.08 0.4565 0.4574 0.4836 0.4994 0.6338 0.4513
% 0.1 0.4704 0.4621 0.4768 0.4928 0.6231 0.6711
0.3 0.5180 0.5308 0.5249 0.5307 0.5803 0.6427
0.6 0.6035 0.6078 0.6013 0.6113 0.6500 0.6582
0.03 0.3878 0.4242 0.4662 0.4824 0.5990 0.5811
0.05 0.3769 0.4013 0.4360 0.4510 0.5926 0.5699
0.08 0.3994 0.3933 0.4041 0.4267 0.5851 0.5798
>0 0.1 0.4061 0.4075 0.4088 0.4119 0.5676 0.5780
0.3 0.4889 0.3841 0.4933 0.4959 0.5359 0.5726
0.6 0.5110 0.5399 0.5282 0.5263 0.5821 0.5484
0.03 0.3385 0.3755 0.4075 0.4337 0.5393 0.5109
0.05 0.3388 0.3487 0.3747 0.4020 0.5359 0.5359
60 0.08 0.3621 0.3473 0.3589 0.3832 0.5278 0.5171
0.1 0.3759 0.3548 0.3564 0.3688 0.5123 0.5166
0.3 0.4312 0.4379 0.4474 0.4434 0.4769 0.5262
0.6 0.4755 0.4896 0.4726 0.4762 0.5016 0.4588
0.03 0.3072 0.3330 0.3694 0.3899 0.5095 0.4388
0.05 0.3052 0.3148 0.3453 0.3601 0.5091 0.4462
70 0.08 0.3322 0.3214 0.3291 0.3384 0.4941 0.4613
0.1 0.3384 0.3310 0.3320 0.3363 0.4892 0.4606
0.3 0.3764 0.3832 0.3822 0.3810 0.4472 0.4464
0.6 0.4218 0.4353 0.4376 0.4338 0.4473 0.4115
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Table 4.3, continued.

92
" % 0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.2694 0.2969 0.3297 0.3434 0.4530 0.4125
0.05 0.2748 0.2759 0.3069 0.3280 0.4551 0.4184
0.08 0.3038 0.2876 0.2907 0.2965 0.4442 0.4215
5 0.1 0.3140 0.3022 0.2939 0.3007 0.4305 0.4239
0.3 0.3688 0.3894 0.3764 0.3733 0.3919 0.3776
0.6 0.3959 0.3979 0.4008 0.4085 0.4223 0.3475
0.03 0.2437 0.2820 0.3218 0.3389 0.4343 0.3624
0.05 0.2544 0.2558 0.2896 0.3090 0.4410 0.3627
0.08 0.2740 0.2695 0.2682 0.2771 0.4294 0.3757
% 0.1 0.2871 0.2746 0.2726 0.2717 0.4180 0.3813
0.3 0.3434 0.3458 0.3515 0.3475 0.3717 0.3385
0.6 0.3667 0.3687 0.3791 0.3685 0.3998 0.2959
0.03 0.2291 0.2564 0.2979 0.3155 0.4126 0.3409
0.05 0.2293 0.2408 0.2585 0.2806 0.4169 0.3491
100 0.08 0.2519 0.2374 0.2478 0.2601 0.4054 0.3480
0.1 0.2588 0.2475 0.2399 0.2567 0.4040 0.3469
0.3 0.3073 0.3210 0.3189 0.3133 0.3474 0.3288
0.6 0.3451 0.3477 0.3469 0.3511 0.3625 0.2808
0.03 0.2085 0.2352 0.2737 0.2851 0.3919 0.3253
0.05 0.2103 0.2130 0.2457 0.2672 0.3841 0.3397
110 0.08 0.2228 0.2180 0.2181 0.2408 0.3740 0.3429
0.1 0.2258 0.2277 0.2175 0.2285 0.3561 0.3403
0.3 0.2875 0.2923 0.2929 0.2885 0.3151 0.3073
0.6 0.3039 0.3056 0.3272 0.3196 0.3315 0.2523
0.03 0.1844 0.2113 0.2333 0.2453 0.3661 0.2713
0.05 0.1890 0.1890 0.2193 0.2237 0.3708 0.2728
130 0.08 0.1978 0.1938 0.2023 0.2101 0.3624 0.2720
0.1 0.2062 0.2029 0.2044 0.2078 0.3515 0.2677
0.3 0.2838 0.2832 0.2796 0.2750 0.3123 0.2587
0.6 0.2674 0.2707 0.2724 0.2761 0.2861 0.2171
0.03 0.1583 0.1893 0.2173 0.2315 0.3611 0.2450
0.05 0.1566 0.1689 0.1940 0.2105 0.3658 0.2470
150 0.08 0.1779 0.1676 0.1743 0.1881 0.3424 0.2459
0.1 0.1826 0.1763 0.1732 0.1801 0.3355 0.2477
0.3 0.2496 0.2425 0.2340 0.2251 0.2783 0.2311
0.6 0.2624 0.2712 0.2738 0.2730 0.2765 0.1866
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Figure 4.1: Graph of power performance F@OVRATIQ_D -1| statistic,n=70 a= 2.
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Figure 4.2: Graph of the power performance of‘tﬁ@VRATIQD -1‘ statistic,
(0,,0,)=(0101) ata= 2.
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4.5 Practical Example: Wind Direction

We consider the wind direction data which have ligscribed in Section 3.5.2.
The least squares estimates aréo =0.0674 Al =0.7559 I_5>1 =-0.0948
C,=-0047,C,=0.1049 D, =09762 &,=03 and J,=03 giving the fitted
models ofg,(u)and g, (u) as follows, respectively:
g1(u) = 0.0674+ 0.7559cosu — 0.0948sin u

—0047+0.1049cosu+0.9762sinu.

32(u)
In addition, the Q-Q plots of the residuals assedavith g,(u) and g,(u) suggest the

occurrence of outliers in the data set. Henceapg@y the outlier detection procedure

proposed in this chapter on the data set.

4.5.1COVRATIO Statistic

Now, we apply theCOVRATIOstatistic to detect any possible outliers in the

wind direction data. The determinant of the covar@amatrix of the residual for the full

data set|COV| is 0.0043 and the corresponding values GIOVRATIQj)-l‘,

j =1,...,n, are then calculated. Due to the large numbg@acdmeters in the model,

the cut-off point for this data can be approximatiean the tabulated cut-off point in
Section 4.3 or can be obtained directly using theiktion program used in Section 4.3
by taking the LS estimated parameter values afrtieevalues. The program is given in
Appendix 5. Consequently, using the later approaehfind the cut-off point at 5%
significance level to be 0.3544. Hence, we ideraibgervation 38 to be an outlier. Itis

illustrated in Figure 4.3 which shows the correspog value for observation number

65



38 is different from the others. This is furthepparted by considering the spoke plot in

Figure 3.3 where the line for observation 111 atightly cuts the inner circle.

0.5
]

[COVRATIO - 1]
03

0.2

0.1

0.0
I

0 20 40 60 g0 100 120

Index

Figure 4.3 The values of th#COVRATIQ_D -1‘ statistic for the wind direction data

Table 4.4: Parameter estimates for clean and conéded data

Parameter | Contaminated Standard Clean data Standard
estimates data error (case 38 deleted) error
A) 0.0674 0.0361 0.0633 0.0365
Ai 0.7559 0.0598 0.7609 0.0602
él -0.0948 0.0323 -0.0974 0.0325
éo -0.0470 0.0291 -0.0114 0.0196
él 0.1049 0.0483 0.062 0.0324
[31 0.9762 0.0261 0.9981 0.0175
51 0.300 0.2849 0.2800 0.2853
52 0.300 0.2300 0.1500 0.1533
A(K) 0.9329 - 0.9479 -
K 7.7247 - 9.8749 -
0 0.9322 - 0.9474 -
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Figure 4.4: Q-Q plot for circular residuals withaltservations number 38

4.5.2 The Effect of Outliers on the Parameter Estimtes

Table 4.4 summarizes the effect of excluding thdiers on the parameter
estimates. The removal of observation number 38ifgggntly changes some of the

estimated parameters of JS circular regression inéae instance, the estimated values

of éo and f)l changes the most with the estimated vaﬁechanges by half, from 0.30

to 0.15. As expected, the estimated value of theceatration parametek also
increases from 7.7247 to 9.8749, meaning that we katimated’ which are closer to

observed valueg of the wind direction data. The value of standamr for parameter

estimatesﬁo, ,31 and I§l significantly not many changes for clean data,thatvalues

of éo, él and f)l are smaller than contaminated data. On the dthed, Figure 4.4
gives the Q-Q plots of the resulting residuals esponding to the observational
regression-like models after removing observatiomber 38 from the wind data set.
The points on the plots fog; are now closer to the straight line compared &d th

Figure 3.5(b). We conclude, by omitting observat@#from the analysis, the reduced

data is now better fitted using the JS circularesgion model, though we note that
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there is a points lying a bit far from the straighe in Figure 4.4(a) which needs further

investigation.

4.6 Summary

In this chapter, we use the idea of B®VRATIOstatistic in linear case to
identify influential observations in JS circulagression models. Here, the covariance
considered is the covariance of the observatioegiession-like model of the model.
The cut-off points are obtained and the powers gperdnce examined through
simulation studies for a simple model. We show thatsample size and dispersion of
the residuals determine the level of cut-off paiftee procedure also shows a good

performance in identifying outlier in JS circulagression models.
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CHAPTER FIVE
OUTLIER DETECTION IN A CIRCULAR REGRESSION

MODEL USING DMCE STATISTICS

5.1 Introduction

It is important to study the residuals resultingnfrany regression modeling in
order to investigate its model adequacy. In theecaf multiple linear regression
models, errors are assumed to be random, indepgnmiEmtically and normally
distributed with mean zero and constant variant¢e Jtandard definition of residuals

for a linear regression model given by=y, -y,, wherey, and y, are the observed

and predicted values respectively, cannot be usedtly on the circular regression

models. For instance, lety, =340 and §/j210°. Then, the value

e; =340°-10° =330 is a totally different from the actual circularsigual, which is

30°.

Few definitions of circular residuals can be foundhe literature. Using the
definition of circular distance proposed by Rao 3P Mardia (1972) defined the

circular residual for thgh observation as
€, =1—cos(vj —vi).

Here, e*j is linear and is bounded within the interj@2]. Thus, we are not able to use

this residual to investigate the assumption of rethat follows a specific circular
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distribution such as the von Misdsstribution. Similarly, we may use the definitioh

circular distance as given Jammalamadaka & SenGApEd) to give
€ :n—‘n—‘vj -V, H
where e, 1[0, 71. However, again, this residual cannot be usecctijréo investigate

the assumption of circular errors. For examples ihot possible to show the circular
mean of such residuals to be zero. Moreover, ttimaed concentration parameter also
tends to increase as the residuals are distributete interval [0, 77] instead of the

entire circumference. Thus, Abuzatial (2008) proposed a new definition of circular

residual based on circular distance given by

o= (n_lﬂ_lyj_yj”)’ if 9] éyj!yj_yj =m or 9j>yj19j_yj>n
A _(n_lﬂ_lyj_yj”)’ if 9j£yj!yj_9j>n or 9j>yj!9j_yj <

which is in the rangg-n n .] These residuals have been shown to be useful in

investigating the goodness-of-fit of simple lineagression models of Husset al
(2004). Numerical and simulation studies wereiedrout to show that the circular

residuals Faj j=1,2,...n are uncorrelated and follow a von Mises distribuitivith

circular mearD and concentration parameter

The circular residuals above can be used to detdtiers in circular regression
models. Abuzaidet al (2008) looked at the possibility of identifyingutbers in
Hussin’s circular regression model via residual lysa using a new definition of
circular residuals based on circular distance.f dltee same authors proposed a statistic
in terms of the circular distance for detectinglietd in the same type of circular
regression model by using row deletion approacthénnext section, we look at two

statistics that can be used to detect outlierSinitular regression model.
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5.2 Difference Mean Circular Error (DMCE) Statistics

The circular distance between two circular obsttsma 6 and 6, is defined
by Rao (1969) ad; =1-cos@ -6,), where d; is a monotone increasing function of
(6 -6;) and d; 0[02]. Let the statistic be known as mean circular re(MCEc)

given by

n
M(:Ec:l—lZcos@/j -V;), (5.1)
n«
j=1

where n is the sample size\7j is the fitted values ofv; under model (3.1) and

MCEcO[02] .

The circular distance between, and the fitted vaIuer is expected to be
relatively large if an observation; is defined as an outliers in the data set. THus, t
existence of such observation in a data set willease the summation of all circular
distances as well as the value MfCEc statistic. Subsequently, the removal of jtie
observation denoted bWCEq_;,from the data set will decrease the value of the
statistic. The maximum absolute difference between the vafude statistics for full
and reduced data sets is given by

DMCEc= mjax{\MCEc— MCEq.;)f- (5.2)

Thejth observation is identified as an outliersDMCEc exceeds a pre-specified cut-

off point.

On the other hand, Jammalamadaka & SenGupta 220& a new defintion of
circular distance between any two points as thdlemaf the two arc length between

the two points along the circumferences. For any amgles¢ and @, the circular

distance is defined by
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d.(¢.6) = min(p- 6 277~ (9~ 6)) = 7~ |~ |-
Using this particular definition of circular distaa we can develop an alternative
statistic as a measure of mean circular error utegine function, wheresineis an

increasing function on the interval f@/2]. This mean circular error is defined as

n d.
MCES:EZSin(—'J, (5.3)
nis 2

where d; = ﬂ—‘ﬂ—|\/i —\7i” is the circular distance between and V;, with sample

sizen and MCEsJ[0]] .

Using similar argument used in tiCEc statistic, if an observation; is an

d.
outlier, then the half of the circular distanegL is expected to be relatively large

d.
compared to othel?"s. Thus, the existence of such observation in t@&a dat will

increase the value dICEs. Consequently, the removal of tjie observation denoted
by MCEsg_;,from the data set will decrease the value of théisstc. The maximum
absolute difference between the value of the siisor full and reduced data sets is
given by

DMCEs= max[MCEs- MCEs_ |} (5.4)

Thejth observation is also identified as an outligh& corresponding value ®@MCEs

exceeds a pre-specified cut-off point.

In the following section, simulation studies areriem out to find the cut-off
points and to investigate the power of performasicBMCEc and DMCEs for the JS

circular regression models.
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5.3 Percentiles Points of Test Statistics

(i) Description of Simulation Process

The percentile points are obtained by using M@&deo simulation method for

DMCEc and DMCEs statistics for different sample sizesand different values of

standard deviatiow, andog,. Specifically, we generate sets of random ernansfthe

bivariate Normal distribution with mean vectfor various combination ofd, , o, ) in

the range of [0.03,0.6] amdin the range [10,150]. Samples of von Mises distion

VM (71,2) with corresponding size are generated to represent the valudg wériable.

o 0

0
Then, we generate; and g, of sizen from N :
0){0 o,

D For a fixeda, obtain

the true values oA, B;, C; andD;. The true values of, andCy being zero here. We
obtain the variablé/ using equation (3.6). We then compute the valuMCEc and
MCEs statistics for full data set by using equationl)5and (5.3), respectively.
Sequentially, we exclude tht row from the generated sample, where 1, ...,n. We

fit the reduced data using equation (3.6) and tateuthe values oMCE¢_; and
MCES-jy. Then, we obtain the value (DMCEc and DMCEs, respectively. The

process is repeated 500 times for each combinaifoeample sizen and various

combination of standard deviations,(, g, ).

Then the 1%, 5% and 10% upper percentiles of theirmar values of
DMCEc and DMCEs are calculated and used as the cut-off pointhefpgroposed
procedure. Tables 5.1-5.6 give the 1%, 5% and 10%oftyoints fora = 2 for

DMCEc and DMCEs respectively.
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Table 5.1: The simulated 1% points DMCEc statistic fora= 2

92
n oy
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0004 0.0009 0.0021 0.0033 0.0388 0.1970
0.05 0.0009 0.0012 0.0026 0.0035 0.0375 0.1975
0.08 0.0024 0.0024 0.0035 0.0043 0.0388 0.1962
10 0.1 0.0038 0.0037 0.0043 0.0053 0.0397 0.2004
0.3 0.0355 0.0373 0.0402 0.0423 0.0659 0.2209
0.6 0.1380 0.1437 0.1528 0.1525 0.1984 0.2885
0.03 0.0002 0.0005 0.0012 0.0020 0.0307 0.0964
0.05 0.0006 0.0007 0.0013 0.0019 0.0313 0.0954
0.08 0.0015 0.0015 0.0017 0.0023 0.0329 0.0953
20 0.1 0.0022 0.0023 0.0024 0.0026 0.0344 0.0958
0.3 0.0241 0.0240 0.0214 0.0230 0.0469 0.0973
0.6 0.0920 0.0929 0.0926 0.0949 0.1044 0.1291
0.03 0.0002 0.0004 0.0011 0.0017 0.0261 0.1200
0.05 0.0004 0.0006 0.0012 0.0019 0.0262 0.1207
0.08 0.0011 0.0012 0.0016 0.0024 0.0268 0.1230
30 0.1 0.0018 0.0018 0.0022 0.0029 0.0270 0.1252
0.3 0.0233 0.0254 0.0259 0.0278 0.0652 0.1488
0.6 0.0969 0.1080 0.1111 0.1180 0.1533 0.2048
0.03 0.0002 0.0003 0.0009 0.0014 0.0185 0.0853
0.05 0.0004 0.0004 0.0010 0.0016 0.0188 0.0888
0.08 0.0010 0.0011 0.0013 0.0018 0.0196 0.0922
%0 0.1 0.0015 0.0016 0.0019 0.0021 0.0197 0.0921
0.3 0.0172 0.0175 0.0190 0.0195 0.0393 0.1196
0.6 0.0808 0.0805 0.0804 0.0830 0.1111 0.1688
0.03 0.0001 0.0003 0.0009 0.0014 0.0196 0.0700
0.05 0.0003 0.0004 0.0009 0.0014 0.0205 0.0702
0.08 0.0009 0.0009 0.0012 0.0015 0.0207 0.0730
%0 0.1 0.0014 0.0015 0.0016 0.0018 0.0216 0.0751
0.3 0.0136 0.0143 0.0156 0.0161 0.0353 0.0891
0.6 0.0656 0.0689 0.0725 0.0747 0.0898 0.1223
0.03 0.0001 0.0002 0.0006 0.0010 0.0139 0.0573
0.05 0.0003 0.0003 0.0006 0.0010 0.0136 0.0590
0.08 0.0007 0.0008 0.0008 0.0011 0.0144 0.0602
%0 0.1 0.0011 0.0012 0.0013 0.0013 0.0146 0.0616
0.3 0.0116 0.0120 0.0130 0.0136 0.0365 0.0722
0.6 0.0505 0.0527 0.0563 0.0593 0.0715 0.0969
0.03 0.0001 0.0002 0.0006 0.0010 0.0209 0.0487
0.05 0.0003 0.0003 0.0006 0.0010 0.0221 0.0507
0.08 0.0007 0.0007 0.0009 0.0011 0.0233 0.0519
7 0.1 0.0011 0.0011 0.0012 0.0014 0.0243 0.0523
0.3 0.0127 0.0133 0.0145 0.0153 0.0371 0.0608
0.6 0.0457 0.0475 0.0495 0.0507 0.0626 0.0872
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Table 5.1, continued.

92
n o,
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0001 0.0002 0.0005 0.0008 0.0119 0.0404
0.05 0.0002 0.0002 0.0005 0.0008 0.0122 0.0418
0.08 0.0005 0.0006 0.0007 0.0009 0.0124 0.0434
80 0.1 0.0009 0.0009 0.0010 0.0011 0.0124 0.0446
0.3 0.0120 0.0126 0.0128 0.0131 0.0216 0.0512
0.6 0.0403 0.0408 0.0422 0.0437 0.0546 0.0677
0.03 0.0001 0.0002 0.0004 0.0007 0.0144 0.0378
0.05 0.0002 0.0002 0.0004 0.0007 0.0145 0.0383
0.08 0.0005 0.0006 0.0006 0.0008 0.0150 0.0393
% 0.1 0.0008 0.0008 0.0009 0.0010 0.0152 0.0402
0.3 0.0094 0.0112 0.0114 0.0119 0.0221 0.0460
0.6 0.0341 0.0355 0.0377 0.0381 0.0481 0.0580
0.03 0.0001 0.0002 0.0004 0.0007 0.0021 0.0102
0.05 0.0002 0.0002 0.0005 0.0008 0.0159 0.0340
0.08 0.0005 0.0005 0.0006 0.0008 0.0161 0.0345
100 0.1 0.0008 0.0008 0.0008 0.0009 0.0159 0.0349
0.3 0.0111 0.0111 0.0121 0.0124 0.0223 0.0416
0.6 0.0306 0.0319 0.0330 0.0342 0.0438 0.0489
0.03 0.0001 0.0002 0.0004 0.0099 0.0122 0.0301
0.05 0.0002 0.0002 0.0004 0.0006 0.0120 0.0311
0.08 0.0004 0.0005 0.0005 0.0007 0.0121 0.0313
1o 0.1 0.0007 0.0007 0.0008 0.0009 0.0125 0.0326
0.3 0.0089 0.0092 0.0096 0.0096 0.0201 0.0376
0.6 0.0279 0.0297 0.0297 0.0308 0.0402 0.0473
0.03 0.0001 0.0001 0.0004 0.0006 0.0110 0.0247
0.05 0.0001 0.0002 0.0003 0.0006 0.0115 0.0255
0.08 0.0004 0.0004 0.0004 0.0006 0.0122 0.0259
130 0.1 0.0006 0.0006 0.0006 0.0007 0.0127 0.0270
0.3 0.0078 0.0083 0.0085 0.0087 0.0227 0.0298
0.6 0.0230 0.0240 0.0247 0.0015 0.0351 0.0407
0.03 0.0001 0.0001 0.0003 0.0005 0.0137 0.0212
0.05 0.0001 0.0001 0.0003 0.0005 0.0143 0.0215
0.08 0.0004 0.0004 0.0004 0.0005 0.0145 0.0223
10 0.1 0.0005 0.0006 0.0006 0.0007 0.0145 0.0224
0.3 0.0080 0.0086 0.0099 0.0105 0.0164 0.0263
0.6 0.0197 0.0208 0.0220 0.0222 0.0281 0.0327
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Table 5.2: The simulated 5% points DMCEc statistic fora= 2

)
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0003 0.0005 0.0012 0.0019 0.0220 0.1700
0.05 0.0007 0.0008 0.0014 0.0021 0.0225 0.1694
0.08 0.0016 0.0018 0.0021 0.0026 0.0230 0.1706
10 0.1 0.0026 0.0028 0.0031 0.0033 0.0224 0.1710
0.3 0.0224 0.0228 0.0253 0.0240 0.0467 0.1928
0.6 0.0766 0.0785 0.0895 0.0920 0.1269 0.2080
0.03 0.0002 0.0004 0.0009 0.0013 0.0165 0.0881
0.05 0.0004 0.0005 0.0010 0.0014 0.0168 0.0882
0.08 0.0010 0.0011 0.0014 0.0017 0.0164 0.0884
20 0.1 0.0016 0.0017 0.0019 0.0022 0.0166 0.0889
0.3 0.0133 0.0135 0.0145 0.0149 0.0273 0.0918
0.6 0.0674 0.0668 0.0722 0.0752 0.0905 0.1025
0.03 0.0001 0.0003 0.0008 0.0012 0.0151 0.0957
0.05 0.0003 0.0004 0.0008 0.0013 0.0155 0.0963
0.08 0.0008 0.0009 0.0012 0.0015 0.0160 0.1000
30 0.1 0.0013 0.0014 0.0017 0.0019 0.0162 0.1025
0.3 0.0151 0.0155 0.0167 0.0173 0.0324 0.1240
0.6 0.0778 0.0849 0.0848 0.0851 0.1033 0.1601
0.03 0.0001 0.0003 0.0007 0.0011 0.0123 0.0750
0.05 0.0003 0.0003 0.0007 0.0011 0.0128 0.0771
0.08 0.0007 0.0008 0.0010 0.0013 0.0138 0.0810
a0 0.1 0.0011 0.0012 0.0014 0.0017 0.0140 0.0819
0.3 0.0114 0.0123 0.0129 0.0141 0.0273 0.0968
0.6 0.0611 0.0639 0.0652 0.0650 0.0842 0.1258
0.03 0.0001 0.0002 0.0006 0.0009 0.0119 0.0595
0.05 0.0002 0.0003 0.0006 0.0009 0.0120 0.0622
0.08 0.0006 0.0007 0.0008 0.0010 0.0124 0.0636
%0 0.1 0.0010 0.0011 0.0011 0.0013 0.0127 0.0647
0.3 0.0101 0.0105 0.0110 0.0111 0.0208 0.0754
0.6 0.0512 0.0541 0.0551 0.0570 0.0718 0.0967
0.03 0.0001 0.0002 0.0005 0.0008 0.0096 0.0506
60 0.05 0.0002 0.0002 0.0005 0.0008 0.0099 0.0516
0.08 0.0005 0.0005 0.0007 0.0009 0.0102 0.0532
0.1 0.0008 0.0009 0.0010 0.0011 0.0104 0.0542
0.3 0.0084 0.0086 0.0094 0.0096 0.0195 0.0636
0.6 0.0437 0.0448 0.0475 0.0484 0.0605 0.0817
0.03 0.0001 0.0002 0.0004 0.0007 0.0091 0.0430
0.05 0.0002 0.0002 0.0004 0.0007 0.0093 0.0439
0.08 0.0005 0.0005 0.0007 0.0008 0.0101 0.0451
7 0.1 0.0007 0.0008 0.0009 0.0010 0.0103 0.0458
0.3 0.0081 0.0085 0.0089 0.0091 0.0207 0.0546
0.6 0.0388 0.0404 0.0415 0.0430 0.0516 0.0666
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Table 5.2, continued.

92
n o,
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0001 0.0002 0.0004 0.0006 0.0079 0.0380
0.05 0.0002 0.0002 0.0004 0.0006 0.0080 0.0390
0.08 0.0004 0.0004 0.0005 0.0007 0.0083 0.0403
80 0.1 0.0007 0.0007 0.0008 0.0009 0.0085 0.0406
0.3 0.0069 0.0072 0.0076 0.0076 0.0161 0.0479
0.6 0.0350 0.0365 0.0378 0.0392 0.0473 0.0579
0.03 0.0001 0.0001 0.0003 0.0005 0.0080 0.0333
0.05 0.0001 0.0002 0.0004 0.0005 0.0081 0.0342
0.08 0.0004 0.0004 0.0005 0.0006 0.0086 0.0354
% 0.1 0.0006 0.0006 0.0007 0.0008 0.0092 0.0358
0.3 0.0065 0.0069 0.0071 0.0073 0.0163 0.0413
0.6 0.0306 0.0315 0.0329 0.0341 0.0423 0.0510
0.03 0.0001 0.0001 0.0003 0.0005 0.0073 0.0304
0.05 0.0001 0.0002 0.0003 0.0005 0.0075 0.0312
0.08 0.0004 0.0004 0.0005 0.0006 0.0078 0.0322
100 0.1 0.0006 0.0006 0.0007 0.0008 0.0081 0.0325
0.3 0.0061 0.0064 0.0067 0.0069 0.0146 0.0367
0.6 0.0273 0.0280 0.0294 0.0304 0.0390 0.0451
0.03 0.0001 0.0001 0.0003 0.0005 0.0066 0.0272
0.05 0.0001 0.0002 0.0003 0.0005 0.0069 0.0279
0.08 0.0003 0.0003 0.0004 0.0006 0.0073 0.0285
1o 0.1 0.0005 0.0005 0.0006 0.0007 0.0074 0.0293
0.3 0.0057 0.0059 0.0061 0.0063 0.0124 0.0339
0.6 0.0257 0.0266 0.0280 0.0285 0.0343 0.0409
0.03 0.0000 0.0001 0.0003 0.0004 0.0070 0.0230
0.05 0.0001 0.0001 0.0003 0.0004 0.0070 0.0234
0.08 0.0003 0.0003 0.0003 0.0005 0.0074 0.0239
130 0.1 0.0004 0.0004 0.0005 0.0006 0.0075 0.0245
0.3 0.0052 0.0055 0.0056 0.0058 0.0141 0.0281
0.6 0.0214 0.0223 0.0233 0.0237 0.0288 0.0347
0.03 0.0001 0.0001 0.0002 0.0003 0.0067 0.0200
0.05 0.0001 0.0001 0.0002 0.0004 0.0069 0.0205
0.08 0.0003 0.0003 0.0003 0.0004 0.0071 0.0209
10 0.1 0.0004 0.0004 0.0004 0.0005 0.0074 0.0213
0.3 0.0044 0.0045 0.0048 0.0050 0.0115 0.0246
0.6 0.0189 0.0194 0.0204 0.0209 0.0246 0.0302
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Table 5.3: The simulated 10% points DMCEc statistic fora = 2

92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0002 0.0004 0.0010 0.0015 0.0166 0.1409
0.05 0.0005 0.0007 0.0011 0.0016 0.0166 0.1383
0.08 0.0013 0.0014 0.0018 0.0021 0.0174 0.1363
10 0.1 0.0020 0.0021 0.0024 0.0028 0.0175 0.1376
0.3 0.0172 0.0177 0.0190 0.0197 0.0364 0.1655
0.6 0.0587 0.0589 0.0626 0.0635 0.0945 0.1902
0.03 0.0002 0.0003 0.0007 0.0011 0.0127 0.0814
0.05 0.0004 0.0004 0.0008 0.0011 0.0126 0.0817
0.08 0.0009 0.0009 0.0011 0.0014 0.0131 0.0823
20 0.1 0.0013 0.0014 0.0016 0.0017 0.0135 0.0822
0.3 0.0112 0.0113 0.0117 0.0122 0.0220 0.0862
0.6 0.0528 0.0529 0.0542 0.0545 0.0794 0.0952
0.03 0.0001 0.0003 0.0006 0.0010 0.0117 0.0859
0.05 0.0003 0.0004 0.0007 0.0010 0.0120 0.0859
0.08 0.0007 0.0008 0.0010 0.0012 0.0130 0.0877
30 0.1 0.0012 0.0012 0.0015 0.0016 0.0129 0.0905
0.3 0.0118 0.0123 0.0128 0.0131 0.0239 0.1086
0.6 0.0569 0.0621 0.0643 0.0660 0.0862 0.1390
0.03 0.0001 0.0002 0.0005 0.0008 0.0104 0.0700
0.05 0.0002 0.0003 0.0006 0.0008 0.0105 0.0711
0.08 0.0006 0.0006 0.0008 0.0011 0.0110 0.0745
%0 0.1 0.0009 0.0010 0.0011 0.0014 0.0113 0.0744
0.3 0.0095 0.0095 0.0102 0.0106 0.0206 0.0859
0.6 0.0477 0.0498 0.0505 0.0519 0.0720 0.1158
0.03 0.0001 0.0002 0.0005 0.0007 0.0090 0.0556
0.05 0.0002 0.0002 0.0005 0.0008 0.0092 0.0564
0.08 0.0005 0.0005 0.0007 0.0009 0.0093 0.0578
%0 0.1 0.0008 0.0008 0.0010 0.0011 0.0098 0.0584
0.3 0.0078 0.0082 0.0085 0.0090 0.0170 0.0706
0.6 0.0448 0.0460 0.0478 0.0488 0.0640 0.0892
0.03 0.0001 0.0002 0.0004 0.0006 0.0076 0.0463
0.05 0.0002 0.0002 0.0004 0.0006 0.0079 0.0475
0.08 0.0004 0.0005 0.0006 0.0008 0.0082 0.0484
%0 0.1 0.0007 0.0007 0.0008 0.0010 0.0083 0.0495
0.3 0.0071 0.0073 0.0077 0.0081 0.0152 0.0572
0.6 0.0386 0.0395 0.0407 0.0416 0.0540 0.0737
0.03 0.0001 0.0001 0.0003 0.0006 0.0072 0.0402
0.05 0.0002 0.0002 0.0004 0.0006 0.0076 0.0411
0.08 0.0004 0.0004 0.0005 0.0007 0.0078 0.0420
7 0.1 0.0006 0.0007 0.0007 0.0009 0.0079 0.0431
0.3 0.0067 0.0071 0.0075 0.0076 0.0153 0.0503
0.6 0.0342 0.0355 0.0366 0.0378 0.0477 0.0621
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Table 5.3, continued.

)
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.05 0.0001 0.0002 0.0003 0.0005 0.0066 0.0364
0.08 0.0004 0.0004 0.0005 0.0006 0.0069 0.0375
80 0.1 0.0006 0.0006 0.0007 0.0008 0.0072 0.0375
0.3 0.0057 0.0059 0.0063 0.0064 0.0123 0.0442
0.6 0.0322 0.0330 0.0346 0.0353 0.0432 0.0546
0.03 0.0001 0.0001 0.0003 0.0004 0.0060 0.0315
0.05 0.0001 0.0002 0.0003 0.0005 0.0060 0.0323
0.08 0.0003 0.0003 0.0004 0.0006 0.0064 0.0334
% 0.1 0.0005 0.0005 0.0006 0.0007 0.0065 0.0340
0.3 0.0055 0.0058 0.0061 0.0062 0.0129 0.0384
0.6 0.0275 0.0284 0.0304 0.0322 0.0388 0.0471
0.03 0.0000 0.0001 0.0003 0.0004 0.0059 0.0288
0.05 0.0001 0.0001 0.0003 0.0004 0.0059 0.0294
0.08 0.0003 0.0003 0.0004 0.0005 0.0062 0.0301
100 0.1 0.0005 0.0005 0.0005 0.0006 0.0063 0.0307
0.3 0.0050 0.0052 0.0055 0.0056 0.0115 0.0349
0.6 0.0255 0.0262 0.0270 0.0280 0.0352 0.0425
0.03 0.0000 0.0001 0.0003 0.0004 0.0052 0.0260
0.05 0.0001 0.0001 0.0003 0.0004 0.0054 0.0265
0.08 0.0003 0.0003 0.0004 0.0005 0.0055 0.0271
1o 0.1 0.0004 0.0004 0.0005 0.0006 0.0056 0.0280
0.3 0.0044 0.0049 0.0051 0.0052 0.0105 0.0320
0.6 0.0239 0.0254 0.0261 0.0267 0.0321 0.0391
0.03 0.0000 0.0001 0.0002 0.0003 0.0048 0.0221
0.05 0.0001 0.0001 0.0002 0.0004 0.0049 0.0226
0.08 0.0002 0.0002 0.0003 0.0004 0.0052 0.0229
130 0.1 0.0004 0.0004 0.0004 0.0005 0.0054 0.0232
0.3 0.0043 0.0045 0.0046 0.0047 0.0107 0.0269
0.6 0.0205 0.0212 0.0220 0.0224 0.0274 0.0328
0.03 0.0001 0.0001 0.0002 0.0003 0.0049 0.0195
0.05 0.0001 0.0001 0.0002 0.0003 0.0049 0.0199
0.08 0.0002 0.0002 0.0003 0.0004 0.0050 0.0203
10 0.1 0.0003 0.0004 0.0004 0.0004 0.0052 0.0205
0.3 0.0037 0.0038 0.0040 0.0042 0.0081 0.0236
0.6 0.0180 0.0187 0.0196 0.0199 0.0231 0.0285
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Table 5.4: The simulated 1% points DMCEs statistic fora= 2

92
" % 0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0057 0.0083 0.0138 0.0163 0.0595 0.1221
0.05 0.0076 0.0102 0.0133 0.0183 0.0595 0.1227
0.08 0.0122 0.0130 0.0166 0.0199 0.0607 0.1199
10 0.1 0.0154 0.0157 0.0197 0.0226 0.0619 0.1227
0.3 0.0509 0.0510 0.0562 0.0561 0.0723 0.1304
0.6 0.1057 0.1127 0.1111 0.1096 0.1176 0.1526
0.03 0.0025 0.0038 0.0060 0.0076 0.0311 0.0547
0.05 0.0037 0.0043 0.0061 0.0077 0.0314 0.0543
0.08 0.0061 0.0062 0.0070 0.0081 0.0293 0.0549
20 0.1 0.0076 0.0076 0.0079 0.0083 0.0293 0.0549
0.3 0.0250 0.0259 0.0265 0.0261 0.0348 0.0526
0.6 0.0546 0.0550 0.0537 0.0545 0.0570 0.0696
0.03 0.0022 0.0033 0.0060 0.0079 0.0290 0.0668
0.05 0.0030 0.0039 0.0057 0.0075 0.0300 0.0673
0.08 0.0050 0.0049 0.0068 0.0081 0.0285 0.0698
30 0.1 0.0061 0.0062 0.0074 0.0087 0.0288 0.0711
0.3 0.0250 0.0272 0.0285 0.0280 0.0395 0.0887
0.6 0.0615 0.0654 0.0685 0.0709 0.0791 0.1301
0.03 0.0016 0.0026 0.0041 0.0053 0.0206 0.0526
0.05 0.0024 0.0027 0.0047 0.0057 0.0224 0.0525
0.08 0.0040 0.0041 0.0048 0.0064 0.0209 0.0554
a0 0.1 0.0048 0.0050 0.0056 0.0068 0.0206 0.0559
0.3 0.0189 0.0187 0.0199 0.0210 0.0331 0.0653
0.6 0.0502 0.0517 0.0504 0.0507 0.0620 0.0883
0.03 0.0009 0.0020 0.0031 0.0041 0.0183 0.0392
0.05 0.0019 0.0022 0.0034 0.0043 0.0185 0.0398
0.08 0.0031 0.0033 0.0037 0.0046 0.0185 0.0406
%0 0.1 0.0008 0.0041 0.0046 0.0046 0.0179 0.0403
0.3 0.0142 0.0146 0.0160 0.0165 0.0258 0.0480
0.6 0.0389 0.0405 0.0411 0.0436 0.0510 0.0640
0.03 0.0010 0.0016 0.0027 0.0033 0.0157 0.0307
0.05 0.0015 0.0018 0.0027 0.0033 0.0149 0.0313
0.08 0.0024 0.0027 0.0030 0.0035 0.0139 0.0320
%0 0.1 0.0030 0.0034 0.0037 0.0041 0.0146 0.0327
0.3 0.0122 0.0120 0.0129 0.0135 0.0225 0.0355
0.6 0.0287 0.0314 0.0332 0.0356 0.0387 0.0555
0.03 0.0009 0.0014 0.0023 0.0029 0.0130 0.0263
0.05 0.0014 0.0016 0.0022 0.0029 0.0140 0.0261
0.08 0.0023 0.0024 0.0026 0.0031 0.0137 0.0272
7 0.1 0.0030 0.0030 0.0032 0.0034 0.0144 0.0278
0.3 0.0114 0.0125 0.0131 0.0130 0.0203 0.0317
0.6 0.0273 0.0260 0.0267 0.0276 0.0323 0.0449
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Table 5.4, continued.

92
n o,
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0007 0.0012 0.0019 0.0024 0.0103 0.0228
0.05 0.0012 0.0012 0.0019 0.0024 0.0104 0.0231
0.08 0.0019 0.0019 0.0021 0.0026 0.0106 0.0242
80 0.1 0.0024 0.0024 0.0026 0.0027 0.0106 0.0242
0.3 0.0107 0.0114 0.0116 0.0116 0.0148 0.0257
0.6 0.0234 0.0244 0.0252 0.0260 0.0310 0.0344
0.03 0.0007 0.0010 0.0016 0.0021 0.0112 0.0194
0.05 0.0011 0.0012 0.0016 0.0020 0.0106 0.0198
0.08 0.0016 0.0018 0.0020 0.0023 0.0107 0.0202
% 0.1 0.0020 0.0022 0.0024 0.0026 0.0115 0.0204
0.3 0.0093 0.0095 0.0101 0.0101 0.0148 0.0242
0.6 0.0197 0.0209 0.0218 0.0225 0.0250 0.0292
0.03 0.0006 0.0010 0.0017 0.0021 0.0102 0.0177
0.05 0.0010 0.0011 0.0016 0.0022 0.0100 0.0179
0.08 0.0016 0.0017 0.0019 0.0022 0.0102 0.0189
100 0.1 0.0020 0.0021 0.0022 0.0025 0.0101 0.0188
0.3 0.0094 0.0094 0.0096 0.0100 0.0131 0.0201
0.6 0.0182 0.0191 0.0194 0.0200 0.0226 0.0259
0.03 0.0005 0.0009 0.0015 0.0019 0.0087 0.0161
0.05 0.0009 0.0010 0.0014 0.0019 0.0088 0.0166
0.08 0.0015 0.0015 0.0016 0.0019 0.0093 0.0169
1o 0.1 0.0018 0.0020 0.0020 0.0021 0.0099 0.0176
0.3 0.0068 0.0075 0.0077 0.0079 0.0121 0.0186
0.6 0.0165 0.0176 0.0187 0.0190 0.0230 0.0239
0.03 0.0004 0.0007 0.0012 0.0016 0.0076 0.0127
0.05 0.0008 0.0008 0.0011 0.0015 0.0077 0.0133
0.08 0.0013 0.0013 0.0013 0.0015 0.0078 0.0134
130 0.1 0.0016 0.0017 0.0016 0.0017 0.0081 0.0137
0.3 0.0064 0.0068 0.0066 0.0068 0.0109 0.0152
0.6 0.0139 0.0147 0.0152 0.0150 0.0172 0.0197
0.03 0.0004 0.0006 0.0010 0.0013 0.0078 0.0118
0.05 0.0006 0.0007 0.0010 0.0013 0.0078 0.0124
0.08 0.0010 0.0011 0.0012 0.0014 0.0075 0.0120
10 0.1 0.0013 0.0013 0.0014 0.0015 0.0078 0.0119
0.3 0.0057 0.0059 0.0060 0.0065 0.0086 0.0134
0.6 0.0122 0.0125 0.0128 0.0125 0.0143 0.0173
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Table 5.5: The simulated 5% points DMCEs statistic fora= 2

92
n oy
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0045 0.0058 0.0093 0.0119 0.0413 0.1074
0.05 0.0061 0.0074 0.0095 0.0119 0.0413 0.1059
0.08 0.0095 0.0104 0.0118 0.0130 0.0421 0.1039
10 0.1 0.0123 0.0133 0.0139 0.0149 0.0406 0.1053
0.3 0.0383 0.0392 0.0413 0.0421 0.0545 0.1042
0.6 0.0791 0.0781 0.0817 0.0811 0.0901 0.1153
0.03 0.0021 0.0031 0.0048 0.0060 0.0212 0.0483
0.05 0.0032 0.0035 0.0050 0.0062 0.0216 0.0481
0.08 0.0050 0.0052 0.0058 0.0066 0.0216 0.0480
20 0.1 0.0062 0.0064 0.0066 0.0071 0.0215 0.0482
0.3 0.0189 0.0190 0.0191 0.0191 0.0258 0.0456
0.6 0.0459 0.0438 0.0443 0.0445 0.0478 0.0547
0.03 0.0016 0.0026 0.0043 0.0056 0.0217 0.0550
0.05 0.0025 0.0029 0.0057 0.0055 0.0215 0.0556
0.08 0.0040 0.0043 0.0051 0.0063 0.0225 0.0568
30 0.1 0.0051 0.0053 0.0060 0.0066 0.0225 0.0578
0.3 0.0198 0.0203 0.0209 0.0218 0.0313 0.0659
0.6 0.0481 0.0514 0.0520 0.0535 0.0628 0.0882
0.03 0.0012 0.0019 0.0033 0.0042 0.0166 0.0412
0.05 0.0019 0.0022 0.0034 0.0046 0.0170 0.0421
0.08 0.0031 0.0032 0.0040 0.0048 0.0168 0.0440
a0 0.1 0.0040 0.0040 0.0046 0.0051 0.0170 0.0453
0.3 0.0147 0.0151 0.0156 0.0162 0.0242 0.0498
0.6 0.0373 0.0390 0.0398 0.0397 0.0495 0.0664
0.03 0.0010 0.0016 0.0026 0.0034 0.0129 0.0342
0.05 0.0015 0.0017 0.0026 0.0033 0.0133 0.0345
0.08 0.0025 0.0026 0.0030 0.0034 0.0132 0.0349
%0 0.1 0.0040 0.0033 0.0035 0.0039 0.0139 0.0346
0.3 0.0111 0.0120 0.0126 0.0123 0.0180 0.0391
0.6 0.0308 0.0325 0.0340 0.0352 0.0382 0.0497
0.03 0.0009 0.0013 0.0021 0.0028 0.0110 0.0279
0.05 0.0013 0.0015 0.0022 0.0028 0.0112 0.0284
0.08 0.0021 0.0022 0.0026 0.0030 0.0114 0.0281
%0 0.1 0.0026 0.0027 0.0030 0.0033 0.0116 0.0288
0.3 0.0093 0.0096 0.0103 0.0107 0.0161 0.0322
0.6 0.0251 0.0260 0.0264 0.0282 0.0324 0.0418
0.03 0.0008 0.0011 0.0018 0.0023 0.0100 0.0228
0.05 0.0011 0.0013 0.0019 0.0024 0.0102 0.0234
0.08 0.0018 0.0019 0.0021 0.0025 0.0103 0.0240
7 0.1 0.0023 0.0024 0.0026 0.0028 0.0101 0.0241
0.3 0.0089 0.0089 0.0093 0.0094 0.0145 0.0271
0.6 0.0217 0.0226 0.0228 0.0230 0.0271 0.0338
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Table 5.5, continued.

92
n o,
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0006 0.0010 0.0016 0.0021 0.0081 0.0198
0.05 0.0010 0.0011 0.0017 0.0021 0.0080 0.0203
0.08 0.0016 0.0016 0.0018 0.0022 0.0084 0.0208
80 0.1 0.0020 0.0021 0.0022 0.0024 0.0086 0.0210
0.3 0.0074 0.0074 0.0078 0.0077 0.0117 0.0224
0.6 0.0200 0.0209 0.0214 0.0218 0.0238 0.0290
0.03 0.0006 0.0009 0.0014 0.0018 0.0077 0.0178
0.05 0.0009 0.0010 0.0014 0.0018 0.0084 0.0181
0.08 0.0014 0.0015 0.0017 0.0019 0.0083 0.0184
% 0.1 0.0018 0.0019 0.0020 0.0022 0.0085 0.0187
0.3 0.0066 0.0069 0.0074 0.0076 0.0116 0.0197
0.6 0.0166 0.0179 0.0187 0.0192 0.0214 0.0247
0.03 0.0005 0.0008 0.0013 0.0015 0.0069 0.0159
0.05 0.0008 0.0009 0.0013 0.0016 0.0071 0.0160
0.08 0.0013 0.0013 0.0016 0.0018 0.0072 0.0165
100 0.1 0.0016 0.0017 0.0018 0.0020 0.0074 0.0170
0.3 0.0059 0.0062 0.0066 0.0067 0.0101 0.0176
0.6 0.0152 0.0157 0.0166 0.0170 0.0194 0.0218
0.03 0.0005 0.0007 0.0012 0.0015 0.0063 0.0146
0.05 0.0007 0.0008 0.0012 0.0015 0.0063 0.0149
0.08 0.0012 0.0012 0.0014 0.0016 0.0064 0.0154
1o 0.1 0.0015 0.0015 0.0016 0.0018 0.0065 0.0154
0.3 0.0056 0.0059 0.0061 0.0061 0.0093 0.0161
0.6 0.0142 0.0154 0.0159 0.0162 0.0181 0.0202
0.03 0.0004 0.0006 0.0010 0.0013 0.0058 0.0120
0.05 0.0006 0.0007 0.0010 0.0013 0.0060 0.0122
0.08 0.0010 0.0010 0.0012 0.0013 0.0062 0.0125
130 0.1 0.0012 0.0013 0.0014 0.0015 0.0063 0.0127
0.3 0.0050 0.0051 0.0051 0.0054 0.0088 0.0134
0.6 0.0121 0.0124 0.0129 0.0132 0.0148 0.0171
0.03 0.0003 0.0005 0.0009 0.0011 0.0050 0.0105
0.05 0.0005 0.0006 0.0009 0.0011 0.0051 0.0108
0.08 0.0009 0.0009 0.0010 0.0012 0.0051 0.0110
10 0.1 0.0011 0.0011 0.0012 0.0013 0.0053 0.0110
0.3 0.0045 0.0046 0.0046 0.0047 0.0070 0.0114
0.6 0.0104 0.0106 0.0114 0.0116 0.0127 0.0148
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Table 5.6: The simulated 10% points DMCEs statistic fora = 2

92
n oy
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0037 0.0052 0.0079 0.0097 0.0330 0.0945
0.05 0.0052 0.0064 0.0084 0.0098 0.0334 0.0943
0.08 0.0083 0.0090 0.0101 0.0114 0.0339 0.0937
10 0.1 0.0106 0.0109 0.0118 0.0124 0.0343 0.0941
0.3 0.0318 0.0336 0.0340 0.0343 0.0447 0.0928
0.6 0.0654 0.0651 0.0641 0.0652 0.0793 0.1022
0.03 0.0019 0.0027 0.0043 0.0054 0.0185 0.0450
0.05 0.0028 0.0032 0.0043 0.0053 0.0184 0.0445
0.08 0.0045 0.0045 0.0051 0.0058 0.0185 0.0435
20 0.1 0.0056 0.0055 0.0059 0.0064 0.0180 0.0432
0.3 0.0168 0.0166 0.0169 0.0171 0.0224 0.0429
0.6 0.0386 0.0384 0.0390 0.0402 0.0417 0.0475
0.03 0.0015 0.0022 0.0036 0.0045 0.0186 0.0481
0.05 0.0022 0.0026 0.0037 0.0046 0.0184 0.0498
0.08 0.0036 0.0038 0.0046 0.0051 0.0192 0.0514
30 0.1 0.0046 0.0047 0.0055 0.0057 0.0195 0.0519
0.3 0.0169 0.0177 0.0182 0.0189 0.0265 0.0597
0.6 0.0407 0.0421 0.0444 0.0452 0.0536 0.0780
0.03 0.0011 0.0017 0.0028 0.0036 0.0144 0.0382
0.05 0.0017 0.0020 0.0028 0.0036 0.0142 0.0385
0.08 0.0027 0.0028 0.0033 0.0040 0.0149 0.0398
a0 0.1 0.0034 0.0036 0.0039 0.0045 0.0148 0.0400
0.3 0.0122 0.0125 0.0130 0.0135 0.0207 0.0439
0.6 0.0315 0.0330 0.0342 0.0350 0.0424 0.0570
0.03 0.0009 0.0013 0.0023 0.0028 0.0116 0.0310
0.05 0.0013 0.0016 0.0023 0.0030 0.0119 0.0313
0.08 0.0021 0.0023 0.0027 0.0031 0.0119 0.0318
%0 0.1 0.0031 0.0028 0.0031 0.0035 0.0119 0.0320
0.3 0.0096 0.0097 0.0102 0.0108 0.0163 0.0354
0.6 0.0274 0.0282 0.0287 0.0293 0.0346 0.0456
0.03 0.0008 0.0012 0.0019 0.0025 0.0097 0.0252
0.05 0.0011 0.0013 0.0019 0.0025 0.0099 0.0256
0.08 0.0018 0.0019 0.0023 0.0027 0.0100 0.0259
%0 0.1 0.0023 0.0024 0.0027 0.0030 0.0101 0.0263
0.3 0.0083 0.0086 0.0090 0.0091 0.0138 0.0285
0.6 0.0219 0.0226 0.0234 0.0243 0.0290 0.0362
0.03 0.0007 0.0010 0.0016 0.0021 0.0085 0.0211
0.05 0.0010 0.0011 0.0017 0.0021 0.0085 0.0215
0.08 0.0016 0.0017 0.0020 0.0023 0.0086 0.0219
7 0.1 0.0021 0.0022 0.0023 0.0025 0.0086 0.0221
0.3 0.0076 0.0079 0.0083 0.0086 0.0125 0.0248
0.6 0.0195 0.0200 0.0209 0.0211 0.0249 0.0305

84



Table 5.6, continued.

92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0006 0.0009 0.0014 0.0019 0.0071 0.0187
0.05 0.0008 0.0010 0.0014 0.0019 0.0073 0.0190
0.08 0.0014 0.0015 0.0017 0.0020 0.0075 0.0192
80 0.1 0.0018 0.0019 0.0020 0.0022 0.0077 0.0195
0.3 0.0065 0.0066 0.0068 0.0070 0.0102 0.0206
0.6 0.0182 0.0193 0.0197 0.0198 0.0217 0.0255
0.03 0.0005 0.0008 0.0013 0.0017 0.0069 0.0168
0.05 0.0008 0.0009 0.0013 0.0017 0.0069 0.0170
0.08 0.0013 0.0014 0.0015 0.0018 0.0071 0.0173
% 0.1 0.0016 0.0017 0.0018 0.0020 0.0071 0.0175
0.3 0.0059 0.0062 0.0064 0.0066 0.0101 0.0185
0.6 0.0153 0.0156 0.0163 0.0167 0.0194 0.0221
0.03 0.0005 0.0007 0.0011 0.0015 0.0062 0.0150
0.05 0.0007 0.0008 0.0012 0.0015 0.0062 0.0152
0.08 0.0012 0.0012 0.0014 0.0016 0.0062 0.0155
100 0.1 0.0015 0.0016 0.0017 0.0018 0.0063 0.0157
0.3 0.0054 0.0055 0.0057 0.0057 0.0086 0.0167
0.6 0.0142 0.0146 0.0150 0.0154 0.0181 0.0202
0.03 0.0004 0.0006 0.0011 0.0013 0.0055 0.0137
0.05 0.0006 0.0007 0.0011 0.0014 0.0056 0.0140
0.08 0.0010 0.0011 0.0013 0.0015 0.0058 0.0140
1o 0.1 0.0013 0.0014 0.0015 0.0016 0.0059 0.0143
0.3 0.0047 0.0050 0.0053 0.0054 0.0080 0.0152
0.6 0.0132 0.0139 0.0144 0.0147 0.0161 0.0187
0.03 0.0003 0.0005 0.0009 0.0012 0.0049 0.0114
0.05 0.0005 0.0006 0.0009 0.0012 0.0050 0.0116
0.08 0.0009 0.0009 0.0011 0.0012 0.0053 0.0119
130 0.1 0.0012 0.0012 0.0013 0.0014 0.0050 0.0119
0.3 0.0044 0.0045 0.0046 0.0047 0.0074 0.0127
0.6 0.0111 0.0113 0.0119 0.0121 0.0136 0.0158
0.03 0.0003 0.0005 0.0008 0.0010 0.0044 0.0100
0.05 0.0005 0.0005 0.0008 0.0010 0.0045 0.0102
0.08 0.0008 0.0008 0.0009 0.0011 0.0046 0.0104
10 0.1 0.0010 0.0010 0.0011 0.0012 0.0047 0.0106
0.3 0.0038 0.0039 0.0040 0.0040 0.0060 0.0109
0.6 0.0098 0.0102 0.0105 0.0105 0.0116 0.0133
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(if) Discussion

Tables 5.1-5.6 present the cut-off points BEIICEc and DMCEs statistics at
different level of significance. The result showatt for fixedo, ando,>0,, the cut-
off points forDMCEcandDMCEsstatistics show an increasing trendasgets larger.
The same trend is seen when is fixed ando, 20,. On the other hand, the cut-off

points are a decreasing function of the sample rsiz8imilar results are observed for
other values of. For all cases considered, the cut-off poinDOCECc statisticsare

generally smaller than that DIMCEs.

5.4 The Power of Performance oDMCE Statistics

Monte Carlo simulation method is used to inveségae power of performance
of the DMCEc and DMCEsstatistics. Six different sample sizes are considter= 20,
30, 50, 70, 100 and 130. Similar procedure employe&ection 5.3 is used here to

generate the data set. Then, the observation &iqood, say vy, is contaminated as
follows;

v:j =vqy + A mod(27),
where v:j is the value after contamination aAlis the degree of contamination in the
range 0< A <1. The generated data &f andV are then fitted by the JS circular
regression model to give the parameter estin@teal,él,éo,él and [31. Then, the

values of MCEcandMCEsare calculated using equation (5.1) and (5.3)eesgely.
Next, the values cDMCEc and DMCEs statistics are calculated for each generated
data set. Consequently, we excludejtheow from sample, foy = 1, ...,n and fit the

remaining data using equation (3.6). TMCEq_;y and MCEsg_j)are then calculated

by using equation (5.1) and (5.3), respectivelyahly, we specify the maximum value
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of DMCEc and DMCEs statistics The process is repeated for 500 times. The power
of performance oiDMCEc and DMCEs statistics are examined by computing the

percentage of correct detection of the contaminabegrvation at positioth

A part of simulation results are displayed in thguFes 5.1-5.3 and the other
simulation results are given in Appendix 3. Figlsd shows the performance of
DMCEc and DMCEs statistics fom=70 and different values d,,o,). It is obvious
that the performance of both statistics highly aepen the values 0(01,02), where

the power of performances is a decreasing funaifoie (g,,0,). In other word, the

performance is increasing @ and g, get smaller. This is expected\aﬁ and sz

in equation (3.6) will fluctuate closer to the fmamtal axis whero, and o, are closer

to zero, and hence, better chance to detect thieroeren whem is small.

Figure 5.2 shows the performancel¥ICEc and DMCEs statistics with fixed
o, =0, = 01 and different sample size For both statistics the power of performances
does not differ much when we vary sample sizéhough we note that the performance
only increase slightly when is larger. On the other hand, Figure 5.3 shows ttha
performance of both tests does not differ much wfgno,) are small as can be seen
from Figure 5.3(a). However, the difference infpenance is clearer for larger

(01,02) as shown in Figure 5.3(b). These results agréle that observed in Figure

5.1, that is when the value (1171,02) get smaller, the performance gets better.

Meanwhile, Figure 5.4 shows the performance ofGe/RATIQ DMCEcand
DMCEsstatistics. The power of performanceli¥CEc andDMCEsstatisticsdoes not

differ much when(o,,0,) are small compared 8OVRATIOstatistic as can be seen
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from Figure 5.4(a). However, the difference in peariance is clearer for Iargéﬂl,az)

as shown in Figure 5.4 (b). From these graphDiMECEc statistics is the best measures

among the three because the performan@MCEEcis superior compared to the others.
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Figure 5.1: Graph of power performance BiMCEcandDMCEsstatistics, fon=70
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Figure 5.4: Power of performance ©@OVRATIQ DMCEcandDMCEsstatistics
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5.5 Practical Example: Eye data

We consider the eye data which is described ini@e&t5.1. The least squares
parameter estimates of the JS circular regressiondem are A) =1.0822
A =-01497 B, =-03837 C,=00986 C,=02534 D,=05935 &= 2251
g =016 and g, =016 with the fitted observational regression-like miogéth
respect tog, (u) and g,(u) are as follows:
g,(u) =1.0822 - 0.1497 cos u - 0.3837 sin u

§-(u) = 0.0986 + 0.2534cosu + 0.5935sinu.

The diagnostic plots of the two set of resultingidaals from the fitted model suggest
the possibility of occurrence of outliers in thetad@et. We now apply the outlier

detection procedures based@iMCEcandDMCEson the data.

5.5.1DMCE Statistics

We now apply thddMCEc and DMCEc statistics on the eye data in order to
detect any possible outliers in the data set. Tkamcircular errors for full data set
based on the cosine and sine functions MCEc=0.0225 and MCEs=0.0859

respectively. Then, the values |MCEc-MCEg_; | and |[MCEs-MCEs_;, | for

j =1,...,n are calculated. The values are plotted in FigGrg<5.6.

The sample size of the eye data is 23 with thenes&d values ob, and o, are

0.16 and 0.16 respectively. Then, by running treg@m as given in Appendix 6, we
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use the LS estimates for the eye data to find gprogriate the cut-off point at 0.05

level of significance which is found to be 0.0024 DMCEc and 0.0082 fo DMCEs.

As a result, it can be seen in Figure 5.5 that DMCEc statistic values for
observation number 2 and 15 exceed the cut-offtpmsnshown by the dashed line.
However, for DMCEs statistic, only observation number 15 exceedsctheoff point
as shown by the dashed line in Figure 5.5, though dorresponding value for
observation number 2 is closer to the dashed lompared to the others. It is
interesting to investigate the reason behind theselts. Note that the sample size of
the eye data is rather small, which only involvee¥8 patients. We have commented in
Section 5.4 that the performance of DMCEc statistic is better whemis small, and is
almost similar for large sample size. Hence, thsults on the eye data further
confirmed the finding in the simulation study thla¢ procedure based @MCEc are

superior than the procedure based orINKCES
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Figure 5.5: The values of ti DMCEc statistic for eye data
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Figure 5.6: The values of ttDMCEs statistic for eye data

Table 5.7: Parameter estimates for clean and coméaed data

Parameter | Contaminated  Standard (cglseeag gﬁgaw Standard
estimates data error error
deleted)
AO 1.0822 0.2664 1.0592 0.2002
Ai -0.1497 0.1026 -0.1857 0.2793
E“;l -0.3836 0.2873 -0.3499 0.2173
(“;0 0.0986 0.2776 0.0855 0.2396
él 0.2534 0.1070 0.3059 0.0950
51 0.5935 0.2994 0.6106 0.2601
o 0.16 0.1198 0.12 0.1168
o 0.16 0.1635 0.14 0.1397
A(K) 0.9775 - 0.9857 -
K 22.5056 - 35.3085 -
Yo, 0.9774 - 0.9857 -
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Figure 5.7: Q-Q plot of residual for circular resads without observations

number 2 and 15

5.5.2 The Effect of Outliers on the Parameter Estimtes

Table 5.7 summarizes the effect of excluding thdieys on the parameter

estimates. The removal of observation numbers 21&nsignificantly change the value

A

of A, A, B, C,, C,,D,, 6 andd,. Furthermore, the values of the standard errors

for all the parameter estimates in clean data amaller than contaminated data.
Meanwhile, the estimated concentration parametei@eased from 0.9774 to 0.9857

and A(K) is increased from 0.9775 to 0.9857, as welkascreased from 22.5056 to
35.3085. Thus, the estimation is more accuratenanthay have better model fitting for
the data when observation 2 and 15 are excluded fhe data set. The Q-Q plots of
circular residuals after removing observations nenb and 15 from the eye data are
shown in Figure 5.7.

The points are now mucheslds the straight line in the plot

indicating a better fit for the data.

95



5.6 Summary

In this chapter, we have considetDMCEc and DMCEs statistics to identify
possible outliers in the JS circular regression @hotihe cut-off points of the statistics
are obtained and the power of performance is exagnihrough extensive simulation
study. The DMCEcstatistic shows better performance tHaMCESs for small sample
size but becomes closer for larger sample sizee olthlier detection procedures based
on the DMCEc and DMCEs statistics are utilized to identify outliers in &Bcular
regression. UsinddMCEdc statistic, observations number 2 and 15 are idedtias
outliers when applied on the eye data. The exatusfdhese two observations from the

original data set improves the fitted JS circuégression model on the data.
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CHAPTER SIX

GENERALIZED JS CIRCULAR REGRESSION MODEL

6.1 Introduction

The problem of regressing a circular response bkrian more than one circular
explanatory variable has not been explored. Amdrg dircular regression models
available in the literature, we foresee that theid@ilar model has the flexibility to be
extended to include more circular explanatory \es. In this chapter, we present the
formulation of the generalized JS circular regm@ssnodel and the estimation of the
regression parameters using the least squares dnéfe then investigate the problem
of multicollinearity in the model and provided tls®lution using ridge regression

approach.

6.2 The Model

Let (v, U, U, ,...,up) be a set of random variables which are measuréd wi
reference to the same zero direction and the semsef rotation. The angles can be
treated as unit vectors in the plane in terms efrthine and cosine components. To
predictv for a given value ofu,u, ,...,u,, the vector corresponding t is predicted
by the conditional expectation (or regressiongbgiven u = (u,,u, ..U, ), namely

E(e" |u)=p(u)e ). (6.1)
By letting €” = cosv+isinv, we have
E(cosv+isinv|u)= p(u)cosu(u) +ip(u)sin z(u)

:gl(u)+ig2(u) (6.2)
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or equivalently, we may write
E(COSV| u):gl(u)
E(sinv|u)=g,(u). (6.3)

Then, we may estimate the parametg(s) and p(u) such that

arctan ((u)) if g:(u)=0
g(u)

91(u)
undefined i g,(u)=g,(u)=0,

u(u)=v={m+arctan & g,(u)<0 (6.4)

where £(u) represents the conditional mean directionvogiiven u and p (u) is the

conditional concentration parametérs o(u)<1.

Motivated by the approximation made for JS modéhwvone independent

variable, we may approximagga(u), i=1,2 using trigonometric polynomial of functions
of p variables u,,u, ,...,u,. Kufner & Kadlec (1971) presented the functions 2

variables in detail, noting that the theory canex¢ended to include more variables.
Now, the trigonometric polynomials will have crga®ducts terms involving the cosine

and sine functions. In general, the number ofsq@roduct terms is given by the
formula (m+1) x2°. In our present case with=2, there are4(m+1) terms forming
the following system of functions:

coskuy, cos/u, ; coskuy, sin‘u,;

sinky, cos/u, ; sinky sinfu,; k,/=012,...m.
Hence, the trigonometric polynomials of functiontewb variables for a suitable degree

mto approximate (6.3) are given by

m A, cosku, cos’u, + B,, cosku, sin ‘u,
gl(u) = zﬁk/ ' . ' . .
= | +C,, sinkuy, cos’u, + D,, sinky, sin/u,
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m E,, cosky, cos/u, + F,, coskuy, sin‘u
g,(u)= >3, \o o L (6.5)
20 « Sinkuy, cos’u, + H,, sinky, sin/u,
where
_1t7 .
A, —FJ' [ #(u,,u,) cosku, costu, du, du,;
B, :%J' [ #(u;,u,) cosku, sintu, du, du,;
C. =%J' j f(ul,uz)sin ku, cos/u, du, du,;
D, =%j j f(ul,uz)sin ku, sin‘u, du, du,
(k, ¢ =0,1,2,...m) and
1 for k=¢=0
4
3, = % for k>0,/,=0 andfor k=0,¢>0.
1 for k>0,/>0
Hence, we have the following two observational @sgion-like models:
m (A cosky cos/u, + B,, cosky, sin‘u,
Vy,=cosv; = > | ¢ o . &
ki-o. +C,, sinku, cos/u, + D,, sinku, sin/u,
m (E, coskuy, cos/u, + F,, cosku, sin/u
V,, =sinv, = ) “ _ul 2 _ul ol &, (6.6)
ki, *tG,, sinky, cos/u, + H,, sinku, sin‘u,

forj=1,...,nande=(&,¢&,) is the random error vector following normal distriion

with mean0 and dispersion matriX’, unknown.

For the case with three independent variahigsl, ,u;, we have8(m+1) cross-
product terms ing; (u) for each level of orden giving the following system:

coskuy, cos/u, costu,; coskuy, cos/u, sintu,; cosku, sin/u, costu, ;
coskuy, sinfu, sintu,; sinku, cos/u, sintu,; sinkuy cos/u, costu,;
sinku, sin fu, costu,; sinky sin/u, sintu,.
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Hence, the trigonometric polynomials of functiortlufee variables are

A cosku,; coslu,; costu,; + B, cosky,; cos/u,; sintu,
alu)= m | +C,, cosky,; sin/u,; costuy; + D,, coskuy,; sin‘u,; sintu;
1 - . . .
kieo| + By, SINKU; costu,; sintu,; + F, sinku; cos/u,; costus;

+G,, sinku;; sin/u,; costu,; + H,, sinku; sinfu,; sintug;

I« cOSku,; coslu,; costu,; + J,,, cosku,; cos/u,; sintus,
(W) i + K, cosku; sin/u,; costu,; + L, cosky,; sinfu,; sintu,; 6.7)
g,\u)= . . . .
2 5ol + My Sinkuy; costuy,; sintug; + Ny, sinkuy,; costu,; costu,,

+ B, sinku,; sin/u,; costu,; +Q,, sinku; sin/u,; sintu,,

Hence, we have the following observational regmestike models:

A cosku,; coslu,; costu,; + By, coskuy,; cos/u,; sintu,;

m | +C,, cosku,; sinfu,; costu,; + D, cosku,; sin fu,; sintu,;,

V,; =cosv, = _ . _ +&
kro| + By, Sinkuy; coslu,; sintu,; + F,, sinku,; cos/u,; costu,
+G,, sinku,; sin/u,; costy,; +H,, sinku; sinfu,; sintu;
|« COSKU,; COSLU,; costu,; + J,,, cosku,; COS/U,; Sintus,
_ m | +K,, cosku; sin/u,; costu,; +L,, cosky,; sin/u,; sintu,;
V,, =sinv, = >’ _ _ _ +6,,
kr=o| + My, sinky; coslu,; sintu,; + N, sinku,; cos/u,; costus;
+ B, sinku,; sinfu,; costu,; +Q,, sinku,; sin/u,; sintu,
(6.8)
forj =1, ... ,n. Overall, we have 2(6+1) regression coefficients to estimate after

assuming some coefficients to equal zero for ifiability purposes. The idea

described above can be extended for more thanepamdients variables.

6.3 Least Squares Estimation Method

We now consider the least squares estimation rdeflbo estimating the
parameters of the generalized JS circular regnessmdel. By following the notation in
Section 3.3.1, the observational regression-likel@héor any number gb independent

variables, equation (6.6) fp=2 and equation (6.8) f@=3, can be summarized as
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VO =0 40
V@ =ya®@ 4 g (6.9)

where

I

vl = (V11'-"’V1n)
v@ =(v,,..V,.)

I

0 , (6.10)
1) —
e = (er3,008)
2 _ !
e = (€200-+1620)
with the matrixU is the combination of cosine and sine functions
U =1 CC CSs SsC ss (6.11)
nx(szm+1) nx1 nxm nxm nxm nxm
such that
COSU;, COSU,; ---  COSMU;; COSMU,;
CC= : : :
COSU,, COSU,,, --- COSMU,,, COSMU,,,
cosu,,sinu,, -+ COSMU,SINMU,, |
CS= : : :
| cosUy, sinu,, -+ COSMUy, sinmu,, |
| sinu, COSU,, -+ SiNMu;, COSMU,, |
SC= : : :
| sinuy, CosU,, --+ sinMuy, cosmu,, |
and
sinu, sinu,, ---  sinmu;; sinmu,,
SS= : :
sinuy, sinu,, -+ sinmu,, sinmu,,,
The parameters to be estimated are
29 =(AA.An B uBm .G . iCrm Dy vuDpn)
2@ =(Ey B .. Em R aFiy Gp oG Ha v Hin) (6.12)
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The least squares estimates turn out to be

W=uu)tuv e

AP =uu)ytuv e, (6.13)
Then, the covariance matrix of the residuds, takes the same form as described in

Chapter 3. That is, by letting

! !

Ro( p,q) SVACAVIC VAL U(U' U)‘lu'v(Q)

:\/(P)V (|_ |V|)V (q)’
whereM =U(U'U )*U" andR, = (R,(p.)) .., . we have
S=[n-A2rm+1'R (6.14)

which is an unbiased estimate »f. Henceforth, the standard errors of the estinsator

can then be obtained as well as ]dnéu) which is simpler to be expressed as follows:

plu)= \/% Sveu)+vz ()] (6.15)

=

since0< ,o(u) <1, for any givenu.
6.4 Performance of the LS Method

A simulation study was carried out to investigate performance of the LS

estimation method far=1 andp=2. Thus, the coefficients to be estimated are
2= (09, 2@) = (31, 25, 43, 24, 75, A6, A7 g A9 Ano)
= (Ab,A&,BuCprEo' E.F.G, Hl). (6.16)
We consider the set of uncorrelated random er(eyss,) from the bivariate Normal
distribution with mean vecto(0,0) and variancedo;,0,)=(0.30.3), respectively.

For simplicity, we set the true values A§ and E, of the generalized JS multiple
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circular regression models of order1 to be zero, whileA,B,,C,,D,,E,,F,,G, and

H, are obtained by using the standard additive triguetac polynomial equations

Cos(a+ u, + uz) andsin (a+ U + uz). Then, we expand these functions using standard

additive trigonometric function as employed in girevious two chapters. For example,

whena = 2, we have the true values o4,B,C;, D;,E;, F,G; and H, to be

04161, -0.9093 -0.9093 04161, 09093, - 04161 -0.4161 and —-0.9093

respectively. Similarly, we can also get differesdts of true values by choosing

different values o&. The full steps to investigate the performancéhefLS method are

as follows:

(i)

(ii)

(iii)

(iv)

(v)

Generate fixedJ; and U, variables of sizen from VM (z,4) and VM (1 ,2)

respectively.

0)(03 O
Generateg of sizen from N{(O}( 0 03}) For a fixeda, obtain the true

values of A,, A, B, C, D,,E,, E, F, G and H,. We let the true values of

AoandCyto be zero. Then, we calcula andV,,, ] =1,...,n using equation

(6.6) .

V.. )
Obtain the circular variable, = arctar{v—z‘) j=1...n.
1]

Fit the generated data using the generalized &8lairregression model to give
the vector of parameter estimatesand concentration parameter estimﬁ(e).
Finally, steps (i) — (iv) are repeated f@imu=1000 times. For each parameter

4,1 =1,2, .., 10, we calculate the mean, bias, stahdaior SE) and root

mean squared erroRMSE using the same formula as in Section 3.4.1.
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The results are tabulated in Table 6.1- Table @:®=&ch values & = -3, -2, 2, 3and 6.

The following trends are observed:

1.

2.

3.

4.

The estimated mean for all parameter estimatesargstently close to the
true values.

The bias is consistently small for all parameteinestes.

The SEfor all parameter estimates are generally small.

The values foRMSEof each parameter estimates are small.

By looking the above results, the least squaresnasbn method performs well in

estimating the parameters of the generalized &8lairregression models.

Table 6.1: Parameter estimatesdor -3

Estimates true values mean SE bias RMSE
A) 0.0000 -0.0044 0.0689 -0.0044 0.1385
A -0.9900 -0.9227 0.0863 0.0673 2.1269
él 0.1411 0.1301 0.0672 -0.0110 0.3478
él 0.1411 0.1304 0.0817 -0.0108 0.3405
Iﬁl 0.9900 0.9189 0.1235 -0.0711 2.2488
EO 0.0000 0.0007 0.0576 0.0007 0.0230
El -0.1411 -0.1360 0.0918 0.0052 0.1633
If1 -0.9900 -0.9377 0.0565 0.0523 1.6548
él -0.9900 -0.9412 0.0853 0.0488 1.5418
I—Al1 0.1411 0.1420 0.1211 0.0009 0.0276
Table 6.2: Parameter estimatesdar -2
Estimates true values mean SE bias RMSE
A) 0.0000 0.0087 0.0612 0.0087 0.2749
A -0.4161 -0.4036 0.0904 0.0125 0.3956
él 0.9093 0.8543 0.0601 -0.0550 1.7397
él 0.9093 0.8658 0.0909 -0.0435 1.3741
|51 0.4161 0.4110 0.1222 -0.0052 0.1631
éo 0.0000 -0.0024 0.0669 -0.0024 0.0759
éi -0.9093 -0.8511 0.0861 0.0582 1.8407
If1 -0.4161 -0.3828 0.0663 0.0334 1.0548
él -0.4161 -0.3831 0.0836 0.0330 1.0438
I—A|l 0.9093 0.8542 0.1252 -0.0551 1.7423
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Table 6.3: Parameter estimatesdar 2

Estimates true values mean SE bias RMSE
AO 0.0000 0.0072 0.0603 0.0072 0.2277
A -0.4161 -0.4043 0.0922 0.0119 0.3759
él -0.9093 -0.8604 0.0619 0.0489 1.5453
él -0.9093 -0.8556 0.0910 0.0537 1.6967
|5l 0.4161 0.4075 0.1194 -0.0086 0.2727
|§0 0.0000 0.0034 0.0677 0.0034 0.1068
éi 0.9093 0.8512 0.0863 -0.0581 1.8370
lf1 -0.4161 -0.3834 0.0678 0.0328 1.0364
él -0.4161 -0.3764 0.0859 0.0397 1.2555
ﬁl -0.9093 -0.8526 0.1226 0.0567 1.7922

Table 6.4: Parameter estimatesdor 3

Estimates true values mean SE bias RMSE
AO 0.0000 -0.0055 0.0670 -0.0055 0.1727
A -0.9900 -0.9221 0.0843 0.0679 2.1474
él -0.1411 -0.1303 0.0673 0.0108 0.3418
él -0.1411 -0.1324 0.0835 0.0087 0.2761
|5l 0.9900 0.9185 0.1271 -0.0715 2.2601
|§0 0.0000 -0.0044 0.0580 -0.0044 0.1385
éi 0.1411 0.1392 0.0922 -0.0019 0.0609
lf1 -0.9900 -0.9378 0.0561 0.0521 1.6490
él -0.9900 -0.9405 0.0864 0.0495 1.5647
ﬁl -0.1411 -0.1333 0.1212 0.0078 0.2473

Table 6.5: Parameter estimatesdocr 6

Estimates true values mean SE bias RMSE
AO 0.0000 0.0057 0.0661 0.0057 0.1798
A 0.9602 0.8945 0.0828 -0.0656 2.0756
él 0.2794 0.2572 0.0632 -0.0223 0.7041
él 0.2794 0.2543 0.0878 -0.0251 0.7945
|5l -0.9602 -0.8941 0.1224 0.0661 2.0895
|§0 0.0000 0.0048 0.0606 0.0048 0.1523
éi -0.2794 -0.2707 0.0961 0.0088 0.2772
lf1 0.9602 0.9115 0.0610 -0.0487 1.5386
él 0.9602 0.9049 0.0896 -0.0553 1.7477
ﬁl 0.2794 0.2736 0.1219 -0.0058 0.1842
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6.5 Problem of Multicollinearity

In Sections 2.6 and 2.7, we have discussed theiaollitearity problem in
multiple linear regressions. One of the methodsilable to handle the problem in
multiple linear regressions is by considering tiege regression modelling as an
alternative procedure to the LS method, see fomgka, Hoerl & Kennard (1970). This
is carried out by adding a constarksto the diagonal of(X'X) matrix before
computing the/;’ using /;’ = (X'X + Kkl )_1X'Y as given by equation (2.12). Note that
if k = 0, the ridge regression estimator reduces td_$hestimator. In the presence of

multicollinearity, the ridge regression estimater much more stable with smaller

variance than that from LS estimator.

Now, we look at the problem of multicollinearity the generalized JS circular
regression model which, as we have defined earlrolves the study on the
relationship between one dependent circular vaigband few explanatory circular

variablesu;, i = 1, ..., p. The problem happens when at least two of theuleirc
variables u; are correlated. We expect the problem will give eade effects on

estimated coefficients in generalized JS circudgreéssion model and will be illustrated
later by simulated examples. Hence, proper exaimimain the data set should be

carried out to identify the existence of multicodiarity problem in the data.

As described in Section 2.6.2, for multiple lineagression model, thelF is

calculated using the formula
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where R12 Is the coefficient of determination obtained bgressing an independent

linear variable, sayX;, on other independent linear variables. Herewilealso be

using the variance inflation factor to identify tpeoblem of multicollinearity in the
generelized JS circular regression model, but mitidified procedure. Note that from
Section 6.2, by regressing a circular variablldj on other variables

Uy, =0U,;....Uu,_;,U ..,U,) such that

j*1e
Ele" |ugy)= p(u(j)) e
results in two observational regression-like modélsand V, of the form given by

equations (6.6) and (6.8) for the cape 2 and p= 3 respectively. As such, we will

have twoVIF values corresponding to each of these observétimmaession-like

models. That is, for the cage= 2, we have a total of folsIF values corresponding to
V, andV,, while, for p= 3, we have si¥IF values. In general, the procedure to
calculate th&/IF in our present case can be described below:

(1) For eachUj , ] =1,...,p, regress circular variabllalj on other variables

Ui = Uy .U;,Ug,,..,U). From the observational regression-like

modelsV, andV,, calculate the coefficient of determinati®f ; and R |

respectively.
(2) Calculate the correspondiNgF using the formula

1

VIR, | = ———
1-Ry

Vi , 1=12andj =1,...,p. (6.17)

Using similar rule as in the linear case, if atsteane of th(—:*\/IFVi Is greater than or

g

equal to 5 or 10, we have multicollinearity problearbe taken care of.
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One way to overcome the problem is by employing tlige regression
technique on the observational regression-like nsodé/ith a suitable choice &f we
should get better estimates for the generalizedrd8lar regression model than the LS
estimates by controlling the general instabilitgasated with the LS estimates. We

shall describe the ridge regression method in éx¢ section.
6.5.1 Circular Ridge Regression for Generalized JSircular Regression Model

Here, we use the same notation as equation (Bl&jtimate the parameters of
the generalized JS circular regression model inptiesence of multicollinearity. The
least square estimation of the parameter basech@rproperties of the best linear
unbiased estimation has been discussed in Sec8am6@ is given by

A0 =(Uu)tuve (6.18)
with the minimum sum of squares of the residuatgusn by
(,,(j(i))z 6,(1) U j(j))'ﬁ/m U j(j)) (6.19)
for j=1, 2. We have presented the background of thegéridircular regression” for
multiple linear regression models in Section 2.3ind similar notation and motivation,
the ridge circular regression model attempts tdrobthe instability of the LS estimates
of the generalized JS circular regression modehtrgducing a constarkt in equation
(6.18) giving
A0 =(UU +k)TUV D k=0
=wu'v P (6.20)
whereW = (U'U + K )_1 for j=1, 2. The relationship of a ridge circular estientd an

ordinary LS estimate is given by the alternativerfo
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07 = [| +k({UU )—1]-12(1)
=720, (6.21)

where Z = [I . +k(uu )_1]_1. For an estimaté”, the residual sum of squares is

¢ (k) - 6/(1) _Ui(i))’&(j) —Ui“)) (6.22)

which can be written in the form

o (k):\/(j)'\/(j) —(ﬁ‘”*)'U'V‘” —k(ﬁ‘”*)' (j(j)*). (6.23)
Further, by following Hoerl & Kennard (1970), wellobtain the ridge traces for the
two observational regression-like mod&ls andV,. Consequently, we use the ridge
traces to determine a value bfto be used in obtaining the ridge estimates of the
parameters of the generalized JS circular regnessindel that gives better estimates of
29 j=1, 2. Note that, whek= 0, the ridge estimates given by equation (6r26lces

to the LS estimates given by equation (6.18).
6.5.2 Example using Simulated Data

A simulation study is conducted to investigate #fect of multicollinearity
problem and to show the application of the proposextedure of dealing with the
problem in generalized JS circular regression modéie correlated circular variables
are simulated by modifying the algorithm employad_awrence & Arthur (1990) for
generating correlated variables in linear casenéodrcular case. Let us consider two
circular explanatory variablet); and U,. These variables are obtained using the

following:

U, =(1_pcz)Tij+chi4, i=12,...,n j=12, (6.24)
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where p. is the circular correlation betwedsy and U, , while T are independent
wrapped normal variables witp = 72/2 and p.. From Jammalamadaka & Sengupta

(2001),U; + U, are wrapped normal variates with paramegier n and concentration

,og. We let two values ofoc = 0.%and 098 and investigate the effect for different

size of samplen=10, 30 and 50 an& > .CFor simplicity, we consider the generalized

JS circular regression model fgp = &@nd, hence, we have 10 parameters to be
estimated, that isi® = (A ,A,B.C.D,) and A® =(E,,E,,F,,G,,H,). The VIF

values for cases considered above are preseni@bla 6.6. It can be seen that tH&

values for p. = O produced smalleVIF values compared to the others. When

Pc =09 and p. = 098 at least one of th¥/IF, ; are greater than 10 indicating the

|
existence of multicollinearity problem in the datn the other hand, the resulting ridge

traces corresponding to the observational regnediie models V, andV, are plotted

in Figures 6.1-6.3 forpo. = 0.9and Figures 6.4-6.6 fop. = 098 The following

results are observed:

(i) Forn=10 andp. = 09 it can be seen from Figure 6.1 (i)- (ii), thectra for all

parameters excefiy and G; increase or decrease whiemmoves from 0 to 1.
Some of the parameter estimates do stabilizeaggproaches 1, for examphk,
andD; in Figure 6.1(i) and all parameters excEpin Figure 6.1(ii)). However,
whenn is increased to 30 and 50, the effect of multinekrity on the parameter
estimates is very minimal as illustrated in FiguBesand 6.3 respectively.

(i)  When we increase the concentration vafye to 0.98, we can see that the effect

of multicollinearity on the parameter estimatestlod generalized JS circular
regression model for the three cases considered,ishn=10, 30 and 50 as

shown in Figures 6.4.-6.6. Most LS estimates (wkef)) and the ridge
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estimates (whek>0) in the cases considered are changed. For éaathp LS
estimate ALLS = -14 in Figure 6.4(i) is changed té&,ridge = - . Owhen
k=1.

(i) The choice ok is made by looking at the point in the ridge tradeereby the

traces are stabilizing. Fgo. = 0.2 is a bit difficult to find a stabilized point

for n=10. However, foro. = .098most parameters stabilize at some pdint

From the three simulated examples presented, we seanthat the existence of
multicollinearity in the data set affect the paré@neestimates of the generalized JS
circular regression model. In addition, this impigcalso determined by the strength of
the circular autocorrelation in terms gf of any two circular variables in the model.
Ridge regression is then considered whereby tmel toé ridge traces is examined and
the ‘best’ value ok is chosen to give the ridge estimates of the moHel example, we
may choose the valu=0.15 for the cas®=50 and p- = 098giving the LS and
Ridge estimates as tabulated in columns two anedetlof Table 6.7 respectively.
Significant changes are observed for estimaténf D;, E,, E; and H;. It will be of
our interest to see if the ridge regression modal@vercome the problem by checking

on the assumptions made on the generalized JSarimagression model, in particular,

on normality assumptions of the residuals resulfiogn the observational regression-

like models.
Table 6.6:VIF values forpo. = Q p. = 09 and p. = 098
P =0 P =09 P = 098
n V”:\/l,j V”:\/z,j V”:\/l,j V”:\/z,j V”:\/l,j V|F\/2,j
10 1.0358 1.4489 22.5921 21.3665 44.5545 35.0007
1.2169 1.5226 22.6006 21.2306  44.5711 33.0483
30 1.0445 1.1536 16.8884 10.4501 39.9190 22.2203
1.1546 1.0404 17.1228 10.4783 37.0563 25.3020
50 1.0311 1.0211 11.3582 6.3343 19.9845 10.9741
1.0250 1.0237 11.4683 6.0205 19.6421 10.6392
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Ridge Trace for n=10, p,.=0.90
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Figure 6.1: Ridge Trace for simulated datal0, o. = 09
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Ridge Trace for n=30, p.=0.90
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Figure 6.2: Ridge Trace for simulated data30, p. = 09
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Ridge Trace for =50, p.=0.90
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Ridge Trace for =10, p.=0.98
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Ridge Trace for n=30, p,.=0.98
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Radge Trace for n=50, p,.=0.98
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Figure 6.6: Ridge Trace for simulated data50, p. = 098
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Table 6.7: The LS and Ridge regression estimates$%0 atp. = 098

Parameter k=0 k=0.15

EstirAnates (LS) (Ridge regression)
A 0.0133 0.0031
A -0.4549 -0.4122
3. -0.9160 -0.9010
C, -0.9013 -0.8952
D, 0.3285 0.4069
= -0.3719 0.0016
E, 1.2851 0.8949
= -0.4272 -0.4185
G, -0.4078 -0.4016
H; -0.5376 -0.8907

6.5.3 The Performance of Least Squares and CirculdRidge Regression
(i) Simulation Procedure

A simulation study is carried out to investigate ferformance of Least Squares
method and Circular Ridge regression in estimatireg parameters of generalized JS
circular regression model. Three different valuésop =0, 09 and 098 whek=0,

0.5 and 0.9 and different sample sizel0, 30 and 50 are considered. The same
procedure employed in Section 6.5.2 is used hegenerate the data set. We consider

the generalized JS circular regression model dor 2 and, hence, we have 10

parameters to be estimated, that isi®=(A,A,B.C,D,) and
@ = (E,.E,,F,,G,,H,). When at least one of thaF, ; are greater than 10 indicating

the existence of multicollinearity problem in thatal then the generated circular data

(uj,vj) is fitted using ridge circular regression by ampia constank as given in
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Equation (6.20). If\/IFVi values are less than 10, the generated circutar(dp,vj) is

§
fitted to LS method. Finally, the steps above apented for 1000 times. For each
parameter estimates 1% =( 4 ,A,B.C;.D;) and A? =(E, E,F,G,H,), the

estimated mean, biaSEandRMSEare calculated as described in Section 3.4.1.
(i) Discussion

The results for mean, bia§E and RMSE of each parameter estimates are

tabulated in Tables 6.8 — 6.10 for different valedsp. andk. Several results are

observed as follow:

1. For LS estimates (whew=0), the estimated mean for all parameter estinaes
consistently close to the true values. The estonatirther improves when the
sample sizen increase. When the concentration vajge increases, the bias is
generally larger than thep.=0. This is because the existence of
multicollinearity in the data set affects the paesen estimates of the
generalized JS circular regression.

2. When the value ofo. increase from 0 to 0.98, the value of the biaseiases.
Meanwhile, the value of bias decrease when the leasigen increases.

3. The SEfor all parameter estimates are generally smalldo=0, but gets larger

as the value ofp. increase. The value ®MSEof each parameter estimates

increase when the value gf increase.

4. For ridge estimates, when the valu&kaficrease to 0.9, the value of bi&gand
RMSEgets smaller for all the parameter estimates coetp@® LS estimates.

5. When the value ofo. in ridge estimates increases, the value of &&Sand

RMSEgets larger for all the parameter estimates.
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6. The value of biassSEandRMSEincrease when the sample sizicreases.

By looking at the results, the ridge circular resgien performs well in
estimating the parameters of generalized circulegrassion model when the
multicollinearity exists in the data set. So, tluge circular regression has improved the
multicollinearity problem since the simulation réésutshowed that the value 8E and
RMSEfor ridge circular regression is smaller comparethe value oSEandRMSEof

LS estimates.

6.6 Practical Example: Multivariate Eye Data

We consider a multivariate eye data set compriging dependent circular
variable and three explanatory variables whichsaispected to be dependent giving a
problem of multicollinearity in the data set. Wetfie generalized JS circular regression

model on the data and deal with the multicollinggproblem, if exists, in the data.

6.6.1 Description of the Data

There are two types of grading of angle of eyeetbasn Schaeffer grading
giving different levels — IV. The grades | and Heahe angles for closure glaucoma
while the grades lll and IV are for the open-amgleucoma. The primary angle-closure
glaucoma (PACG) is a significant cause of blindnasBast Asia and South Asia, see
Fosteret al (1996), Fosteet al (2000), Dandonat al (2000) and Jacoét al. (1998).
Optical coherence tomography (OCT) technology oatly is used in ophthalmology to
obtain the images of the posterior segment anctiberior segment structures such as
the cornea. The angles of the anterior segmentalptoherence tomography are

obtained with AS-OCT.
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Table 6.8: Parameter estimates for different vatfes. whenk=0

pc =0
10 30 50
Estimates | true values
mean SE bias RMSE mean SE bias RMSE mean SE bias RMSE
AO 0.0000 0.0571 1.0721 0.0571 1.8071 0.0203 0.62770208. 0.6431 0.0038 0.3593 0.0038 0.1194
'8‘1 -0.4161 -0.4535 1.1475 0.0_374 1.1824 0.4_160 0.6891 0.0002 0.0055] 0.3_959 0.4044 0.0203 0.6410]
él -0.9093 -0.8635 0.3300 0.0458 1.4487 0.8_540 0.1979 0.0553 1.7497 0.8_552 0.1361 0.0541 1.7121
él -0.9093 -0.8659 0.3375 0.0434 1.3716 0.8_551 0.1985 0.0542 1.7131 0.8_550 0.1294 0.0543 1.7184
Ijl 0.4161 0.3368 1.1548 0.0_794 2.5106 0.3716 0.6810 0.0_446 1.4088 0.3879 0.4072 0.0_283 0.8936
éo 0.0000 -0.0049  1.0992 0.0'049 0.1551 0.0'230 0.6610 0.0'230 0.7268 0.0'161 0.3611 0.0'161 0.5085
El 0.9093 0.8777 1.1645 0.0_316 0.9980 0.8793 0.7138 0.0_300 0.9483 0.8720 0.4007 0.0_373 1.1800
FAl -0.4161 -0.4154 0.3362 0.0007 0.0234 0.3_972 0.2140 0.0189 0.5978 0.3_971 0.1356 0.0191 0.6036
Al -0.4161 -0.3735 0.3434 0.0426 1.3479 0.3_899 0.2043 0.0262 0.8285 0.3_944 0.1340 0.0217 0.6865|
HA 1 -0.9093 -0.8598 1.1660 0.0495 1.5652 0.8_279 0.7122 0.0814 2.5740 0.8_385 0.4025 0.0708 2.2380
P =09
10 30 50
Estimates true value
mean SE bias RMSE mean SE bias RMSE mean SE bias RMSE
ﬁb 0.0000 1.1113 21.3160 1.1113 35.14 180.1_098 10.0777 0.1_099 3.4738 0.1995 5.8544 0.1995 6.3087
,&1 -0.4161 -1.5103 21.4768 1.0_941 34.5987 0.3_571 10.1771  0.0590 1.8667 0.6_470 5.8769 0.2_308 7.2989
é.l. -0.9093 -0.8615 1.2502 0.0478 1.5102 0.8_458 0.7196 0.0635 2.0087| 0.8_643 0.4257 0.0450 1.4226
él -0.9093 -0.8915 1.2418 0.0178 0.5633 0.8_679 0.7355 0.0414 1.3079 0.8_561 0.4256 0.0532 1.6808
|51 0.4161 -0.7228 21.3667 1.1_389 36.0160 | 0.5178 10.1249 0.1016 3.2135 0.2013 5'8936.2_148 6.7938
éO 0.0000 -0.0815 18.9063 0.0_815 2.5777 0.0_943 9.2567 0.0_943 2.9805 0.1_554 6.0965 0.1_554 4.9133
éﬂ. 0.9093 0.9407 19.0221  0.0314 0.9945 0.9608 9.3344.0518 1.6285 1.0525 6.1365 0.1432 4.5293
FAl -0.4161 -0.3677 1.2208 0.0484 1.5305 0.3_505 0.6837 0.0657 2.0763 0.3_833 0.4317 0.0329 1.0401
Al -0.4161 -0.4294 1.2034 0.0_132 0.4185 0.3_918 0.6840 0.0244 0.7702] 0.3_617 0.4358 0.0545 1.7224
HAl -0.9093 -0.7771 18.9577  0.1321 4.17'90.7_594 9.2967 0.1499 4.7392 0.7_001 6.1292 0.2092 6.6149
Oc = 098
10 30 50
Estimates true value
mean SE bias RMSE mean SE bias RMSE mean SE bias RMSE
A) 0.0000 3.6742 96.7721 3.6742 82.15 751.4_098 49.3947 1.4_098 31.5240| 0.9258 22.3134 0.9258 20.7014
,&1 -0.4161 -4.2664  97.4482 3.8_502 86.0941| 0.6361 49.5845 1.0522 23.52791_4'933 22.3060 1_0'771 24.0852
él -0.9093 -0.9540 2.8420 0_0'447 0.9988 0.7_726 15819 0.1367  3.0562 0.8_424 0.7455  0.0669  1.4952
él -0.9093 -0.8720 2.7552  0.0373  0.8349 0.8_972 15636 0.0121  0.2697 0.8_078 0.7912  0.1015  2.2702
|51 0.4161 -3.2859  96.8442 3_7'020 82.7793| 1.8402 49.4465 1.4240 31.842:10_5'024 22.3427 0.9_186 20.5397
éo 0.0000 -0.4229  78.9227 0_4'229 9.4574 0.3_164 42.5512 0.3_164 7.0747 | 0.8007 20.1894 0.8007 17.9088
é:l. 0.9093 1.1806 79.3632 0.2713  6.0664 0.9621 42.81760528 1.1810| 0.0328 20.1240 0.8_765 19.6001
FA1 -0.4161 -0.5010 2.5058 0.0_848 1.8964 0.3_306 1.4588 0.0856  1.9140 0.3_674 0.7143  0.0488  1.0906
Al -0.4161 -0.3399 26204 0.0762  1.7045 0_3'353 1.4423 0.0809  1.8080 0.2_978 0.7253  0.1183  2.6461
HA 1 -0.9093 -0.4447  78.9721 0.4646  10.38 920.5_198 42,5889 0.3895  8.7093 1.6_450 20.2172 0_7'357 16.4504
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Table 6.9: Parameter estimates for different vatfes. whenk=0.5
pc =0
10 30 50
Estimates | true values
mean SE bias RMSE mean SE bias RMSE mean SE bias RMSE
A) 0.0000 0.0000 0.0100 0.1202 0.0100 0.2243 0.0106 154Q2.  0.0106 0.2369 0.0143 0.1576 0.0143
'8‘1 -0.4161 -0.4161 -0.3492  0.1786 0.0670 1.4976 -®3800.1542 0.0353 0.7889 -0.3940 0.1853 0.02p2
él -0.9093 -0.9093 -0.7896  0.1864 0.1197 2.6765 -M8130.1589 0.0963 2.1540 -0.8341  0.1223 0.07p2
él -0.9093 -0.9093 -0.7866  0.1794 0.1227 2.7428 -(0.8260.1608 0.0826 1.8475 -0.8352  0.1180 0.0741
61 0.4161 0.4161 0.3528 0.1817  -0.0634 1.4170 0.3656.187a.  -0.0505 1.1298 0.3696 0.1914  -0.04B5
EO 0.0000 0.0000 -0.0110 0.1288 -0.0110 0.2451 -0.000@.1597  -0.0007 0.0154 -0.0126  0.1634  -0.0126
El 0.9093 0.9093 0.7987 0.1680 -0.1106 2.4723 0.8152.1890  -0.0941 2.1033 0.8467 0.1903  -0.06p6
FAl -0.4161 -0.4161 -0.3758  0.1810 0.0403 0.9011 -B3780.1576 0.0376 0.8405 -0.3884  0.1239 0.02[77
Al -0.4161 -0.4161 -0.3584  0.1985 0.057%7 1.2906 -®3730.1536 0.0423 0.9450 -0.3923  0.1182 0.0238
H 1 -0.9093 -0.9093 -0.7863  0.1616 0.1230 2.7506 -28170.1825 0.0921 2.0597 -0.8198  0.1883 0.0895
P =09
10 30 50
Estimates true value
mean SE bias RMSE mean SE bias RMSE mean SE bias RMSE
A) 0.0000 0.0000 0.0961 0.1138 0.0961 2.1483 0.0437 0929.  0.0437 0.9771 0.0150 0.0727 0.01%0
Ai -0.4161 -0.4161 -0.1874  0.2287 0.2287 5.1143 -M3110.1860 0.1052 2.3516 -0.3657  0.1466 0.05p5
é.l. -0.9093 -0.9093 -0.7360  0.2291 0.1733 3.8754 -B7850.2463 0.1237 2.7655 -0.8166  0.2237 0.09p7
él -0.9093 -0.9093 -0.7516  0.2286 0.157%7 3.5264 -17810.2415 0.1282 2.8676 -0.8276  0.2252 0.08L6
|51 0.4161 0.4161 0.2807 0.1382  -0.13%4 3.0286 0.3517.1119  -0.0645 1.4419 0.3784 0.0972 -0.03/78
éO 0.0000 0.0000 -0.1072  0.1217 -0.1072 2.3971 -0.0540.1014  -0.0541 1.2093 -0.0242  0.0711  -0.0242
éﬂ. 0.9093 0.9093 0.5857 0.2651  -0.3236 7.2361 0.7154.2168  -0.1939 4.3357 0.7873 0.1589  -0.12p0
FAl -0.4161 -0.4161 -0.3954  0.2070 0.0208 0.4645 -B3650.2127 0.0504 1.1267 -0.3816  0.2393 0.0345
Al -0.4161 -0.4161 -0.3998  0.2226 0.0163 0.3652 -B3780.2245 0.0373 0.8347 -0.3730  0.2425 0.0432
HA 1 -0.9093 0.0000 0.0961 0.1138 0.0961 2.1483 0.0437.0920 0.0437 0.9771 0.0150 0.0727 0.01%0
p. = 098
10 30 50
Estimates true value
mean SE bias RMSE mean SE bias RMSE mean SE bias RMSE
A) 0.0000 0.0000 0.2650 0.0874  0.2690 5.9251 0.23531110.  0.2353 5.2611 0.1975 0.1334  0.1975
,&1 -0.4161 -0.4161 0.0965 0.1451 0.5126 11.4627 0.0200.1878  0.4366 9.7622  -0.0433 0.2344  0.37p8
él -0.9093 -0.9093  -0.5773 0.2318  0.3320 7.4238  -(85990.2452  0.3095 6.9198  -0.6416 0.2557  0.26[7
él -0.9093 -0.9093  -0.5795 0.2250  0.3298 7.3744  -66000.2359  0.3087 6.9025 -0.6600 0.2481  0.24P3
|51 0.4161 0.4161 0.1679  0.0954 -0.2482  5.5504 0.2138.094¢  -0.2023| 4.5246 0.2395  0.1133  -0.17p6
éo 0.0000 0.0000 -0.3124  0.0828 -0.3124  6.9854  -0.287@.1117 -0.2872| 6.4230 -0.2565 0.1274 -0.2565
é:l. 0.9093 0.9093 0.1826  0.1818 -0.7267 16.2497  0.2360.2392 -0.6733| 15.0548 0.3073 0.2680 -0.6020
FA1 -0.4161 -0.4161  -0.3844 0.1825  0.0318 0.7103  -(83730.1882  0.0423 0.9460 -0.3845 0.2076  0.03[L6
Al -0.4161 -0.4161  -0.3792 0.1818  0.03§9 0.8256  -(3650.1885  0.0505 11295 -0.3844 0.2023  0.03L7
HA 1 -0.9093 -0.9093  -0.4945 0.1083  0.4148 9.2742  -®5220.1322  0.3864 8.6412  -0.5641 0.1433  0.34p2
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Table 6.10: Parameter estimates for different \vabfeo. whenk=0.9

pc =0
10 30 50
Estimates | true values
mean SE bias RMSE mean SE bias RMSE mean SE bias SERM
AO 0.0000 0.0228 0.0796 0.0228 0.7213 0.0129 0.0629 0120. 0.4069 0.0084 0.0577 0.0084 0.2650
Al -0.4161 -0.2445 0.1182 0.1717 5.4295 -0.3020 0.1040.1141 3.6088 -0.3355 0.0878 0.0806 2.54p3
Bl -0.9093 -0.5795 0.1481 0.3298 10.4292 -0.6872 %1220.2221 7.0238 -0.7511 0.1026 0.1582 5.00R7
Cl -0.9093 -0.5873 0.1476 0.3220 10.1828 -0.6846 ®1230.2247 7.1048 -0.7509 0.0971 0.1584 5.00[77
Dl 0.4161 0.2636 0.1146 0.1525 4.8234 0.3059 0.0965 0.1103 3.4871 0.3386 0.0899 0.0775 2.4513
EO 0.0000 -0.0126 0.0866 0.0126 0.3986 -0.0077 0.0635 0.0077 0.2442 -0.0082 0.0570 0.0082 0.2605
E1 0.9093 0.5808 0.1130 0.3285 10.3865 0.6811 0.0949 0.2282 7.2173 0.7523 0.0778 0.1570 4.9634
Fl -0.4161 -0.2822 0.1430 0.1340 4.2364 -0.3257 0.1270.0904 2.8596 -0.3532 0.1043 0.0630 1.9916
1 -0.4161 -0.2740 0.1489 0.1421 4.4948 -0.3269 0.1248.0892 2.8210 -0.3531 0.1044 0.0630 1.9983
H 1 -0.9093 -0.5863 0.1014 0.3230 10.2181 -0.6856 %0890.2237 7.0739 -0.7487 0.0747 0.1606 5.07p0
P =09
10 30 50
Estimates true value:
mean SE bias RMSE mean SE bias RMS$E mean SE bias SERM
Ab 0.0000 0.1745 0.0872 0.1745 5.5189 0.1323 0.0755 132G. 4.1829 0.0924 0.0571 0.0924 2.9212
A1 -0.4161 -0.0216 0.1329 0.3946 12.47y7 -0.1198 %1270.2963 9.3713 -0.1973 0.1114 0.2189 6.9211
B.I. -0.9093 -0.5047 0.1303 0.4046 12.7949 -0.6051 @1270.3042 9.6188 -0.6908 0.1077 0.2185 6.90P8
Cl -0.9093 -0.5081 0.1327 0.4012 12.68%59 -0.6052 1.1260.3041 9.6154 -0.6917 0.1099 0.2175 6.87P5
Dl 0.4161 0.1939 0.0860 0.2222 7.0276 0.2503 0.0776 0.1658 5.2431 0.2879 0.0716 0.1282 4.0551
EO 0.0000 -0.1993 0.0921 0.1993 6.3024 -0.1553 0.0814 0.1553 4.9107 -0.1072 0.0629 0.1072 3.3911
E:L 0.9093 0.2847 0.1681 0.6246 19.7530 0.4206 0.1657 0.4887 15.4531 0.5547 0.1315 0.3546 11.2131
Fl -0.4161 -0.2946 0.1131 0.1216 3.8440 -0.3255 0.1090.0907 2.8679 -0.3546 0.1007 0.0615 1.94b1
1 -0.4161 -0.2972 0.1115 0.1190 3.7621 -0.3280 0.1089.0881 2.7873 -0.3519 0.1064 0.0642 2.03p1
H 1 -0.9093 -0.4823 0.0935 0.4270 13.5084 -0.5753 ®0930.3340 10.5611 -0.6612 0.0759 0.2481 7.8468
Pc = 098
10 30 50
Estimates true value
mean SE bias RMSE mean SE bias RMS$E mean SE bias SERM
Ab 0.0000 0.2852 0.0480 0.2852  9.0182 0.2749 0.04932749. 8.6926 0.2852 0.0480  0.2852 9.0182
A1 -0.4161 0.0708 0.0509 0.4870 15.3998 0.0714 0.0630.4875  15.4177 0.0708 0.0509 0.4870 15.3998
Bl -0.9093 -0.3561 0.1218  0.5532  17.4985  -0.4460 ®1220.4633 14.6517| -0.3561 0.1218  0.5532  17.4935
C:L -0.9093 -0.3564 0.1197 05529 17.4853  -0.4465 0.1200.4628 14.6364  -0.3564 0.1197 0.5529  17.4853
D1 0.4161 0.2138 0.0458 0.2023 6.3977 0.2030 0.0418 0.2132 6.7419 0.2138 0.0458 0.2023 6.3977
E0 0.0000 -0.3229 0.0442 0.3229 10.2120| -0.3156 0.0467 0.3156 9.9797 -0.3229 0.0442 0.3229 10.2120
E:L 0.9093 0.0928 0.0803 0.8165 25.8185 0.1355 0.0937 0.7738 24.4690 0.0928 0.0803 0.8165 25.8185
F1 -0.4161 -0.2112 0.1002  0.2049  6.4796 -0.2752 0.0979.1410  4.4574 -0.2112 0.1002  0.2049 6.47p6
1 -0.4161 -0.2103 0.0996 0.2058  6.5087 -0.2759 0.097R.1403  4.4365 -0.2103 0.0996 0.2058  6.50B7
H 1 -0.9093 -0.4152 0.0500 0.4941 15.6249  -0.4507 (0.0530.4586  14.5030  -0.4152 0.0500 0.4941 15.6249
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We consider the eye data consisting of 23 obsemaitdof glaucoma patients
(unit in radians) recorded using Optical cohereooeography (OCT) at the University
Malaya Medical Centre (UMMC). The variable measueed the angle of the eye
between posterior corneal curvature to ing, (the angle of the posterior corneal
curvature (), the angle of the posterior corneal curvature rwhength of the
perpendicular is fixed to 2 mnuf) and the angle of the posterior corneal curvature
when length of the perpendicular is fixed to 1.5 nfug). It is suspected that the

explanatory variables are correlated due to thetivay are measured.

6.6.2 Detecting Multicollinearity

We now investigate the existence of multicollingariproblem in the

multivariate eye data. The corresponding valuéezélﬁ\f,i N when the data is fitted using

the generalized JS circular regression model isrgim Table 6.11. It can be seen that

at least one of th¥IF. ; values are greater than 10, and hence, we contiati¢here

is multicollinearity in the data set. Hence, wdl wow analyze the data using the ridge

regression approach.

Table 6.11:VIF values for the multivariate eye data

VIR VI,
VIF for u; onu, andus 42.20933 7.194354
VIF for u, onu;andus 10.13128 9.083798
VIF for us onu,andu, 21.91018 21.57776
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Ridge Trace for eye data
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Figure 6.7: Ridge Trace for eye data
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6.6.3 Ridge Trace

We now use the ridge regression approach on thaévauhte eye data for the
generalized JS circular regression model. Noteé tha circular regression model
considered contains three explanatory variabled, l@nce, 18 parameters will be
estimated giving the estimated parameters

0= (A B.C0E LG HY)
2(2) = (’l\o”il’:jl’ Rl’l:l' Ml’ Nl' l’:\)l'él)
The ridge trace plots af® and 2? against are given in Figure 6.7. The following

results are observed:

(i) From Figure 6.7 (i) and (ii), the traces of constaly andly are consistently

decreasing and increasing respectively throughoaitintervalk1[0,1] but the

rate is also decreasing. Otherwise, the tracethefr parameters ia® and A?
stabilize rather quickly.

(i) The traces of, By, C; andD; ends at values close to zero, otherwise the other
estimated parameters are different from zero.

(iif) Most of the coefficients includingy, andlo seem to stabilize & in interval
(0.8, 1) and we may choose a valu&katf this range. Hence, we uke 0.9 to

give the ridge estimation for the generalized 38utar regression data.

The LS (wherk=0) and ridge (whek=0.9) estimates for the multivariate eye
data are given in columns two and four of Table2@dspectively. As expected, we
find that the LS and ridge estimates of the germsdlJS circular regression model are
different indicating the effect of multicollineayiproblem in the data set. The changes

of the value of& has increased from 11.9041 to 19.6371 a@ndhcreased from 0.9570

to 0.9892. Furthermore, the standard error of Hrameter estimates of ridge is smaller
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than LS. Therefore, fitted observational regressike model of the generalized JS
circular regression model with the ridge estimadagven by

§1(u) = 0.4845+ 0.0043cosu, cosu, cosus - 0.0307cosU; COSU, SinUs
- 0.0519cosu; sinu, cosus - 0.0449cosu; sinu, Sinus
+0.0887sinu, cosu, sinuz +01810sinu; cosu, COSU3
+01234sinu, sinu, cosus + 0.0646sinu; Sinu, sinus .

9>(u)=0.3137+0.1113c0su, cosu, cosu, + 0.0590c0Suy; COSU, Sinu,
+0.0899cosu, sinu, cosus +0.0484cosu, Sinu, Sinuy
+01159sinuy, cosu, sinuz +0.2686sin U, COSU, COSU53
+0.1690sinu,; sinu, cosu; + 0.0704sinu; Sinu, Sinug

with the estimated concentration paramebu) = 0.9892.

Table 6.12: The LS and ridge circular regressidimeges for multivariate eye data

Estimates | k=0(LS)  ow@ndard 49 (dge) — Standard
error error
A 0.9549 1.7264 0.4845 0.2799
A 0.3863 47124 00043 0.3248
B; -0.2561 7.9341 -0. 0307 0.4221
C -0.6669 6.9685 -0. 0519 0.4016
D, -0.6312 7.8745 -0.0449 0.4334
E, -0.4672 6.2998 0. 0887 0.4277
F, 0.4219 3.1321 0. 1810 0.3591
G, -0.6298 4.3270 0.1234 0.4131
H; -0.5736 1.6366 0.0646 0.4361
I 0.4666 4.4675 0.3137 0.2635
1] 0.3084 6.6063 0.1113 0.3059
3 0.2393 7.4652 0.0590 0.3974
Ky 0.8487 5.9723 0.0899 0.3782
L 0.7319 2.9693 0.0484 0.4081
M} 0.6106 2.6601 0.1159 0.4026
N; 0.4996 1.4250 0.2686 0.3380
P, 1.0873 1.8338 0.1690 0.3889
Q 0.8702 0.9528 0.0704 0.4106
R 11.9041 - 19.6371 -
P 0.9570 - 0.9892 -
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Quantiles of Standard Normal Quantiles of Standard Normal

Figure 6.8: Q-Q plot of the residuals with LS esties
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Figure 6.9: Q-Q plot of the residuals with ridgéresates

The Q-Q plots for the residuals resulting from thted observational
regression-like models with LS and ridge estimatesgiven in Figure 6.8 and Figure
6.9 respectively. We can see that the Q-Q plaeaated to ridge regression have the
points lying closer to the straight line. In adulit only one point seems to be far from
to others in Figure 6.9(a) compared to two in Feg@:8(a). This outlying point
warrants further investigation on the possibilifytiee occurrence of outlierWe also
find the AICC values for both cases; the value is -61.42 forab8 -80.76 for ridge,
indicating the data is better fitted using the edggression approach.
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6.7 Summary

We have proposed the formulation of the generalid8dcircular regression
model for more than one circular explanatory vdesband the estimation of the
regression parameters using the least squares dnetide then investigate the problem
of multicollinearity in the model and provide tha@w&wion using ridge circular regression
approach. Since the effect of multicollinearityviery serious, which provides larger
standard errorSE) of parameter estimates, the proposed ridge araegression type
approach used to remedy the problems of multicedlity since this method has
showed smaller SE of estimates compared to LS astsn The practical example is

given for illustration purpose.
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CHAPTER SEVEN
FUNCTIONAL RELATIONSHIP MODEL FOR JS

CIRCULAR REGRESSION

7.1 Introduction

In this chapter, we extend the linear functiondatienship model to the JS
circular regression models, when both variallesind V are subject to errors. We
assume that the errors are independently distdbirtam bivariate complex Gaussian
distribution. The theoretical background of thedwlois presented and the maximum
likelihood estimators of the parameters are derimsduming the ratio of the error

variances is known. We then present the applicaifadhe model on eye data.

7.2 The JS Circular Functional Relationship Model

Supposeu; andyv; are the observed values of the circular variablesnd V
respectively, thud<u,,v, <27, forj = 1,...n. The circular variablesl andV are true
values corresponding ta; and v; respectively and there are linear relationship
between these two variables. For any fixéd we assume that the observatiansand
v, have been measured with errais and &; respectively. Thus, the unreplicated JS
circular functional relationship model can be venittas

(cosuj +isinuj):(cosUj +isint)+(5jR +i5j,)
(cosv, +isinv,)=(cosV, +isinV, )+ (e +ieg; ) (7.1)

or
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cosu; =codJ; +9d

sinu; =sinU; +9,

COSv; =CosV; + &

sinv; =sinV; +¢, ,
where

cosV, =A,+AcosU; +B;sinU,
(7.2)
sinV; =C, +C,cosU, + D, sinU

i J

jl

0.
for | =1,2,..n, J, :[ ’Rj are independently distributed from the bivariatenptex

S, . 0 . : gl 0
Gaussian distribution with mea 0 and covariance matrixr, = 0 o2 and
0,

E.
g :( 'RJ are also independently distributed from the bataricomplex Gaussian
jl

o : 0 : : o; 0
distribution, with mear{oj and covariance matrix’, :L 02 )
02

j. Therefore,&j and
g; can be written as follows:
o, :(cosuj —cosUj)+i (sinu]. —sint)
g :(cosvj —cos\/j)+i (sinvj —sian)
= (cosv, - A, - A cosU, - B, sinU )
+i (sinvj -C, -C, cosU, —Dlsint). (7.3)
We will estimate the parameters using the maximum likelihooohason (MLE)

method to be described in the following section.
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7.3 Estimation of the JS Circular Functional Relatonship Model

The parametersh,, A, B,,C,,C,,D,,0’ of the model are to be estimated using

the maximum likelihood estimation (MLE) method assdribed in Section 3.3.2

2
: . . . O .
assuming that the ratio of two error variancesnisvin with —2 =y, y is a constant.
o

5 =
1

This constraint is important in order to overconme tproblem of unbounded log
likelihood function. Subsequently, using the estasa the circular variabld) is
obtained. Now, the log likelihood function is given

log L(AD,A_L, B.,C,,C,,D,,07, U,,..U, ;yUy,....,U V ,...,vn)

= —2n|og(ﬂ)—nlog(VUf)—%Zbi‘z _yol—z Z“gi‘z
1] 1]

Zj:[(cosuj ~codJ, )2+ (sinuj -sinU, )2]

1
o?

=-2nlog(m)- n|09(V012)_

—y;_z Z[(cos\/j - A -AcoU, —Blsint)2

+ (sinv]. -C,-C,coJ; - Dlsint)ZJ. (7.4)

Differentiating logL with respect to parameters,, A,B,,C,,C,,D,,o7and U, we

] 1
obtain the MLE estimatorsﬁb,Al,él,éo,él,ﬁl,é'f and L]j for the parameters given
by

&:%Z(cosvj - A cosU, —élsinljj)

) Z(cosvj - A —élsinljj)
A= Z(cosljj)

J

. (cosvj—A)—A_LcosUj)
B = Z(sinljj)

J
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and

while

where

C, :%Z(sinvj -C, Cosljj - 615”‘01)
J

A

Z(sinvj -C, -C, 00301)
)

Z(sintj j )

J

D, =

Z[(cosuj _COSL]J_)Z +(sinuj —sinﬁjﬂ

i

Sk

+T1/Z(C°SVJ' - A, ‘AiCOSLji - Blsinoi)z
j

+J—1/Z(sinvj -C,-C, COSUJ‘ - [313"101)2
j

R . sinL]j
U, =tan ~ |
cosU

cosu; sinU W, W,
+ +

coJ, =>

= sinu, 2AB, 2CD,
- sinu; cosJ .
sinl, =3 L
™ cosu, 2AB, 2CDD,

(314 +6A2 + B2 + Af)sintjjz
o[, esin, ) A& + oA, - 250 )47l sim0
™|+ (AOZ - 2sinv, A, +sinvj2)A12

+ (B2 + A2)sinG, + (A, -sinv, ) &

(7.5)
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(B2 +6C2 + D2 +C*)sinl 2

+ [(660 - 6sinv, )61612 + (2(30 - 2sinv, )éf]sinﬁj
R E: (éoz - Zsinvjé0 +sinvj2)é2

+ ([312 +éf)sint + (éo -sinv, )(31

(B* +6A? + 82 + A*JcosJ?
+ [(6,3\) —-6cosv, )Alélz + (ZA) — 2cosv, )Af]cosljj
||+ (Af —2cosv, A, +cosvj2),5\12

+ (éf + Af)cosﬁj + (AO —cosv, )Ai

D*+6C2+D?+C*Joos] 2
(6C —6cosv, )CD +(2C —2cosv, )C ]cosljj

j 2cost +cosv, )Cl2

+ C2 cosU +(C —cosvj)él

Kendall & Stuart (1979) suggested to multiphf with 2_r12 to give consistent
n_

estimate of the parameterlz. The ML estimates of the model can now be obtained

iteratively. The initial values of the iterativegmedure are determined by searching the

A A

set of parameters valuei§1i = (ﬁwm : AM : él,ini +Coini +Coini [3Lini) which give a maximum
likelihood function in the regions-1< /1| ini <1, 1=1...,6, and O<6’12 <1. On the

other hand, due to the complexity of the estimataes obtained the standard errors of

the parameters using the bootstrap method. Thidwitovered in Section 7.4.
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7.4 Finding Standard Errors using Bootstrapping mehod

Bootstrapping method was first introduced by Ef(@®79) and it is a very
useful alternative method to estimate the parameted variance-covariance matrix of
the parameters. It is carried out through the m®cef resampling method with
replacement from the data set. We will apply tppraach in finding the standard

errors of parameters of the JS circular functioakdtionship model.

Assume that we have a data set with observed valugsg variablesi andv of

size n. The estimated valueéb,ﬁ&,él,éo,él,lﬁl and &f of model parameters
(/11,/12,/13,/14,/15,/16,/17):(A0 A ,B,C, ,Cl,Dl,Jf) are obtained using the MLE

method described in Section 7.3 assummi?g:a% . Hence, we can find the residuals

N

5J- andfsj, ] =1,2,...n. The steps of the bootstrapping method of findirgstandard

errors of the MLE estimates are described below:

(i) Sampling with replacement is carried out from thesiduals 3j and 2:1
j =1,2,...ngiving a bootstrap sample of siag D" (1)=((31 fei) (3; ‘%:JJ

This is repeated® times givingB sets of bootstrap sampléf (1), ., D (®),

(i)  For the jth bootstrap samplej=1,...B, we calculate the MLE estimates
* (1 * (1 * (1 _ * (1 * (1 * (1 * (1 * (1 * (1 2* i
(,11(1)'22(])'“_,27(1))_(AO(J),Al(J)'Bl(l)'CO(J)'Cl(J)'Dl(J),al (y,

(i)  Then, calculate the sample standard deviatioﬁ] of=1,...,7, as given by
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g2 ,=\"2 , (7.6)

SPAL

j=1
B

where)_li,B =

Hence, we obtain the bootstrap estimates for th@etnqmarameters using equation (7.6).

7.5 Performance of the Functional vs Non-functionaModels.

In this section, we first investigate the perfonoa of the proposed JS circular

functional relationship model (functional) in estiting the parameters of the JS circular

functional relationship model described in Sectib@ for various value ofo?,0?).

Second, we compare the performance of the fundtioralel with the JS circular

regression model (non-functional) as describedectiSn 3.3.

7.5.1 Simulation Study

A simulation studies was carried out in order to assbe performance of the

JS circular functional relationship model and J&uwar regression models. Sample

sizes ofn were generated. We consider two factors in the Isition; the first is the

sample sizen=20, 30, 70 100 and 130 and the second is the sattido?,o?),

af :ag, where af are taken as001, 009,and036. The parameters of both JS

circular functional relationship models and JSudac regression models are given by

y) =(j—1) },2, },3, j'4' 2‘5’ 1'6’2‘7)

=(4, A .B.C,C,.D,, 02).
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The performances of the functional and non-funeionodels are now assessed by the

following steps:

(1)
(iii)

(iv)

(v)

(vi)

(vii)

(viii)

(ix)

The parameters of the unreplicated JS circulartfonal relationship model and
JS circular regression models are fixed as employetthe previous chapters
based on the choice of constant

Generate fixed) variable of sizen from von Mises distributioVM (72 /4,3) .

For functional model, calculate the observed valhfethe response variablé

using equation (7.2).

_ ) a sinVi _
Obtain the variabl®/; = tan , ] =1...n.
cosV,

0) (g2
Generate 6, and ¢ of size n from N , o 0 and
] ] O O 0_12

0\(g?2 O .
N , , respectively.
[(oj [ 0 aﬂ PR

Obtain the simulated data containing variali@ndv using equation (7.1).

Fit the JS circular functional relationship modelthe simulated data giving the
parameter estimates,, A ,B,,C,,C,,D, and 62.

For non-functional model, generates; and g of size n from

(4

0)\(g?2 0O V. = . '
N o/l o o2]]° Then, calculatev,; andV,,, ] =1...,n using equation
2

(3.6).
. . V,, )
Obtain the variabley; =arcta v | | =1...n.

1
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(x)

(xi)

The generated circular dafa;,v;) above is fitted to the JS circular regression

model to give the parameter estimaﬁgsﬁ.i, él,éo,él, [31 and &7
Finally, steps (ii)-(vii) for functional model ansteps (viii)-(x) non-functional
model are repeated forsimu=1000 times. For each parameter

(Ays 2 Ay Aas s 252 7) = (4, .A BL.Cy .C,,D;, 07), we calculate the mean,

bias,SEandRMSEas described in Section 3.4.1.

7.5.2 Discussion

The results for mean, biaSE and RMSE of each parameter estimates for

functional and non-functional models are tabulaitedrables 7.1 - 7.6 for different

values ofaf:azz. Several results are observed:

1. For functional model, the estimated means for allameter estimates are
consistently close to the true values. The estonaturther improves when
the sample size increases.

2. The value of bias is consistently small for all graeter estimates and’.
The value is closer to zero when the sample simgcreases. Meanwhile,

when the value ob; increase, the bias also increases. This is bedhese

data set is more dispersed around the unit ciccléafgero?.

3. TheSEfor all parameter estimates is generally small.
4. The value foRMSEof each parameter estimates decreases when the ofal

n increases.
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performs well in estimating the parameters of tBecircular functional relationship

5. For non-functional model, the values of estedaimean also consistently

close to the true values. The value of biBB,andRMSEalso small for all

parameter estimates.

6. The value foRMSEof each parameter estimates also decreases when th

value of n increases. Generally, the values of non-functianadel are

smaller than functional model for all the parametgrmates.

By looking the above results, the maximum likelidoestimation method

model based on mean, bi& andRMSE However, the method is affected when the

value of o7 gets larger.

Table 7.1: Parameter estimates of functional mémtetr? = 001.

n 20 30 70

Estimates true value mean bias RMSE SE mean bias RMSE SE mean bias RMSE SE
,&0 0.0000 -0.0148 -0.0148 0.4693 0.17%8 -0.0099 -®0090.3145 0.0999] -0.0020 -0.0020 0.0617 0.0301
Aﬂ. -0.4161 -0.4035 0.0126  0.3985 0.1394 -0.4062 0.0090.3125 0.0741| -0.4126 0.0035 0.1120 0.0385
él -0.9093 -0.8899 0.0194 0.6129 0.1330 -0.8934 0.0150.5039  0.0883| -0.9000 0.0093  0.2955 0.0455
éO 0.0000 -0.0333 -0.0333 1.0518 0.2396 -0.0178 -(®B0170.5643 0.1282] -0.0086 -0.0086 0.2705 0.0380
él 0.9093 0.9320 0.0227 0.7170 0.2017 0.9228 0.01354278. 0.1080 0.9140 0.0047 0.1492  0.0376
61 -0.4161 -0.3851 0.0310 0.9788 0.1730 -0.3967 0.0198.6132  0.1004| -0.4039 0.0122 0.3843 0.0375
6'12 0.0100 0.0207 0.0107  0.0248 0.0190  0.0225 0.0125158a. 0.0157| 0.0239 0.0139  0.2596  0.01002
n 100 130

Estimates true value mean bias RMSE SE mean bias RMSE SE
,&0 0.0000 -0.0030 -0.0030 0.0934 0.0399 -0.0045 -(B0040.1006 0.0355]
,&1 -0.4161 -0.4132 0.0029  0.0923 0.03]15 -0.4103 0.0058.1300 0.0260
él -0.9093 -0.8988 0.0105 0.3331 0.03¢4 -0.8986  0.010@.2394 0.0343
éO 0.0000 -0.0088 -0.0088 0.2796 0.0270 -0.0064 -Gt0060.1431  0.0234
él 0.9093 0.9139 0.0046 0.1455  0.0281 0.9127 0.0034076@. 0.0240
61 -0.4161 -0.4048 0.0113 0.3585 0.0277 -0.4057 0.0108.2326  0.0241
0".12 0.0100 0.0242 0.0142 0.2801 0.00T3 0.0245 0.01452120. 0.0073
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Table 7.2: Parameter estimates of functional mémtetr? = 009.

n 20 30 70

Estimates true value mean bias RMSE SE mean bias RMSE SE mean bias RMSE SE
'Bt) 0.0000 -0.0217 -0.0217 0.4851 0.8318 -0.0489 -M0481.5474 0.7453| -0.0084 -0.0084 0.2670 0.2419
Al -0.4161 -0.3838 0.0323 0.7216 0.6243 -0.3657 0.0504.5928 0.5685| -0.3963 0.0198 0.6269  0.1893
él -0.9093 -0.8115 0.0978 2.1877 0.6285 -0.7883 0.1218.8249  0.5799| -0.8250 0.0843 2.6655 0.2117
éO 0.0000 -0.0954  -0.0954 2.1333 0.7625 -0.0787 -0r0782.4878 1.1126| -0.0544 -0.0544 1.7190 0.2261
él 0.9093 0.9521 0.0428  0.9560 0.6310  0.9345 0.0252796@. 0.8762| 0.9155 0.0062  0.1968 0.2083
|51 -0.4161 -0.3181 0.0980 2.1917 0.5966 -0.3113 0.1048.3128 0.8249| -0.3451 0.0710  2.2450 0.2041
&12 0.0900 0.1360 0.0460 0.9367 0.0581 0.1394 0.04942211. 0.0615 0.1542 0.0642 0.7954  0.0398
n 100 130

Estimates true value mean bias RMSE SE mean bias RMSE SE
'Bt) 0.0000 -0.0293 -0.0293 0.9261 0.1935 -0.0285 -(B0280.6375 0.1589
Al -0.4161 -0.3821  0.0340 1.0743 0.1439 -0.3742 0.0410.9380 0.1191
él -0.9093 -0.8104  0.0989 3.1274 0.1712 -0.8167 0.0928.0700 0.1518
éO 0.0000 -0.0520 -0.0520 1.6438 0.1583 -0.0444  -010440.9928 0.1246
él 0.9093 0.9127 0.0034 0.1076  0.1522  0.9088  -0.00050100  0.1208
|51 -0.4161 -0.3493  0.0668 21138 0.14%3 -0.3494  0.0667.4908 0.1159
&12 0.0900 0.1560 0.0660 0.7436  0.0332 0.1593 0.06934608. 0.0277

Table 7.3: Parameter estimates of functional mémtetr? = 036.

n 20 30 70

Estimates true value mean bias RMSE SE mean bias RMSE SE mean bias RMSE SE
,80 0.0000 -0.0152  -0.0152 0.3397 0.1639 0.1445 0.1448.5694 4.7053| -0.0157 -0.0157 0.4972 0.8385
'8’1 -0.4161 -0.4037 0.0124 0.2777 0.1289 -0.4268 -000100.3378 4.0166| -0.2749  0.1412 4.4658 0.6892
él -0.9093 -0.8884  0.0209 0.4684 0.1274 -0.6570  0.2523.9784 2.5972| -0.5853  0.3240 10.2465 0.6§82
éO 0.0000 -0.0227  -0.0227 0.5070 0.2402 -0.2130 -@2136.7370 2.9078 -0.0687 -0.0687 2.1709 1.1877
él 0.9093 0.9243 0.0150 0.3351 0.2085 0.7794 -0.12991098 2.2002 0.6586 -0.2507 7.9273 0.9052
[31 -0.4161 -0.3928 0.0233 0.5203 0.1744  -0.1129 0.3032.5880  2.1408| -0.2123 0.2038 6.4452 1.0430
0’\-12 0.3600 0.0211 -0.3389 0.0351 0.0195 0.4257 0.0657.5314  0.1089 0.4640 0.1040 3.8957 0.0859
n 100 130

Estimates true value mean bias RMSE SE mean bias RMSE SE
,80 0.0000 -0.0030 -0.0030 0.0955 0.6787 -0.0349 -®0340.7805  0.4496
,81 -0.4161 -0.2904 0.1257 3.9759 0.5726 -0.2441 0.1728.8454  0.3742
él -0.9093 -0.5815 0.3278 10.3661 0.54p6 -0.5801  @3297.3615 0.4041]
éO 0.0000 -0.0573  -0.0573 1.8118 0.5770 -0.0640 -M0641.4319  0.4566
él 0.9093 0.6675 -0.2418 7.6453 0.5045 0.6762  -0.233.2124  0.3953
Ijl -0.4161 -0.2452 0.1709 5.4042 0.5096 -0.2248 0.1918.2766  0.4102
0’\-12 0.3600 0.4741 0.1141 3.7320 0.0713 0.4946 0.13464083. 0.0618

140



Table 7.4: Parameter estimates of non-functionalehfor g7 = 001

n 20 30 70

Estimates true value mean bias RMSE SE mean bias RMSE SE mean bias RMSE SE
'Bb 0.0000 -0.0001  -0.0001 0.0026 0.0083 0.0001 0.000D.0046 0.0066 0.0000 0.0000 0.0016 0.0435
,&1 -0.4161 -0.4161 0.0000 0.0000 0.0064 -0.4163 -@0000.0051 0.0051] -0.4162 0.0000 0.0002 0.0028
él -0.9093 -0.9091 0.0002 0.0057 0.0073 -0.9094 -@0000.0020 0.0058, -0.9091 0.0001 0.0047 0.0032
éo 0.0000 0.0001  0.0001 0.0021  0.0080 -0.0001 -0.0000.0039  0.0053| -0.0002 -0.0002  0.0049  0.0027
él 0.9093 0.9092  -0.0001 0.0028 0.0073 0.9093 -0.0000.0007  0.0052| 0.9094  0.0001 0.0031  0.0028
I51 -0.4161 -0.4161  0.0000 0.0003 0.0070 -0.4160  0.000D.0040  0.0048| -0.4160  0.0001 0.0034  0.0026
UA-]_Z 0.0100 0.0001 0.2486 13.3361  0.0015 0.0001 -0.0098.3375  0.0012 0.0001 -0.0099 13.3410 0.0008
n 100 130

Estimates true value mean bias RMSE SE mean bias RMSE SE
'Bb 0.0000 0.0001 0.0001 0.0022 0.0028 0.0000 0.0000 001@. 0.0024
,&1 -0.4161 -0.4162 0.0000 0.0003 0.0023  -0.4162 0.000®.0005 0.0020
él -0.9093 -0.9093 0.0000 0.0002 0.0026  -0.9093 0.000®.0006 0.0022
éo 0.0000 -0.0001 -0.0001 0.0036 0.0026 0.0000  0.000@.0011  0.0018
él 0.9093 0.9094  0.0001 0.0023  0.0023 0.9092 -0.0001.0018  0.0019
I51 -0.4161 -0.4161  0.0001 0.0024  0.0021 -0.4162  0.000®.0005  0.0018
UA-]_Z 0.0100 0.0001 -0.0099 13.3409 0.0006 0.0001 -0.00988.3432  0.0006

Table 7.5: Parameter estimates of non-functionalehfor o7 = 0009.

n 20 30 70

Estimates true value mean bias RMSE SE mean bias RMSE SE mean bias RMSE SE
,80 0.0000 -0.0103  -0.0103 0.3259 0.0941 -0.0047 -(.0040.1482 0.0663| -0.0050 -0.0050 0.1569 0.0365
Ai -0.4161 -0.4097  0.0064 0.2033 0.0721 -0.4133  0.0029.0907 0.0499| -0.4126  0.0035 0.1121  0.0280
él -0.9093 -0.8924  0.0169 0.5332  0.0820 -0.8985 0.0108.3415 0.0594| -0.8982  0.0111 0.3498  0.0342
éo 0.0000 -0.0157  -0.0157  0.4954 0.0986 -0.0120 -@0120.3791  0.0588 -0.0073 -0.0073  0.2319  0.0489
él 0.9093 0.9197 0.0104 0.3290 0.0832 0.9161 0.0068 215@.  0.0545 0.9130 0.0037 0.1168 0.0284
[31 -0.4161 -0.4012 0.0150 0.4733 0.0882  -0.4035 0.0120.4001 0.0538| -0.4076 0.0085 0.2688 0.0293
a']_z 0.0100 0.0054 0.2539 14.7884  0.0145 0.0056 -0.08444.8134  0.0118| 0.0058 -0.0842 14.8385 0.0077
n 100 130

Estimates true value mean bias RMSE SE mean bias RMSE SE
,80 0.0000 -0.0031 -0.0031 0.0978 0.0293 -0.0033 -(B0030.1044 0.0254
,81 -0.4161 -0.4133 0.0028 0.0889 0.0230 -0.4132 0.0029.0932 0.0200
él -0.9093 -0.8998  0.0095 0.2997 0.0268 -0.8999  0.0094€.2983  0.0235
éo 0.0000 -0.0070  -0.0070  0.2216  0.0223 -0.0056 -@0050.1756  0.0184
él 0.9093 0.9134  0.0041 0.1303  0.0227 0.9121  0.0028 087@. 0.0193
Ijl -0.4161 -0.4089 0.0073 0.2300 0.0226  -0.4094 0.0060.2127 0.0184
a']_z 0.0100 0.0058 -0.0842 14.8476  0.0062 0.0059 -0.08414.8604  0.0054
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Table 7.6: Parameter estimates of non-functionalehfor o7 = 0.36.

69

28

89

32

10

12

48

n 20 30 70
Estimates true value mean bias RMSE SE mean bias RMSE SE mean bias RMSE SE
,80 0.0000 -0.0455  -0.0455 1.4397 0.6277 -0.0441 -00441.3951 0.4193 -0.0269 -0.0269 0.8505 0.20
,8& -0.4161 -0.3657 0.0505 1.5962 0.48]19 -0.3561 0.0600..8974 0.3190( -0.3707 0.0455 1.4380 0.1§
él -0.9093 -0.7562 0.1531 4.8426 0.5130 -0.7670 0.14231.5008 0.3646( -0.7808 0.1285 4.0627 0.1§
éo 0.0000 -0.1295  -0.1295  4.0967 0.7919 -0.0712 -®@0712.2527 0.4199] -0.0521 -0.0521  1.6470  0.17
él 0.9093 0.9478  0.0385 1.2189 0.6347 0.8966 -0.0127.4018 0.3749| 0.8802 -0.0291  0.9211  0.17
Ijl -0.4161 -0.2786  0.1375 43485 0.66]16 -0.3175 0.098B.1207 0.3565| -0.3327 0.0834 2.6373  0.14
0’\-12 0.0100 0.1130 0.4777 20.5999  0.1027 0.1227 -0.2372.9131  0.0892] 0.1280 -0.2320 21.0802 0.0§
n 100 130
Estimates true value mean bias RMSE SE mean bias RMSE SE
,80 0.0000 -0.0224  -0.0224 0.7090 0.1628 -0.0243 -(B0240.7694 0.1361
,8& -0.4161 -0.3692 0.0470 1.4858 0.1319 -0.3681 0.0480.5184 0.1087
él -0.9093 -0.7846 0.1247 3.9428 0.1461  -0.7845 0.1248.9464 0.1273
éo 0.0000 -0.0466  -0.0466  1.4749  0.1385 -0.0415 -(G0411.3134  0.1125
él 0.9093 0.8797 -0.0296  0.9363 0.13]14 0.8726 -0.0361.1620  0.1096
Ijl -0.4161 -0.3441  0.0720 22774 01275 -0.3429 0.0732.3178  0.1086
0’\-12 0.0100 0.1299 -0.2301 21.1385 0.0463 0.2550 -0.34501.2250  0.0417|

7.6 Practical Example: Eye Data

In this section, we will consider the eye data ages given in Section 3.5. We

consider the eye data consisting of 23 observatminglaucoma patients (unit in

radians) at the University Malaya Medical CentrddC). The measurements selected

are the angle of the posterior corneal curvatujeafid the angle of the eye (between

posterior corneal curvature to irisy).( However, we assume now that both the

dependent variable and the exploratory variable are subject to errors. That is, we

assume that, for observatipnv; is assumed to be the observed angle of the\eyg,

recorded with some random erray, Similarly, u, measures the underlying direction

measured by posterior corneal curvatWwe,, with some random errog .
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The JS circular functional relationship model isa&ed by equation (7.1) such
that
(cosuj +isinuj)=(cosUj +isint)+(5jR +i5j|)
(cosv, +isinv,)=(cosV, +isinV, )+ (e +ieg, ).
The unreplicated JS circular functional relatiopshiodel is used to fit the eye data.

The final fitted model is obtained giving

cosV, =10819-0.1571cosU , - 0.3716sinU,
sinV, = 0.0948+ 0.2334cosU ; +0.5955sinU

by assuming that the ratio of error variances isvwkmand equal to one. The parameter
estimates for eye data is given in Table 7.7. Nbtt the ML estimates of the JS

circular functional relationship model are quit®sg to the LS estimates of the JS
circular regression model given in Section 3.5.awiver, the estimatélz= 0.0446 for

our present model is much smaller than that ofJ@®eircular regression model, which
is 0.16. In other word, allowing the explanatoryiagble u to be subjected to error has
reduced the variability of the model. On the othand, the standard errors of the
parameters are obtained using the bootstrap methd@re given in the forth column of

Table 7.4. The values are reasonably small compgark8 estimates.

Table 7.7: Estimates for eye data with two variable

Estimates LS estimates Standard ML estimates Standard
error error
Ag 1.0822 0.2664 1.0819 0.2113
Al -0.1497 0.1026 -0.1571 0.0188
By -0.3836 0.2873 -0.3716 0.0068
(oR 0.0986 0.2776 0.0948 0.1964
¢ 0.2534 0.1070 0.2334 0.0317
D, 0.5935 0.2994 0.5955 0.0092
o7 0.16 0.1635 0.0446 0.7726
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Figure 7.1: Q-Q plot for residuals &f
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Figure 7.2: Q-Q plot for residuals ef

The Q-Q plots for the residuals of the JS circfilaactional relationship model

from equation (7.1) is shown in Figures 7.1 - TRe plot ford,, andJ, shows that

most of the points are close to the straight lixeept two points at the top right of the

plot. Meanwhile, fore, and ¢, , the plots shows that most of the points are ctose

it
the straight line except one point at the lowetr ééthe plot fore . In fact, these plots

are better than that seen in Figure 3.3 for theirdBlar regression model. We conclude
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that the model has fitted the data quite well bguasng both variables of the

unreplicated JS circular functional relationshipd@loare subject to errors.

7.7 Summary

In this chapter, we extend the linear functionétrenship model to include the
JS circular regression models in the set up. Hesth variabless andu are subject to
errors. The maximum likelihood estimates are ole@iby assuming a known ratio of
error variances. The performance of maximum liledith estimates performs well in
estimating the parameters of JS circular functiceddtionship model. The standard
errors of the parameters are obtained using baptstiethod. As an application, the eye

data set has been fitted using the proposed maodejiae a very encouraging results.
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CHAPTER EIGHT

CONCLUSIONS

8.1 Summary

This study looks at some problems related to crcokégression models. Few
published work can be found on the problem of etgliand none on the study of the
relationship between a dependent circular varianld multiple explanatory circular
variables. In this study, we specifically choose thS circular regression models
proposed by Jammalamadaka & Sarma (1993) due iaté@sesting properties which
have very close resemblance to that of the multipéar regression models. We look at

three problems associated to the JS circular rsigresnodels.

Firstly, we look at the problem of identifying cetls in the JS circular
regression model. The parameter estimates of tuehtan be obtained using the least
squares method. However, the LS estimates are st sensitive to the occurrence
of outliers. Hence, we use three different stagsto detect outliers based on the row
deletion approach; thEeOVRATIQ DMCEc and DMCEs statistics. The cut-off points
are obtained via simulation. Due to large numbidactors to be taken care of, the cut-
off point for real data set can be obtained by nugrthe special program prepared for
each approach as given in Appendix 5 and 6 resdgtiFrom the cases considered,
we conclude that the performance of the outlieectein procedures are good, with the
procedure oDMCEc is found to be superior than that basedDdCEs and for small

sample size DMCEcalso is found to be the superior methods compar&MCEsand
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COVRATIOstatistics. For illustration, we apply the procestuon two real data sets; the

wind data set and the eye data set.

Secondly, we propose the generalized version ofJJBecircular regression
model to include more than one explanatory varmbl/e call the extended model as
the generalized JS circular regression model. réakand imaginary parts of the model
are now estimated using the trigonometric polyndmigh more than one variables.
Via simulation, we show that the generalized modekstimated well by the LS
estimation method. We then investigate the probleimmulticollinearity in the
generalized JS circular regression model. A newcquture of detecting the problem
based orVIF is proposed to suit the nature of the model. W textend the idea of
ridge regression approach in linear case to theular case. Related theory and
procedures to obtain the ridge estimates of themgdéined JS circular regression model
are presented. Next, we propose to use the ridgyession approach to overcome the
multicollinearity problem in the generalized JSuaiar regression models. We illustrate
the proposed method using a multivariate eye dattatstained from the University of

Malaya Medical Centre, Malaysia.

Lastly, we develop the theory of the circular fuocal relationship model for JS
circular regression model when both variables algest to errors. The parameters of
the model are derived using maximum likelihood reation method. Due to a large
number of parameters in the model set-up, the baptsnethod is used to obtain the
variance-covariance matrix of the parameters. Néa illustrate the application of the

model using the eye data set.

In conclusion, we have looked at three main re$eproblems that are related to

the JS circular regression model proposed by Jaamaalaka & Sarma (1993). The
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work is very significant in providing more flexiblarcular modelling options for the

practitioners who are working on circular data.

8.2 Contributions

This study has contributed to circular data analysihe following ways:

1. We have shown that the least squares estimat&S oircular regression models are

not robust toward the occurrence of outliers. Thug important to develop relevant
methods to identify outliers for further investiget purposes.

2. We have considered three outlier detection ghoes to detect outliers in JS circular
regression models using row deletion approach, han@VRATIQ DMCEc and
DMCEs statistics. Via simulation, the procedures perfowall in identifying the
outliers that exist in the data set.

3. We have proposed a generalized JS circularssigre model for accommodating two
or more explanatory circular variables in the meddhe relevant theory is presented
and, via simulation, the model is found to be wedtimated by the least squares
estimation method.

4. We have looked at the problem of multicollingaiin the generalized JS circular
regression model. The relevant procedure of inflengj the problem in the model has
been presented. We extend the idea of ridge r@grespproach in multiple linear
regression case to the generalized JS circulaesegm case to give the ridge estimates
of the model.

5. We have developed a new functional relationshgel by using the JS circular
regression model in the setup. The parametereend$ circular functional model are
estimated using maximum likelihood estimation mdthaVe show that the estimation

method perform well when investigated via simulatio
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6. We illustrated the works carried out in thigdst using three different real data sets;
the wind data set, eye data set with two variabtes another multivariate eye data set

with four variables.

8.3 Further Research

There are various possibilities for further reskarncthis area. Some suggestions

are given as follows:

(i) to develop some effective procedures to detect iphltoutliers as in circular
regression models.

(ii) to extend the procedures of the detection of astlie multiple circular regression
models.

(i) to extend the procedures of the detectionootliers to the circular functional
relationship model.

(iv) to extend the procedures of the detection of engtlto the robust techniques in

circular cases.

We recognize that there are still many problemgsiyeto be explored in circular

statistics for future works.
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Wind direction data

APPENDIX 1

Radar Anchored Buoy Radar Anchored Buoy
Obs. - - Obs. - -
NoO. Time Obs. | Time Obs. NoO. Time Obs. Time Obs.
1 1.615 0.79 1.618 1.154 33 3.823 5.406 3.826 5.744
2 1.656 0.715 1.66 1.154 34 3.865 5.472 3.868 5.547
3 1.698 0.975 1.701 1.007 35 3.906 5.401 3.91 5.498
4 1.74 0.97 1.743 1.178 36 3.948 5.42 3.951 54
5 1.781 0.993 1.785 0.854 37 3.99 5.276 3.993 5.449
6 1.823 0.902 1.826 1.007 38 4.031 1.728 4035 64.78
7 1.837 0.943 1.847 1.05¢€ 39 4.406 5.512 4.41 5.449
8 2.406 1.728 2.41 1.4 40 4.448 5.486 4.451 5.178
9 2.448 1.445 2.451 1.49] 41 4.49 5.444 4.493 5.62
10 2.49 1.679 2.493 1.693 42 4531 5.518 4,535 513
11 2.531 1.703 2.535 2.011 43 4.559 5.505 4576 4145
12 2.573 1.862 2.576 1.793 44 9.573 5.558 9576 715.5
13 2.615 1.726 2.618 1.76¢ 45 9.615 5.42 9.618 562
14 2.656 1.79 2.66 1.669 46 9.656 5.398 9.66 5.473
15 2.698 1.831 2.701 1.4 47 9.698 5.334 9.701 5.327
16 2.726 1.719 2.743 1.4 48 9.781 5.418 9.785 4.835
17 2.781 1.646 2.785 1.374 49 9.823 5.418 9.826 3X%.0
18 2.823 1.622 2.826 1.05¢ 50 9.892 5.388 9.91 .84
19 2.865 1.342 2.868 1.178 51 9.948 5.47 9.951 15.57
20 2.906 1.176 291 1.27¢ 52 9.99 5.455 9.993 5.522
21 2.948 1.325 2.951 1.693 53 10.073 5.555 10.076.4735
22 2.99 1.103 2.993 1.321 54 10.115 5.462 10.118 5225.
23 3.406 6.131 3.41 6.064 55 10.156 5.401 10.16 2X%5.5
24 3.448 5.719 3.451 5.988 56 10.198 5.316 10.201.3765
25 3.49 5.713 3.493 5.98¢ 57 10.24 5.439 10.243 815.0
26 3.531 5.487 3.535 5.498 58 10.406 5.408 10.41 473%.
27 3.573 5.742 3.576 5.27¢ 59 10.448 5.4381 10.451.449%
28 3.615 5.728 3.618 5.301 60 10.49 5.473 10.493 9155.
29 3.656 5.61 3.66 5.62 61 10.531 5.46 10.535 5.351
30 3.698 5.463 3.701 5.744 62 10.573 5.364 10.576.5715
31 3.74 5.427 3.743 5.644 63 10.615 5.444 10.618 3765.
32 3.781 5.418 3.785 5.66¢ 64 10.656 5.35 10.66 27.3
65 10.698 5.202| 10.701  4.98B 70 10.906 5.238 10.91.417
66 10.74 5.161| 10.743 4.786 71 10.948 4.97 10.951.0075
67 10.781 5.062| 10.785 4.908 72 10.99 4.947 10.998.473
68 10.823 5.145| 10.826  4.51f 73 11.031  4.887 11.0355.4
69 10.865 5.212| 10.868 4.83% 74 11.073  4.872 11.076.859

156



Appendix1, continued.

Radar Anchored Buoy Radar Anchored Buoy
Obs. Obs.
No. Time Obs. Time Obs. No. Time Obs. Time Obs.
75 11.115 4589 11.118 4.859 103 20.906  0.237 20.9D.171
76 11.156 4,51 11.16 4.76] 104 20.948 0.045  20.950.295
77 11.281 4.319| 11.285 4.639 105 20.99 6.241  20.998.259
78 11.323  4.427| 11.326 4.664 106 21.031  0.248 $1.030.319
79 11.337 4.436| 11.347 4.664 107 21.073 0578  B1.070.539
80 11.406 4.451 11.41 4.074 108 21.087 0.6R7 21.090.81
81 12.198 3.84 12.201  4.29% 109 21.406 0.2561 21.4%.161
82 12.24 3.819| 12.243  4.098 110 21.448 5299  21.45%.473
83 12.281 4.159| 12.285 4.17B 111 21.49 3.749  21.49%.62
84 12.323 3.987| 12.326 4.12p 112 21.531 1.876 $1.532.012
85 19.823 5506 19.826 5.81f 113 21.573 1.776 B1.571.963
86 19.865 5.509| 19.868 5.57] 114 21.615 1.786 81.611.841
87 19.906 5.643 19.91 5.571 115 21.656 1.658 21.661.89
88 19.948 5.707| 19.951 5.59f 116 21.684 1.377 21.701.497
89 19.99 5.727| 19.993 5.964 117 21.74 1.305 21.743.669
90 20.031 5.685| 20.035 5.54f 118 21.781 1.309 81.781.325
91 20.073 5.696| 20.076 6.16] 119 21.823 1.337 B1.821.644
92 20.115 5.745| 20.118 6.03f 120 21.865 1.198 81.861.571
93 20.142  5.837 20.16 5.91% 121 21.906 1.15 21.91 .08 1
94 20.531 1.146| 20.535 1.54% 122 21.948 1.047 21.951.129
95 20.573 1.074| 20.576 1.86f 123 21.99 0.97 21.998.466
96 20.615 1.201| 20.618 1.71f 124 22.031 0.998  $2.030.981
97 20.656  1.253 20.66 1.89 125 22.073 1.0f1  22.076.007
98 20.698 1.032| 20.701 1.89 126 22531 0.793 22.536.834
99 20.74 1.093| 20.743  1.988 127 22573 0.763  22.576.056
100 20.781 0.505| 20.785 6.13f 128 22.615 0.573 182.6 0.932
101 20.823 0.234, 20.826  0.39B 129 22.656  0.437 622.60.761
102 20.865 0.275| 20.868 0.27]
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APPENDIX 2
The 1% upper percentiles of th@OVRATIQj) -1‘ statistic al = -2

92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.9758 0.9709 0.9764 0.9773 0.9768 0.9709
0.05 0.9819 0.9768 0.9772 0.9743 0.9790 0.9896
0.08 0.9706 0.9747 0.9822 0.9756 0.9768 0.9885
10 0.1 0.9720 0.9692 0.9812 0.9768 0.9688 0.9881
0.3 0.9740 0.9755 0.9880 0.9867 0.9749 0.9869
0.6 0.9799 0.9733 0.9810 0.9807 0.9771 0.9718
0.03 0.7739 0.7882 0.9209 0.8308 0.8827 0.8921
0.05 0.7569 0.7756 0.7842 0.7908 0.8857 0.8903
0.08 0.7781 0.7473 0.7597 0.7449 0.8786 0.8888
20 0.1 0.7805 0.7769 0.7650 0.7678 0.8562 0.8827
0.3 0.8469 0.9315 0.8168 0.8353 0.8168 0.8072
0.6 0.8136 0.8316 0.8220 0.8300 0.8214 0.7709
0.03 0.7282 0.7935 0.8089 0.8048 0.8778 0.9049
0.05 0.7306 0.7454 0.7653 0.7781 0.8693 0.9299
0.08 0.7363 0.7350 0.7393 0.7782 0.8770 0.8932
%0 0.1 0.7334 0.7346 0.7367 0.7623 0.8771 0.8987
0.3 0.7638 0.7796 0.8282 0.8377 0.8752 0.8930
0.6 0.8260 0.8435 0.8675 0.8784 0.9228 0.9533
0.03 0.6106 0.6474 0.7062 0.7220 0.8572 0.8571
0.05 0.5885 0.6253 0.6786 0.6894 0.8579 0.8757
0.08 0.6169 0.5963 0.6588 0.7140 0.8339 0.8849
% 0.1 0.6258 0.6306 0.6543 0.6968 0.8204 0.8914
0.3 0.7178 0.7219 0.7665 0.7833 0.8267 0.8477
0.6 0.7586 0.7563 0.7680 0.7924 0.8484 0.8238
0.03 0.5176 0.5706 0.6358 0.6618 0.7809 0.7432
0.05 0.5284 0.5472 0.6061 0.6405 0.7725 0.7430
0.08 0.5411 0.5466 0.5807 0.6077 0.7754 0.7503
>0 0.1 0.5644 0.5632 0.5674 0.5977 0.7634 0.7545
0.3 0.6988 0.3686 0.6785 0.6685 0.7486 0.7633
0.6 0.6695 0.6876 0.7142 0.7181 0.7346 0.7138
0.03 0.4327 0.4582 0.5191 0.5281 0.7834 0.6839
0.05 0.4416 0.4295 0.4772 0.4995 0.7623 0.6954
0.08 0.4659 0.4555 0.4666 0.5010 0.7716 0.6932
% 0.1 0.4775 0.4764 0.4584 0.4730 0.7434 0.6752
0.3 0.5801 0.5711 0.5625 0.5436 0.6416 0.6754
0.6 0.6585 0.6566 0.6754 0.6585 0.6566 0.6612
0.03 0.4097 0.4700 0.5237 0.5508 0.7158 0.6050
0.05 0.4211 0.4334 0.4965 0.5238 0.7174 0.6044
0.08 0.4580 0.4190 0.4495 0.4942 0.6986 0.6038
7 0.1 0.4717 0.4649 0.4705 0.4715 0.6977 0.6122
0.3 0.5681 0.5833 0.5767 0.5685 0.6307 0.5799
0.6 0.5822 0.5647 0.5832 0.5863 0.6385 0.5288
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The 1% upper percentiles of th@OVRATIQ” -1‘ statistic ata = -2, continued.
P
n 01
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.3726 0.4242 0.4781 0.5161 0.6903 0.6024
0.05 0.3686 0.3744 0.4373 0.4659 0.6822 0.5894
0.08 0.3995 0.3954 0.4067 0.4047 0.6573 0.5882
5 0.1 0.4030 0.4026 0.4185 0.4186 0.6598 0.5798
0.3 0.4824 0.5134 0.5313 0.5349 0.5985 0.5324
0.6 0.5537 0.5627 0.5839 0.6100 0.5839 0.4753
0.03 0.3274 0.3666 0.4316 0.4594 0.7177 0.4919
0.05 0.3291 0.3234 0.3866 0.4183 0.7226 0.5065
0.08 0.3583 0.3449 0.3723 0.3800 0.6988 0.5192
% 0.1 0.3570 0.3517 0.3615 0.3752 0.6371 0.5218
0.3 0.5377 0.5502 0.5336 0.5156 0.5866 0.5167
0.6 0.5059 0.5000 0.5312 0.5253 0.5907 0.4354
0.03 0.3170 0.3673 0.4230 0.4371 0.5833 0.4318
0.05 0.3279 0.3256 0.3739 0.4206 0.5653 0.4256
0.08 0.3500 0.3325 0.3352 0.3558 0.5684 0.4243
100 0.1 0.3649 0.3445 0.3387 0.3492 0.5469 0.4416
0.3 0.5006 0.5021 0.4974 0.4979 0.5557 0.4562
0.6 0.4141 0.4351 0.4467 0.4562 0.5193 0.3907
0.03 0.2808 0.3093 0.3581 0.3805 0.6443 0.4377
0.05 0.2719 0.2995 0.3334 0.3614 0.6439 0.4519
0.08 0.3278 0.2946 0.3015 0.3105 0.6310 0.4670
1o 0.1 0.3432 0.3298 0.3100 0.3083 0.6165 0.4572
0.3 0.4492 0.4397 0.4331 0.4297 0.5266 0.3884
0.6 0.4547 0.4494 0.4618 0.4669 0.4528 0.3730
0.03 0.2438 0.2844 0.3271 0.3515 0.4783 0.3835
0.05 0.2625 0.2458 0.2932 0.3237 0.4670 0.4020
0.08 0.3036 0.2537 0.2681 0.4578 0.4578 0.3916
130 0.1 0.3030 0.2603 0.2559 0.2829 0.4433 0.3998
0.3 0.4269 0.4497 0.4535 0.4480 0.5194 0.3429
0.6 0.3938 0.3931 0.3982 0.3933 0.4105 0.2790
0.03 0.2396 0.2810 0.2898 0.3008 0.5290 0.3120
0.05 0.1639 0.2229 0.2667 0.2866 0.5201 0.3139
0.08 0.2333 0.2068 0.2480 0.2659 0.5162 0.3216
150 0.1 0.2356 0.2164 0.2274 0.2560 0.5037 0.3303
0.3 0.3804 0.3659 0.3657 0.3737 0.4544 0.2975
0.6 0.3293 0.3335 0.3223 0.3188 0.3913 0.2376
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The 5% upper percentiles of th@OVRATIQD -1‘ statistic al = -2

92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.9364 0.9371 0.9485 0.9490 0.9501 0.9371
0.05 0.9391 0.9501 0.9422 0.9484 0.9500 0.9714
0.08 0.9370 0.9478 0.9513 0.9487 0.9518 0.9646
10 0.1 0.9421 0.9389 0.9428 0.9452 0.9453 0.9610
0.3 0.9430 0.9450 0.9487 0.9471 0.9418 0.9629
0.6 0.9556 0.9557 0.9484 0.9375 0.9271 0.9351
0.03 0.6761 0.7066 0.8290 0.7288 0.8147 0.7917
0.05 0.6698 0.6666 0.6976 0.7201 0.8185 0.7893
0.08 0.6782 0.6657 0.6555 0.6814 0.8072 0.7766
20 0.1 0.6986 0.6753 0.6686 0.6705 0.7890 0.7614
0.3 0.7435 0.8478 0.7341 0.7252 0.7341 0.7063
0.6 0.7134 0.7146 0.7190 0.7263 0.7030 0.6670
0.03 0.5802 0.6321 0.6900 0.7017 0.8088 0.8089
0.05 0.6287 0.6124 0.6444 0.6753 0.7996 0.8310
0.08 0.6437 0.6326 0.6416 0.6502 0.7964 0.8170
30 0.1 0.6502 0.6505 0.6593 0.6572 0.8064 0.8140
0.3 0.6899 0.7042 0.7056 0.7151 0.7953 0.8335
0.6 0.7590 0.7706 0.7851 0.7903 0.8188 0.8530
0.03 0.4808 0.5454 0.5930 0.6135 0.7229 0.7615
0.05 0.5047 0.5168 0.5699 0.5981 0.7151 0.7617
0.08 0.5222 0.5315 0.5476 0.5704 0.7198 0.7749
0 0.1 0.5498 0.5489 0.5679 0.5723 0.7012 0.7650
0.3 0.5832 0.5910 0.5983 0.6091 0.7078 0.7246
0.6 0.6137 0.6296 0.6606 0.6663 0.7542 0.7197
0.03 0.4392 0.4722 0.5265 0.5511 0.6536 0.6142
0.05 0.4291 0.451 0.4941 0.4959 0.6596 0.6285
0.08 0.4557 0.4502 0.4765 0.4968 0.6523 0.6542
%0 0.1 0.4662 0.4571 0.4747 0.4911 0.6513 0.6481
0.3 0.5184 0.3019 0.5486 0.5426 0.5965 0.6165
0.6 0.5757 0.5813 0.5915 0.6024 0.6235 0.6082
0.03 0.3605 0.4024 0.4400 0.4722 0.6261 0.5574
0.05 0.3699 0.3686 0.4099 0.4370 0.6273 0.5556
0.08 0.3941 0.3795 0.3819 0.4088 0.6077 0.5667
o0 0.1 0.4044 0.3918 0.3828 0.4006 0.6053 0.5622
0.3 0.4465 0.4598 0.4587 0.4596 0.5534 0.5433
0.6 0.5290 0.5496 0.5433 0.5290 0.5496 0.5333
0.03 0.3484 0.3763 0.4290 0.4468 0.5875 0.5070
0.05 0.3617 0.3615 0.3832 0.4095 0.6014 0.5114
0.08 0.3710 0.3672 0.3708 0.3848 0.5962 0.5152
7 0.1 0.3722 0.3777 0.3698 0.3801 0.5822 0.5228
0.3 0.4521 0.4593 0.4617 0.4520 0.5004 0.4756
0.6 0.4775 0.4744 0.4880 0.4838 0.5134 0.4477
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The 5% upper percentiles of th@OVRATIQD -1‘ statistic ata = -2, continued.
92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.3003 0.3384 0.3678 0.3930 0.5494 0.4926
0.05 0.3019 0.3057 0.3356 0.3567 0.5458 0.4885
0.08 0.3136 0.3130 0.3211 0.3272 0.5407 0.4881
8 0.1 0.3255 0.3187 0.3219 0.3235 0.5275 0.4916
0.3 0.4118 0.4062 0.4053 0.4134 0.4663 0.4365
0.6 0.4507 0.4575 0.4603 0.4836 0.4949 0.3994
0.03 0.2742 0.3169 0.3547 0.3764 0.5210 0.4302
0.05 0.2777 0.2827 0.3257 0.3526 0.5108 0.4389
0.08 0.3020 0.3020 0.2924 0.3105 0.5096 0.4375
% 0.1 0.3175 0.3074 0.2999 0.3063 0.4968 0.4369
0.3 0.4042 0.4006 0.4221 0.4078 0.4465 0.4196
0.6 0.4102 0.4290 0.4399 0.4315 0.4471 0.3590
0.03 0.2757 0.3028 0.3367 0.3618 0.5062 0.3721
0.05 0.2676 0.2755 0.3038 0.3329 0.4953 0.3854
0.08 0.2800 0.2764 0.2779 0.2971 0.4774 0.3834
100 0.1 0.2869 0.2841 0.2853 0.2854 0.4636 0.3762
0.3 0.3717 0.3760 0.3812 0.3718 0.4327 0.3798
0.6 0.3768 0.3728 0.3848 0.3846 0.4265 0.3339
0.03 0.2157 0.2582 0.3068 0.3235 0.4719 0.3808
0.05 0.2257 0.2318 0.2674 0.2928 0.4737 0.3851
0.08 0.2488 0.2489 0.2446 0.2627 0.4718 0.3796
1o 0.1 0.2540 0.2491 0.2461 0.2476 0.4575 0.3804
0.3 0.3472 0.3467 0.3455 0.3504 0.3882 0.3399
0.6 0.3740 0.3743 0.3878 0.3872 0.3880 0.2876
0.03 0.1948 0.2276 0.2719 0.2842 0.4115 0.3203
0.05 0.2028 0.1989 0.2394 0.2676 0.4102 0.3237
0.08 0.2281 0.2139 0.2151 0.3950 0.3950 0.3227
130 0.1 0.2382 0.2234 0.2235 0.2243 0.3845 0.3211
0.3 0.3270 0.3227 0.3099 0.2911 0.3639 0.2924
0.6 0.3187 0.3211 0.3302 0.3428 0.3694 0.2457
0.03 0.1918 0.2295 0.2519 0.2638 0.3738 0.2651
0.05 0.1788 0.1837 0.2138 0.2383 0.3719 0.2650
0.08 0.1956 0.1874 0.1918 0.2080 0.3620 0.2654
150 0.1 0.1994 0.1884 0.1927 0.1937 0.3582 0.2706
0.3 0.3000 0.2967 0.3036 0.2938 0.3334 0.2563
0.6 0.2771 0.2736 0.2779 0.2773 0.3047 0.2019
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The 10% upper percentiles of tt@OVRATIQj) -1‘ statistic al = -2

92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.9045 0.9050 0.9196 0.9193 0.9216 0.9050
0.05 0.9015 0.9216 0.9049 0.9153 0.9177 0.9452
0.08 0.9049 0.9047 0.9093 0.9139 0.9231 0.9458
10 0.1 0.9007 0.9044 0.9163 0.9137 0.9217 0.9432
0.3 0.9164 0.9125 0.9178 0.9139 0.8938 0.9214
0.6 0.9235 0.9149 0.9087 0.9105 0.8922 0.8897
0.03 0.6151 0.6541 0.7696 0.6821 0.7499 0.7310
0.05 0.6112 0.6174 0.6314 0.6523 0.7518 0.7310
0.08 0.6230 0.6079 0.6061 0.6184 0.7426 0.7112
20 0.1 0.6328 0.6155 0.6129 0.6183 0.7380 0.7064
0.3 0.6651 0.7800 0.6708 0.6481 0.6708 0.6540
0.6 0.6607 0.6497 0.6578 0.6573 0.6180 0.6030
0.03 0.5411 0.5812 0.6275 0.6506 0.7464 0.7549
0.05 0.5701 0.5574 0.6041 0.6284 0.7466 0.7911
0.08 0.5726 0.5825 0.5729 0.6034 0.7241 0.7490
30 0.1 0.5938 0.6018 0.5767 0.5874 0.7323 0.7485
0.3 0.6341 0.6579 0.6599 0.6592 0.7347 0.7555
0.6 0.6879 0.6931 0.7093 0.7180 0.7678 0.7832
0.03 0.4306 0.4845 0.5368 0.5746 0.6615 0.6884
0.05 0.4350 0.4585 0.5034 0.5420 0.6578 0.6966
0.08 0.4583 0.4574 0.4814 0.5097 0.6634 0.6976
0 0.1 0.4746 0.4682 0.4882 0.4959 0.6428 0.6912
0.3 0.5154 0.5356 0.5381 0.5502 0.6221 0.6603
0.6 0.5558 0.5629 0.6004 0.6045 0.6899 0.6327
0.03 0.3790 0.4079 0.4648 0.4802 0.5896 0.5667
0.05 0.3968 0.3904 0.4252 0.4502 0.5962 0.5694
0.08 0.4039 0.398 0.4164 0.4295 0.5845 0.5790
%0 0.1 0.4165 0.4033 0.4244 0.4309 0.5764 0.5770
0.3 0.4691 0.2645 0.4770 0.4715 0.5273 0.5503
0.6 0.5195 0.5353 0.5471 0.5418 0.5810 0.5365
0.03 0.3217 0.3576 0.4000 0.4170 0.5470 0.5017
0.05 0.3247 0.3352 0.3806 0.4041 0.5480 0.5117
0.08 0.3411 0.3343 0.3493 0.3729 0.5386 0.5099
o0 0.1 0.3610 0.3471 0.3502 0.3599 0.5376 0.5030
0.3 0.4125 0.4196 0.4220 0.4293 0.4744 0.4855
0.6 0.6585 0.4965 0.4855 0.4799 0.4965 0.4684
0.03 0.3103 0.3383 0.3624 0.3877 0.5261 0.4629
0.05 0.3048 0.3153 0.3456 0.3593 0.5207 0.4620
0.08 0.3293 0.3169 0.3282 0.3354 0.5222 0.4558
7 0.1 0.3355 0.3221 0.3212 0.3295 0.5112 0.4551
0.3 0.3978 0.4017 0.3964 0.3857 0.4442 0.4294
0.6 0.4181 0.4223 0.4311 0.4379 0.4583 0.3909
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The 10% upper percentiles of t'@OVRATIQD -1‘ statistic ata = -2, continued.

92
n 01
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.2606 0.2957 0.3277 0.3360 0.4755 0.4386
0.05 0.2645 0.2639 0.3039 0.3159 0.4658 0.4417
0.08 0.2937 0.2697 0.2845 0.2948 0.4420 0.4391
8 0.1 0.2976 0.2841 0.2799 0.2905 0.4313 0.4393
0.3 0.3558 0.3503 0.3497 0.3555 0.4131 0.4006
0.6 0.3817 0.3882 0.4018 0.4069 0.4246 0.3582
0.03 0.2508 0.2823 0.3237 0.3405 0.4654 0.3867
0.05 0.2521 0.2599 0.2951 0.3119 0.4570 0.3958
0.08 0.2712 0.2621 0.2715 0.2862 0.4568 0.3990
% 0.1 0.2793 0.2783 0.2732 0.2793 0.4350 0.3948
0.3 0.3394 0.3458 0.3421 0.3485 0.3729 0.3569
0.6 0.3588 0.3690 0.3710 0.3719 0.4157 0.3331
0.03 0.2360 0.2646 0.2982 0.3184 0.4289 0.3411
0.05 0.2284 0.2440 0.2693 0.2842 0.4182 0.3398
0.08 0.2506 0.2435 0.2496 0.2593 0.3957 0.3467
100 0.1 0.2620 0.2481 0.2541 0.2616 0.3829 0.3471
0.3 0.3273 0.3322 0.3355 0.3234 0.3458 0.3409
0.6 0.3310 0.3383 0.3474 0.3448 0.3659 0.2952
0.03 0.1997 0.2253 0.2592 0.2770 0.3923 0.3277
0.05 0.2083 0.2060 0.2349 0.2572 0.3916 0.3334
0.08 0.2217 0.2128 0.2141 0.2310 0.3860 0.3327
1o 0.1 0.2287 0.2191 0.2185 0.2243 0.3860 0.3361
0.3 0.3052 0.3122 0.3155 0.3106 0.3352 0.3044
0.6 0.3286 0.3331 0.3385 0.3347 0.3493 0.2596
0.03 0.1805 0.2046 0.2381 0.2508 0.3618 0.2868
0.05 0.1773 0.1875 0.2125 0.2303 0.3617 0.2857
0.08 0.1975 0.1851 0.1928 0.3552 0.3552 0.2811
130 0.1 0.2120 0.2006 0.2012 0.1966 0.3446 0.2820
0.3 0.2743 0.2712 0.2680 0.2656 0.3005 0.2630
0.6 0.2764 0.2788 0.2803 0.2848 0.3053 0.2144
0.03 0.1641 0.1925 0.2190 0.2256 0.3236 0.2424
0.05 0.2131 0.1637 0.1888 0.2084 0.3239 0.2438
0.08 0.1722 0.1683 0.1737 0.1889 0.3156 0.2467
150 0.1 0.1772 0.1722 0.1738 0.1802 0.3091 0.2476
0.3 0.2528 0.2565 0.2588 0.2551 0.2797 0.2317
0.6 0.2489 0.2505 0.2522 0.2596 0.2688 0.1866
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The 1% upper percentiles of th@OVRATIQD -1‘ statistic al = -1

92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.9729 0.9796 0.9851 0.9753 0.9898 0.9872
0.05 0.9642 0.9766 0.9872 0.9723 0.9904 0.9875
0.08 0.9615 0.9658 0.9791 0.9732 0.9840 0.9846
10 0.1 0.9746 0.9686 0.9692 0.9685 0.9837 0.9843
0.3 0.9768 0.9744 0.9697 0.9758 0.9869 0.9810
0.6 0.9851 0.9842 0.9828 0.9811 0.9836 0.9681
0.03 0.7672 0.7992 0.8346 0.8509 0.8883 0.9024
0.05 0.8075 0.8216 0.8003 0.8258 0.9592 0.9004
0.08 0.8639 0.8059 0.8659 0.8036 0.9544 0.8848
20 0.1 0.8706 0.8120 0.8754 0.7847 0.9604 0.9069
0.3 0.8375 0.8284 0.8359 0.8158 0.8535 0.8216
0.6 0.8573 0.8319 0.8375 0.8210 0.8272 0.7421
0.03 0.7196 0.7377 0.7377 0.7865 0.9021 0.8935
0.05 0.7152 0.7339 0.7494 0.7838 0.8994 0.8897
0.08 0.7323 0.7325 0.7512 0.7607 0.8992 0.8853
30 0.1 0.7328 0.7487 0.7560 0.7552 0.8664 0.8976
0.3 0.8085 0.7960 0.8248 0.8360 0.8953 0.9173
0.6 0.8541 0.8795 0.8894 0.8847 0.9494 0.9636
0.03 0.5767 0.6548 0.7212 0.7376 0.8802 0.8315
0.05 0.6197 0.6278 0.6823 0.7020 0.8572 0.8196
0.08 0.6123 0.6209 0.6395 0.6693 0.8459 0.8622
0 0.1 0.6200 0.6298 0.6471 0.6411 0.8393 0.8551
0.3 0.7449 0.7271 0.7359 0.7449 0.8271 0.8256
0.6 0.7296 0.7547 0.7808 0.7689 0.8319 0.8303
0.03 0.5638 0.6176 0.6432 0.6556 0.7816 0.7835
0.05 0.5717 0.5955 0.6121 0.6562 0.7698 0.7848
0.08 0.6094 0.5839 0.6123 0.6262 0.7565 0.7765
%0 0.1 0.6107 0.6098 0.5819 0.6107 0.7449 0.7603
0.3 0.7212 0.7256 0.7126 0.7061 0.7816 0.7472
0.6 0.6866 0.7008 0.7238 0.7174 0.7397 0.7308
0.03 0.4603 0.5017 0.5640 0.5551 0.7205 0.6567
0.05 0.4888 0.4691 0.4962 0.5088 0.7305 0.6607
0.08 0.5256 0.4938 0.4847 0.4876 0.7316 0.6764
o0 0.1 0.5594 0.5241 0.4850 0.4793 0.7196 0.6569
0.3 0.6812 0.6569 0.6869 0.6549 0.6902 0.6946
0.6 0.5751 0.5763 0.6081 0.6184 0.6960 0.6344
0.03 0.4274 0.5037 0.5110 0.5293 0.6566 0.6588
0.05 0.4489 0.4366 0.4870 0.5245 0.6975 0.6333
0.08 0.4959 0.4758 0.4639 0.4658 0.6685 0.6426
7 0.1 0.4929 0.4802 0.4739 0.4650 0.6432 0.6317
0.3 0.6025 0.6120 0.6029 0.5929 0.6383 0.5736
0.6 0.5736 0.5661 0.5697 0.5850 0.6722 0.5731
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The 1% upper percentiles of th@OVRATIQD -1‘ statistic ata = -1, continued.
92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.4274 0.4406 0.5141 0.5200 0.6338 0.5667
0.05 0.3847 0.4012 0.4552 0.4905 0.6387 0.5763
0.08 0.4242 0.3873 0.4178 0.4484 0.6244 0.5693
8 0.1 0.4500 0.4128 0.4095 0.4426 0.6020 0.5684
0.3 0.5045 0.5156 0.5484 0.5667 0.5655 0.5463
0.6 0.5574 0.3886 0.5592 0.5478 0.5739 0.4934
0.03 0.3667 0.4008 0.4524 0.4728 0.6042 0.5528
0.05 0.3745 0.3587 0.4226 0.4470 0.6031 0.5356
0.08 0.4219 0.3992 0.3924 0.3883 0.6010 0.5408
% 0.1 0.4309 0.4162 0.3996 0.4302 0.5901 0.5449
0.3 0.5687 0.5677 0.5608 0.5601 0.5248 0.5248
0.6 0.5448 0.5569 0.5351 0.5299 0.5385 0.4809
0.03 0.3502 0.3846 0.4407 0.4503 0.5702 0.5167
0.05 0.3677 0.3682 0.3777 0.4251 0.5502 0.5235
0.08 0.3989 0.3932 0.4044 0.4149 0.5501 0.5170
100 0.1 0.4159 0.4066 0.3970 0.4037 0.5446 0.5335
0.3 0.5500 0.5247 0.5351 0.5063 0.5681 0.4883
0.6 0.4373 0.4355 0.4421 0.4420 0.4665 0.3965
0.03 0.3039 0.3685 0.4137 0.4352 0.5811 0.4389
0.05 0.2974 0.3184 0.3758 0.3975 0.5695 0.4342
0.08 0.3095 0.3002 0.3272 0.3666 0.5589 0.4423
1o 0.1 0.3251 0.3080 0.3194 0.353 0.5682 0.4364
0.3 0.4642 0.4635 0.4656 0.4604 0.4981 0.3784
0.6 0.3946 0.4088 0.4134 0.4256 0.4785 0.3203
0.03 0.2563 0.2866 0.3200 0.3521 0.5502 0.4072
0.05 0.2919 0.2645 0.2962 0.3094 0.2919 0.3980
0.08 0.3152 0.3044 0.2717 0.2900 0.4951 0.3915
130 0.1 0.3255 0.3231 0.2891 0.2830 0.4768 0.3866
0.3 0.4540 0.4516 0.4362 0.4389 0.4433 0.3645
0.6 0.4209 0.4098 0.3838 0.3992 0.4184 0.3066
0.03 0.2280 0.2514 0.2908 0.2514 0.5125 0.3436
0.05 0.2405 0.2377 0.2738 0.2842 0.5191 0.3441
0.08 0.2498 0.2429 0.2673 0.2523 0.4892 0.3505
150 0.1 0.2671 0.2517 0.2523 0.2739 0.4790 0.3480
0.3 0.4570 0.4656 0.4670 0.4574 0.4208 0.2424
0.6 0.3502 0.3400 0.3487 0.3404 0.3657 0.2756
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The 5% upper percentiles of th@OVRATIQD -1‘ statistic al = -1

92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.9274 0.9380 0.9519 0.9531 0.9658 0.9618
0.05 0.9319 0.9300 0.9618 0.9376 0.9555 0.9619
0.08 0.9332 0.9338 0.9396 0.9437 0.9478 0.9633
10 0.1 0.9323 0.9390 0.9447 0.9457 0.9440 0.9650
0.3 0.9377 0.9321 0.9305 0.9360 0.9497 0.9522
0.6 0.9581 0.9516 0.9480 0.9434 0.9490 0.9476
0.03 0.6977 0.6989 0.7372 0.7577 0.8064 0.8052
0.05 0.6904 0.6862 0.7094 0.7237 0.9106 0.7980
0.08 0.7680 0.7043 0.7990 0.6981 0.9122 0.7889
20 0.1 0.7580 0.7319 0.7992 0.6732 0.9049 0.8127
0.3 0.7577 0.7640 0.7146 0.7375 0.7328 0.7119
0.6 0.7491 0.7687 0.7397 0.7609 0.7128 0.6624
0.03 0.5959 0.6274 0.6274 0.7168 0.8049 0.8043
0.05 0.6014 0.6149 0.6465 0.6932 0.8122 0.8173
0.08 0.6477 0.6266 0.6418 0.6796 0.8047 0.8192
30 0.1 0.6653 0.6400 0.6526 0.6650 0.8019 0.8258
0.3 0.6994 0.7195 0.7279 0.7229 0.7996 0.8461
0.6 0.7608 0.7657 0.7778 0.7816 0.8576 0.8845
0.03 0.4685 0.5169 0.5695 0.6015 0.7461 0.6876
0.05 0.4608 0.4839 0.5353 0.5688 0.7357 0.6940
0.08 0.4983 0.4992 0.5191 0.5490 0.7156 0.6872
0 0.1 0.5110 0.5211 0.5282 0.5381 0.7198 0.6982
0.3 0.6166 0.6241 0.6379 0.6166 0.6805 0.7297
0.6 0.6414 0.6452 0.6559 0.6493 0.7379 0.7062
0.03 0.4404 0.5039 0.5546 0.5747 0.6323 0.6435
0.05 0.4322 0.4673 0.5185 0.5436 0.6569 0.6443
0.08 0.4595 0.4626 0.4702 0.4998 0.6359 0.6429
%0 0.1 0.4847 0.4726 0.4810 0.4872 0.6214 0.6427
0.3 0.5649 0.5722 0.5771 0.5871 0.6323 0.6401
0.6 0.6019 0.6013 0.6093 0.6068 0.6506 0.6274
0.03 0.3861 0.4065 0.4498 0.4665 0.6062 0.5661
0.05 0.3772 0.3977 0.4149 0.4373 0.6054 0.5682
0.08 0.4122 0.3986 0.4068 0.4095 0.5849 0.5785
o0 0.1 0.4313 0.4061 0.4016 0.4101 0.5743 0.5757
0.3 0.5292 0.5757 0.5444 0.5398 0.5458 0.5593
0.6 0.5101 0.5205 0.5263 0.5372 0.5691 0.5161
0.03 0.3552 0.3900 0.4253 0.4382 0.5525 0.5124
0.05 0.3691 0.3767 0.3970 0.4158 0.5683 0.5050
0.08 0.4003 0.3800 0.3802 0.3913 0.5454 0.5221
7 0.1 0.4112 0.4048 0.3790 0.3833 0.5421 0.5106
0.3 0.4630 0.4694 0.4700 0.4537 0.4887 0.5048
0.6 0.5048 0.5008 0.5151 0.5151 0.5201 0.4490
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The 5% upper percentiles of th@OVRATIQD -1‘ statistic ata = -1, continued.
92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.3552 0.3495 0.3967 0.4119 0.5092 0.4775
0.05 0.3104 0.3151 0.3587 0.3918 0.5159 0.4695
0.08 0.3385 0.3260 0.3247 0.3484 0.5007 0.4830
8 0.1 0.3496 0.3474 0.3395 0.3375 0.4927 0.4941
0.3 0.4369 0.4391 0.4559 0.4432 0.4633 0.4667
0.6 0.4469 0.3329 0.4722 0.4741 0.4640 0.3756
0.03 0.2866 0.3257 0.3826 0.4012 0.4980 0.4302
0.05 0.2987 0.2921 0.3313 0.3571 0.5051 0.4336
0.08 0.3291 0.2984 0.3040 0.3178 0.4923 0.4601
% 0.1 0.3327 0.3186 0.3026 0.3154 0.4928 0.4548
0.3 0.4285 0.4383 0.4377 0.4412 0.4273 0.4273
0.6 0.4091 0.4190 0.4280 0.4333 0.4537 0.3806
0.03 0.2684 0.3070 0.3378 0.3639 0.4528 0.4109
0.05 0.2820 0.2932 0.3063 0.3354 0.4456 0.4214
0.08 0.3045 0.2933 0.2991 0.3084 0.4458 0.4163
100 0.1 0.3141 0.3019 0.3072 0.3129 0.4405 0.4178
0.3 0.3988 0.3924 0.4088 0.3973 0.4329 0.3789
0.6 0.3776 0.3831 0.3790 0.3830 0.4027 0.3194
0.03 0.2438 0.2742 0.3075 0.3296 0.4403 0.3602
0.05 0.2398 0.2578 0.2878 0.3067 0.4349 0.3556
0.08 0.2564 0.2437 0.2666 0.2870 0.4371 0.3670
1o 0.1 0.2693 0.2531 0.2646 0.2707 0.4176 0.3683
0.3 0.3536 0.3530 0.3456 0.3384 0.3766 0.3377
0.6 0.3444 0.3453 0.3505 0.3547 0.3903 0.2720
0.03 0.2097 0.2309 0.2634 0.2849 0.4027 0.3166
0.05 0.2264 0.2207 0.2399 0.2594 0.2264 0.3128
0.08 0.2470 0.2336 0.2326 0.2351 0.3989 0.3213
130 0.1 0.2597 0.2539 0.2422 0.2385 0.388 0.3213
0.3 0.3475 0.3473 0.3587 0.3533 0.3446 0.3112
0.6 0.3180 0.3313 0.3411 0.3411 0.3476 0.2519
0.03 0.1909 0.2195 0.2420 0.2195 0.3937 0.2847
0.05 0.1961 0.1972 0.2195 0.2266 0.3970 0.2812
0.08 0.2145 0.2025 0.2060 0.2147 0.3914 0.2849
150 0.1 0.2197 0.2124 0.2049 0.2092 0.3875 0.2874
0.3 0.3504 0.3644 0.3461 0.3335 0.3263 0.2744
0.6 0.2996 0.3032 0.2925 0.2897 0.3052 0.2244
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The 10% upper percentiles of tt@OVRATIQj) -1‘ statistic al = -1

92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.8954 0.9078 0.9153 0.9249 0.9389 0.9380
0.05 0.9006 0.8997 0.9380 0.9086 0.9354 0.9325
0.08 0.8991 0.9088 0.9033 0.9123 0.9287 0.9319
10 0.1 0.8980 0.9083 0.9200 0.9125 0.9214 0.9260
0.3 0.9087 0.9080 0.9032 0.8985 0.9187 0.9280
0.6 0.9148 0.9198 0.9144 0.9086 0.9164 0.9019
0.03 0.6318 0.6510 0.6770 0.6869 0.7495 0.7301
0.05 0.6304 0.6288 0.6419 0.6648 0.8677 0.7276
0.08 0.6971 0.6325 0.7499 0.6268 0.8603 0.7182
20 0.1 0.7009 0.6537 0.7361 0.6305 0.8580 0.7552
0.3 0.7168 0.6986 0.6705 0.6822 0.6577 0.6488
0.6 0.6917 0.7022 0.6774 0.6996 0.6519 0.5843
0.03 0.5288 0.5757 0.5757 0.6477 0.7477 0.7522
0.05 0.5490 0.5572 0.5929 0.6236 0.7540 0.7630
0.08 0.5790 0.5801 0.5887 0.6083 0.7483 0.7684
30 0.1 0.5899 0.5995 0.6020 0.6094 0.7315 0.7736
0.3 0.6427 0.6558 0.6554 0.6507 0.7279 0.7843
0.6 0.6968 0.7067 0.7235 0.7154 0.7893 0.8009
0.03 0.4295 0.4677 0.5096 0.5301 0.6675 0.6414
0.05 0.4209 0.445 0.4762 0.5021 0.6706 0.6508
0.08 0.4483 0.4437 0.4699 0.4810 0.6609 0.6434
0 0.1 0.4723 0.4665 0.4662 0.4775 0.6367 0.6480
0.3 0.5340 0.5452 0.5508 0.5340 0.6212 0.6328
0.6 0.5868 0.5898 0.5833 0.5956 0.6687 0.6480
0.03 0.3935 0.4378 0.4923 0.4986 0.5705 0.5703
0.05 0.3854 0.4102 0.4515 0.4803 0.5656 0.5699
0.08 0.4133 0.3993 0.4279 0.4412 0.5574 0.5684
%0 0.1 0.4233 0.4178 0.4124 0.4377 0.5473 0.5665
0.3 0.5092 0.5135 0.5106 0.5006 0.5705 0.5828
0.6 0.5596 0.5578 0.5552 0.5518 0.5643 0.5433
0.03 0.3222 0.3567 0.3862 0.4034 0.5401 0.5042
0.05 0.3442 0.3359 0.3735 0.3849 0.5283 0.5121
0.08 0.3714 0.3580 0.3481 0.3516 0.5088 0.5143
o0 0.1 0.3857 0.3688 0.3623 0.3589 0.5066 0.5187
0.3 0.4563 0.5187 0.4582 0.4517 0.4750 0.4992
0.6 0.4624 0.4724 0.4727 0.4805 0.5164 0.4437
0.03 0.3137 0.3504 0.3813 0.3928 0.4924 0.4517
0.05 0.3243 0.3280 0.3664 0.3834 0.4995 0.4562
0.08 0.3356 0.3296 0.3433 0.3517 0.4902 0.4653
7 0.1 0.3425 0.3312 0.3379 0.3502 0.4782 0.4633
0.3 0.4035 0.4035 0.3985 0.3949 0.4434 0.4300
0.6 0.4300 0.4318 0.4450 0.4448 0.4504 0.3956
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The 10% upper percentiles of t'@OVRATIQD -1‘ statistic ata = -1, continued.

92
n 01
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.3137 0.3087 0.3421 0.3568 0.4592 0.4223
0.05 0.2751 0.2829 0.3099 0.3337 0.4451 0.4296
0.08 0.3006 0.2948 0.3014 0.3057 0.4360 0.4304
8 0.1 0.3095 0.3082 0.2968 0.3039 0.4279 0.4418
0.3 0.3803 0.3890 0.3957 0.3875 0.3878 0.4198
0.6 0.3960 0.3053 0.4192 0.4078 0.4105 0.3483
0.03 0.2517 0.2841 0.3256 0.3387 0.4397 0.3832
0.05 0.2527 0.2581 0.2940 0.3139 0.4404 0.3876
0.08 0.2800 0.2669 0.2690 0.2915 0.4342 0.4012
% 0.1 0.3021 0.2801 0.2710 0.2787 0.4215 0.4055
0.3 0.3633 0.3630 0.3658 0.3607 0.3787 0.3787
0.6 0.3650 0.3670 0.3674 0.3722 0.3999 0.3208
0.03 0.2379 0.2620 0.2923 0.3079 0.3818 0.3554
0.05 0.2423 0.2488 0.2774 0.2955 0.3928 0.3587
0.08 0.2690 0.2568 0.2623 0.2757 0.3865 0.3634
100 0.1 0.2789 0.2674 0.2645 0.2703 0.3819 0.3628
0.3 0.3529 0.3567 0.3502 0.3426 0.3563 0.3443
0.6 0.3495 0.3556 0.3540 0.3539 0.3815 0.2935
0.03 0.1867 0.2065 0.2407 0.2502 0.3536 0.2910
0.05 0.1886 0.1899 0.2159 0.2305 0.1886 0.2905
0.08 0.2142 0.1987 0.2049 0.2158 0.3277 0.2904
1o 0.1 0.2230 0.2128 0.2054 0.2096 0.3154 0.2948
0.3 0.2934 0.2953 0.2891 0.2824 0.2897 0.2792
0.6 0.2800 0.2948 0.2974 0.2940 0.3028 0.2310
0.03 0.1713 0.1901 0.2086 0.1901 0.3381 0.2612
0.05 0.1689 0.1776 0.1972 0.2101 0.3335 0.2605
0.08 0.1898 0.1751 0.1803 0.1908 0.3267 0.2576
130 0.1 0.1976 0.1864 0.1812 0.1918 0.3188 0.2589
0.3 0.2845 0.2843 0.2774 0.2769 0.2906 0.2424
0.6 0.2658 0.2674 0.2647 0.2586 0.2633 0.2045
0.03 0.1867 0.2065 0.2407 0.2502 0.3536 0.2910
0.05 0.1886 0.1899 0.2159 0.2305 0.1886 0.2905
0.08 0.2142 0.1987 0.2049 0.2158 0.3277 0.2904
150 0.1 0.2230 0.2128 0.2054 0.2096 0.3154 0.2948
0.3 0.2934 0.2953 0.2891 0.2824 0.2897 0.2792
0.6 0.2800 0.2948 0.2974 0.2940 0.3028 0.2310
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APPENDIX 3
The 1% upper percentiles of tidVICEc statistic ai= -1

92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0004 0.0009 0.0019 0.0031 0.0367 0.2080
0.05 0.0010 0.0012 0.0022 0.0032 0.0010 0.1907
0.08 0.0029 0.0026 0.0026 0.0034 0.0361 0.2111
10 0.1 0.0037 0.0042 0.0051 0.0058 0.0459 0.2091
0.3 0.0349 0.0337 0.0339 0.0340 0.0782 0.2096
0.6 0.1923 0.2044 0.1844 0.2201 0.2115 0.2432
0.03 0.0002 0.0005 0.0013 0.0020 0.0297 0.0962
0.05 0.0006 0.0007 0.0014 0.0022 0.0006 0.0966
0.08 0.0015 0.0014 0.0016 0.0023 0.0290 0.0990
20 0.1 0.0022 0.0023 0.0025 0.0027 0.0367 0.0969
0.3 0.0254 0.0239 0.0253 0.0243 0.0457 0.0981
0.6 0.0985 0.0940 0.0966 0.0949 0.0990 0.1148
0.03 0.0002 0.0005 0.0012 0.0019 0.0262 0.1148
0.05 0.0005 0.0006 0.0012 0.0018 0.0251 0.1245
0.08 0.0011 0.0012 0.0016 0.0022 0.0276 0.1215
30 0.1 0.0018 0.0018 0.0022 0.0026 0.0262 0.1167
0.3 0.0259 0.0254 0.0260 0.0264 0.0560 0.1586
0.6 0.1122 0.1159 0.0807 0.1216 0.1476 0.2073
0.03 0.0002 0.0003 0.0008 0.0015 0.0175 0.0813
0.05 0.0004 0.0005 0.0009 0.0015 0.0180 0.0854
0.08 0.0010 0.0011 0.0013 0.0016 0.0194 0.0879
0 0.1 0.0017 0.0017 0.0020 0.0022 0.0206 0.0919
0.3 0.0185 0.0184 0.0183 0.0186 0.0606 0.1062
0.6 0.0823 0.0827 0.0862 0.0877 0.1069 0.1677
0.03 0.0001 0.0002 0.0007 0.0010 0.0249 0.0685
0.05 0.0003 0.0003 0.0007 0.0011 0.0250 0.0692
0.08 0.0009 0.0009 0.0010 0.0012 0.0273 0.0730
%0 0.1 0.0014 0.0013 0.0016 0.0017 0.0273 0.0738
0.3 0.0170 0.0173 0.0177 0.0181 0.0476 0.0887
0.6 0.0584 0.0614 0.0638 0.0644 0.0892 0.1307
0.03 0.0001 0.0002 0.0006 0.0010 0.0131 0.0532
0.05 0.0003 0.0003 0.0006 0.0010 0.0135 0.0536
0.08 0.0007 0.0007 0.0008 0.0011 0.0140 0.0564
o0 0.1 0.0011 0.0011 0.0012 0.0013 0.0148 0.0565
0.3 0.0169 0.0180 0.0184 0.0191 0.0311 0.0753
0.6 0.0517 0.0540 0.0570 0.0587 0.0713 0.1013
0.03 0.0001 0.0002 0.0005 0.0009 0.0128 0.0474
0.05 0.0002 0.0003 0.0005 0.0009 0.0132 0.0473
0.08 0.0006 0.0006 0.0008 0.0010 0.0137 0.0498
7 0.1 0.0009 0.0010 0.0010 0.0014 0.0139 0.0493
0.3 0.0132 0.0141 0.0145 0.0148 0.0305 0.0597
0.6 0.0437 0.0454 0.0463 0.0484 0.0640 0.0852
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The 1% upper percentiles of tiMCEc statistic ata = -1, continued.

92
n 01
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0001 0.0002 0.0005 0.0009 0.0137 0.0415
0.05 0.0002 0.0002 0.0006 0.0009 0.0138 0.0425
0.08 0.0005 0.0005 0.0007 0.0010 0.0136 0.0431
8 0.1 0.0008 0.0008 0.0010 0.0012 0.0144 0.0433
0.3 0.0110 0.0115 0.0125 0.0128 0.0319 0.0527
0.6 0.0384 0.0407 0.0430 0.0442 0.0542 0.0679
0.03 0.0001 0.0002 0.0005 0.0007 0.0147 0.0363
0.05 0.0002 0.0002 0.0005 0.0007 0.0159 0.0380
0.08 0.0005 0.0005 0.0006 0.0008 0.0184 0.0389
% 0.1 0.0008 0.0008 0.0009 0.0010 0.0193 0.0392
0.3 0.0117 0.0116 0.0111 0.0111 0.0248 0.0461
0.6 0.0346 0.0364 0.0374 0.0403 0.0497 0.0548
0.03 0.0001 0.0002 0.0004 0.0007 0.0197 0.0318
0.05 0.0002 0.0002 0.0005 0.0008 0.0201 0.0328
0.08 0.0004 0.0004 0.0006 0.0010 0.0219 0.0342
100 0.1 0.0007 0.0007 0.0008 0.0011 0.0220 0.0356
0.3 0.0098 0.0106 0.0111 0.0113 0.0297 0.0408
0.6 0.0311 0.0325 0.0337 0.0345 0.0437 0.0546
0.03 0.0001 0.0001 0.0004 0.0006 0.0124 0.0288
0.05 0.0002 0.0002 0.0004 0.0006 0.0133 0.0293
0.08 0.0004 0.0004 0.0005 0.0007 0.0140 0.0309
1o 0.1 0.0006 0.0006 0.0007 0.0009 0.0142 0.0309
0.3 0.0091 0.0092 0.0095 0.0114 0.0242 0.0388
0.6 0.0279 0.0294 0.0299 0.0305 0.0383 0.0486
0.03 0.0001 0.0001 0.0003 0.0006 0.0099 0.0245
0.05 0.0001 0.0002 0.0003 0.0006 0.0100 0.0247
0.08 0.0004 0.0004 0.0005 0.0006 0.0101 0.0255
130 0.1 0.0006 0.0006 0.0006 0.0007 0.0101 0.0256
0.3 0.0094 0.0099 0.0108 0.0115 0.0125 0.0319
0.6 0.0242 0.0249 0.0261 0.0264 0.0306 0.0388
0.03 0.0001 0.0001 0.0003 0.0006 0.0081 0.0217
0.05 0.0001 0.0001 0.0003 0.0006 0.0100 0.0219
0.08 0.0003 0.0003 0.0004 0.0006 0.0101 0.0227
150 0.1 0.0005 0.0005 0.0005 0.0007 0.0102 0.0233
0.3 0.0066 0.0070 0.0071 0.0074 0.0142 0.0256
0.6 0.0199 0.0209 0.0214 0.0279 0.0299 0.0305
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The 5% upper percentiles of tiMCEc statistic at = -1

92
n (]
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0003 0.0006 0.0014 0.0022 0.0215 0.1634
0.05 0.0007 0.0008 0.0015 0.0022 0.0007 0.1459
0.08 0.0017 0.0018 0.0021 0.0026 0.0237 0.1517
10 0.1 0.0026 0.0027 0.0030 0.0037 0.0267 0.1631
0.3 0.0239 0.0228 0.0229 0.0236 0.0425 0.1824
0.6 0.0944 0.1423 0.1151 0.1541 0.1554 0.2118
0.03 0.0002 0.0004 0.0008 0.0013 0.0153 0.0907
0.05 0.0004 0.0005 0.0010 0.0015 0.0004 0.0904
0.08 0.0011 0.0011 0.0013 0.0017 0.0163 0.0906
20 0.1 0.0017 0.0017 0.0018 0.0022 0.0163 0.0911
0.3 0.0165 0.0164 0.0176 0.0167 0.0284 0.0938
0.6 0.0768 0.0778 0.0803 0.0784 0.0807 0.0961
0.03 0.0001 0.0003 0.0009 0.0013 0.0163 0.0974
0.05 0.0003 0.0004 0.0009 0.0014 0.0167 0.0918
0.08 0.0008 0.0009 0.0012 0.0016 0.0164 0.1055
%0 0.1 0.0013 0.0070 0.0016 0.0019 0.0151 0.1022
0.3 0.0148 0.0154 0.0156 0.0159 0.0321 0.1232
0.6 0.0815 0.0834 0.0866 0.0902 0.1067 0.1654
0.03 0.0001 0.0002 0.0006 0.0009 0.0115 0.0730
0.05 0.0003 0.0004 0.0007 0.0010 0.0117 0.0734
0.08 0.0007 0.0007 0.0010 0.0013 0.0119 0.0748
% 0.1 0.0011 0.0012 0.0013 0.0016 0.0122 0.0754
0.3 0.0116 0.0118 0.0127 0.0131 0.0257 0.0906
0.6 0.0687 0.0703 0.0751 0.0772 0.0882 0.1253
0.03 0.0001 0.0002 0.0005 0.0008 0.0104 0.0594
0.05 0.0002 0.0003 0.0005 0.0008 0.0105 0.0605
0.08 0.0006 0.0006 0.0008 0.0010 0.0112 0.0622
>0 0.1 0.0008 0.0009 0.0011 0.0012 0.0116 0.0639
0.3 0.0112 0.0120 0.0129 0.0129 0.0243 0.0776
0.6 0.0503 0.0522 0.0553 0.0553 0.0724 0.0975
0.03 0.0001 0.0002 0.0005 0.0007 0.0095 0.0483
0.05 0.0002 0.0002 0.0005 0.0007 0.0098 0.0491
0.08 0.0005 0.0005 0.0006 0.0008 0.0104 0.0500
% 0.1 0.0008 0.0008 0.0009 0.0010 0.0106 0.0518
0.3 0.0097 0.0099 0.0104 0.0111 0.0198 0.0630
0.6 0.0461 0.0471 0.0491 0.0507 0.0630 0.0768
0.03 0.0001 0.0002 0.0004 0.0006 0.0090 0.0412
0.05 0.0002 0.0002 0.0004 0.0006 0.0091 0.0416
0.08 0.0004 0.0004 0.0006 0.0007 0.0092 0.0439
7 0.1 0.0007 0.0007 0.0008 0.0010 0.0094 0.0448
0.3 0.0078 0.0080 0.0083 0.0087 0.0171 0.0515
0.6 0.0398 0.0413 0.0431 0.0437 0.0531 0.0711
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The 5% upper percentiles of tiMCEc statistic ata = -1, continued.

92
n 0y
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0001 0.0002 0.0004 0.0006 0.0084 0.0366
0.05 0.0002 0.0002 0.0004 0.0006 0.0086 0.0377
0.08 0.0004 0.0004 0.0005 0.0007 0.0087 0.0391
5 0.1 0.0006 0.0006 0.0007 0.0008 0.0089 0.0396
0.3 0.0073 0.0074 0.0082 0.0084 0.0162 0.0466
0.6 0.0351 0.0370 0.0384 0.0392 0.0458 0.0582
0.03 0.0001 0.0001 0.0003 0.0005 0.0075 0.0334
0.05 0.0001 0.0002 0.0004 0.0005 0.0078 0.0340
0.08 0.0004 0.0004 0.0005 0.0007 0.0080 0.0351
% 0.1 0.0006 0.0006 0.0007 0.0008 0.0080 0.0359
0.3 0.0067 0.0068 0.0070 0.0074 0.0173 0.0415
0.6 0.0319 0.0328 0.0337 0.0353 0.0414 0.0434
0.03 0.0001 0.0001 0.0003 0.0005 0.0078 0.0293
0.05 0.0001 0.0002 0.0003 0.0005 0.0081 0.0298
0.08 0.0003 0.0004 0.0004 0.0006 0.0083 0.0308
100 0.1 0.0005 0.0005 0.0006 0.0007 0.0085 0.0313
0.3 0.0063 0.0064 0.0068 0.0071 0.0152 0.0367
0.6 0.0283 0.0296 0.0306 0.0311 0.0382 0.0460
0.03 0.0001 0.0001 0.0003 0.0005 0.0069 0.0270
0.05 0.0001 0.0002 0.0003 0.0005 0.0069 0.0274
0.08 0.0003 0.0003 0.0004 0.0005 0.0070 0.0283
1o 0.1 0.0005 0.0005 0.0006 0.0007 0.0072 0.0289
0.3 0.0054 0.0055 0.0060 0.0068 0.0137 0.0347
0.6 0.0254 0.0264 0.0272 0.0285 0.0329 0.0415
0.03 0.0000 0.0001 0.0003 0.0004 0.0059 0.0227
0.05 0.0001 0.0001 0.0003 0.0004 0.0061 0.0232
0.08 0.0003 0.0003 0.0004 0.0005 0.0063 0.0240
130 0.1 0.0004 0.0004 0.0005 0.0006 0.0064 0.0244
0.3 0.0053 0.0054 0.0056 0.0058 0.0069 0.0274
0.6 0.0219 0.0224 0.0236 0.0243 0.0288 0.0283
0.03 0.0001 0.0001 0.0003 0.0004 0.0056 0.0198
0.05 0.0001 0.0001 0.0003 0.0004 0.0056 0.0201
0.08 0.0002 0.0002 0.0003 0.0004 0.0059 0.0208
150 0.1 0.0004 0.0004 0.0004 0.0005 0.0062 0.0210
0.3 0.0048 0.0049 0.0049 0.0051 0.0106 0.0241
0.6 0.0186 0.0191 0.0199 0.0219 0.0239 0.0288
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The 10%

upper percentiles of tlBVICEC statistic ata = -1

92
n (]
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0002 0.0005 0.0011 0.0016 0.0164 0.1174
0.05 0.0005 0.0007 0.0012 0.0017 0.0005 0.1073
0.08 0.0013 0.0014 0.0017 0.0022 0.0187 0.1130
10 0.1 0.0021 0.0022 0.0025 0.0029 0.0192 0.1275
0.3 0.0187 0.0178 0.0186 0.0188 0.0320 0.1379
0.6 0.0615 0.0893 0.0678 0.0931 0.1024 0.1921
0.03 0.0002 0.0003 0.0007 0.0010 0.0122 0.0756
0.05 0.0003 0.0004 0.0008 0.0012 0.0003 0.0786
0.08 0.0008 0.0008 0.0011 0.0014 0.0122 0.0857
20 0.1 0.0013 0.0014 0.0016 0.0018 0.0127 0.0813
0.3 0.0129 0.0123 0.0135 0.0133 0.0223 0.0863
0.6 0.0625 0.0630 0.0705 0.0634 0.0678 0.0873
0.03 0.0001 0.0003 0.0006 0.0010 0.0118 0.0844
0.05 0.0003 0.0003 0.0007 0.0011 0.0127 0.0779
0.08 0.0007 0.0008 0.0010 0.0013 0.0122 0.0926
%0 0.1 0.0011 0.0012 0.0014 0.0016 0.0122 0.0890
0.3 0.0118 0.0121 0.0132 0.0132 0.0246 0.1093
0.6 0.0601 0.0611 0.0637 0.0651 0.0848 0.1410
0.03 0.0001 0.0002 0.0005 0.0008 0.0098 0.0650
0.05 0.0002 0.0003 0.0006 0.0009 0.0100 0.0658
0.08 0.0006 0.0006 0.0008 0.0011 0.0101 0.0684
% 0.1 0.0009 0.0010 0.0010 0.0013 0.0103 0.0919
0.3 0.0092 0.0094 0.0100 0.0106 0.0204 0.0849
0.6 0.0586 0.0586 0.0632 0.0643 0.0779 0.1142
0.03 0.0001 0.0002 0.0004 0.0007 0.0082 0.0545
0.05 0.0002 0.0002 0.0005 0.0007 0.0085 0.0561
0.08 0.0005 0.0005 0.0007 0.0008 0.0087 0.0583
>0 0.1 0.0008 0.0008 0.0009 0.0011 0.0090 0.0595
0.3 0.0086 0.0088 0.0091 0.0092 0.0182 0.0696
0.6 0.0445 0.0452 0.0460 0.0487 0.0641 0.0883
0.03 0.0001 0.0002 0.0004 0.0006 0.0077 0.0453
0.05 0.0002 0.0002 0.0004 0.0006 0.0079 0.0463
0.08 0.0004 0.0004 0.0006 0.0008 0.0081 0.0476
% 0.1 0.0006 0.0007 0.0008 0.0009 0.0083 0.0484
0.3 0.0076 0.0080 0.0084 0.0087 0.0152 0.0581
0.6 0.0416 0.0432 0.0451 0.0466 0.0570 0.0731
0.03 0.0001 0.0001 0.0003 0.0005 0.0073 0.0387
0.05 0.0001 0.0002 0.0004 0.0006 0.0076 0.0395
0.08 0.0004 0.0004 0.0005 0.0007 0.0078 0.0399
7 0.1 0.0006 0.0006 0.0007 0.0008 0.0081 0.0408
0.3 0.0065 0.0066 0.0070 0.0072 0.0144 0.0488
0.6 0.0370 0.0381 0.0397 0.0407 0.0479 0.0628
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The 10% upper percentiles of tilBVICECc statistic at = -1, continued.

92
n 01
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0001 0.0001 0.0003 0.0005 0.0069 0.0343
0.05 0.0001 0.0002 0.0003 0.0005 0.0069 0.0349
0.08 0.0003 0.0003 0.0005 0.0006 0.0071 0.0361
8 0.1 0.0005 0.0005 0.0006 0.0007 0.0073 0.0367
0.3 0.0055 0.0057 0.0060 0.0064 0.0129 0.0434
0.6 0.0325 0.0336 0.0352 0.0362 0.0420 0.0539
0.03 0.0001 0.0001 0.0003 0.0005 0.0057 0.0310
0.05 0.0001 0.0002 0.0003 0.0005 0.0059 0.0315
0.08 0.0003 0.0003 0.0004 0.0006 0.0062 0.0333
% 0.1 0.0005 0.0005 0.0006 0.0007 0.0064 0.0332
0.3 0.0054 0.0056 0.0059 0.0059 0.0121 0.0395
0.6 0.0292 0.0303 0.0316 0.0323 0.0384 0.0443
0.03 0.0000 0.0001 0.0003 0.0004 0.0059 0.0279
0.05 0.0001 0.0001 0.0003 0.0005 0.0060 0.0287
0.08 0.0003 0.0003 0.0004 0.0006 0.0062 0.0294
100 0.1 0.0004 0.0005 0.0005 0.0007 0.0064 0.0301
0.3 0.0047 0.0048 0.0050 0.0052 0.0087 0.0349
0.6 0.0269 0.0278 0.0286 0.0294 0.0350 0.0439
0.03 0.0000 0.0001 0.0002 0.0004 0.0057 0.0256
0.05 0.0001 0.0001 0.0003 0.0004 0.0057 0.0264
0.08 0.0003 0.0003 0.0004 0.0005 0.0059 0.0270
1o 0.1 0.0004 0.0005 0.0005 0.0006 0.0060 0.0276
0.3 0.0043 0.0045 0.0045 0.0059 0.0107 0.0327
0.6 0.0238 0.0247 0.0259 0.0262 0.0311 0.0388
0.03 0.0000 0.0001 0.0002 0.0003 0.0047 0.0218
0.05 0.0001 0.0001 0.0002 0.0004 0.0049 0.0222
0.08 0.0002 0.0002 0.0003 0.0004 0.0051 0.0230
130 0.1 0.0004 0.0004 0.0004 0.0005 0.0052 0.0234
0.3 0.0043 0.0045 0.0046 0.0047 0.0059 0.0276
0.6 0.0205 0.0214 0.0219 0.0226 0.0267 0.0327
0.03 0.0000 0.0001 0.0002 0.0004 0.0044 0.0188
0.05 0.0001 0.0001 0.0002 0.0004 0.0045 0.0193
0.08 0.0002 0.0002 0.0003 0.0004 0.0047 0.0197
150 0.1 0.0003 0.0003 0.0004 0.0005 0.0048 0.0202
0.3 0.0035 0.0036 0.0037 0.0039 0.0081 0.0232
0.6 0.0181 0.0185 0.0191 0.0205 0.0214 0.0267
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The 1% upper percentiles of tiEMCESs statistic at = -1

92
n (]
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0061 0.0085 0.0136 0.0156 0.0624 0.1178
0.05 0.0086 0.0092 0.0135 0.0156 0.0091 0.1198
0.08 0.0129 0.0134 0.0150 0.0175 0.0549 0.1231
10 0.1 0.0155 0.0171 0.0173 0.0210 0.0596 0.1302
0.3 0.0567 0.0513 0.0525 0.0476 0.0791 0.1212
0.6 0.1139 0.1302 0.1179 0.1364 0.1139 0.1409
0.03 0.0026 0.0040 0.0063 0.0077 0.0281 0.0577
0.05 0.0039 0.0039 0.0058 0.0077 0.0039 0.0555
0.08 0.0062 0.0059 0.0074 0.0084 0.0289 0.0595
20 0.1 0.0078 0.0077 0.0082 0.0088 0.0299 0.0554
0.3 0.0283 0.0275 0.0287 0.0268 0.0377 0.0527
0.6 0.0608 0.0554 0.0635 0.0559 0.0791 0.0822
0.03 0.0019 0.0033 0.0056 0.0075 0.0309 0.0720
0.05 0.0030 0.0036 0.0057233 0.0071 0.0286 0.0728
0.08 0.0050 0.0052 0.0063 0.0079 0.0315 0.0750
%0 0.1 0.0062 0.0070 0.0072 0.0084 0.0373 0.0686
0.3 0.0247 0.0265 0.0288 0.0299 0.0469 0.0876
0.6 0.0675 0.0697 0.0723 0.0718 0.0812 0.1176
0.03 0.0015 0.0025 0.0038 0.0045 0.0195 0.0474
0.05 0.0026 0.0028 0.0039 0.0049 0.0200 0.0491
0.08 0.0039 0.0041 0.0050 0.0059 0.0203 0.0497
% 0.1 0.0049 0.0052 0.0059 0.0063 0.0218 0.0507
0.3 0.0174 0.0187 0.0199 0.0196 0.0352 0.0633
0.6 0.0474 0.0499 0.0528 0.0548 0.0598 0.0863
0.03 0.0011 0.0016 0.0029 0.0037 0.0175 0.0376
0.05 0.0018 0.0021 0.0027 0.0035 0.0175 0.0395
0.08 0.0030 0.0033 0.0034 0.0041 0.0179 0.0422
>0 0.1 0.0037 0.0041 0.0044 0.0047 0.0185 0.0403
0.3 0.0165 0.0164 0.0164 0.0197 0.0261 0.0494
0.6 0.0370 0.0380 0.0408 0.0428 0.0498 0.0657
0.03 0.0010 0.0015 0.0025 0.0031 0.0129 0.0321
0.05 0.0015 0.0016 0.0025 0.0032 0.0127 0.0323
0.08 0.0024 0.0025 0.0028 0.0033 0.0141 0.0329
% 0.1 0.0030 0.0032 0.0033 0.0037 0.0139 0.0329
0.3 0.0137 0.0141 0.0151 0.0155 0.0188 0.0395
0.6 0.0303 0.0311 0.0328 0.0319 0.0386 0.0532
0.03 0.0008 0.0013 0.0023 0.0030 0.0112 0.0266
0.05 0.0013 0.0015 0.0022 0.0031 0.0114 0.0263
0.08 0.0022 0.0024 0.0026 0.0032 0.0118 0.0266
7 0.1 0.0027 0.0028 0.0031 0.0033 0.0125 0.0271
0.3 0.0110 0.0118 0.0125 0.0125 0.0182 0.0307
0.6 0.0251 0.0257 0.0263 0.0269 0.0370 0.0439
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The 1% upper percentiles of ti®MCEs statistic at = -1, continued.

92
n 01
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0007 0.0012 0.0019 0.0025 0.0112 0.0219
0.05 0.0011 0.0013 0.0020 0.0025 0.0113 0.0225
0.08 0.0018 0.0019 0.0021 0.0027 0.0117 0.0237
8 0.1 0.0022 0.0024 0.0024 0.0027 0.0122 0.0237
0.3 0.0097 0.0103 0.0109 0.0113 0.0165 0.0272
0.6 0.0237 0.0242 0.0250 0.0260 0.0277 0.0365
0.03 0.0007 0.0010 0.0016 0.0022 0.0105 0.0207
0.05 0.0010 0.0012 0.0016 0.0022 0.0111 0.0209
0.08 0.0016 0.0017 0.0020 0.0022 0.0115 0.0203
% 0.1 0.0021 0.0021 0.0023 0.0025 0.0113 0.0220
0.3 0.0083 0.0084 0.0087 0.0089 0.0149 0.0241
0.6 0.0207 0.0206 0.0234 0.0231 0.0259 0.0297
0.03 0.0006 0.0010 0.0016 0.0020 0.0115 0.0171
0.05 0.0009 0.0010 0.0016 0.0021 0.0118 0.0178
0.08 0.0014 0.0015 0.0019 0.0022 0.0120 0.0176
100 0.1 0.0019 0.0019 0.0023 0.0024 0.0116 0.0184
0.3 0.0084 0.0085 0.0087 0.0088 0.0138 0.0207
0.6 0.0205 0.0206 0.0213 0.0213 0.0252 0.0283
0.03 0.0005 0.0008 0.0013 0.0017 0.0082 0.0164
0.05 0.0008 0.0009 0.0014 0.0018 0.0084 0.0167
0.08 0.0014 0.0014 0.0016 0.0018 0.0097 0.0173
1o 0.1 0.0017 0.0018 0.0019 0.0021 0.0096 0.0174
0.3 0.0073 0.0072 0.0072 0.0095 0.0126 0.0190
0.6 0.0174 0.0156 0.0170 0.0176 0.0204 0.0250
0.03 0.0005 0.0008 0.0012 0.0016 0.0071 0.0132
0.05 0.0007 0.0008 0.0013 0.0017 0.0070 0.0138
0.08 0.0012 0.0012 0.0014 0.0016 0.0072 0.0140
130 0.1 0.0014 0.0015 0.0016 0.0017 0.0073 0.0142
0.3 0.0074 0.0077 0.0085 0.0086 0.0095 0.0167
0.6 0.0143 0.0151 0.0159 0.0159 0.0165 0.0173
0.03 0.0004 0.0006 0.0011 0.0014 0.0062 0.0117
0.05 0.0006 0.0007 0.0011 0.0015 0.0063 0.0119
0.08 0.0010 0.0010 0.0012 0.0014 0.0063 0.0124
150 0.1 0.0013 0.0013 0.0013 0.0015 0.0064 0.0125
0.3 0.0056 0.0057 0.0062 0.0061 0.0082 0.0134
0.6 0.0119 0.0121 0.0130 0.0143 0.0149 0.0155
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The 5% upper percentiles of tiEMCESs statistic at = -1

92
n (]
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0043 0.0063 0.0095 0.0116 0.0405 0.0969
0.05 0.0063 0.0072 0.0100 0.0116 0.0065 0.0956
0.08 0.0102 0.0108 0.0112 0.0132 0.0396 0.0996
10 0.1 0.0133 0.0135 0.0146 0.0161 0.0429 0.1036
0.3 0.0401 0.0386 0.0403 0.0372 0.0527 0.0956
0.6 0.0822 0.0989 0.0897 0.0995 0.0906 0.1177
0.03 0.0021 0.0030 0.0049 0.0059 0.0214 0.0509
0.05 0.0030 0.0035 0.0048 0.0060 0.0030 0.0483
0.08 0.0049 0.0050 0.0056 0.0062 0.0219 0.0499
20 0.1 0.0060 0.0063 0.0067 0.0072 0.0213 0.0491
0.3 0.0216 0.0213 0.0219 0.0212 0.0264 0.0470
0.6 0.0458 0.0458 0.0459 0.0463 0.0479 0.0409
0.03 0.0016 0.0025 0.0043 0.0057 0.0217 0.0581
0.05 0.0025 0.0028 0.0045 0.0057 0.0220 0.0527
0.08 0.0041 0.0043 0.0053 0.0059 0.0232 0.0602
%0 0.1 0.0051 0.0054 0.0059 0.0067 0.0213 0.0575
0.3 0.0194 0.0197 0.0210 0.0215 0.0335 0.0676
0.6 0.0512 0.0544 0.0550 0.0558 0.0669 0.0912
0.03 0.0013 0.0019 0.0029 0.0039 0.0146 0.0397
0.05 0.0019 0.0022 0.0031 0.0039 0.0149 0.0397
0.08 0.0031 0.0032 0.0037 0.0043 0.0151 0.0408
% 0.1 0.0039 0.0040 0.0044 0.0049 0.0155 0.0408
0.3 0.0140 0.0146 0.0148 0.0151 0.0249 0.0468
0.6 0.0390 0.0398 0.0424 0.0417 0.0505 0.0651
0.03 0.0010 0.0014 0.0024 0.0031 0.0123 0.0323
0.05 0.0015 0.0017 0.0024 0.0031 0.0128 0.0339
0.08 0.0025 0.0025 0.0030 0.0034 0.0134 0.0339
>0 0.1 0.0031 0.0032 0.0036 0.0039 0.0136 0.0345
0.3 0.0125 0.0133 0.0132 0.0137 0.0197 0.0384
0.6 0.0304 0.0312 0.0325 0.0329 0.0384 0.0497
0.03 0.0008 0.0012 0.0020 0.0025 0.0108 0.0273
0.05 0.0012 0.0014 0.0020 0.0026 0.0108 0.0281
0.08 0.0020 0.0021 0.0023 0.0028 0.0108 0.0284
% 0.1 0.0026 0.0027 0.0029 0.0031 0.0109 0.0289
0.3 0.0105 0.0109 0.0111 0.0112 0.0160 0.0316
0.6 0.0255 0.0263 0.0271 0.0279 0.0321 0.0401
0.03 0.0007 0.0011 0.0018 0.0023 0.0096 0.0225
0.05 0.0010 0.0011 0.0018 0.0023 0.0097 0.0224
0.08 0.0018 0.0018 0.0021 0.0024 0.0098 0.0238
7 0.1 0.0022 0.0023 0.0025 0.0028 0.0098 0.0240
0.3 0.0087 0.0092 0.0096 0.0097 0.0134 0.0258
0.6 0.0221 0.0229 0.0235 0.0239 0.0272 0.0351
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The 5% upper percentiles of tiMCEs statistic al = -1, continued.

92
n 01
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0006 0.0009 0.0016 0.0020 0.0087 0.0196
0.05 0.0009 0.0011 0.0016 0.0020 0.0087 0.0199
0.08 0.0016 0.0016 0.0018 0.0022 0.0087 0.0200
8 0.1 0.0019 0.0020 0.0021 0.0024 0.0088 0.0204
0.3 0.0075 0.0080 0.0084 0.0083 0.0121 0.0237
0.6 0.0197921 0.0206 0.0208 0.0210 0.0234 0.0277
0.03 0.0006 0.0008 0.0014 0.0018 0.0075 0.0178
0.05 0.0009 0.0010 0.0014 0.0018 0.0076 0.0185
0.08 0.0014 0.0015 0.0017 0.0019 0.0077 0.0183
% 0.1 0.0018 0.0018 0.0020 0.0022 0.0078 0.0190
0.3 0.0069 0.0068 0.0072 0.0073 0.0115 0.0199
0.6 0.0173 0.0179 0.0194 0.0187 0.0220 0.0239
0.03 0.0005 0.0008 0.0013 0.0017 0.0072 0.0155
0.05 0.0008 0.0009 0.0014 0.0017 0.0075 0.0160
0.08 0.0013 0.0013 0.0015 0.0018 0.0073 0.0162
100 0.1 0.0016 0.0016 0.0018 0.0019 0.0076 0.0167
0.3 0.0065 0.0065 0.0066 0.0068 0.0105 0.0180
0.6 0.0160 0.0169 0.0173 0.0176 0.0201 0.0244
0.03 0.0005 0.0007 0.0012 0.0015 0.0063 0.0144
0.05 0.0007 0.0008 0.0011 0.0015 0.0062 0.0145
0.08 0.0012 0.0012 0.0014 0.0016 0.0066 0.0147
1o 0.1 0.0015 0.0016 0.0016 0.0018 0.0065 0.0149
0.3 0.0054 0.0057 0.0060 0.0064 0.0097 0.0165
0.6 0.0135 0.0141 0.0148 0.0150 0.0168 0.0207
0.03 0.0004 0.0006 0.0010 0.0013 0.0055 0.0123
0.05 0.0006 0.0007 0.0010 0.0013 0.0055 0.0122
0.08 0.0010 0.0010 0.0012 0.0014 0.0054 0.0127
130 0.1 0.0013 0.0013 0.0014 0.0015 0.0056 0.0127
0.3 0.0050 0.0053 0.0054 0.0056 0.0069 0.0149
0.6 0.0119 0.0122 0.0129 0.0135 0.0142 0.0165
0.03 0.0003 0.0005 0.0009 0.0013 0.0050 0.0106
0.05 0.0005 0.0006 0.0009 0.0012 0.0051 0.0106
0.08 0.0009 0.0009 0.0010 0.0012 0.0052 0.0108
150 0.1 0.0011 0.0011 0.0012 0.0013 0.0053 0.0109
0.3 0.0043 0.0044 0.0047 0.0047 0.0066 0.0113
0.6 0.0102 0.0106 0.0109 0.0119 0.0122 0.0135
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The 10%

upper percentiles of tlIVICES statistic ata = -1

92
n (]
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0036 0.0051 0.0082 0.0098 0.0332 0.0851
0.05 0.0055 0.0063 0.0083 0.0098 0.0056 0.0823
0.08 0.0088 0.0092 0.0099 0.0117 0.0332 0.0816
10 0.1 0.0113 0.0118 0.0126 0.0137 0.0351 0.0866
0.3 0.0351 0.0339 0.0337 0.0338 0.0441 0.0855
0.6 0.0668 0.0790 0.0685 0.0818 0.0784 0.1041
0.03 0.0019 0.0026 0.0042 0.0053 0.0181 0.0468
0.05 0.0028 0.0031 0.0044 0.0053 0.0028 0.0438
0.08 0.0044 0.0044 0.0050 0.0057 0.0186 0.0461
20 0.1 0.0054 0.0054 0.0060 0.0066 0.0188 0.0445
0.3 0.0187 0.0185 0.0185 0.0183 0.0239 0.0436
0.6 0.0410 0.0408 0.0427 0.0407 0.0445 0.0495
0.03 0.0015 0.0022 0.0037 0.0047 0.0180 0.0501
0.05 0.0022 0.0026 0.0037 0.0047 0.0189 0.0474
0.08 0.0036 0.0038 0.0045 0.0053 0.0194 0.0534
%0 0.1 0.0045 0.0047 0.0053 0.0058 0.0183 0.0511
0.3 0.0167 0.0174 0.0181 0.0181 0.0274 0.0600
0.6 0.0430 0.0432 0.0446 0.0455 0.0546 0.0807
0.03 0.0011 0.0016 0.0027 0.0034 0.0130 0.0363
0.05 0.0016 0.0019 0.0028 0.0035 0.0134 0.0368
0.08 0.0027 0.0029 0.0033 0.0038 0.0134 0.0374
% 0.1 0.0034 0.0035 0.0039 0.0042 0.0136 0.0382
0.3 0.0124 0.0128 0.0133 0.0136 0.0212 0.0427
0.6 0.0340 0.0344 0.0355 0.0357 0.0450 0.0594
0.03 0.0009 0.0013 0.0021 0.0027 0.0106 0.0297
0.05 0.0014 0.0016 0.0022 0.0028 0.0110 0.0302
0.08 0.0022 0.0023 0.0027 0.0032 0.0114 0.0312
>0 0.1 0.0029 0.0030 0.0031 0.0036 0.0116 0.0314
0.3 0.0108 0.0111 0.0114 0.0114 0.0165 0.0350
0.6 0.0274 0.0273 0.0284 0.0298 0.0335 0.0439
0.03 0.0007 0.0011 0.0018 0.0023 0.0093 0.0244
0.05 0.0011 0.0013 0.0018 0.0023 0.0095 0.0248
0.08 0.0018 0.0019 0.0022 0.0025 0.0096 0.0255
% 0.1 0.0023 0.0024 0.0026 0.0028 0.0097 0.0262
0.3 0.0090 0.0091 0.0094 0.0095 0.0138 0.0289
0.6 0.0230 0.0234 0.0246 0.0252 0.0294 0.0350
0.03 0.0006 0.0009 0.0016 0.0020 0.0082 0.0207
0.05 0.0010 0.0011 0.0016 0.0021 0.0083 0.0211
0.08 0.0016 0.0017 0.0019 0.0022 0.0085 0.0217
7 0.1 0.0020 0.0021 0.0022 0.0025 0.0085 0.0219
0.3 0.0076 0.0079 0.0081 0.0083 0.0120 0.0242
0.6 0.0201 0.0209 0.0215 0.0219 0.0236 0.0315
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The 10% upper percentiles of tlVICESs statistic ata = -1, continued.

92
n 01
0.03 0.05 0.08 0.1 0.3 0.6
0.03 0.0005 0.0008 0.0014 0.0018 0.0077 0.0179
0.05 0.00084 0.0010 0.0014 0.0018 0.0078 0.0182
0.08 0.0014 0.0014 0.0017 0.0019 0.0077 0.0187
8 0.1 0.0018 0.0018 0.0019 0.0022 0.0077 0.0190
0.3 0.0067 0.0069 0.0072 0.0073 0.0108 0.0217
0.6 0.0175 0.0181 0.0190 0.0196 0.0215 0.0255
0.03 0.0005 0.0008 0.0013 0.0017 0.0065 0.0165
0.05 0.0008 0.0009 0.0013 0.0017 0.0066 0.0165
0.08 0.0013 0.0013 0.0015 0.0018 0.0068 0.0172
% 0.1 0.0016 0.0016 0.0018 0.0019 0.0070 0.0174
0.3 0.0060 0.0061 0.0063 0.0065 0.0094 0.0190
0.6 0.0158 0.0166 0.0177 0.0174 0.0195 0.0238
0.03 0.0004 0.0007 0.0012 0.0015 0.0062 0.0148
0.05 0.0007 0.0008 0.0012 0.0015 0.0064 0.0150
0.08 0.0011 0.0012 0.0014 0.0017 0.0063 0.0154
100 0.1 0.0015 0.0015 0.0016 0.0018 0.0066 0.0157
0.3 0.0054 0.0056 0.0058 0.0059 0.0105 0.0169
0.6 0.0150 0.0153 0.0158 0.0160 0.0179 0.0214
0.03 0.0004 0.0006 0.0010 0.0013 0.0055 0.0133
0.05 0.0007 0.0007 0.0011 0.0014 0.0056 0.0138
0.08 0.0011 0.0011 0.0012 0.0015 0.0056 0.0140
1o 0.1 0.0014 0.0014 0.0015 0.0016 0.0058 0.0143
0.3 0.0049 0.0049 0.0051 0.0059 0.0081 0.0154
0.6 0.0125 0.0132 0.0138 0.0138 0.0154 0.0184
0.03 0.0004 0.0006 0.0009 0.0012 0.0048 0.0115
0.05 0.0006 0.0006 0.0009 0.0012 0.0049 0.0116
0.08 0.0009 0.0009 0.0011 0.0013 0.0050 0.0119
130 0.1 0.0012 0.0012 0.0013 0.0014 0.0050 0.0120
0.3 0.0043 0.0045 0.0046 0.0046 0.0059 0.0143
0.6 0.0112 0.0115 0.0121 0.0124 0.0132 0.0154
0.03 0.0003 0.0005 0.0008 0.0011 0.0043 0.0099
0.05 0.0005 0.0005 0.0008 0.0011 0.0045 0.0101
0.08 0.0008 0.0008 0.0009 0.0011 0.0045 0.0102
150 0.1 0.0010 0.0011 0.0011 0.0012 0.0048 0.0104
0.3 0.0039 0.0040 0.0041 0.0040 0.0058 0.0109
0.6 0.0097 0.0100 0.0102 0.0104 0.0109 0.0124
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APPENDIX 4
Splus Subroutine for Introduce Outlier in the Dataset

## I ntroduce outlier ##
## 10% 20% 30%, 40% 50% contani nated ##
## set.seed(00)

Raosi mu<-function(n, sigl, sig2,sigls,sig2s, per,a,sin) {

a0l=mat ri x( 0, nr ow=si nmu)
all=matri x(0, nrow=si nu)
bll=matri x(0, nr ow=si nu)
cOl=matri x(0, nrow=si nu)
cll=matri x(0, nrow=si nmu)
dll=matri x(0, nrow=si nu)
rhol=mat ri x(0, nr ow=si nu)
sl=matri x(0, nrow=si mu)
s2=matri x(0, nrow=si mu)

a02=mat ri x( 0, nr ow=si nmu)
al2=matri x( 0, nrow=si nu)
bl2=matri x(0, nr ow=si nu)
c02=mat ri x( 0, nr ow=si nu)
cl2=matri x( 0, nrow=si nu)
d12=mat ri x( 0, nr ow=si nmu)
rho2=mat ri x( 0, nr ow=si nu)
slo=mat ri x( 0, nr ow=si nu)
s2o=mat ri x( 0, nr ow=si nu)

for (i in 1:sinmu){

AD=Rao(n, si g1, si g2, si gls, si g2s, per, a)
a0t r ue=AD$a0t
altrue=AD$alt

b1t rue=AD$b1t

cOt r ue=AD$cOt
cltrue=AD$c1t
ditrue=AD$d1t
sltrue=AD$si gl
s2t rue=AD$si g2
slstrue=AD$si gls
s2strue=AD$si g2s
dat a=AD$dat a

AE=cov(dat a, per)
a01[i] =AD$A01
all[i] =AD$A11
b1l1[i]=AD$B11
c01[i] =AD$CO1
cli[i]=AD$C1l1
d11[i]=AD$D11
rhol[i] =AD$r hoEst 1
s1[i]=AD$s11
s2[i]=AD$s21

a02[ i ] =AD$A02
alz[i]=AD$A12
b12[i ] =AD$B12
c02[ i | =AD$C02
c12[ i ] =AD$C12
d12[i]=AD$D12
rho2[i] =AD$r hoEst 2
slo[i]=AD$s12
s20[i] =AD$s22

a0lnmean=nean(a0l)
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allnmean=nean(all)
bllnmean=mean(bl1l)
cOlnmean=nean(c01)
cllmean=nean(cll)
dllnmean=nean(di1l)

r honeanl=mean(rhol)
slnean=nean(sl)
s2nean=nean( s2)

a0lbi as=a0lnean- aOtrue
allbi as=allnean-altrue
bl1lbi as=bllnean-bltrue
c01bi as=cOlnean-cOtrue
cllbi as=cllnean-cltrue
d1l1lbi as=dllnean-dltrue
slbi as=slnean-siltrue

s2bi as=s2nean-s2true

a01lRVBE=sqrt (sum(a0l- aOtrue) 2/ si m)
allRMBE=sqrt (sum(all-altrue)”2/sim)
b11RVSE=sqrt (sum(bll- bltrue)”2/si mu)
cO1RMBE=sqrt (sum(c01-cOtrue)”2/sim)
Cl1RVBE=sqrt (sum(cll-cltrue)”2/sim)
d11RVBE=sqrt (sum(d11-d1true) 2/ sim)

a01SE=st dev(a01l)
allSE=st dev(all)
b11SE=st dev(bl1l)
c01SE=st dev(c01)
Cc1l1SE=stdev(cll)
d11SE=st dev(d11l)
rholSE=st dev(rhol)
S1SE=st dev(s1l)
s2SE=st dev(s2)

a02nean=nean( a02)
al2mean=nean(al2)
bl2nean=nean(bl2)
c02nmean=nean( c02)
cl2nmean=nean(cl2)
dl2mean=nean(d12)
r honean2=nean(r ho2)
slonmean=nean(s10)
s2onmean=nean( s20)

a02bi as=a02nean- a0t rue
al2bi as=al2nean- altrue
b12bi as=bl2nean- bltrue
c02bi as=c02nean- cOt rue
cl2bi as=c12nean-cltrue
d12bi as=d12nean-diltrue
slobi as=slonean-slstrue
s2o0bi as=s2onean- s2strue

a02RVBE=sqrt (sum(a02- a0t rue)~2/ si mu)
al2RMBE=sqrt (sum(al2-altrue) 2/ sim)
b12RVSE=sqrt (sum(bl2- bltrue) "2/ si mu)
cO2RMBE=sqrt (sum(c02-cOtrue) 2/ si mu)
C12RVBE=sqrt (sum(cl12-cltrue)”2/sim)
d12RVBE=sqrt (sum(d12-d1true)~2/ si m)

a02SE=st dev(a02)
al2SE=st dev(al2)
b12SE=st dev(b12)
c02SE=st dev(c02)
C12SE=st dev(cl2)
d12SE=st dev(d12)
r ho2SE=st dev(r ho?2)
s1oSE=st dev(slo0)
s20SE=st dev(s20)
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meanl=c(a0l=a0Olnean, all=allnean, bll=bllnean, cOl=cOlnean, cll=clinean, d1l1=
dllmean, r hol=r honeanl)

bi asl=c(a0l=a0lbi as, all=allbi as, b11=b11bi as, cO1=c01lbi as, cl1=cl1lbi as, d11=
d1l1lbi as)

RVBEl1=c(a01=a01RVMSE, all=allRMSE, b11=b11RMSE, c01=c01RMSE, c11=c11RVSE, d11=
d11RVBE)

SEl=c(a01=a01SE, al1=all1SE, b11=b11SE, c01=c01SE, c11=c11SE, d11=d11SE, r hol=r
holSE)

mean2=c(a02=a02nean, al2=al2nean, b12=b12nean, c02=c02nean, cl

2=c12nean, d12=d12nean, r ho2=r honean2)

bi as2=c(a02=a02bi as, al2=al2bi as, b12=bh12bi as, c02=c02bi as, c12=c12bi as, d12=
d12bi as)

RVMBSE2=c( a02=a02RMSE, al2=al2RVMSBE, b12=b12RMSE, c02=c02RMSE, c12=c12RVMSE, d12=
d12RMSE)

SE2=c(a02=a02SE, al2=al2SE, b12=b12SE, c02=c02SE, ¢12=c12SE, d12=d12SE, r ho2=r
ho2SE)

NoCut | i er 1=cbi nd( meanl, SE1)

NoCQut | i er 2=chi nd( RVBEL, bi as1)

Cont ai nQut | i er 1=cbi nd( mean2, SE2)
Cont ai nQut | i er 2=chi nd( RVBE2, bi as2)

list(NoQutlierl=NoQutlierl, NoQutlier2=NoQutlier2, ContainQutlierl=Contain
Cutlierl, Contai nQutlier2=ContainCutlier?2)

cov=function(data, per){

n=nr ow dat a)
u=dat a[ , 1]
vli=data[, 2]
v3=dat a[ , 3]

cal cul ate the covariance matri x

order=1.
order.matrix=t (matri x(rep(c(1.:order),n), ncol =n))

#w t hout outlier

cos. u=cos(u*order. matrix)
sin.u=sin(u*order. matrix)
V1l=cos(vl)

V21=sin(vl)

ones<-matrix(1l.,n,1.)

Ul<- cbi nd(ones, cos. u, si n. u)

Mk- UL% %gi nver se(t (ULl) % %J1) 9% % ( UL)
| <-di ag(n)

RO1<-matri x(0, nrow=2, ncol =2)

RO1[ 1, 1] <-t(V11) %%l -M 9% Wil
RO1[ 2, 2] <-t(V21) W% | - M % W/21
RO1[ 1, 2] <-t(V11) W% |- M % w21
RO1[ 2, 1] <-t(V21) W% |- M % w1l

covraoNoCQutlier=(1/(n-2*(order+1)))*R01
sll=sqrt(covraoNoQutlier[1,1])
sll=as.vector(sll)

s21=sqrt (covraoNoQutlier[2,2])
s2l=as.vector(s2l)

#with outlier
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cos. u=cos(u*order. matrix)
sin.u=sin(u*order. matrix)
V12=cos(v3)

V22=si n(v3)

ones<-matrix(1l.,n,1.)

U2<- chi nd( ones, cos. u, Si n. u)

Mk- U296 %gi nver se(t (U2) % %J2) 9% % ( U2)
| <-di ag(n)

RO2<-mat ri x( 0, nrow=2, ncol =2)

RO2[ 1, 1] <-t(V12) %% | - M 9% w12
RO2[ 2, 2] <-1 (V22) W % | - M) % %/22
RO2[ 1, 2] <-t(V12) W% | - M % w/22
RO2[ 2, 1] <-t1 (V22) % % | - M) % W/12

covraoQutlier=(1/(n-2*(order+1)))*R02

sl2=sqrt(covraoCutlier[1,1])
sl2=as.vector(sl2)
s22=sqrt(covraoCutlier[2,2])
s22=as.vector(s22)

|ist(covraoNoQutlier=covraoNoQutlier, covraoQutlier=covraoQutlier,sll=sll

,821=s21, s12=512, s22=522)

i LR R generate the data set -------------------- #it
Rao<-function(n, sigl, sig2, sigls, sig2s, per, a){

#uncont am nat ed

# step 1: generate u variabl e
u<-rvm(n, pi, 2)
# step 2: generate el & e2 variable

el=rnorm(n, 0, si gl)
e2=rnormn, 0, si g2)
#step 3: calculate v

cvl=cos(a+u)

svl=si n(a+u)
ccvl=cvl + el
ccvl=as. matrix(ccvl)
ssvl=svl + e2
ssvl=as. matri x(ssvl)

for(i in 1:n){

if (cevl[i,] > 1| ccvl[i,] < -1){ccvl[i,]=NA}
if (ssvli[i,] >1 | ssvl[i,] < -1){ssvl[i,]=NA}
}

tt=matri x(0, nrow=n, ncol =6)

tt[, 1] =ccvl
tt[, 2] =ssvl

tt[, 3] =atan(ssvl, ccvl)
tt[, 4] =u

tt[,5]=el

tt[, 6] =e2

tt=na. excl ude(tt)

u=ttf[, 4]
vi=tt[, 3]
vl = vl W®he (2. *pi)
el=tt[, 5]
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# step 5:

e2=tt[, 6]
get the paraneter estimation

u=as. vect or (u)
vl=as. vector(vl)
CirRegl<-circ.reg(u,vl) # without outlier #
A=Ci r Regl$coef
A01=A[ 1, 1]

AOl=as. vect or (A01)
Al11=A] 2, 1]

All=as. vector (All)
B11=A[ 3, 1]

Bll=as. vect or ( B11)
C01=A[ 1, 2]

COl=as. vect or (C01)
Cl1=Al 2, 2]

Cll=as. vector(Cl1)
D11=A[ 3, 2]

Dll=as. vect or ( D11)

r hoEst 1=Ci r Reg1$r ho

#cont am nat ed

# step 6:

# step 7:

#step 8:

h=l engt h(v1)
calculate the %error

m=( per/ 100) *h
m=cei | i ng(m

t=u[1l:m
generate el & e2 variable

els=rnormm O, si gls)
e2s=rnornm(m 0, si g2s)

calculate v new

cv2=cos(a+t)

sv2=si n(a+t)
ccv2=cv2 + els
ccv2=as. matrix(ccv2)
Ssv2=sv2 + e2s
ssv2=as. matri x(ssv2)

for(i in 1:m{

if (cev2[i,] > 1| ccv2[i,] < -1){ccv2[i,]=NA}
if (ssv2[i,] >1 | ssv2[i,] < -1){ssv2[i,]=NA}

}
ss=mat ri x( 0, nr ow=m ncol =5)

ss[, 1] =ccv2

ss[, 2] =ssv2

ss[, 3] =atan(ssv2, ccv2)
ss[, 4] =els

ss[, 5] =e2s

ss=na. excl ude(ss)

newe3=ss|[, 4]
newe4=ss|[, 5]

v2=ss[, 3]

v2 = v2 W6 (2. *pi)
r =nr ow( ss)

v3=c(vl[ 1l:(h-r)],v2)

186



# step 9: get the paraneter estimation

#step 10:

u=as. vect or (u)
v3=as. vect or (v3)

CirReg2<-circ.reg(u, v3)

B=Ci r Reg2$coef

A02=B[ 1, 1]
A02=as. vect or (A02)
A12=B[ 2, 1]
Al2=as. vect or (Al2)
B12=B][ 3, 1]
Bl2=as. vect or (B12)
C02=B[ 1, 2]
C02=as. vect or (C02)
Cl2=B[ 2, 2]
Cl2=as. vector (C12)
D12=B][ 3, 2]
Dl2=as. vect or ( D12)

r hoEst 2=Ci r Reg2%$r ho

true val ue of paraneter estimation

a0t =0

alt =cos(a)
blt=-sin(a)
c0t =0
clt=sin(a)
dlt =cos(a)
sigl=sigl
si g2=si g2
si gls=si gls
si g2s=si g2s

dat a=cbi nd(u, v1, v3)

| i st (dat a=dat a, aOt =a0Ot , alt =alt, b1t =b1t, cOt =cOt, c1t =c1t, d1t =d1t, AO1=A01, A
11=A11, B11=B11, C01=C01, C11=C11, D11=D11, r hoEst 1=r hoEst 1, A02=A02, A12=A12, B
12=B12, C02=C02, C12=C12, D12=D12, r hoEst 2=r hoEst 2, si g1=si g1, si g2=si g2, si gls
=si gls, si g2s=si g2s)
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APPENDIX 5

Splus Subroutine for COVRATIO Statistic of real data set: wind direction data

si mu=f uncti on(n, si g1, si g2, sinu) {

#si mu(n=130, si g1=0. 3, si g2=0. 3, si nu=500)

pe=matri x(0, nrow=si mu, ncol =9)

for (i in 1:sinmu){

f=Dat al N(n, si g1, si g2)
aa=covi (n, sigl, sig2)

pe[i, 1] =aa$a0E

pe[i, 2] =aa%$alkE
pe[i, 3] =aa$blE
pe[i, 4] =aa$cOE
pe[i, 5] =aa$clE
pe[i, 6] =aa$d1lE
pe[i, 7] =aa$kE

pe[i, 8] =aa$r hoE
pe[i, 9] =aa$maxP

ale=pe[, 1]
ale=pe[, 2]
ble=pe[, 3]
cOe=pe[, 4]
cle=pe[, 5]
dle=pe[, 6]
kappae=pe[, 7]
rhoe=pe[, 8]
MaxP=pe[, 9]

pe=chi nd( ale, ale, ble, cOe, cle, dle, kappae, r hoe)

aOnean=nean( ale)
alnean=nean(ale)
blnean=nean(ble)
cOnean=nean( cOe)
clnean=nean(cle)
dinean=nean(dle)
kappamean=nean( kappae)
rhomean=mean( r hoe)

albi as=aOnean- a0t r
albi as=alnean-altr
blbi as=blnmean-bltr
cObi as=cOnean-cOtr
clbi as=clnean-cltr
dlbi as=dlnean-ditr

aORMSE=sqrt (sum(ale-altr)~2/s
alRVSE=sqrt (sum(ale-altr)”2/s
b1RVMSE=sqrt (sum(ble-bltr)~2/s
CORMSE=sqrt (sum(cOe-cOtr)~2/s
Cc1lRVBE=sqrt (sum(cle-cltr)”2/si
d1RVSE=sqrt (sum(dle-dltr)~2/s

a0SE=
alSE=
b1SE=
cOSE=
C1SE=
d1SE=

st dev
st dev
st dev
st dev
st dev
st dev

(ale)
(ale)
(ble)
(cOe)
(cle)
(d1e)

kappaSE= stdev (kappae)
rhoSE= stdev (rhoe)

#simu estimate paraneter
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nmean=c(ale=alOnean, ale=alnean, ble=blnean, cOe=cOnean, cle=clnean, dle=dlnean, k
appae=kappanean, r hoe=r homean)

bi as=c(ale=albi as, ale=albi as, ble=blbi as, cOe=cObi as, cle=clbi as, dle=d1lbi as)

RVBE=c( a0e=a0ORMSE, ale=alRMSE, ble=b1RVSE, cOe=cORMSE, cle=c1RMSE, d1e=d1RMSE)

SE=c(a0e=a0SE, ale=alSE, ble=b1SE, c0e=c0SE, cle=c1SE, dl1e=d1SE, kappae=kappaSE,

rhoe=r hoSE)

resul t 1=cbi nd( mean, SE)
resul t 2=cbi nd( bi as, RVMSE)

np=sort ( MaxP)

1 1=99/ 100*si nu
I 1=cei l i ng(11)
cpOl=np[l 1]

| 2=95/ 100*si nu
| 2=cei I i ng(1 2)
cp05=np[ | 2]

1 3=90/ 100*si nu
| 3=cei l i ng(1 3)
cplO=np[ | 3]

pe=chi nd( ale, ale, ble, c0e, cle, dle, kappae, r hoe, MaxP)

list(pt=pt,resultl=resultl, result2=result?2, cp0l=cp0l1, cp05=cp05, cpl0=cpl0, M
axP=MaxP)

covi =function(n, sigl, sig2){

dd=Dat al N( n, si g1, si g2)
dat a=dd$dat ai n
n=nr ow( dat a)

a0OE=dd$a01
alE=dd$all
b1E=dd$b11l
cOE=dd$c01
ClE=dd$c11
d1E=dd$d11
kE=dd$kappaEst 1
r hoE=dd$r hoEst 1
ehat 1E=dd$ehat 1
ehat 2E=dd$ehat 2

C=cov(dat a, si g1, si g2)
COVFul | Dat a=C$covr ao
Det er Ful | Dat a=C$Det er
L deleted i row data----------- #
Det er E=mat ri x( 0, nr ow=n)
for(i in 1:n){

Newdat a=r emove. row(data, r=[i], 1)
Det er B[ i ] =cov( Newdat a, si g1, si g2) $Det er

}
COVRATI O=nmt ri x( 0, nr ow=n)
for (i in 1:n){

COVRATI i ] =DeterE[i]/DeterFull Dat a
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}

p=abs( COVRATI O 1)
maxP=max( p)

i st (aOE=a0E, alE=alE, b1E=b1E, cOE=cOE, c1E=c1E, d1E=d1E, kE=KE, r hoE=r hoE, ehat 1
E=ehat 1E, ehat 2E=ehat 2E, COVFul | Dat a=COVFul | Dat a, Det er Ful | Dat a=Det er Ful | Dat a
, COVRATI O=COVRATI O, p=p, maxP=nmaxP)

}

e cov nethod---------- #
cov=function(data, si g1, si g2){
n=nr ow( dat a)
u=dat a[ , 1]
v=dat a[ , 2]
order =1.
order.matrix=t (matrix(rep(c(1l.:order),n), ncol=n))
cos. u=cos(u*order. matri x)
sin.u=sin(u*order. matrix)
V1=cos(V)

V2=si n(v)

ones<-matrix(1l.,n,1.)

U<- chi nd(ones, cos. u, sin. u)

M- W% %gi nver se(t (U) 9% %J) % % (U)
| <-di ag(n)

RO<-mat ri x( 0, nrow=2, ncol =2)
RO[1, 1] <-t (V1) %W oI -M 9% Wil
RO[ 2, 2] <-t (V2) W% | - M) 9% %/2

RO[ 1, 2] <-t (V1) W% | - M 98 W2
RO[ 2, 1] <-t (V2) W% | - M) 9% W/1
covrao=(1/(n-2*(2*order+1)))*RO
Det er =det ( covr ao)

i st(covrao=covrao, Det er =Det er)

}

oo - Generate Von nmises data set----------------- #

Dat al N<-functi on(n, sigl, sig2)({
#Dat al N( n=130, si g1=0. 3, si g2=0. 3)

# step 1:
u<-rvn(n, pi, 2)
# step 2:

el=rnormn, 0, si gl)
e2=rnorm(n, 0, si g2)

#step 3: true val ue of paraneter estination

a0 = 0.0674
al = 0.7559
bl = -0.0948
c0 = -0.047
cl = 0.1049
dl = 0.9762

#istep 4: calculate v

ccv=al0+ al*cos(u) + bl*sin(u) + el
ccv=as. matri x(ccv)
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ssv=c0+ cl*cos(u) + dil*sin(u) + e2
ssv=as. mat ri x(ssv)

for(i in 1:n){

if (cev[i,] > 1| ccv[i,] <-1)
if (ssv[i,] >1 ] ssv[i,] <-1)

}
tt=matri x(0, nrow=n, ncol =6)

tt[, 1] =ccv
tt[, 2] =ssv

tt[, 3] =atan(ssv, ccv)
tt[, 4] =u

tt[,5]=el

tt[, 6] =e2

tt=na. excl ude(tt)

u=tt[, 4]
v=tt[, 3]
Vv =V %W (2. *pi)
el=tt[, 5]
e2=tt[, 6]

dat ai n=cbi nd(u, v, el, e2)

u=as. vector (u)
v=as. vector(v)

CirReg<-circ.reg(u,v)
A=Ci r Reg$coef

a01=A[ 1, 1]

a0l=as. vector(a0l)
all=A[ 2, 1]
all=as.vector(all)
b11=A[ 3, 1]

bll=as. vector(bll)
c01=A[ 1, 2]

cOl=as. vector(c01)
cl1=A[ 2, 2]
cll=as.vector(cll)
d11=A[ 3, 2]

dll=as. vector(dill)
kappaEst 1=Ci r Reg$kappa
rhoEst 1=Ci r Reg$r ho
vhat =Ci r Reg$fitted
resi d=Ci r Reg$resi dual s
ehat 1=tt[, 1] - cos(vhat)
ehat 2=tt[, 2] - si n(vhat)

{cev[i,]=NA}
{ssv[i,]=NA}

# get the paraneter estimation

i st (datai n=dat ai n, a01=a01, all=all, b11=b11, c01=c01, c11=c11, d11=d11, kappaEs
t 1=kappaEst 1, r hoEst 1=r hoEst 1, ehat 1=ehat 1, ehat 2=ehat 2)

}
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Splus Subroutine forDMCE Statistic of real data set: Eye data

APPENDIX 6

DMCE=f uncti on(n=23, si g1=0. 16, si g2=0. 16, si nu=500) {
#DMCE( n=23, si g1=0. 16, si g2=0. 16, si nu=500)

0c=cpl0c, cpOls=cp01s, cp05s=cp05s, cpl0s=cpl0s)

pe=nmat ri x( 0, nrow=si mu, ncol =9)

for (i

in 1:sim){

f =Dat al N(n, si g1, si g2)
aa=con(n, si gl, si g2)

pe[i, 1] =aa$a0E
pe[i, 2] =aa%$alE
pe[i, 3] =aa$blE
pe[i, 4] =aa$cOE
pe[i, 5] =aa$clE
pe[i, 6] =aa$dlE
pe[i, 7] =aa$r hoE

pe[i, 8] =aa$dntec
pe[i, 9] =aa$dnces

}

ale=pe[, 1]
ale=pe[, 2]
ble=pe[, 3]
cOe=pe[, 4]
cle=pe[, 5]
dle=pe[, 6]
rhoe=pe[, 7]
DMCEc=pe[, 8]
DMCEs=pe[, 9]

#simu estimate paraneter

pe=cbi nd( ale, ale, ble, cOe, cle, dle, r hoe, DMCEc, DMCES)

npl=sort ( DMCEC)
np2=sort ( DMCES)

| 1=99/ 100*si nmu
| 1=cei l'i ng(11)
cpOlc=npl[ | 1]
cp0ls=mp2[ | 1]

| 2=95/ 100* si nu
| 2=cei l'i ng(1 2)
cp05c=npl[| 2]
cp05s=m2[ | 2]

| 3=90/ 100*si mu
| 3=cei l'i ng(1 3)
cplOc=mpl[ | 3]
cplOs=np2[| 3]

l'ist(mpl=npl, np2=np2, DMCEc=DMCEc, DMCEs=DMCEs, cp0lc=cp0lc, cpO5c=cp05c, cpl

conefunction(n, sigl,sig2){

pp=Dat al N( n, si g1, si g2)
dat a=pp$dat ai n

n=nr ow dat a)
ff=nte(data)

aOE=ff $a01
alE=ff $all
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b1E=ff $b11l
cOE=ff $c01
clE=ff$cll
d1E=ff $d11
r hoE=f f $r hoEst 1

MCEcFul | Dat a=f f $MCEc
MCEsFul | Dat a=f f $MCEs

H#o-m--- - deleted i row data----------- #

MCEci =mat ri x( 0, nr ow=n)
MCEsi =mat ri x( 0, nr ow=n)

for(i in 1:n){

Newdat a=r enove.row(data, r=[i], 1)
j ] =nte( Newdat a)

MCEci [i] =] j $MCEC
MCEsi [i] =) j $MCEs
}

max ( abs( MCEcFul | Dat a- MCEci ) )
max( abs( MCEsFul | Dat a- MCEsi ) )

dntec
dntes

pc=abs( MCEcFul | Dat a- MCECi )
#pl ot (abs( MCEcFul | Dat a- MCEci ) )
#pl ot (abs( MCEsFul | Dat a- MCEsi ) )
| i st (aOE=a0E, alE=alE, b1E=b1E, cOE=cOE, c1E=c1E, d1E=d1E, r hoE=r hoE, dntec=dnt
ec, dntes=dntes, pc=pc)

nce=f uncti on(dat a) {

u=dat a[, 1]
v=dat a[, 2]
n=nr ow dat a)

# get the paraneter estimation
CirReg<-circ.reg(u, V)
A=Ci r Reg$coef

a01=A[ 1, 1]

a0l=as. vector(a01l)
all=A[ 2, 1]
all=as.vector(all)
b11=A[ 3, 1]

bll=as. vector(bll)
c01=A[ 1, 2]
cOl=as.vector(c0l)
cl1=A[ 2, 2]
cll=as.vector(cll)
d11=A[ 3, 2]
dll=as.vector(dill)
r hoEst 1=GCi r Reg$r ho
vhat =Ci rReg$fitted
resi d=Ci r Reg$r esi dual s

# var-cov matrix

order =1.
order.matrix=t (matri x(rep(c(1.:order),n), ncol =n))
cos. u=cos(u*order. matrix)
sin.u=sin(u*order. matrix)
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V1=cos(Vv)
V2=si n(v)
ones<-matrix(1l.,n,1.)
U<- cbi nd( ones, cos. u, si n. u)
Mk- W% %gi nver se(t (U) % %)) % % (V)
| <-di ag(n)
RO<-matri x( 0, nrow=2, ncol =2)
RO[1, 1] <-t (V1) W% |- M 9% w1l
RO[ 2, 2] <-t (V2) W % | - M) 9% /2
RO[1, 2] <-t (V1) W% |- M 9% w2
RO[2, 1] <-t (V2) W% | - M 9% W/1
covrao=(1/(n-2*(order+1)))*R0
# cal culate circul ar distance
d=pi - abs(pi - abs(v-vhat))
# Mean circular error statistics

MCEc=1- (1/ n)*(sum(cos(v-vhat))) #MCEc full data set
MCEs=(1/n)*(sun{(sin(d/2))) #MCEs full data set

list(a0l=a01, all=all, b11=b11, c01=c01, c11=cl1, d11=d11, r hoEst 1=r hoEst 1, vha
t =vhat, covr ao=covr ao, MCEc=MCEc, MCEs=MCES)

Dat al N<-function(n, sigl, sig2){
# step 1
u<-rvm(5*n, pi, 2)
# step 2:

el=rnorm(5*n, 0, si gl)
e2=rnorm5*n, 0, si g2)

#step 3: true value of paranmeter estimation
#step 4: calculate v

a0t =1. 0822

alt=-0.1497

b1t =-0. 3837

c0t =0. 0986

c1t =0. 2534

d1t =0. 5935

ccv=alt + alt*cos(u) + blt*sin(u)+el
ccv=as. matrix(ccv)

ssv=cOt + clt*cos(u) + dlt*sin(u)+e2
ssv=as. mat ri x(ssv)
for(i in 1:(5*n)){

if (cev[i,] > 1] ccv[i,] <-1) {ccv[i,]=NA}
if (ssv[i,] >1 ] ssv[i,] < -1){ssv[i,]=NA}

}
tt=matri x(0, nrow=5*n, ncol =6)

tt[, 1] =ccv
tt[, 2] =ssv
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| i st (dat ai n=dat ai n, a0t =a0t, alt =alt, b1t =b1t, cOt =cOt, c1lt =c1t, d1t =d1t)

}

tt[, 3] =atan(ssv, ccv)
tt[, 4] =u

tt[,5]=el

tt[, 6] =e2

tt=na. excl ude(tt)
jk=length(tt)

it (j k>=n){ppp=n}
el se {ppp=j k}

u=tt[(1:ppp), 4]
v=tt[(1: ppp), 3]
V=V % (2. *pi)
el=tt[(1: ppp), 5]
e2=tt[(1: ppp), 6]

u=as. vect or (u)
v=as. vector(v)

dat ai n=cbi nd(u, v, el, e2)
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APPENDIX 7
Splus Subroutine for Bootstrapping on JS Circular runctional Relationship Model

JSCf unc=f unct i on( DATA, B) {

u=DATA[ , 1]
v=DATA[, 2]
n=nr ow( DATA)

aa=conpl exEst ( DATA)

aal=aa$del Rh
aa2=aa$del I h
aa3=aa$epskh
aad=aa$epsl| h

err=chi nd(aal, aa2, aa3, aa4)
for(i in 1:B){

i ndex=c(1:n)
Bi ndex=sanpl e(i ndex, n, repl ace=T)
jil=chbind(err[Bindex, 1], err[ Bi ndex, 2], err[ Bi ndex, 3], err[ Bi ndex, 4]

). 1]
ji2=chind(err[Bindex, 1], err[ Bi ndex, 2], err[ Bi ndex, 3], err[ Bi ndex, 4]

). 2]
ji3=chind(err[Bindex, 1], err[ Bi ndex, 2], err[ Bi ndex, 3], err[ Bi ndex, 4]

)L, 3]

ji4=chbind(err[Bindex, 1], err[ Bi ndex, 2], err[ Bi ndex, 3], err[ Bi ndex, 4]
)L, 4]

Berr=cbind(jil,ji2,ji3, jid4)

cU=jil-cos(u)

sU=ji 2-sin(u)

cV=j i 3-cos(v)

sV=ji4-sin(v)

Ub=at an(sU, cU)
Vb=at an(sV, cV)

newUv=chi nd(u, v, Ub, Vb)

conpl exEst N<-f uncti on( newlV) {
u=newlV[, 1]
v=newlV[ , 2]
U=newlV[ , 3]

n<- | engt h( newlV)

# get initial value #

Est | og=f unct i on( newlV) {

| ogl i kel=function(AAO, AAl, BB1, wl, newlV) {
u=newlv[ , 1]

v=newlV[ , 2]

U=newlUV[ , 3]

n=l engt h(u)
omegal=1

L1=2/ omegal*wl* (sun{ cos(V) - AAO- AAl*cos(U)-BBl*sin(U)))

list(L1=L1)
}
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| ogl i ke2=f uncti on( CCO, CC1, DD1, w2, newlV) {
u=newlv[ , 1]
v=newlV[ , 2]
U=newUV[ , 3]

n=l engt h(u)
omegal=1

L2=2/ omegal*w2* (sun{si n(v) - CC0- CC1l*cos(U)-DD1*si n(U)))

list(L2=L2)

}
AAO=seq(-1,1,0.3)
AAl=seq(-1,1,0.3)
BBl=seq(-1, 1, 0. 3)
CQ0=seq(-1,1,0.3)
CCl=seq(-1,1,0.3)
DDl1=seq(-1, 1, 0. 3)
wl=seq(0, 1, 0. 01)
w2=seq( 0, 1, 0. 01)

LL1=array(O0, di nec(I| engt h( AAO), | engt h( AALl), | engt h(BB1), | ength(wl)))

for(i in 1:1ength(AA0)){
for(j in 1:length(AALl)){
for(k in 1:1ength(BB1)){
for(l in 1:length(wl)){

LLA[i,j, k, 1]=loglikel(AAO[i], AAL[]], BBL[Kk],wi[l], newlV)$L1
}

}
}
}
LL2=array(O0, di nec(| engt h(CC0), | engt h(CC1), | engt h(DD1), | engt h(w2)))
for(min 1:1ength(CCO)){
for(n in 1:1ength(CC1)){
for(o in 1:1ength(DD1)){
for(p in 1:1ength(w2)){
LL2[ m n, o, p] =l ogl i ke2( CCO[ n, CCL[ n], DDL[ 0] , w2[ p] , newlV) $L2
}
}
}
}
#pl ot (LL1)
#pl ot (LL2)
MaxLL1=max(LL1)
for(i in 1:1ength(AA0)){
for(j in 1:1ength(AALl)){
for(k in 1:1ength(BB1)){
for(l in 1:1ength(wl)){
i f(LLifi,j,k,1]==mMaxLL1) {
a00=AA0[ i ]
alo=AA1[j]
b10=BB1[ k]
w10=wi[ | ]
}
}
}
}
}
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mml=cbi nd( MaxLL1, a00, al0, b10, wi0)

MaxLL2=max(LL2)

for(min 1:1ength(CCO)){
for(n in 1:1ength(CC1)){

for(o in 1:1ength(DD1)){
for(p in 1:1ength(w2)){

i f(LL2[ m n, 0, p] ==MaxLL2)

c00=CCO[ nj
c10=CC1[ n]
d10=DD1][ o]
w20=w2[ p]

m2=cbi nd( MaxLL2, c00, c10, d10, w20)

I'ist(mil=mil, m2=mm?, a00=a00, al0=a10, b10=b10, w10=w10, c00=c00, c10=c10, d10

=d10, w20=w20)

}

#estimate paraneters

i ni =Est | og( newlV)
n=l engt h(u)

AA00=i ni $a00
AA10=i ni $al10
BB10=i ni $b10
CC00=i ni $c00
CC10=i ni $c10
DD10=i ni $d10
wo=i ni $wW10
onmega=1

MBC=ns(~- (- 2*n*l ogb((pi ), base=exp(1)) -

(n*l ogb( (onega*w0), base=exp(1)))-(1/wo*sum((cos(u)-

cos(U))"2+(sin(u)-sin(U))"2))-(1/ onega*wo*sun( (cos(v)-AOh-
Alh*cos(U) - Blh*si n(U))~2+(si n(v)-C0h-Clh*cos(U)-
Dlh*sin(U))"2))),start=

I'i st (AOh=AA00, A1h=AA10, B1h=BB10, COh=CC00, C1h=CC10, D1h=DD10

))

max MSC=MsC$val ue

par a=MSCs$par anet er s

AOh=par a[ 1]
AOh=as. vect or ( AOh)
Alh=par a[ 2]
Alh=as. vect or ( Alh)
Blh=par a[ 3]
Blh=as. vect or ( Blh)
COh=par a[ 4]
COh=as. vect or ( COh)
Clh=par a[ 5]
Clh=as. vect or ( Clh)
Dlh=par a[ 6]
Dlh=as. vect or ( D1h)

#estimate sigma"2
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sh=1/n*(sum((cos(u)-cos(U)) " 2+(sin(u)-
si n(U))"2) +1/ omega* sum( (cos( V) - AOh- Alh*cos(U) -
Blh*sin(U))"2 + (sin(v)-Q0h-Clh*cos(U)-Dlh*sin(U))"2))

#estimate U

C=sum(cos(u)*sin(U))/sin(u)
+sum(sqrt ((Blh"4 + 6*Alh”"2+ Blh”"2 + Alh"4)*sin(U) +((6*A0h

- 6*si n(v))*Alh*Blh"2 + (2* AOh -
2*sin(v))*A1h”*3) *si n(U) +( AOh"2 - 2*si n(v) *A0h +
sin(v)”2)*Alh"2) +(B1h"2 + Alh”2) *si n( U) +( AOh -
sin(v))*ALlh)/2* Alh*Blh+sun(sqrt ((Dlh"4 + 6* Clh"2 +
ClhM4)*sin(U) +((6*C0h - 6*sin(v))*Clh*D1h”"2 + (2*COh -
2*sin(v))*C1lh”*3) *si n(U) +( COh"2 - 2*si n(v) *C0h +
sin(v)”2)*CLh"2) +( DLh"2 + Alh”2) *si n( U) +( C0h -

si n(v))*CLh)/ 2* Clh* DLh

S=sum(sin(u)*cos(U))/cos(u) +sun(sqrt((BLh"4 + 6*Alh"2 +
Blh”2 + Alh”4)*cos(U)+((6*A0h - 6*cos(v))*Alh*Blh”2+(2*A0Oh
- 2*cos(v) ) *Alh”3) *cos(U) +( AOh”2- 2*cos(v) *AOh
cos(v)”"2)*Alh"2) +((B1h"2) + (A1h”2)) *cos(U) +( AOh
cos(v))*Alh)/2* Alh*Blh+sun(sqrt ((Dlh"4 + 6* Clh"2
Clh™4)*cos(U)+((6*COh - 6*cos(v))*Clh*D1h”"2 + (2*C0h
2*cos(v))*C1lh”*3) *cos( U) +( COh"2 - 2*cos(v)*Coh
cos(v)"2)*Clh"2) +(D1h"2 + Alh”2) *cos( U) +( C0h
cos(v))*Clh)/ 2*Clh*Dlh

+

[

Uh=at an( S, C
Uh=Uh %% (2. *pi)

#estimate V

cosV=A0h + Alh*cos(Uh) + Blh*si n(Uh)
cosV=as. matri x(cosV)

si nV=C0h + Clh*cos(Uh) + Dlh*si n(Uh)
sinV=as. matri x(si nV)

Vh=at an(si nV, cosV)

# estimates errors

del Rh=cos(u) - cos(Un)
del I h=si n(u) - si n( Un)
epsRh=cos(V) - cos(Vh)
epsl h=si n(v) -si n(Vh)

|'i st (u=u, v=v, Uh=Uh, Vh=Vh, AOh=A0h, Alh=Alh, Blh=B1lh, COh=C0h, C
1h=Clh, D1h=D1h, sh=sh, del Rh=del Rh, del | h=del | h, epsRh=epsRh, e
psl h=epsl h)

}
Es=conpl exEst N( newlV)

pe=natri x(0, nrow=B, ncol =7)

pe[i, 1] =Es$A0h
pe[i, 2] =Es$Alh
pe[i, 3] =Es$B1lh
pe[i, 4] =Es$C0h
pe[i, 5] =Es$Clh
pe[i, 6] =Es$D1h
pe[i, 7] =Es$sh

ale=pe[, 1]
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}

ale=pe[, 2]
ble=pe[, 3]
cOe=pe[, 4]
cle=pe[, 5]
dle=pe[, 6]
si ge=pe[, 7]

al0enmean=nean( ale)
alenean=nean(ale)
blenean=nmean(ble)
cOenean=nean( c0e)
clenmean=nean(cle)
dlenean=nean(dle)
si gemean=nean( si ge)

alese=st dev( ale)
alese=st dev(ale)
blese=st dev(ble)
cOese=st dev(cOe)
clese=st dev(cle)
dlese=st dev(dle)
si gese=st dev(si ge)

nmeane=c(ale=alenean, ale=alenean, ble=blenean, cOe=cOenean, cle=clenean, dle=
dlenean, si ge=si genean)

see=c(ale=alese, ale=alese, ble=blese, cOe=cOese, cle=clese, dle=dlese, si ge=s
i gese)

est f unc=cbi nd( meane, see)

}

| i st(estfun=estfun)

#---unreplicated JS circular functional relationship--#

conpl exEst =f unct i on( DATA) {

u=DATA[, 1]
v=DATA[, 2]
U=u

n<- | engt h( DATA)

#istep to get initial val ues#

Est | og=f uncti on( DATA) {
| ogl i kel=function(AAO, AAl, BB1, wl, DATA) {

u=DATA[, 1]
v=DATA[, 2]
U=u

n=l engt h(u)
onegal=1

L1=2/ omregal*wl* (sun{ cos(Vv) - AAO- AAl*cos(U)-BBl*si n(U)))

list(L1=L1)
}

| ogl i ke2=f uncti on( CCO, CC1, DD1, w2, DATA) {
u=DATA[, 1]

v=DATA[ , 2]

U=u

n=l engt h(u)

onegal=1

L2=2/ omegal*w2* (sun{si n(v) - CC0- CCl*cos(U)-DD1*si n(U)))
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list(L2=L2)

# get the initial value #

Homm #
AAO=seq(-1,1,0.3)
AAl=seq(-1,1,0.3)
BBl=seq(-1, 1, 0. 3)
CQ0=seq(-1,1,0.3)
CCl=seq(-1,1,0.3)
DDl1=seq(-1, 1, 0. 3)
wl=seq(0, 1, 0. 01)
w2=seq(0, 1, 0. 01)

LL1=array(O0, di nec(| engt h( AAO), | engt h( AALl), | engt h(BB1), | ength(wl)))

for(i in 1:1ength(AA0)){
for(j in 1:length(AAl)){
for(k in 1:length(BB1)){
for(l in 1:length(wl)){

LLA[i,j,k, 1]=loglikel(AAO[i], AAL[]],BBL[K],wi[l],
DATA) $L1

LL2=array(0, di nm=c(| engt h( CC0), | engt h(CCl1), | engt h(DD1), | engt h(w2))

for(min 1:1ength(CQ0)){
for(n in 1:1ength(CCl)){
for(o in 1:length(DD1)){
for(p in 1:length(w2)){

LL2[ m n, o, p] =l ogl i ke2( CCO[ nj, CC1[ n], DD1[ o] , w2[ p] , DATA) $L2

}
}
}
}
#pl ot (LL1)
#pl ot (LL2)
MaxLL1=nmax(LL1)
for(i in 1:1ength(AA0)){
for(j in 1:1ength(AAL)){
for(k in 1:1ength(BB1)){
for(l in 1:1ength(wl)){
i f(LLifi,j,k,1]==mMaxLL1) {

a00=AA0[ i ]

al0=AAl[j ]

b10=BB1[ K]

wi0=wl[ | ]

}
}
}
}
}
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mmil=cbi nd( MaxLL1, a00, al0, b10, wl10)

MaxLL2=rmax(LL2)

for(min 1:1ength(CCO)){
for(n in 1:1ength(CC1)){
for(o in 1:1ength(DD1)){

for(p in 1:1ength(w2)){

i f (LL2[ m n, 0, p] ==MaxLL2) {
c00=CCo[ nj
¢c10=CC1[ n]
d10=DD1][ o]
wW20=w2[ p]
}
}

m2=cbi nd( MaxLL2, c00, c10, d10, w20)

I'ist(mil=mil, m2=m2, a00=a00, al0=al10, b10=b10, wl0=w10, c00=c00, c10=

c10, d10=d10, w20=w20)

}

#get the paraneter estimate based on the initial

i ni =Est | og( DATA)
n=l engt h(u)

AA00=i ni $a00
AA10=i ni $al10
BB10=i ni $b10
CC00=i ni $c00
CC10=i ni $c10
DD10=i ni $d10
wO=i ni $w10
onega=1

MSC=ns(~- (- 2*n*l ogb((pi ), base=exp(1)) -

(n*l ogb( (onega*w0), base=exp(1)))-(1/wo*sum((cos(u)-
cos(U))"2+(sin(u)-sin(U)"2))-(1/ onega*wo*sum( (cos(v) - AOh-
Alh*cos(U) - Blh*si n(U))"2+(si n(v)-Q0h-Clh*cos(U)-

Dlh*sin(U))"2))),start=

l'i st (AOh=AA00, A1h=AA10, BLh=BB10, COh=CC00, C1h=CC10, D1h=DD10) )

max MSC=MSCs$val ue

par a=MSC$par anet er s

AOh=par a[ 1]
AOh=as. vect or ( AOh)
Alh=par a[ 2]
Alh=as. vect or (Alh)
Blh=par a[ 3]
Blh=as. vect or ( Blh)
COh=par a[ 4]
COh=as. vect or ( COh)
Clh=par a[ 5]
Clh=as. vect or (C1h)
Dlh=par a[ 6]
Dlh=as. vect or ( D1h)

#estimate U & V
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C=sum(cos(u)*sin(U))/sin(u)
+sunm(sqrt ((B1h™4 + 6*Alh”2+ B1lh"2 + Alh”4)*sin(U)

+((6*A0h - 6*si n(v))*Alh*Blh"2 + (2*A0h -
2*sin(v))*A1lh”*3) *si n(U) +( AOh"2 - 2*si n(v) *A0h +
sin(v)”2)*Alh”2) +( B1lh"2 + Alh”2) *si n( U) +( AOh -
sin(v))*Alh)/2*Alh*Blh +sum(sqrt((D1h"4 + 6*Clh”2 + Clh”4)*sin(U)
+((6*COh - 6*si n(v))*Clh*D1h"2 + (2*C0h -

2*si n(v))*ClhA3) *si n(U) +(COh"2 - 2*sin(v)*COh + sin(v)"2)*Clhr2)
+(DLh"2 + AlhA2)*sin(U) +(COh - sin(v))*CLh)/2*Clh*DLh

S=sum(si n(u)*cos(U))/cos(u) +sunm(sqrt((Blh"4 + 6*Alh"2 +
B1h”2 + Alh™4)*cos(U) +((6*A0h - 6*cos(v))*Alh*Blh"2+(2*A0h -
2*cos(v))*Alh”3) *cos(U) +(AO0h”2-2*cos(v)*AOh + cos(v)”2)*Alh"2)
+((B1h"2) + (Alh”2))*cos(U) +( AOh -

cos(v))*Alh)/ 2* Alh*Blh+sun(sqgrt ((DLh"4 + 6*Clh”"2 + Clh”"4)*cos(U)
+((6*Q0h - 6*cos(v))*Clh*D1h”2 + (2*C0h - 2*cos(v))*Clh”3)*cos(U)
+(Q0h"2 - 2*cos(v)*COh + cos(v)”2)*Clh”2) +(D1h”2 + Alh”2)*cos(U)
+(C0h - cos(v))*Clh)/2*Clh*D1lh

Uh=at an( S, C
Uh=Uh %% (2. *pi)

cosV=A0h + Alh*cos(Uh) + Blh*sin(Uh)
cosV=as. matri x(cosV)

si nV=C0h + Clh*cos(Uh) + Dlh*si n(Uh)
sinV=as. matri x(si nV)

Vh=at an(si nV, cosV)

#estimate sigma2
sh=1/n*(sum((cos(u)-cos(U))"2+(sin(u)-sin(U))"2)+

1/ onega*sun{ (cos(Vv) - AOh- Alh*cos(U) - BLh*si n(U) ) *2+( si n(v) - COh-
Clh*cos(U) - Dlh*sin(U))"2))

# estimate errors

del Rh=cos(u) - cos(Un)

del I h=si n(u) - si n( Un)

epsRh=cos(V) - cos(Vh)

epsl h=si n(v) -si n(Vh)

I'i st (u=u, v=v, Uh=Uh, Vh=Vh, AOh=A0h, Alh=Alh, B1lh=B1lh, COh=C0h, C1h=Clh,
D1h=D1h, sh=sh, del Rh=del Rh, del | h=del | h, epsRh=epsRh, epsl| h=epsl h)
}
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