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ABSTRACT

Photoionization of Atom by Intense Laser Fields

This research is devoted to a detailed study of the interaction between atom and in-
tense laser field, which mainly focusing on the photoionization spectra of hydrogenlike
atom. The main theoretical model which is involved in order to describe the photoion-
ization phenomenon is Keldysh’s model. Firstly, the Keldysh’s formalism is derived in
details and its physical significance is explored. We have presented the extension of the
Keldysh’s theory further into a semianalytical expression to study the characteristics of
ionization rate of atom by intense lasers. In particular, the generalization of Keldysh’s
model is obtained for linear polarized light from small photoelectron momentum to arbi-
trary value of momentum. By applying different type of the laser field, i.e. linear, circular
and elliptical, we have shown the variation of spectrum of the ionization rate and compare
the features of the exact rates with Keldysh analytical result as functions of frequency and
electric field strength. Next, the Keldysh’s model is further extended in order to describe
the photoionization of hydrogenlike atom from arbitrary initial energy level, which is not
only restricted to the initial ground state energy level. A general analytical expression for
arbitrary n00O energy level is obtained where n is the principal quantum number. Mean-
while, semianalytical expression is obtained for arbitrary n/m energy level where [ is the
azimuthal quantum number and m is the magnetic quantum number. Furthermore, we
have also extended the Keldysh’s theory to study the interaction between the hydrogen-
like atoms with ultra intense laser where the relativistic effect is taken consideration in
the model. The extension of the theoretical model into relativistic regime will provide a
significant insight into the real world study since experimental works are deal with highly
intense pulsed laser such as Ti:Sa laser for research study. The theory developed in this
research will particularly benefit the future development of attoseconds laser, thus pro-
viding new tools for imaging and requiring further the development of electron control

through intense light-matter interaction.

11



ABSTRAK

Pengionan Atom secara Foto dalam Medan Laser Sengit

Kajian ini ditumpukan kepada analisis interaksi antara atom dan medan laser sengit
secara terperinci, di mana fokus utama diberikan kepada spektra pengionan hidrogenik
atom secara foto. Model teori utama yang terlibat untuk menjelaskan fenomena pengio-
nan secara foto ini adalah model Keldysh. Pertamanya, formalisme Keldysh diterbitkan
secara terperinci dan kepentingan fizikalnya diterokai. Kami telah mempersembahkan
perlanjutan model Keldysh ini kepada unggapan analisis separa untuk mengkaji ciri-ciri
kadar pengionan atom dalam medan laser sengit. Khususnya, model Keldysh telah digen-
eralisasi untuk cahaya polarisasi linear daripada momentum foto elektron kecil kepada se-
barang nilai momentum. Dengan mengaplikasikan medan laser yang berlainan, misalnya
linear, bulatan dan elips, kami telah menunjukkan perubahan spektra daripada kadar pen-
gionan dan membuat perbandingan antara kadar tepat dengan unggapan analisasi Keldysh
secara fungsi frekuensi dan kekuatan medan elektrik. Seterusnya, model Keldysh telah
dilanjutkan sekali lagi untuk menjelaskan pengionan hidrogenik atom secara foto dari-
pada sebarang tahap tenaga awal, di mana tidak tertakluk kepada tahap tenaga dasar sa-
haja. Unggapan analisasi umum untuk sebarang tahap tenaga n00 telah didapati di mana
n adalah nombor kuantum utama. Sementara itu, unggapan analisasi separa telah didap-
ati untuk sebarang tahap tenaga n/m di mana [ adalah nombor kuantum azimuthal dan m
adalah nombor kuantum magnetik. Tambahan pula, kami juga melanjutkan teori Keldysh
untuk mengkaji interaksi antara hidrogenik atom dengan laser berkuasa sengit di mana
faktor kerelatifan diambil kira dalam pertimbangan. Perlanjutan model teori ini kepada
bidang kerelatifan menyediakan pengetahuan fizikal yang penting kepada kajian dunia
sebenar di mana kajian eksperimen biasanya berurusan dengan laser gelombang nadi un-
tuk kajian laser sengit. Teori yang dibangunkan daripada kajian ini akan memberi manfaat
kepada pembangunan masa depan kepada laser attoseconds, justeru menyediakan perala-
tan baru untuk pengimejan dan memerlukan pembangunan pengawalan elektron daripada

interaksi jasad-cahaya sengit.
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CHAPTER 1

INTRODUCTION

1.1 Introduction to Strong Field Ionization

Over the past few decades, the invention of laser has brought a remarkable advance-
ment (Raymond Ooi & Seow, 2013) for the development of technologies such as fem-
tosecond mid-infrared lasers (Popmintchev et al., 2012), intense few-cycle pulse (Hu &
Collins, 2005), carrier-to-envelope phase control (Jones et al., 2000) and extreme ultravi-
olet laser (Richter et al., 2009). The recent technologies dates back the past 15 years such
as X-ray free electron laser (Yu et al., 2000), attosecond pulses (Antoine, L’'Huillier, &
Lewenstein, 1996), high harmonic generation (Bandrauk & Shon, 2002) and molecular
imaging (Peters et al., 2011) adopt the non-perturbative theory as the main theoretical
engine. Strong field ionization of atom can no longer be described by the ordinary per-
turbation theory, loose definition since the ionization process requires multiphotons to be
absorbed or emitted. In the past decade, the research by H. R. Reiss (Reiss, 1992) had
introduce a new range of parameter which is the ratio of ponderomotive energy to the
photon energy. This familiar metrics is defined as z = U, /li@ where the ponderomotive

energy

U, =E*/40* (1.1)

in atomic unit is the cycle-average kinetic energy of a free electron in an intense laser field
with the laser amplitude E and the laser frequency @. The z-value is having the dimension
which is proportional to @~ and the physical meaning of this particular value gives the
idea of how much is the photons exchanged during the interaction between the atom and
the intense laser field. The invention of the intense femtosecond mid-infrared laser enable
the finding of the z-value of several hundreds. Later on, following by the invention of X-
ray free electron laser (XFEL) (Huang & Kim, 2007) allows the sequential removal of all
the electrons from the parent atom although the particular z-value is practically zero.

In this field of research, strong field ionization requires a certain amount of painstak-
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ing works where the experiments are driving all along the time while the theory is being
developed. For instance in the earlier theoretical work, even the Schrodinger equation for
eliminating the single electron from the binding force of the strong external electromag-
netic field and also the Coulomb potential of the particular atom cannot be solved exactly.
In 1987, a new effect which is known as Stark-induced Rydberg resonances was observed
and reported by Freeman (Freeman et al., 1987). Later on, the theoretical treatment in
order to describe this phenomenon had been established, which is known as the Floquet’s
theory (Rottke et al., 1994). However, the method is still depending on the perturbation
theory where low intensity of the laser field and short wavelength are taken into consid-
eration. Perturbation theory starts to lose its significance when as soon as the photon
energy is smaller compared to the larger Stark shifts effect. On the contrary, the solution
of Schrodinger equation has to seek for other approximations beyond perturbation theory
such as Keldysh’s theory (Keldysh, 1965), and later by Faisal’s theory (Faisal, 1973) and
also Reiss’s theory (Reiss, 1980, 1992). Additionally, the detailed comparison between
the three different approaches always known as the Keldysh-Faisal-Reiss (KFR) theory
(Popov, 2004). By using the non-perturbative approach in Keldysh’s theory, where high
intensity of the laser field and long wavelength limit are taken into consideration, hence
the total ionization (R. Ooi, Ho, & Bandrauk, 2012) (In the later chapter, it is denoted as
w) is behaving like the rate of dc-tunneling.

The Keldysh theory of describing the simple tunneling ionization has gain its popu-
larity over years; even so, in the recent review of Reiss mentions that the concept of the
tunneling ionization has a limited range of applications. Tunneling ionization has been
playing the main role in the strong field ionization until the new theory, “The simple man
model” developed by Corkum in 1993 followed by the high harmonic generation theory
by Lewenstine (Lewenstein, Balcou, Ivanov, L’Huillier, & Corkum, 1994) and Becker
(Becker, Lohr, Kleber, & Lewenstein, 1997) lead the strong field ionization to a new era
of laser, which is known as attosecond physics. Corkum’s model provides a classical de-
scription of the electron in the strong electromagnetic field, tunnel to the continuum and

recollide with the parent ion, hence resulting in the maximum energy,

Npho = 1,+3.17U,, (1.2)



where I, is the ionization potential energy and U, is the ponderomotive potential as de-
fined above. Furthermore, in the later work of M. Lein incorporates recolliding electrons
for molecular imaging (Lein, 2007; N. Milosevic, Corkum, & Brabec, 2004). These
works provide important foundations leading to the development of the intense light mat-
ter interactions (Bandrauk & Yu, 1999; E. Leorin & Bandrauk, 2007).

More experimental works right after the establishment of the theoretical models lead
to the generation of high-energy attosecond light sources (G. Sansone & Nisoli, 2011)
from gas. The attosecond light generation is based on the theory of high-harmonics gen-
eration where the electron is driven to the Volkov continuum state, returns and recollide
to the parent ion (Lein & Rost, 2003), emitting a plateau of harmonics where the cutoff
is located at I, +-3.17U,,. A vast number of works are still trying to figure out the nature
of the cutoff and whether other values beside I, +3.17U,, are possible. Recent work by
D. B. MiloSevi¢ and A. F. Starace (B. & Starace, 1999) showed that the linearly polarized
laser with the static field perpendicular to the laser field can induce a plateau towards high
energy X-ray photons. K. J. Yuan and A. D. Bandrauk (K.-J. Yuan & Bandrauk, 2010,
2011b) had performed numerical results that showed the molecular high-order harmonic
generation (Kamta & Bandrauk, 2005) can have the maximum elliptically polarized har-
monic energies of I, +13.5U, (K.-J. Yuan & Bandrauk, 2010, 2011a), for certain inter-
nuclear distances and also relative pulse carrier envelope phase. The model shows that
high-harmonic generation is not only contributed by the recollision of the electron to the
parent ion of H2+ but also recollision with the neighbouring ion as well. Some work by D.
B. MiloSevi¢, W. Becker, and R. Kopold has shown that circularly polarized harmonics
(B., Becker, & Kopold, 2000) can be generated if the superposition of a linearly polarized
laser field is orientated at an appropriate angle with a static electric field.

Since the past two decades, more applications (R. Ooi & Khoo, 2012; R. Ooi & Lee,
2013b; Ng & Ooi, 2013) in the strong field ionization have been developed base on the
experiment findings such as Above Threshold Ionization (ATI), Multiphoton Ionization
(MPI), resonant Multiphoton Ionization (RMPI) and the non-sequential double ionization.
As a result of this, the new technology for instance, laser generating ultrafast light pulses
becomes a surprise and a big gift by entering the millennium. Since then, more new tools

are invented for the purpose of strong field investigation such as intense mid-infrared

3



lasers, few-cycle pulses, carrier-to-envelope phase control and COLTRIMS devices. After
the millennium year, following by a plethora of discovery such as attosecond generation
and attochirp (Kohler, Keitel, & Hatsagortsyan, 2011), ion recoil momentum distributions
(Weber et al., 2000), absolute phase effects (Stockman & Hewageegana, 2007), long-
wavelength scaling of ATI (Corkum, Burnett, & Brunel, 1989), nonlinear optics (R. Ooi
& Lee, 2013a) in the XUV (Van Dao, Teichmann, Davis, & Hannaford, 2008) and X-
ray regime (Zhuang, Miranda, Kim, & Shen, 1999), non-sequential multiple ionization
(Guo, Li, & Gibson, 1999), attosecond measurements of the ionization time delay and
a universal strong field low-energy structure. In the evolution of strong field ionization,
more and more concerns are focusing on controlling the electron dynamics so that new
imaging tools can be developed base on high harmonics generation.

The new millennium imaging (Chen et al., 2009) tools are very important to explore
the wonder of nature for our better understanding, for instance the chemical process.
Since the chemical interaction is involving basically the electromagnetism force which is
the transferring process of electron between atoms or molecules. In order to capture such
a fast movement of chemical process (in the range around femtosecond, ~ 10~ s ), we
need a faster imaging tool to breakthrough such as the attosecond generation (= 10~ 185).
However, the invention of such a great technology requires a combination of knowl-
edge from various aspects such as photoionization (R. Ooi et al., 2012), recombination
(Zimmermann, Lein, & Rost, 2005) and re-collision (D. B. Milosevic & Ehlotzky, 2003)
with parent ion in order to control the electron dynamics well. Hence, recent works start
to focus back on these aspects such as photoionization and high harmonic generation
(Clatterbuck et al., 2004) of different kind of laser fields, i.e. linear, circular and elliptical
polarizations, photoelectron momentum distributions (K.-J. Yuan, Chelkowski, & Ban-
drauk, 2013); in order to provide a complete, well established theoretical model and also
experimental justifications for a better understanding of the fundamental. By combining
all these great works, the invention of this new millennium imaging (Teichmann, Chen,

Dilanian, Hannaford, & Van Dao, 2010) tool can be achieved soon.



1.2 Motivations of the Research

As what we have discussed in the introduction, it is clear that the evolution of the
strong field ionization and the world starts to concern on understanding the electron dy-
namics of an atom during the interaction with intense laser so that the controlling of
electron can be done. However, many new findings recently are reporting the incomplete-
ness of the past theories such as Keldysh and Ammosov-Keldysh-Delone (ADK) model.
For example, in the recent work of Y. Z. Fu (Fu Yan-Zhuo, 2012), they found that the
incompleteness of the ADK theory which overestimates the ionization rate and fails to
give the correct ionization probability in the over-the-barrier (OBI regime). Without the
establishment of a complete theoretical model, we can never fully understand physics
phenomenon behind; as a result, a lot of new experiment findings meet bottleneck be-
cause these phenomenon cannot be well explained by the past theory. Consequently, we
are motivated to develop a more general and well established theory for the better under-
standing of photoionization spectra of the hydrogen atom.

In our research, we study the Keldysh model in details and found that the incom-
pleteness of the theory due to certain aspects, for example in the process of the interaction
between hydrogen and the laser field, the laser field strength is not intense enough base
on the new era perspective (perhaps it is considered very intense in the olden day). Be-
sides, during the calculation, we found that Keldysh’s assumption on the photoelectron
is having a small momentum, where the low frequency of the laser field is considered
since the direct proportionality of the photoelectron momentum and the laser frequency.
In spite of that, Keldysh model has a limitation of setting the hydrogen ground state as
the initial state of the tunneling ionization. Nevertheless, this is consider as an ideal case
because the electron of the hydrogen atom cannot be in the exactly ground state in the real
world. It might get excited to certain level due to some external factors with surroundings
or interaction between other atoms.

In the later part, we will make an outline in details for each chapter and explain
our method to overcome the issues as mentioned. This thesis is concerning on establish
a more general and better theoretical model to describe the photoionization of atom in

intense laser field for the sake of future technology such as the attosecond imaging tool.



1.3 Objectives

In this thesis, there are several important objectives to achieve. Firstly, we will study
and discuss the past theoretical model of Keldysh on photoionization in details. Next, we
set our focus to establish a general model on photoionization by considering arbitrary
momentum of the photoelectron. Emphasize is made on the laser frequency and the
momentum of photoelectron, comparison with our exact model and Keldysh model will
be made and discussed in further. The next objective is to calculate and further extend
the Keldysh’s formalism to incorporate arbitrary energy level of the hydrogen atom to be
the initial state of the photoionization. Last but not least, we will set the focus to consider
the interaction of hydrogen atom with highly intense laser, where to relativistic effect is

taken consideration in the system.

1.4 Thesis Organization and Outline

This thesis is roughly arranged into six chapters. In the first chapter we will discuss
the literature review and past researches which have done in the strong field ionization.
Moreover, we will briefly explain the motivations of research, objectives and the thesis
outline in this chapter. Chapter 2 is devoted to the introduction of some basic theory and
calculations that are involved in the strong field ionization. Besides, we will briefly in-
troduce the other processes such as Above Threshold lonization, Multiphoton Ionization
and Corkum’s simple man model to enable the readers to have a better understanding and
perspective of the strong field physics.

In chapter 3, we explore the reasons of the breakdown of the perturbative theory
and derive the theoretical formalism and calculation of the non-perturbative theory. By
understanding the formalism of non-perturbative calculation, we will further explore the
Keldysh model and spell out the formalism in details. The result of the photoionization
rate will be discussed. Chapter 4 is concerning on generalize the Keldysh’s model to
adopt arbitrary momentum of photoelectron. The derivation of our exact model will be
shown and further compared with the Keldysh’s result.

Chapter 5 is devoted to the extension of Keldysh’s formalism so that the initial state
of the photoionization can be arbitrary energy level of the hydrogen wavefunction, mean-

while Keldysh only consider the hydrogen ground state wavefunction as the initial state.
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Thus, we generalized the theoretical model for photoionization so that the pulse enve-
lope function is included and the model can adopt arbitrary electric field strength of the
laser field. Relativistic effect is taken consideration into our generalized model as the
intensity of the laser field is getting higher. In the discussion, the photoionization results
are plotted in angular distribution and comparison has been made on the relativistic and
non-relativistic photoionization. We will show that the result can be retrieved back to
Keldysh’s result which is non-relativistic by reducing the intensity of the intense laser
field.

The last chapter is where the thesis is concluded with a short recap and several
thoughts of future works about photoionization. The works in this thesis have been pub-
lished in well known ISI journals such as Phys. Rev. A and J. Opt. Soc. Am. B, as shown

in Appendix A.



CHAPTER 2

THE FORMALISM OF LIGHT-MATTER INTERACTION

2.1 Introduction

The idea of intense laser field started from the first most relevant empirical finding
in the development of intense-field science was the observation of breakdown of atomic
gases in air when a laser was shone on it. In 1965, Voronov and Delone were using a
ruby laser (Voronov & Delone, 1966) with photons of about 2eV which is much smaller
than the ionization potentials of noble gas atoms Ar and Xe ( >10eV ) which served as
targets. They reported not only the observation of ions but also a nonlinear dependence of
the ions yields on the laser intensity. In the later work by Hall, Branscomb and Robinson,
they observed the photo-detachment effect (Robinson & Geltman, 1967), in which a neg-
ative ion emitteed an electron by interaction with a beam of subthreshold laser photons.
Following by many interesting findings which develope the intense laser field to become
the pioneer study in the world.

In this chapter, the important formalism that involed in light-matter interaction (Federov,
1991) will be described in details. Those formalism such as gauge transformation, non-
perturbative theory, atom field interaction in semi-classical approach (J.-M. Yuan & George,
1978), the perturbative formalism for strong field ionization are playing the important
roles as the main engines that drive the development of the interaction between atom and
intense laser field. The details study and derivation of these formalism will be shown for
a better understanding to the readers.

The Hamiltonian is the main formalism in the atom field interaction and it is very
important in order to describe an atom whose interaction with the electromagnetic field
results from the fact that the nucleus is moving with instantaneous position « (z). (which
is one of the four Hamiltonian where we will discuss in the following section.) This is
the essential coordinate for a classical free electron when moving in the field without any
interaction. In the next section, we will discuss the gauge transformation on four different

Hamiltonians which is very useful in order to understand the photoionization models in



the later part.

2.2 Gauge Transformation

The gauge transformation (Mittleman, 1993) is an important process for understand-
ing each photoionization model in order to preserve the invariance of the equations. For

instance, the following equation consists a phase transformation of the wavefunction,

¥ — expi <ZTn (rn,t)) vy, (2.1

and a corresponding shift in the vector potential A ; (r s t) and also the scalar potential V,

B
Aj(rj,t) = Aj(rj,0) + e—CVnYn (Cn,1), 2.2)
n

ld
V—oV-— %;EY” (rp,1). (2.3)

Hence, the Schrodinger equation remains unchanged. The constraint on the poten-
tials and the Maxwell equations which are governing the field are unchanged provided

that the T, satisfies the wave equation as following

2
(V2 L d )Tn(rn,t):o. (2.4)

~Zar?
Gauge transformation is also known as a unitary transformation of the wavefunction
and provide an altered form of the Hamiltonian which is very useful for the calculation in

the later chapter. The Hamiltonian of the Schrodinger equation is defined as below,

Y4

= L (e EA0) 4 B (o £0) (b EA) VKX

(2.5)
where 1 is the reduced mass of the electron and p; is the canonical momentum. The

Schrodinger equation is defined as

d
h— —H{ | ¥, =0 2.6
(l o 1) 1 =0, (2.6)



and the unitary transformation is applied on the wavefunction

lPI = exp (—iq)j) le. (27)

where the function ®; can be arbitrary function. The new wavefunction is having the
same physical meaning as the old wavefunction. In other word, we can say that the

wavefunction is invariant and it satisfies

d
(iE_Hj) ¥Y; =0, (2.8)
where
HJ = e lee ’—ij. 2.9)

By setting ®;, it is obviously shown that the Hamiltonian remains unchanged.

However, the purpose of ®; is designed to eliminate the second order of the vector

potential, AZ from

/ dt'A* (t (2.10)

2mc2 My

As a result, the Hamiltonian becomes

Z 2 V4 V4
p;j i'Pj  eM
H2=Z—J+ Z p p1+——AA )prj+V. (2.11)

In general, the coupling to the field is only in the p - A term, nevertheless it can still
contribute A2 terns when the second order is taken into consideration. Meanwhile, we

introduce another choice of ®; which will remove the p - A term

e Z
_EZXJ..A(,), (2.12)

and hence, the new Hamiltonian is obtained without the p - A term,

pj Pi P
Hs = Zzu+ Z w, TeEC XZX +V, (2.13)
i>j=l1 j=

where the classical electric field, E (¢) is defined as

E(t)=——A(r). (2.14)
10



Next, we would like to introduce an infinite possible number of ®’s which takes the
form of
e M A

t V4
Dy = — -2 | drA% (¢ 4+ D,. 2.15
4 me My /_Oo ( )Xj_zlpj+ 2 ( )

In order to remives the p - A coupling, we introduce a transformation to the Kramers’

gauge (refer to appendix D). The equation is expressed as

e PiX e =X — a(t), (2.16)
where f(¢) is defined as
M,
) / dr'Alt (2.17)
 mc My

and shows that this transformation is also can be known as a space translation or an
acceleration transformation in the accelerated frame.

Hence, the new Hamiltonian is

z 2
Z—’ Zp’ Pivixi—a(),. . X,—al). (2.18)

i>j=1
In other word, the above Hamiltonian as in Eq. 2.18 which is generated by ®4 in Eq.

2.15 has a physical meaning where the free electron is space translated to a frame which
is unaccelerated, but the nucleus is still moving in the field itself.

The four Hamiltonian that we have discussed are all equally meaningful thus pro-
viding identical physical results when the Schrodinger equation is solved exactly. Gauge
transformation (Brown & Kibble, 1964) may cause the result to be different if the gauge
is not chosen wisely. Therefore, we shall understand that the different gauges may be

useful in different system.

2.3 Interaction between Atom and Field

Atom field interaction (Claude Cohen-Tannoudji, 2012) involves coupling between
the atom and the mode of the electromagnetic field. Description of the interaction is valid
when the atomic levels involved are resonant with the driving field while other levels are

highly detuned. The semiclassical theory treats the atom as a quantum three-level system

11



and the radiation field classically. The three level atom undergoes optical Rabi oscillations
(R. Ooi, Hazmin, & Singh, 2013) induced by the driving electromagnetic field. The
oscillations experience damping as the atomic levels decay. A better understanding of
this simple model of the atom-field interaction is crucial before engaging in more complex
problems involving an ensembles of atoms interacting with the field such as laser. This
also provides a platform for studying complicated atoms ensembles such as biomolecules.

The atom and field interaction can be described by two different theory which is the
semiclassical theory and the quantum theory. The semiclassical theory predicts Rabi os-
cillations for atomic inversion ignoring decay process while the quantum theory predicts

certain collapse and revival phenomena due to the quantum aspects of the field.

2.3.1 Semi-Classical Theory

Atom field interaction involves coupling between the atom and the mode of the elec-
tromagnetic field. Description of the interaction is valid when the atomic levels involved
are resonant with the driving field while other levels are highly detuned (V. M. Akulin &
Sartakov, 1977). The semiclassical theory treats the atom as a quantum three-level system
and the radiation field classically. The three level atom undergoes optical Rabi oscilla-
tions induced by the driving electromagnetic field. The oscillations experience damping
as the atomic levels decay. A better understanding of this simple model of the atom-field
interaction is crucial before engaging in more complex problems involving an ensembles
of atoms interacting with the field such as laser. This also provides a platform for studying

complicated atoms ensembles such as biomolecules.

2.3.1 (a) Atom Field Interaction Hamiltonian

The minimal coupling Hamiltonian depicts about the interaction of an electron of

charge e and mass m with an external electromagnetic field

H= ﬁ[p—eA(r,t)]2+eU (.0 +V (), 2.19)

where p is the canonical momentum operator, A (r,#) and U (r,) are the vector and scalar
potentials of external electromagnetic field respectively and V (r) is the electrostatic po-
tential which acts as atomic binding potential. From here, we can see several approaches

of the Hamiltonian.

12



1. Local Gauge (phase) Invariance and Minimal-Coupling Hamiltonian The mo-

tion of a free electron can be explained by the Schrodinger equation

—h? dy
Vg =in—r. 2.2
2m v =in dt (2.20)

The probability density for finding an electron at position r and time ¢ is

If the solution is y (r,t), so does y (r,7) = y(r,t)exp (ix) where y is an arbitrary
constant phase and the probability density is unaffected by the choice of . This means
two functions that differ by a constant phase factor still represents the same physical state.
However, thing changes if phase is allowed to vary locally, by means to be a function
of space and time variables such that y (r,r) — v (r,7) ("), Hence, the Scrodinger
equation had to be modified to satisfy the local gauge invariance (Vanne & Saenz, 2009)
by adding new terms to Eq. 3.114

—h? e 2 _dy
{%[V—%A(r,t)] —l—eU(r,t)}l,l/—lhE, (2.21)

where A (r,t) — A(r,1) + %V% (r,t) and U (r,t) — U (r,t) — %i—’f (r,t). The scalar and
vector potnetial are gauge dependent potentials. The gauge-independent quantities are
electric fields E = —VU — % and magnetic fields B =V x A. Take note that RHS of

equation below is actually the Hamiltonian of Eq. 2.19. Thus, Scrodinger can be rewritten

in terms of gauge-dependent quantities

L 2 Ay
{2m [—ihV —eA (r,1)]" +eU (r,t)} Y =ih o (2.22)
by using p = —ihV. The electrons are described by wavefunction y (r,#) whereas the

field is depicted by the vector and scalar potentials A and U, respectively.

2. Dipole Approximation & r - E Hamiltonian Consider that the electron is bound by
a potential V(r) to the nucleus located at ry. Dipole approximation (Kylstra et al., 2000)
simplifies the minimal-coupling Hamiltonian. The entire atom is immersed in a plane of

electromagnetic wave depicted by a vector potential A (rg+r,z) which is expressed in

13



dipole approximation k-r << 1 as

A(ro+r,r) = A(t)exp(ik-(ro+r)) (2.23)
= A(f)exp(ik-1o) (1 +ikr+...) (2.24)
~ A(t)exp(ik-rp). (2.25)

From Eq. 3.124, let A (r,7) = A (ro,?) and binding potential V (r) that denotes elec-

trostatic potential that binds electron to nucleus, getting

o [v-ieamon] +v i wien =m0 2.26)

In the radiation gauge, U (r,7) =0 and V-A = 0. A new wave function ¢ (r,7) is

defined which is in the form of

v (r,7) = exp <i%A (ro,1) ~r) 0 (r,1). 2.27)

We pluck the Eq. 2.27 into Eq. 3.14 to get

{__hz [V—i%A(ro,t)rnLV(r)}eXp (i%A(rO»I) '1‘> ¢ (r,1)

2m

d
= inexp (i%A (ro,1) -r) 0 (r,1), (2.28)

then we reduce Eq. 2.28 into

2 : :
exp (i%A - r) [571 I (r)] 0 (r,1) = ih [¢ (r,1) + i%A o (r,t)} exp (i%A : r) , (2.29)
and obtain the following expression
: Jre :
ihe (r,t) = K% +V (r)> +eA- r} o (r,1). (2.30)

Next, we define unperturbed Hamiltonian of the electron as Hy = ‘2%21 +V (r) and use

E = —A yielding
ing (r,1) = [Ho — er-E (r0,)] ¢ (r,1). (231)

The total Hamiltonian is

H = Hy+ Hy,

14



with

Hj :—er-E(ro,t). (2.32)

is in terms of gauge-independent field E.

3. p- A Hamiltonian Hamiltonian can also be expressed in terms of canonical momen-
tum p and vector potential A. The radiation gauge (Bauer, Milosevic, & Becker, 2005)
is followed where U (r,7) = 0 and V- A = 0. In quantum mechanics, [p,A] = 0 due to

V- A = 0. The total Hamiltonian is
H =Hy+H, (2.33)
where Hy = % +V (r). In the dipole approximation of Eq. 2.25

Hy=—SpA(r z)+82A2(r )
2= mp 0, m 0,

The Scrodinger equation becomes

Hy(r,1) = ih%y/(r,t) (2.34)
2 d
Ho— SpA(rot) + —A%(ro,t) | w(r,t) = ihoy(r,1) (2.35)
0t ’ 2m ’ ’ dt ’

The A? term is usually small and is ignored. Thus
i d (r,1) [H ¢ A(r t)} (r,1) (2.36)
mn— = _—— . 3 .
A U 0.1)| ¥

such that Hy = —2p- A (ro,t). Hy and H; give different physical results because the ma-
trix elements of these Hamiltonians calculated between the eigenstates of the unperturbed
Hamiltonian Hy are dissimilar. Next, we consider linearly polarized monochromatic plane

wave field interacting with an atom placed at ryp = 0,

E(0,1) = E cosvt (2.37)
1.
A(0,t) = ——Esinvt (2.38)
1%

and the time-independent amplitudes associated with H; and H»

W, = —er.E (2.39)
15



Wy = < pE (2.40)

The initial eigenstate |i) of Hy = Hy|i) = ho; |i) and a final eigenstate |f),Hoy|f) =

hwy|f) with the frequency transformation, ® = @y — o;.

2.4 Non-perturbative theory
For pedagogical reason, the wavefunction of a single particle moving in three dimen-

sions can be described by the following equation,

in®(r,t) = H(r,)®(r1), (2.41)

where the Hamiltonian (Tong & Chu, 1997) is defined as

W2
H(rt)=T+V(rt)= —%V—FV(r,t). (2.42)

Before proceed to the Schrodinger equation, firstly we have to introduce the equation

of continuity which is defined as

p(rt)=-=Vj(nt), (2.43)

with the so-called probability density

p(rt)=¥(n1)*, (2.44)

and the probability density flux which is described as the following expression

j(nt) = n%]m{(r,t)} = —%Re{‘l—’*(r,t)p‘l’(r,t)}. (2.45)

We refer to the above equation 2.45, both LHS and RHS of this equation must be

equal to a constant, which we name as E. Hence, we thus arrive at the two equations,

ihp(t) = E@(1), (2.46)

H(r\.(r) = Ey(r). (2.47)
16



The first of these equations, equation 2.46 can be solved immediately and yields,

(1) = goe E1/N. (2.48)

Next, the solution for time-dependent Schrodinger equation is obtained as following,

Y(r,1) = WE(r)@oe't'/". (2.49)

We would rewrite a general solution of the time-dependent Schrodinger equation

which is a linear combination of eigenfunctions,

P(rt) =Y anyu(r)e " (2.50)
n=0
or another expression,
W(r1) = / dEa(E)y,(r)e!/" (2.51)

Next, we shall rewrite the time-dependent schrodinger equation 2.41 into the opera-

tor form and ket, which is

in|®(r)) =H|¥()). (2.52)

A formal solution of this equation is given by

Y(r)) = eiH@*fO)/h( W(1)) = Ul(t,10) [¥(10)]), (2.53)

and it can be shown that the integral as following expression

(B (O)P()) = (Plt0)

M) b =HU=0)/H (1) ) — (W(10)(10)),  (2.54)

which is equivalent to the time-evolution operator being unitary

Ult,t) = U (t,10). (2.55)

17



Let us recall the composition property of the time-evolution operator (Bandrauk,

1994)

Ult,to) = U, Ut 19). (2.56)

Hence, the wavefunction can be shown by insertion

) =10~ [ AR 2.57)

On the contrary, let us introduce a special wavefunction, the closure relation, which
is defined as

K(r,t;70) = /dsr"K(nt;r",t’)K(r",t";r’,O), (2.58)

and also the Feynman-Kac formula (Moral, 2004),

Ey = —lim—InG(—ihr,0), (2.59)
T[A(h)B(t)] = {%}. (2.60)

Therefore, the time-ordering operator can be shown as

. t n
Ult,t0) = Te /" / di'H(t). (2.61)

As a result, the propagated wavefunction becomes
W(r1) = / & (r|U1,0)| 7 )W (. 0), (2.62)

After replacing the time-ordering operator into the closure relation, hence the posi-

tion matrix element of the time-evolution operator would be

K(r,t;r',0) = (r|U(z,0)|r). (2.63)

Let us define another special wavefunction, the closure relation which is defined as

K(r,t;7,0) = /d3r"K(r,t;r",t")K(r",t”;r',O), (2.64)

18



thus, at the spectral representation, it can be rewritten as

K(rt;,r,0) Z Wi (r (2.65)

By considering the auto-correlation function of an initial wavefunction, therefore,

= Z |n)(n| ch, (2.66)

which is defined according to

Coall) = <‘Poc ‘e—””/h) ‘Poc> =Y (G, 2.67)

Hence, one gains the local spectrum by Fourier transformation

1 .
S©) = 5 / die™ aa(r)

= Y Ci|*8(E, o). (2.68)
n=0

To this end, we perform the time evolution on equation 2.67 and yield,

Po(—iht) ch|n —rkn (2.69)

and we perform the Taylor expansion of the potential around = gt accoding to

V(,t)V(qt,t)+V'(qt,t)(—qt) + %V”(qz 1) (—qt)>. (2.70)

By using the time-dependent Schrédinger equation again, after the insertion of the
time and position derivatives of the wavefunction, we can get the first and second deriva-

tive of the wavefunction as the following expression,

Vi) = —o(r—ar P20 (v a) + o= an) — pac+ 8}, 7D
V() = (20 (- q)+ o pPR (), @7
(k) = {—206;—1—[—2(X,(x—qt)+£pt]2}‘l’(x,t). 2.73)
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The wavefunction along the straight lines originating from i = 0 can thus be written

as

¥(2k — 2_l —(k/2)? - (n+k/2)* _ (n—k/2)*
(2k7,7) = /754 Y {q q },
n=1

21

LNE‘I*WZ)Z' (2.74)

To this end a simplified version of the short-time propagator with a simple end point

rule for the discretization of the potential part of the action by replacing

il
v 2.75)
2
with
V(xj—1). (2.76)
By defining the deviation from the classical path as
(") =x(t") =xa(t'), 2.77)
the second-order expansion needed for the SPA is given by
1 y
Sl = Stxe] + 5 [ (@00 (), (2.78)
with
A dz 2
O=-m——-V". 2.79
mos (2.79)
From basic classical mechanics we have the identity which is defined as
9%S[x. dpi
o __9pi. (2.80)
8xf8xi aXf

Hence, we have the Schrodinger equation in the interaction picture, where the per-

turbation Hamiltonian in the interaction picture is given by

Wi (t,0) := Uy (t,0)W (t)Uy(t,0). (2.81)
20



Thus, the total Hamiltonian shall be of the form

2
Z o (Xn) + Via (%), (2.82)
ol
with single particle operators
. h* 9?

and the coupling potential V1, depending on the two coordinates in a non additive manner.

The so-called Hartree Ansatz (Caillat et al., 2005) for the wavefunction is of the form

lP()C]’)Czj) = ‘P]()C]j)\Pz(xLl‘). (2.84)

This Ansatz is exact in the case that the coupling V|, vanishes, the single particle

functions then fulfill

ihY, (xy,t) = Hy W (X 0). (2.85)

We now plug the Hartree Ansatz into the full time-dependent Schrodinger equation

and find

ih(\lepl —|—‘P11P2) = ‘Pzﬁ]‘P] —I—\P]I:Izlpz + V¥ P,. (2.86)

By using the single particle equations of zeroth order with the index 2, the second

terms on the LHS and the RHS cancel each other and one finds

. h?
ih¥ (xl,t) = (—%Al —i—Vl’ij-(xl’t)) ¥, (xl,t) (2.87)

with an effective, time-dependent potential

Viegr(rit) =Vi(xr) + (2 [Via| ¥2)2. (2.88)

An analogous equation can be derived for particle 2

. h?
lhlpz()QJ) = <—%A2 +V270ff(.x27l')> ‘Pz(xlt), (2.89)
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and thus having the full solution of the time-independent Schrédinger equation

Hy,(x,X) = E W (x,X), (2.90)

with the Hamiltonian

N 1’52 ﬁz

H="—4+"— X X). 2.91
2m+2M—|—v(r, )+ V(X) (2.91)

2.5 Time-Dependent Quantum Theory
Time-dependent quantum theory(Kulander, 1988) is the main engine that drives the

non-perturbative theory, we shall start with the Hamiltonian as the following

A°(x|X)9;.| X) = €)(X)9;(xX), (2.92)
where
N ﬁz
AP (xX) = 2+ v(x, X), (2.93)

depends parametrically on X and j is the quantum number of the light particle. By using

the product Ansatz (Reiss, 2008), we have

W (X, X) 9 (xX )x1 (X)), (2.94)
and one arrives at equations of the form
Hj(X)x1,j(X) =¢g'x1,j(X), (2.95)
with the Hamltonian
A1 P 0
As aresult, this yields coupled differential equations for the coefficients
(2.97)

i/’le(l‘) = S?Cj — i/’lXZdj7kck.
k
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In dealing with laser driven systems the problem of time-periodic Hamiltonians is of

central importance. However in this case, we have

H(t+T)=H(). (2.98)

In order to solve the time-dependent Schrodinger equation, we prove that the Hamil-

tonian is extended by the time derivative

H(t) = H(t) — ih;, (2.99)

and the time-derivative of the exponential part yields

H(x,0)yo(r,1) = eqWa(nt). (2.100)

Hence, the wavefunction is written as a superposition of quasi-eigenfunctions

Y(t) = an/l//a/(t)exp{—éeart}, (2.101)
a/

with appropriate coefficients

ca = (War (0)¥(0)). (2.102)

The eigenfunctions of a certain (simple) Hamiltonian, as an example, the harmonic

oscillator as the following expression

Hyo = —~——— + —ma2x. (2.103)
m

The alternative representation of the harmonic oscillator Hamiltonian

. 1
Hyo = ho, (d’d + 5) . (2.104)

An arbitrary time-dependent wavefunction can now be expanded into eigenfunctions

of the harmonic oscillator according to
P(t) =Y d1)l. (2.105)
=0
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Due to the periodic timedependence of the Floquet functions they can be Fourier

expanded according to

o)

wa(0) =Y |wie™. (2.106)

n——oo

The Fourier coefficients on the RHS of equation 2.106 can in turn be expanded in an

orthogonal system { |k}

V) =) vialk), (2.107)
k=0
and the time integration yields
Ay [m—n] y A 1
H = H05m,n + 2—i{5mn,1 — 5mn+1}. (2.108)

Then, this leads to the fact that the exponentiated operator of kinetic energy becomes

local and can be applied easily via

"
(x

e—irkAz/h‘p/> _ <x”p/> &) At/
1 in' ! : /
. e’ /helTk(p )At/h- (2.109)
V21h

The discrete version of the Fourier transform is

N/2 .
D) — Z a ekarl/X’ (2.110)
k=—N/2—1
N
— lzq)(xn)e—kaxn/X. (2.111)
anl

The maximal momentum that can be described is

Pmax = h/(2Ax) = Nh/(2X). (2.112)

This can be avoided by adding a negative imaginary potential of the form

V(x) =—if(x)®(x—xg). (2.113)
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An at least conditionally stable method can be constructed by application of the

second-order formula

Y(r+ Ar)—¥(t — At)

w() N,

(2.114)

The condition under which it is stable can be derived by considering the eigenvalues

of the propagation matrix that appears by using the discrete form of the time-derivative

(‘PnH) B (1—4H2Az2/h2—2iﬂm/h> (‘Pn_l) 2.115)
v, ) —2iA At/h ¥, 2) '

By replacing the operator H with E, the eigenvalues of the matrix are

2ENt [E?2At?
Mo=1-2E>Ar*/n* + - \/ o1 (2.116)

and the first-order formula is

U(A)T—iH At /h. (2.117)

Hence, equating the gained expressions yields

(T+iH At /R)|W,s1) = (1 —iH At/R)|P,_1). (2.118)

Due to its implicit nature the method requires a matrix inversion and formally leads

to the prescription (also referred to as Cayley approximation)

_1—ifA At/ (2h)
14l At/ (2h)

The idea behind polynomial methods is the expansion of the time-evolution operator

Pn) ¥, 1). (2.119)

in terms of polynomials, according to

e =Y a4, pu(H). (2.120)

Formally, the equation above can be integrated over a small time step, yielding

n(t+ At) = exp{— AtHIN(1). (2.121)
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The basis for the reformulation of the semiclassical propagator is the matrix element

of the time-evolution operator 1 and 3 between coherent states

K(zf,1;2;;0) <z1‘ il

> : (2.122)

which is known as the Herman—Kluk Propagator. This procedure yields

dv p;dN v
KHK (xp 1530 = / ) RO exe CS(pgi)}Ell) . 2123)

Definitions that are used in the expression above are the classical action functional,
that depends on the initial phase space variables and for this reason is written (and de-

noted) as a function here according to

S(pigit) = dt'[prgy —H]. (2.124)
Furthermore,
1 12
R(pigit) = ‘E (mn +myo — ihymy; — %mlz) ; (2.125)
and the mixed matrix element
K(xst;20,0) = <xf ‘e_iﬁ’/ Z > = /de,-K(xf,t;,xi,O) (xi|Zal), (2.126)
with the time-dependent N x N width parameter matrix
1 ) 1
vt =y(mi + %mIZ)(mZZ +ivhmay) ", (2.127)
with the width parameter which is
1
M1+ g0n ™12
oy = . 2.128
t aomzz +2icphmy, ( )
The displayed quantity is the auto-correlation function
c(t) = (P(0)¥(r)). (2.129)
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As a result, we obtain the Morse potential with dimensionless Hamiltonian

H= 5 +D(1- exp{—Ax})%. (2.130)

Nevertheless, we introduce the Weyl transformation which is defined as the follow-

ing

A(p,q) Z/dueiq”/h (p+u/2|A|p—u/2), (2.131)

and the inverse transformation is

-~

y 1
A = ;l/dpqu(p,q)A(p,q), (2.132)

= /dveipv/h|q+v/2 ><qg—v/2|. (2.133)

>

Hence, we apply Weyl transformation on the Hamiltonian and yield,

p2
H(p,q) = 5—+V(q). (2.134)

2m

In general, the variation of a functional is defined via

50 = D[h] = / dx%ﬁh(x). (2.135)

For the specific cases which are

&[] = / dxh(x) f(x), (2.136)
&[] = / dxF (x, h(x)), (2.137)
o5l = [ dxF(x,h(x),%). (2.138)

After perform the second variation, we obtain the following expression

2

d
625[)661] = OS[xq+1n] —5S[xcl]/dt'{—mﬁ(xd+n) —V'(xg+n)In —/dt’{—mxcl—V’(xcl)}

= [ {=mn V" G
= /dt’nén.
27
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The determinant as defined as det (M) = det (m22) x det(m11m12 — m12m21) is

Ol'lly valid for block matrices which is
5 q p k E p / . 2-1 IO
2 T APy ||5q,/8p,|| olpi=p)) ( :

2.6 Light Matter Interaction in Weak Field

The Hamiltonian in the dipole approximation depicts the interaction of a radiation

field E with a single electron atom which is in the form of

H=H;+Hp—er-E (2.141)

Hy and Hf are the energies of the atom and the radiation field, respectively, without
interaction and r is the position vector of the electron. The field is assumed to be uniform
over the whole atom for dipole approximation.

The energy of free field Hr in terms of creation and destruction operators is defined

as
Ehrzz%?hvk(a:ak4—%) (2.142)
The atom transition operators is o;; = |i) (j|. Since {|i)} represents a complete set of
atomic energy eigenstates as Y, |i) (il = 1. The eigenvalue equation Hy |i) = E;|i) equals
to
}ﬁ:Zamm:Za@ (2.143)
i i

The final term of Hamiltonian is

er =Y eli)(ilr]j) (jl = Zeh” Z%% (2.144)
i

iJ

where ;; = e (i|r|j) is the electric-dipole transition matrix element. Assume ;; to be
real.
The electric field operator is determined in the dipole approximation at the position

of the point atom. Considering atom at origin

E=) ad(ax+ay) (2.145)
k
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where & = (hvy/ 280V)1/ 2 (Scully, 1997). Consider a linear polarization basis and real

polarization unit vectors for simplification.

2.6.0 (b) Interaction of a Single Atom with a Single-Mode Field

The Hamiltonian elucidates the interaction of single mode (Pegg & Barnett, 1989)

quantized field of frequency v with a single 2 level atom which is in the form of

H =Hy+H;, (2.146)
where
1
Ho=hvata+ 5hcocz, (2.147)
H, =hg (G+a+a+6_). (2.148)

The atom-field interaction is explained in the dipole and rotating-wave approximations.

In the interaction picture, the Hamiltonian is in the form of

vV = eiHot/hHle—iHol/h (2149)

_ 00 g (o0t ato ) U 0By 01s0)

The mathematical relation e* Be~ %! = B+ «[A, B] + ‘;—!2 [A,[A,B]]+ .. is used to get

. + 7 + 7 . . .
eivatat go—ivatat _ ,,—ivt gpq elﬂ)Gzl/2G+e i0o;t/2 _ O-+elwt.

(ivar)?

P it .
elva atae ivatar  _ a -+ ivat [a-i-?a}_’_ 5

B o (ivr)?
= a(l—sz— 31

= ae M, (2.151)

[a+, [a+,aﬂ + ...

and the second relation yields

i0o;t/2 —iwo;t/2

C.e = o0 +int/2[c;,04]
= 04 (1 + la)l)
= 0., (2.152)
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Then, for the creatian operator, we have

eiva+ala+e—iva+‘” = at+iva't [a7a+]
= a’ (1+ivt)
_ a+em, (2.153)
and
, . it
o002 5 ,mioot/2 5 + > [0,,0_]
= o_(l—iwr)
— oo (2.154)
as [0;,04] =20y and [0;,0_] = —20_ .

All the above expressions are then pluck into the relations to get Hamiltonian

vV = ez(vaJra—b—%a)Gz)thg (G+a—|—a+67)e_i(mﬂH_%wo-z)t

100t 100t 0ozt _ oozt

vat —ivaT _ vat —ivat
— hg |:elVa atae wa ate 5 G+€ 1) _|_ezva Clla+e wa ate 2 O e 7

= hg [GJrae"(w*V)’ —|—a+G,ei(V*w)t} ) (2.155)

The detuning is defined as A = @ — v yielding
V =hg (G+ae’m + a+6_e_iAt> ) (2.156)

The are three equivalent methods to solve for the evolution of the atom-field system
expressed by Hamiltonian which are probability amplitude method, Heisenberg operator

method and unitary time-evolution operator method.

2.6.0 (c) Interaction of a single two-level atom with a single-mode field
1. Probability Amplitude method Consider the interaction of a single-mode radiation
field (Glauber, 1963) of frequency v with a 2 level atom. |a) and |b) indicates the upper

level and lower level states of the atom where they are eigenstates of the unperturbed part
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of Hamiltonian Hy with the eigenvalues i@, and fiw, respectively. The wavefunction of

the rwo-level atom can be expressed in the form of

(W (1)) = Calt)]a) +Cp (1) |B) (2.157)
where C, and C}, are the probability amplitudes of finding the atom in states |a) and |b),

respectively. The Scrodinger equation is

V() =~ H Iy (), @.158)
H = Hy+ H| where Hy is the unperturbed Hamiltonian and H; represents the interaction
parts of the Hamiltonian. The completeness relation of |a) (a|+ |b) (b| = 1 is used to write
Hj as
Ho = (|a)({a|l+[b)(b])Ho(|a)(a| + D) (b]) (2.159)
= (Hola) (al|a) (a|+ Ho |b) (b| |b) (b])
= hayla) (a] +haoy |b) (b], (2.160)
where Hy |a) = ho, |a) and Hy |b) = Loy, |b).
As for interaction of atom and radiation field, H; is rewritten as
H = —exE(t)
= —e(la) (al+1b) (b])x(|a) (al +|b) (b]) E (,1)
= —e((alx|b)|a) (b] + (b| x|a) ) (a|) E (z,1) . (2.161)
The matrix element of the electric dipole moment,, = e (a|x|b) = 7}, and E (t) is the

electric field at the atom. Thus

Hy = — (@up|a) (b| + @pa |b) (a] E (1) . (2.162)

The electric field is assumed to be linearly polarized along the x-axis as expressed
as E(t) = Ecosvt in dipole approximation where E is the amplitude and v = ck is the

frequency of the field. Pluck in relevant equations into Scrodinger equation
) i
W) = —;HIy({) (2.163)
. . i
Co(t)|a)y+Cp(2)|b) = —£{(ha)a]a) (a| + hay |b) (b| (2.164)

— (#up @) (bl + @pa |b) (al) E (1)) [Ca (¢) |a) + Cp (2) |D)]},
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and hence

Cala)+Cy|b) = _%[hwaca |a) (al|a) + nw.Cp |a) (a] |b) + hepCa |b) (D] |4R.165)
+hopCy |b) (b||b) — PapECa |a) (bl|a) — 2. ECp|a) (b] |b)

—20aECa|b) (al|a) — @paECy |b) (a] |D)].

Then we substitute E (1) = E cos vt

Cala)+Cplb) = —%[ha)aCa|a>—|—ha)be|b>—pabﬁcosvtcbm) (2.166)

— aE cosviCy |b)], (2.167)

and multiply with (a|

Culala) +Cp (a| ) = —%[maca (al |a) + hayCy (al |b) (2.168)

— uE cosviCy (al |a) — opE cosviC, (a] |b)],

with

. E
C = —iw,C, + i

cos (vt) Cp. (2.169)

The Rabi frequency is defined as Qg = @ and ¢ is the phase of the dipole matrix

element &, = || exp (i¢). Hence, the equation of motion for amplitude C, is

: E
C, = —iwaCa+i|‘pa£| exp (—i¢)cos (vt)Cp
= —iw,C,+iQre ™ cos (v1) Cy, (2.170)
Similarly, for C‘b
: E
C, = —iwab+iMe‘¢cos(vt)Ca
= —iw,Cp +iQre™ cos (vt) C,. (2.171)

The solutions are obtained by expressing the equations of motion for the slowly
varying amplitudes
Ca = Cqe'®! (2.172)
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cp = Cpe' ! (2.173)

From Eq. 2.170

C, = —iw,Cy+iQre ™ cos (vt)Cp (2.174)
Caelwal + iwacaelwaf — iQRe_l¢Cbelwat§ (er + e_lw) (2175)
g Qp . . ) .
Caelwat — iTRe—l‘pcbe’(wa_wb)t (elvt +e_lw) , (2176)
and hence

o = By (o o) 217

Q . .
_ l-?Re—zq)cbez(w—v)t (2.178)

Q . .
= iTRe_"pcbe’A’, (2.179)

where C,e'®%! = C,e'® + iw,C,e!®" and the atomic transition frequency is defined as
® = 0, — @p. Detuning is A = @ —v. In the rotating wave approximation, counter rotating

+i(w+v)

terms e ! are ignored because they are highly oscillating. Similar steps is performed

on Eq. 2.171 getting

Co = —im,Cpy+iQgre™® cos (vt)Cy, (2.180)
Cbelwbt—l-iwbcbelwbl — iQR€l¢Ca€_lwat€lwbt§ (elvt+e—lvt)’ (2.181)
hence,
. Qp . . .
& = iTRe"Pca <e—’(“’—V>’+e—l<‘°+V>f) (2.182)
Qp . .
- iTRewcae_’At. (2.183)

The solution for ¢, and ¢, are found using Laplace transform as below. Changes of

variables are made.

Cq = Cq€ 2, (2.184)
iAt

cp = cpe?. (2.185)
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From Eq. 2.179

- il Qr it
Cue 2 = i—e Pcpen
2
in iAN —in Qg _ip i
cge'2 = ——cCge 2 +i1—e Tcpe?
2 2
- lA~ ‘QR —i0~
Cqg = —7ca+17e ¢cb,

) ik - —in il . .
using c,e 2 = cqe 2 —%cae 2 . Similarly, we have

iAt SR s
cpe?2 = i—ePcie2
2
i A i Qo i
cpe? = EcbeZ -1—176 cqe 2
- ZA~ _QR i¢~
cp = —Cpt+i——ecy.
2 2

(2.186)

(2.187)

(2.188)

(2.189)

(2.190)

(2.191)

By performing Laplace transform, let use the identity L{f’ (x)} = sF (s) — f (0) and

yield
- A Qr _jp~
Cqy = —3Ca+17Re 0z
o A Qe
5Cq(8)—¢4(0) = —?ca(s)—HTRe 2 (s)

{ﬁﬂ Culs) = E(0) 4RO (5).

Meanwhile, the expression for ¢, (s) is obtained

' A Qr
& = ’75b+i7Rel¢Ea
~ ~ iA Qr o~
scp(s)—cp(0) = 5 Cb (s)+ ZTRe"pca (s)
- e (0 . Q o~
cp(s) = b(iA) +1i Rl.A e, (s),
(s—=%) 2(s—72)

Then, we insert Eq. 2.197 to Eq. 2.194 and yield

452+ A2+ Q2 _ - . Qrp i
(WMR Ca(s) = Ca(0)+lmcb(0)e e,

iA QF . ~ .
(H—E—I-ﬁ) Cals) = ca(0)+lzs—i

and the expression for ¢, (s) is

(2.192)
(2.193)

(2.194)

(2.195)
(2.196)

(2.197)

(2.198)

(2.199)
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(2.200)

+i p(0)e 9.

2

2
52+ (%,/AZJFQ,%)

Let us define a new relation to connect the detuning and the Rabi frequency as the

Q=/A24+ Q2 (2.201)

and hence we substitute Eq. 2.201 into Eq. 2.200

following expression

ca(s) = ¢4(0) p(0) e (2.202)

(2.203)

with

2 (1) = 2 (0) [cos B G

. ~ A .
Since ¢, = cqe 2, then we expand it as

Qr A, Qt Q i . Q) i
Cq = {Ca (0) {0037 - sin 7} +lERCb (0)e™ sm7}e 2 (2.204)

In order to find ¢, we perform the operation

[ in Q2

s——+

and yield

_ + 4 -
& (s) = s2+§S(A22429,%) &, (0) (2.205)
Qg

27§ (2 95)

+i ¢, (0)
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Again, we substitute Eq. 2.201 into Eq. 2.205

iA
- 5) ~ Q o~
cp(s) = (S+—2>2c;, (0)+i R 5 ¢, (0) (2.206)
2+ (19) 2 (24 (19)°)
~ s iA 1o
= ¢ (0) 2 (2.207)
se+ (%Q) Q <s2+ (%Q)2>
Q 30 N
+i QR 2 v ¢"ca(0)
(2+G9))
. Qt A Q| Qp . Qt
= ¢,(0) {COST—F o Sin 7} —Hﬁe cq(0) sin —- (2.208)
: i
Since ¢, = cpe™ 2, then
Qr A Q| Qg ; . Q) i
cp= {cb (0) |:C087 + o Sin 7} +zHRe’¢ca (0) sm7} e 2 (2.209)

« Note that conservation of probability |c, (r)|* + |, (£)]* = 1 since the atom is in
state |a) or |b). If the atom is assumed to be in state |a) initially, ¢, (0) = 1 and
¢y (0) = 0. The probabilities of the atom being in states |a) and |b) at time ¢ are

defined by |c, (£)|* and |c;, (£)]? respectively. The inversion is

W(t) = lea(t)] —lep (1)) (2.210)
Qr iA L Q] Qr . Qf
= [COST—lﬁsinj}eé — iERe"Psin?e_% (2.211)
A% — Q2 Qt Qt
_ <TR)sin2<7>+cos2<7) (2.212)

A dipole moment is induced between the two atomic levels as a response to interac-
tion towards incident field and it is depicted by the expectation value of dipole moment

operator

P(r) = e{y()|rly(1)) (2.213)
= e[{alC; (1) + (b Gy ()] r[Ca (t) @) + Cp (1) |D)] (2.214)
= elalr|b)C, (1)Cp (1) +e(b|r|a)Ca(t) Gy (1) (2.215)
= C'Cpfoup +c.c. = Ciepue’™ +c.c. (2.216)

We use |y (1)) = C, (1) |a) +Cp (1) |b) and @, = e (a|x|b) = ;. For an atom ini-
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tially in the upper level

Qr A, Qt —ine [ Qp - Qr iAr ;
P(t) = { {cos— + l—sin—} }e2A {iERe"p sinj} 6'_%(%176% t+c.c.

2 Q 2
_ A cos ol + A sin ol sin 2 o gin +
= 1 %) Eab > %) 5 > ere c.c.

iQ Qt iA Qt Qt\ .4
= 2Re{lERJOgb [cos (7> + lasin (7)] sin (7) e’¢e’”} (2.217)

The dipole moment therefore oscillates with the frequency of the incident field. For

case where atom is at resonance with the incident field A = 0, causing Q = Qg. Hence

Qt Qt
W() = —sin’ (7)—|—cos2 (7)
Qt
= 2cos’ (=) —1
cos <2>

= cos(Qgt) (2.218)

which indicates that the inversion oscillates between —1 and 1 at frequency Qg. The atom
experiences Rabi (Brune et al., 1996) flopping between the upper and lower levels due to

interaction with electromagnetic field.

2. Unitary Transformation in Interaction Picture The Scrodinger equation is ex-

pressed in the form of
d i
5 v (0) =——Hly @), (2.219)

where it can be integrated to give

o) = — [HU@IW @) (2.220)
U(t)|lw(0)), (2.221)

as the unitary time-evolution operator (Yuen, 1976) is defined to be

U (1) = —%HU (o), (2222)

where U (0) = 1. In the interaction picture, the time dependence is assigned to the state

vector due to the interaction energy. The state vector |y;) in the interaction picture

lwi (1)) = Uy (1) [y (1)), (2.223)
with
Uo () = exp (—}%Hot) . (2.224)
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Thus, we have

2w = o[ )lwo) 2.225)
~ |G o] vt o v e

and hence

2 i) = [’Hoexp( Hur )| o) - Srug o) 2

= HU () lw(0) — £y (1) 2228
= lwi(0) (Ho— H) (2.229)
= LU U ()i (). (2.230)

In other word, we can express the derivative in this form

2 ) = v () i 1) @.231)

and the interaction picture Hamiltonian is defined as
V(t)=Uy (t)HiUp (1), (2.232)

The transformation of an operator O in the Scrodinger picture follows as Oy (t) =

Uy () OUy (t). The expectation value is

(0) = (y@)|0|y(t)) (2.233)
= (w(O)|Uy (1) OUo (1) |w (1)) (2.234)
= (y(®)|01|w(t)). (2.235)

The solution for Eq. 2.231

() = |w<o>>rexp(—§' /0’v<r>ar) (2.236)
= Ui (0)|w1(0)), (2.237)

where the time-evolution operator in the interaction picture is Uy (t) = Texp [— £ [3 V (7) d7]
and I is the time ordering operator. I'exp (—+ ¢V (7)d7) is a shorthand notation of
i i i2
I'exp [—ﬁ féV (’L') d’L’} =1- 3 fédtlv (l‘]) + (—ﬁ) fédtl fél dnV (l‘l)V (tz) +.... Letus
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consider interaction between two level atom and a monochromatic field with frequency v,

where the Hamiltonian is described by H = Hy + H;

Hy = hwyla)(a|l+haoy,|b) (b

Hy = (hoa)"|a)(al+ (hwp)" |b) (b|

Hy = — (f2ap @) (b + 20a |b) (a]) E (1),

Hence, the transformation operator becomes

Uo(t) = exp <—%Hgt)
= exp (5 Do) (] + han o) o]
= exp(—iwyt)|a) (a|+exp(—iwpt)|b) (]

The interaction picture Hamiltonian, V (¢) for an atom at z = 0 is
V() = Uy (t)HiUo(r)
= Uy (1) [~ (2av|a@) (b] + @pa|b) (a| E ()] U (1)
= Uy (1) |—pwee ™ |a) (D|E — @pae e |b) (a E
x cos (vt)Uy (1),

and we further expand Eq. 2.246 and yield

V() = Uy ()

I o gy o) 1 2IE o <a|]

x cos (vt) Uy (t)

= —nQrUS (1) [e-m’ ) (b] + € |b) <a|] Up (1) cos (vt) .

Then, the unitary operator as in Eq. 2.243 is plucked into Eq. 2.248

V) = TR a) (ol + 6 1) (b]) [ fa) 6]+ 1) ]
w [e—i(oat |a> <Cl| +e—iwbt |b> <b|] (eivt +e—ivt)
0

(2.238)

(2.239)

(2.240)

(2.241)

(2.242)

(2.243)

(2.244)
(2.245)

(2.246)

(2.247)

(2.248)

(2.249)

= {(") |a) (al |b) (b] + e~ |) (b||a) (a] +€™ |a) (al |b) (D]

2
+e OBy (b] |a) (a]) x [e‘i“’ |a) (b] + €™ |b) <al} h

(2.250)
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by expanding Eq. 2.250

Vi) = —%{el‘wﬂ)’e—"” a) {alla) (b]|b) (b] + e~ e |b) (b] |a) (b] |a) (al
+e™e™ |a) (a||a) (b b) (b] + e TV e |b) (b] |a) (b] |a) (a]
+e (@) |a) (a| [b) (a] |b) (b] + e~ e™ |b) (b] [b) (al |a) (al

+¢™ e |a) (al |b) (a] [b) (b] + Ve |b) (b] |b) (a] |a) (al}.  (2:251)

Finally, after simplify the above expression, we have

V(1) = =5 {1 fa) (b] + e [a) (b] + e~ e® ) (a] 4+ 7@ ) (al |

(2.252)
where E (1) = E cos (vt) 2ha = |9ba €xp (i9), up = |§2a»| exp (—i), Rabi frequency is
Qp = % ® = o, — ®, and A= @ —v. The term proportional to exp (i (@ +v)t)
vary very rapidly can be dropped in the rotating wave approximation. Therefore, with

resonance A =0,
hQgr

V(t) = >

(e*"P ) (b] + ¢ |b) <ay) . (2.253)

3. Rotating-Wave Approximation Rotating wave approximation (Zaheer & Zubairy,

1988) is used to keep only energy conserving terms in the Hamiltonian. The counter-
rotating terms are always dropped out because they never show up om exact situations.
Consider atom is placed at the origin such that R = 0, the interaction picture Hamiltonian

can be obtained using dipole approximation

Hi = —er.E(rg,1), (2.254)

then we can perform the unitary transformation on Eq. 2.254

V() = Uy (1)HU(t) (2.255)
= —eetipe= il (1) (2.256)
= —er(t)-E(r) (2.257)
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where the unitary operator is defined as
Up (1) = e~ !, (2.258)

and the vector r is
r (1) = enthipe=itor, (2.259)

Hence, two equations can be obtained, which is

Vip (1) = —ery (1) .E(t) (2.260)
= —ery E (1), (2.261)
and
Via (1) = —erpq(t).E(1) (2.262)
= —erp E(t)e ', (2.263)

where @ is the atomic frequency. Consider for the case of linear polarization where

E (1) = XE cost, then Eq. 2.261 becomes

Vi (t) = —erg.XE cosvie!™ (2.264)
E /. .
— _exabz <el(v+w)t+e—l(v—(o)t> (2265)
E .
~ —exabae*’@*“’)’. (2.266)

Similarly, Eq. 2.263 becomes,

Via (t) = —erp,XEcosvie ™ (2.267)
E /. .
— _exbaE (el(V7w)t _|_efl(v+(1))l> (2268)
E .
~ —exbaze’(v_w)t. (2.269)

The rotating wave approximation is established by neglecting the counter rotating
terms which is fast rotating, exp [£i (v+ ®)¢]. For the case of left-circular polarization,

the electric field is given by E (1) = XE cos vt — E sinvz. Thus
Voo (1) = [—erab.fg COS Vit + e g JE sinve | €@ (2.270)

= —¢E (xgcO8VI — ygpsinve) e/® | (2.271)
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and

Via (1) = |—erpq XE cos vt + erpy . YE sin vt] e ot
= —¢E (xpqCOSVI — ypgsinve) e 'O

As exp, = @ and eyp, = ifo, we get the final expression for V,, (¢)

V(1) = —gF (cosvt —isinvt)e'®

_ _pge—i(v—(o)t

and in the meantime, the final expression for Vj, (¢) is

Via () = —gF (cosvt+isinvr)e "'

_ —pﬁei("_w)t

(2.272)

(2.273)

(2.274)

(2.275)

(2.276)

(2.277)

As can be seen, the counter rotating terms does not appear in both expression.
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CHAPTER 3

HIGH FIELD PROCESSES

In this chapter, a brief description on the development that leads to the discovery of the
natural phenomenon which occurred during the interaction between intense light fields
and matter. These basic phenomenon include above threshold ionization (ATI), multi-
photon ionization (MPI) and high harmonic generation (HHG) (Sheehy et al., 1999). The
theory of each phenomenon will be discussed in the following sections. In the previous
chapter, we have discussed the perturbation theory (Simon, 1973) on transition ampli-
tudes. Nevertheless, in this chapter the limit of perturbation theory will be shown and as a
result, a new description which is known as non-perturbative theory is needed in order to
interpret the phenomenon by intense laser field (Federov, 1991). In the following section
we will consider the main ideas of the conventional perturbation theory and its failure
when the field becomes very strong due to the appearance of the relativistic effect. We
will discuss this in chapter 5 on generalizing the perturbative photionization model by
taking consideration of the relativistic effect.

In spite of that, the nonperturbative model for the intense-field processes (Mittleman,
1993) and point out several important nonlinear parameters that emerge naturally from it
and the significance of the so-called "single active electron" (SAE) hypothesis in single-

electron processes in intense fields.

3.1 Above Threshold Ionization

In quantum mechanics ionization of the atom with the electromagnetic radiation,
with violation of Einstein formula, i.e. when kinetic energy of the emitted electrons is
larger than the difference between the photon energy and the ionization energy or the

work function. In that case the generalized Einstein formula is valid

nhow =W + E 3.1
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Figure 3.1: Several processes occured in the Strong Field Ionization

where 7 is the arbitrary integer number, W is the ionization energy (work function) and
E} is the electron kinetic energy.

This phenomenon is measurable if and only if the electromagnetic field is compa-
rable with the field which keeps the electrons in the atom, for example generated with a
very strong laser.

In principal, ATI (Corkum et al., 1989) is a process in which atoms absorb more than
the minimum number of photons required to be ionized. The ATI (Freeman et al., 1987)
spectrum consists of a series of peaks equally separated by the photon energy. Hence ATI
may be explained by solving the time-dependent Schrodinger equation in the approximate
manner. The Schrodinger equation for the free electron in the field of the electromagnetic
wave in one dimension and in the radiation gauge is given by

¥ 1 {h

2

where

At) = %cos(wt). (3.3)

and the electric field is given by
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JA
E(t) - —E

= Egsin(ot) (3.4)

C(t)+ikx

We make an approximation that the wavefunction ¥ = e~ , then we substitute

into the Schrodinger equation and yield

0 S 2m i

20 i)tk L |1 ? iC(t) +ikx
lh—te = — 7V —eA(t)| e i (3.5)
In one-dimensional case, we have

h

iC (1) ihe™ (1) +iks {—rﬂvz —ZeV-A(l) — ?eA (t)V +€*A (r)z} (COFE (3 6)
l

[\®)

i
_ b [_rﬂ (ik)* — ?eV A(t) — ?eA (t) ik — ?eA (t) ik + e*A (r)z}

[\

m
XeiC(l)-H'kx. (37)

However, in Coulomb gauge where V - A (1) = 0, equation 3.6 becomes,

—C (1) e Fkr — zi {rﬂkz L (t) ik + e*A (t)zl efCl) ik (3.8)
m l
. _ 1 272 2 2
Ct)h=5- [h K> — 2heA (1) k + A (1) } . (3.9)
After expanding, we obtain
- |
~C(1) = - [PK* — e 0], (3.10)

3.2 Tunneling Ionization

In order to understand the tunneling ionization (Fittinghoff, Bolton, Chang, & Ku-
lander, 1994) process, firstly, the length-gauge Hamiltonian (Fabrikant & Gallup, 2009)

for such system is

Heo=2 4 oF.z, 3.11)
2m
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Figure 3.2: The process of tunneling ionization

where p is the kinetic momentum, F is the electric field strength and z is the direction of
the field.
The boundary condition as below states that at some point zg the WKB wave function(Muth-

Bohm, Becker, & Faisal, 2000) must match with the wave function of the bound system

¥ (z0) = o (20) - (3.12)

The mixed representation wave function (WKB wave function near a caustic)

1 IXpx +iyp
W (x,y,2) = ﬁ/dpx/dpyq)(px,py,pz)exp (%) : (3.13)
where
1 —iXpx —iyp
P (px, Py, Pz) = E/dX/dy‘P (x,,2) exp (#) : (3.14)
We insert the Eq. 3.124 into Schrédinger eqn and yield
HLGlP (X,y,Z) = _IplP (x,y,z) . (315)

where I, is the ionization potential (the binding energy of the bound state).
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For a short-range potential, the 3-dimentional equation is reduced to a single dimen-

sion (z-direction)

1 —iXpx —iyp
) = - e e 22D g

1 o P
= —‘I‘(z)l—l—exp (—UCPX lypy>
21 Px Dy h
1 ” (—ixpx—iypy)
= —5= Y(z)exp| ————— |, (3.16)
2% ey (z)exp -
where the wavefunction is defined as
27 ixpy+i
¥ (z) =— 5;py<1>(px,py,z) exp (%) . 3.17)

Then, the Hamiltonian of the system is

h2
HLG‘P(Z> = |:—%V2+€F'Z:|\P(Z) (318)
n* _, [27pspy ixpx +iypy
— %V {be(px,py,z)exp — (3.19)

21 J J
—eF -z { Fljgpyd)(px,Py,z)eXp <m>} .

After expanding, Eq. 3.18 becomes,

2 2 : :
_ Py Py | 2mpapy IXpx + iypy
Hig¥(z) = —ﬁ — %] 2z P\ T ®(px,py,z)  (3.20)
1 ixpy+iypy\ 0°
+%271'Pxpyexp (T a—zzq)(Px,Py,Z)
27 IxXp,+i
—¢F-z P;Py exp ( Px ypy) b (Px,ﬂyaz) )
h hi
Since that
HLGlP (x,y,z) = _IPIP (x,y,z)
2T pyp IXpy+iyp
= IP h; yexp( xh > q)(vapyaz)a (321)
imply that
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2 2
p Py
L,® (px, py,2) = —ﬁ—% D (px,py,2) (3.22)
i 92
+%8—Z2¢(anpyaz) —eF-ZCI)(px,py,Z)
and
h? 92® (px, py,2) —szc p§
92 = gt o | PPy L@ (e py,2) - oF 2@ (i)
- )
Dx py
= |3ttt eF 2| @(popy.a), (3.23)
with the second order derivative take the form of
azCD(px,py,Z) 2m p2 p§
To2 T |om T Tt @ennd (29

2m
— ? [E/—I—eF'Z} q)(px,py,Z),

where the expression

2 2

14 py

E =242, 3.25
2m 2m+ P ( )

Then, we solve equation 3.24 and yield

82(1) (pxupy7z) _ 2_m

022 7 [E'+eF 2] 2 (pipy.2), (3.26)
where
€ is(pers)/m
P (px; py,2) = S\Perr)/h, (3.27)
pz(Z>

with S (px, py,z) is the classical action and p; (z) = |98 (px, py,z) /92| is the kinetic mo-
mentum in the z-direction.
By using the WKB approximation, we imagine a particle of energy £ moving through

a region where the potential V (x) is constant. If E >V, the wave function is of the form:

v(x) = Atk (3.28)
k = w (3.29)
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We must take note that the essential idea of this method is suppose that V (x) is not
constant, but varies rather slowly in comparison to A, so that the region containing many
full wavelengths and the potential is essentially constant. Hence it is reasonable to sup-
pose that y remains practically sinusoidal, except that the wavelength and the amplitude

change slowly with x.

If E <V and V is constant, then y is exponential

v(x) = Ae** (3.30)

K = -@%;9. (3.31)

Meanwhile, if V (x) is not a constant but varies slowly in comparison with 1/x, then
the solution remains practically exponential, except that A and x are now slowly-varying
functions of x. Besides, there exists two classical turning point, where E ~ V. For here,

A or 1/x goes infinity, and V (x) can hardly be said to vary "slowly" in comparison.

In the classical region, the Schrodinger equation is defined as

K 92
P%ﬁ?

-l-V(x)} y=FEvy, (3.32)

and the second order derivative is known as

=3V, (3.33)

where

p(x)=+/2m[E -V (x)]. (3.34)

For this equation, we always take E >V (x), so that p (x) is always real and we call
"this" as classical region where classically the particle is confined to this range of x. In

general, Y is some complex function so that we can retain the sinusoidal form

Y (x) =A(x)e?W, (3.35)

where both A (x) and ¢ (x) are real.
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Notation: using a prime to denote the derivative with respect of x

dy _ A/ei¢(x)+i¢/Aei¢(x) (3.36)
dx

dz‘l/ — p" i§(x) Ao io(x) | - A 14! i (x) / 2A i (x) 3.37
e e +iA'¢'e +l(¢ +¢ )e —(‘P) e (3.37)

_ A”—I—QiA/(])/—{—iA(P”—A((P/)z} 00

Hence we make comparison with Eq. 4.107, imply that

2
" N2, . W " P2
A=A (¢") +i[2A'¢' +A9"] = —A (3.39)

This can be separated into two equations, one for real part

2
2 p
A"—A(¢")” = —?A,
2
A" = A{(q)’)z—%}, (3.40)
and one for imaginary part

24'0" +A¢" = 0, (3.41)
(A% = o (3.42)

Eq. 3.41 is obviously and easy to solve, this imply A?¢’ must be a real constant

A%y = C? (3.43)

A = . (3.44)

However, Eq. 3.44 cannot be solved in general, hence we make a simple approxima-
tion. We assume that A varies slowly, so that the A” term is negligible. More precisely,

we should say that A” /A is much more smaller than both (¢)* and p? /i
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il (¢’/)2—;
1
S
and
2
2 P
(¢)° = 7z
o 4P
o = =L

Therefore, the function ¢ takes the form of
1
o= ig/p(x)dx.
Hence, the final form for the wavefunction is

C +1 [ p(x)dx

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)

(3.50)

After obtaining the expression for the wavefunction, let us recall the expression as

in Eq. 3.24 which is

9*® (px, py,z) _ 2m

02 7 [E'+eF 2] @ (pr py,2).

(3.51)

In order to solve the second order derivative, firstly we have to define the WKB

wavefunction as the following expression

C i
@(px,py,z) = eXp |:£S (vapy,z):| ’
Pz (Z)
with the momentum in z-direction
IS (px; Py, 2
Pz (Z) = ‘ ( 5 - ) .
Z

The first task is to get the C constant, we take the initial value zq

C i
q)<px7py7Z0) = —F/———=¢Xp |:ES(px;py7Z0)1 5
pz(20)

(3.52)

(3.53)

(3.54)
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and then the C constant becomes

i
C= q)(pxapysz) V Pz (ZO)eXp {_;lS(vaPyaZO)} .

Next, we substitute into Eq. 3.52 and get

Z i i
D (py, py,2) = P (px, Py, 20) P: (%) exp [—S(px,py,Z) - —S(px,pyyzo)} . (3.55)
pz<z) h h

Then, we perform the differentiation operation on the wavefunction @ (py, py,z) and

yield

—aCI)(pax;py,Z) = a%{cb(px,py,m)\/mem {—%S(px,py,zo)]ﬁexp [%S(px,pﬂ)”

Pz

= @ (py,py,20) v/ Pz (20) exp [_%S<pmpy7Z0):| (3.56)

d 1 i
Slotaelioend)

After computing some complicated algebra, we obtain the solution for the second

order derivative of ® (p,, py,z), which is shown as in Eq. 3.24

9*® (px, py, 2) _ 2m

3.2 =7 [E' +eF 2] @ (px, py.2), (3.57)
with
2 2
14 Py
E'=224 241, .
5 T Tl (3.58)

Next, we perform some algebra manipulations as the following

1 (9S(px,py,2) ? !
! (—3z ) Fi=F (3.59)
2
(QS(PX;P)’,Z)) _ Z(E/—}—FZ), (3.60)
dz
p? (z) =2(E'+Fz). (3.61)
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Eq. 3.59 is known as Hamilton-Jacobi equation(Salamin & Faisal, 1997) and the

solution should be

1 3001 3
S(anpyaz) _S(vapyaz()) = ﬁ (2E/+2FZ) P - ﬁ (2El +2FZ0) : s (3.62)

then,

2

9§ (pg,zpy,@ — \/2m(E+F2). (3.64)

By solving the integral of the action part,

/ ds (px,py,Z) dz = /Z [Zm (E/—FFZ)} > dz, (3.65)
8z 20

we get the final expression as

1 3
S (Px,py,2) =S(pxpys20) = 3+ [2m (E'+Fz)]? [}, (3.66)
= ﬁ (2mE’ +2mFz)> — ﬁ (2mE" + 2sz<))% :

Next, we derive the action at exit point, where

2
I

) (3.67)

o &

and then the action becomes

2 5
S( s N T 2 3.68
pmpyvze)_ (anpyyzO) = 3m_F m %—F%—I-Ip +2ml, (3.68)
L (2mE' + 2mF )}
3mF " L0
3 1 3
2, 2 2, 2
- 3 (Px+l’y+4m1p)2—3m—F(px+py+2mIp+2szO)2

Let us set pzL = p)zc + p%, hence
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1 3 1 3
S(Px,l?y,ze) —S(px,py,zo) = 3m_F (pi +4mlp) 2 - 31’)1_F (pi —|—2mIp—|—2sz0) 2
1 3 3
= L, Fa) (v2,) {1+§(p2l+6mlp)}
I 3 9
. 3 2
= (—ZK ) (Fp —zo) {1+EPL+§K} , (3.69)
and yields
3 2
K .Kp .
S (Px: Py:2) =S (px, Pys20) = i 1 2Fi — ikzo. (3.70)

As aresult, we get

3 3
1 (P P Pl ’
— 2=+ 41, +F — = =+, +F 3.71
3F(2m+2m+p+ ¢ 3F \ 2m o TP TTR0 3-71)
V-2, (20 p2
Next, we substitute Eq. 3.70 into Eq. 3.55 and yield
Pz (ZO) i i
P (PmPyaZ) = q)(Px,Py,ZO) exp —S(px,py,z) - _S(Px,PwZO) ) (3.72)
Pz (Z) h h
imply that
Pz (ZO)

D (px;py,2) = P(px, Py 20)

3
= & (py,py,20) P:(2) exp [l <—K— — &—F K‘Z())] . (3.73)

Then, the tunnel ionization amplitude for a short range potential in a DC field is

obtained

3 2
ar(Fopr) = 4|22 exp [% (—K— A m)} (3.74)
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The momentum p; (zo) is replaced with k, since zg < z.. Next, let us make a strong-

field eikonal approximation and the resulting correction to the action is defined as below:

2 V(7
AS = / dz’L,), (3.75)
o P(@)
where the momentum is p, (z) = vV k% — 2F7z.

When Coulomb potential is short range potential, V (z) = %, then

< 0
AS:/ di——————.
20 V K2—2FZ

Hence, the action takes the solution in the form of

(3.76)

as— Q[ LV 1I-2F0/K ) (3.77)
K \1-/1_2Fz/K2

Next, we set that the x takes the value of 2Fzq/x?, imply that

_ Q0 (I+VI-x
AS Kln(l_m>

2
_ 9y (21 - 2) . (3.78)

In the work of (Murray, Liu, & Ivanov, 2010), they discuss that % < K in the condi-

tion of F > 1, then the action is approximated as

2
As~ Zin <2K ) . (3.79)

ko \Fz
Eqn 3.79 is known as the Coulomb correction as for the zero order contribution
coresponding to the short-range potential. Hence, the Coulomb correction is included
in ar as in eqn 3.74 to get the final expression for the tunnel ionization amplitude of a

hydrogen atom in a static field

k(2K V" 1/ 3 xp?
F — - S e . .
ar (F.p1) p:(z) <FZO) =P {h ( 3F  2F +KZO)} (50

This is the final result of the calculation of the tunneling amplitude. The only missing
component is the bound wave function in the mixed coordinate-momentum representa-

tion.
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3.2.1 Mixed representation for a bound wave function
1.) Mixed representation is obtained by simple application of the numerical Fourier

transform with respect to the two dimensions orthogonal to the direction of tunneling.

2.) Analytical expression for the bound wave function in mixed representation

(Sheehy et al., 1998).

The atomic wave function with quantum numbers /, m has a form of:

P (x,y,2) = ——€"%, (p.2) (3.81)

1
V2T

where @,p and z are the usual cylindrical coordinates.

Besides, eqn 3.81 does not include the polarization of the field-free bound state and

also "unaware" of the modified potential barrier where the effect depend on z.

From eqn 3.14 and substitute the wavefunction inside:

1 —IXpx —Iyp
q)(vapyaZO) = %/dx/dy‘l’(x,y,z)exp (Ty)

1 1 im ixpx iypy
= — L xRy
/dx/dy\/_e le(p,z)exp<

1 —IXpx —iypy | .
= W/dx/dy‘l’m (p,z)exp (T%—zm(p) (3.82)

Next, we transform equation 3.82 into polar coordinates and yield

B 1 —IXpx — iypy im¢
@ (px, py,20) = —(2ﬁ)3/2/dx/dy‘Pm(P,Z)eXp (—h >e (3.83)
lm(])o 2 —1 P)%‘FP%PCOS‘P
- | pdpuip.zo) [ dpexp | — +img |,
( 3/2 0 )7l
following by
e 2m PLPCOSAP
P (px, py:20) = o 3/2/ pdp¥p (p20) | Qo ————+imp ), 334
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where p, is the perpendicular momentum , /p2 + p% and ¢ is the angle of the perpen-

dicular makes with the z axis.

Let us recall the identity of Bessel function which is defined as the following expres-

sion

2
1/ cos (m¢ —xsin@)do, (3.85)

Jm(X):E 0

and another identity of Bessel function which is defined as

exp {(g) (z—%)] - i o (X)1". (3.86)

Refer to our eqn, what we need is the representation of the form as the following

expression

21 g 2r —q .
/ exp <%¢°S‘P n im¢) dé — / exp ( ’;ip cos¢> e™dg.  (3.87)
0 0

Hence, by making a substitution of

exp {(%) <t — %)} =exp (%Lp cosqb) , (3.88)

then we can recover equation 3.84 into the Bessel function form

2% _q ) 2r ©° .
/ exp (%Lp cos q)) mMdy = / Z T ()17 d
0

= Z I (x / ( ie_i¢>meim¢d¢
<>°_ m 2
= X ") [ do
= 21(—i)"Ju(x), (3.89)
and subsequently we have
¢mdo 2 “ipipeosd
Ppsapin) = s || pdpE(pia) [ dvenp (IS img ). 2.90)
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Hence, calculate the ¢ integral to obtain

eim% m [ ppL
®(psoprin) = i ()" [ pdpEa(padn (PE). 69D
When the value x is very small, the approximate formula for Bessel Function would
be
1 x\"
B = (5) +0 ("), 3.92
") =g () o) (5.592)
imply that
prL 1 ppPLN™ i)
W) = () row
"\ h C(m+1)\ 2h 0 (™)
1 PPL)’"
= — =) . 3.93
m! ( 2h (3:93)

Hence, the exponential suppression of tunneling with nonzero p; (to replace the

Bessel function with its limit for small arguments)

emo ()"
(2m)'/? m!

Let us define the asymtotic form of the hydrogen wave function

pPpL

P (px, Py,20) = /0 wpdp‘l’m (p,z0) (T>m (3.94)

K3/2emo Q/xk—1 —krpm
lPasymp(x?yaz):ch'l]\/lm(lcr) e Pl (COSO), (3-95)
where
Cyl (o (3.96)
Snm+ D) (=11
2[+1)(I+m)! 1
Nim = 97
fm \/ 20—m)! 2mm!’ (3:97)
and

Kk =/2I,, (3.98)

where I, is the ionization potential.

In order to simplified Eq. 3.95, the asymtotic assumptions are
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1. Legendre polynomial can be replaced with the limit for small angles,

P" (cos 0) o< sin™ 6 (3.99)

2. Asymtotic region where p < z and z > zq, imply that

sing ~ P (3.100)
20

r X 70+ — (3.101)

We insert Eq.3.95 into Eq.3.94 and yield,

eim¢0 (—l)m o pp m
@ (py, py,20) = )2 m! /Opdp‘l’m(p,zo) (TL) (3.102)
e (i)™ e 32 p\" rppL\™
- T pdp Ny (k)2 K e (—> L
(2m)'/? m! /op P am (1) ° < 2 )
following by
(—i) £im9o piym 1 K3/2pime 0/x—1
D (pr, py.20) = WCKIN,,,,<7> MW(K) (3.103)

< [Cdp ()9 e (o) (o)

_ )" piméo m o1 3/2 im¢
- % » lm<p_i> _K—e(K)Q/K*I (3.104)

(275)1/2 2 mlzy /21
o0 2\ @/k-1
></ dp (Z0+p_) e—K(zO+p2/2zo)p2m+1
0 220
Then, by applying a simple transformation on the integral and we get the following
expression
(=)™ ™o —kzo (PL\™ Lokl KM
@ (px,py,20) = CiiNime ZO(—) K@/ K1/220% — /d "
(P, Py, 20) (2m)'/? K 2 20 mizg /27 Jo PP
(_i>meim¢0 —xz0 (PL\" _0/x—1/2_0/x
= i Cuiline o (P5) "« 2 (3.105)
T

Finally, we obtain the tunneling ionization amplitude which is

—i)™ eiméo

( 1/2

D (py, py,20) =
e 27m)

CriNpe ™ (%)m KQ/K=1/2,9/% (3.106)
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3.3 Multiphoton Ionization (MPI)

There exist an ionization process even though when the photons energy is less than
the ionization potential. This phenomenon was first described by Maria Goeppert-Mayer
about the idea of two-photon absoprtion "in one quantum act" effectively introduced the
concept of a virtual absorption. Usually, for the absorption of a photon by an atom, one
requires that the photon energy be equal to the difference in the energy levels between the
ground state and a real excited state. If the photon energy does not match or "resonate"
with a pair of stationary eigen-states of the atom, the absorption cannot occur.

Even if the real states do not exist for the resonance condition to be satisfied, the
electron can for a very brief period of time (Kulander, 1987b) (as permitted by the un-
certainty principle) absorb a photon temporarily and thus be excited to a "virtual state"-
that is a state having the energy equal to the photon energy above the ground state of the
atom.

If the field is strong enough to have a sufficient number of photons per unit volume,
then the virtually excited electron may absorb another available photon even during the
very short "lifetime" of the virtual state.

In principle, after one or more successive virtual absoprtions, the electron can always
reach the continuous stationary (long-lived or real) eigen-states of the atom above the ion-
ization threshold. Therefore, if the light field is strong enough, i.e. the number of density
of photons is high enough, laser photons of any frequency and polarization can ionize the
atom by successive intermediate virtual absorptions followed by the final transition to the

real continuum states.

Some modifications from old Einsteinian photoelectric effect:

K.E.=nx (photon energy) —1,,> 0, for any integer n

first treated by Geoppert-Mayer using the second order perturbation theory, to the
n-th order.
The lifetimes of the virtual states are typified by the difference-energy between a

virtual state and the nearest stationary state.
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When an atom is placed in an intense laser field (Krause, Schafer, & Kulander, 1992),
there exists an interesting phenomenon where more than one photon is absorbed during
the ionization process. It was first observed by ... For the N-photon case, the general
expression of the transition rate for N number of photons from an initial state (i) to a final

state (f) is

(N) _ Hialap - - - Hyz Uz f EN
i=f ab...yz i ((Daf —(N—-1) (1)) (wa —(N=2) (L)) . ((Oyf - 260) ((sz — w)

x21ps (0;r —N®) (3.107)

Let us consider n number of photons were absorbed during a nonresonant multipho-

ton ionization (Gribakin & Kuchiev, 1997). The celebrated ionization rate would be

wp =~ (o) oyl (3.108)

= o,l"

3.3.1 Resonance-Enhanced Multiphoton

For certain special case where the transition of the electron to a resonant state in
the first hand then only ionized again from the particular excited state by absorbing a
certain amount of photons again. For simplicity, let say the ground state electron absorbs
k number of photons to be excited to a resonant electronic state, then by absorbing /
amount of photons in order to be ionized from those resonant state. Hence, the total
number of photons involve in this ionization process is n = k+ 1. Although the same
number of photons are absorbed in the both multiphoton ionization (Kulander, 1987a),
however the ionization rate for both processes are different.

Ordinary nonresonant MPI is limited by the lifetimes of the intermediate states (vir-
tual states), if the system relaxes to its ground state before the absorption of the next
photon, then the transition does not happen. Meanwhile, for the REMPI, the system is
limited by the pulse duration of the laser, Az,,;5. and the ionization rate, w’ for this process

is given by
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Figure 3.3: One-photon ionization (PI), non-resonant three-photon ionization (MPI), and
resonance enhanced three-photon ionization ([2+1]-REMPI)

~

Wy = {0 oul} Aty { (e117)' 011 (3.109)

At pulse
—7: .

- n

As what we can understand from the equation 3.109, the ionization rate for REMPI

is greater than the ordinary MPI due to the factor of At"—T“’“. The main reason here is
stationary state which is also known as eigenstate is having a greater lifetime than virtual
states, as a result, the rate of REMPI is enhanced in comparison to the nonresonant MPI.

However, the enhancement is not applicable for all range of laser intensities. For
a certain intensity which is high enough, the atom will reach the maximum ionization

probability of 1 for both process. Let us define the MPI probability as

P=1—exp (—/ GNIth), (3.110)

where the I term is absorbing the spatial and temporal intensity distributions because same
amount of photons are absorbed in both resonant and non-resonant cases. Therefore, we

assume the probability only takes consideration of the single transition of the electron
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between the initial and final states, and thus generalize into two separate electronic tran-

sitions. Henceforth, the new probability in this REMPI would be

P = Pexcitation X Pionization (3.111)
— [l—exp (—/ GNIthH ll—exp (—/ cMIMdr)] (3.112)
= (1—emiT) (1 emomi'T)., (3.113)

3.4 Corkum’s Model

In 1993, P. B. Corkum (Corkum, 1993) had introduced a model which is known as
"The Simple Man Model" to explain the phenomenon where the electron is excited to the
continuum state under the intense laser field, then recollide and recombine with the parent
ion thus emit an amount of energy I, + 3.17U, where U, is the ponderomotive potential
energy. These idea inspires the evolution of the high harmonic generation, which is a
famous and pioneer research topic in the recent year.

In the dipole approximation, for a linearly polarized laser field, the interaction po-

tential energy for an electron at position r = (x,y,z) is

V (1,1) = Viarom (¥) +xeEy (1), (3.114)

where we assume that the laser electric field

Er(t) = Eycos(@pt+p). (3.115)

Eyp (t) is polarized along the x axis and positive when pointing in the direction of
increasing x coordinate.The electron motion during the oscillation depends on the phase

of the electric field Ey, (¢) at which ionization has occured,

¢o = oty +p. (3.116)

Consequently, the Coulomb interaction to the parent ion becomes a small perturba-

tion compared to the laser field. The simplest approximation is to neglect the Coulomb
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field after ionization. Once, V0, (1) is dropped from equation 3.114, the center-of-mass

motion of the quantum wave packet is described by

. e
= —ZE
X p” L(1)

= —EEocos(th +p).
m

The vector potential Az, (¢) is defined by then following expression

dAr

EL(t) = o

and hence

Ap(t) = —/EL(t)dt
= —/Eocos(th+p)dt
ek,

0 .
= ———SI(wt .
maoL (ot +p)

This implies that the velocity of the electron:

v(t) = Ag (l‘) — Ay (to)

eEy . eky .
= ——sin(wyt — sin (ot
o (o +p)+me (orto+p)

and

eEy . eky .
tr) = vo— —sin (gt — sin (et
v(ty) Vo oL (o +P)+me (arto+p)

= v+ :;Lw(l [sin (o) —sin (¢)] .

Since the velocity is the rate of changes in the propagation direction

\ ebo sin(@t+p) + eFo sin (@rto+p)
X = _— -
may, L p may, Lio TP
eEy . eEy .
= ———sIm¢Q + ——singy,
may, (P may, ¢O

(3.117)

(3.118)

(3.119)

(3.120)

(3.121)

(3.122)

(3.123)

(3.124)

(3.125)

(3.126)
(3.127)
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then we can retrieve the position of the electron by

{ eE, E
X = /tovo—;—a;)Lsin(a)Lt+p)+ni—a;sin(tho—l—p)dt’ (3.128)

ek " eEy .
= vo(t—1to9)+ [ 02 cos(a)Lt-l—p)] +—Osm(a)Lt0-|-p)(t—to)

ek
may,

. E,
= [vo + sin (@pto +p)} (t—19) + % [cos (wpt + p) —cos (wrty+ p)]

L

E - E
_ [VO N ni_a;)L i %} (¢wa¢0) L 0L2 o o] (3.129)

where ¢’s are the laser phases at t = 1y, t = t7, ¢o = Opt9 and ¢y = 1.

From Eq. 3.124, one obtains a maximum final velocity

eE()
= 2——. 3.130
vi=vo+ moL ( )

For the case where ¢g = 7 and ¢y = 37”, if vo = 0, the maximum energy E is

mv}
E;f = - (3.131)
ezEg
ma?

— 80, (3.133)

= 2

(3.132)

where

22
e‘E
U, = 0 3.134
p 4ma)£ ( )
I,

27
do;

U, is called the ponderomotive energy. This maximum energy can only be reached at

x#0,

’x(tf)‘:%(Zn—l)ﬂ:, n=1,,2,.. (3.135)

If the electron initial velocity is vo = 0 at time 7y, then the maximum energy that
2
the electron can acquire at its return to the parent ion, i.e. when x (tf) =0isEf = %f =

3.170,,



3.5 Perelomov Popov Terent’ev (PPT) model

In 1966, Perelomov, Popov and Terent’ev (Perelomov, Popov, & Terent’ev, 1966)
had formulated a theoretical model to explain the ionization rate of atom in laser field.
This well known model is named after them which is known as the PPT model. To begin
with this formalism, firstly the external electric field and subsequently the vector potential

are given as the following expressions

E(t) = Ecosor, (3.136)
E
A(t) = —_sinor. (3.137)

In the velocity gauge, v — v(r), we have

v(t) = p+eA(r)

E
- p—%sin(ot. (3.138)

We define the Volkov wavefunction, starting with time-dependent Schrodinger equa-

tion

2

., h >
i W= [p+eA (1) . (3.139)

p is canonical momentum, different from kinetic energy.

Let W = Np (t)exp (%)

D - 2 .
ngpew(B) = Lpreswlpen(T) G140

h 2m
mp(r) = [ i [p+eA ()] dr’ (3.141)
p N to 2mih L ‘ '

Then

p(t) = exp {/Ol—%[p—f—eA(t')}zdt']

tih [ 5, €*E? p-E , &’E? . .,
= exp {/0 —%{ r+ 2w2t+2e P cos Wt — e sin2wt’ | dt'(3.142)
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In this case, we focus on the length gauge,

lPdE (I‘,I) =

(@)

>
o
VR
St o~

A () .r> Np (1) exp ("ph' r)

_ ! exp[ﬁ(p—FeA())-r]exp{/ot—zl—h[p—i—eA()]Zdt'}

(27)°
) (; )3 exp {%V(t) -r} exp Uot _%v (t')zdt'} . (3.143)
T

The transition amplitude in time-dependent perturbation theory

, .
ap (1) = —in | ar' (¥P |V, ()] ¥, ) exp [i (E;—E) t] , (3.144)
t; h
(p)

where W ¥ indicates the final state with momentum p at the detector and ¥; indicates
the initial bound state.

However, in Keldysh case

a, (1) = —ih t'tdt < v (1) }\P>exp [/t—zi—hv(r)zdf] exp {%1,,/] (3.145)

m

This time dependent part represents the action

SO = exp [/ ——V a’r] exp [h ] , (3.146)
t/
S(t) = / ——v Pzl (3.147)
t/
Let us define
ot = sinh ™1y, (3.148)

then the action becomes

Cih i
— d It 3.149
) 2mv(r) ’H—h p ( )

We can see that only the imaginary part of action contributes to the decay rate which

S(t,t')=—
is shown by

' h I
ImS (0, i) = / Sy (it dT— . (3.150)

t/
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Since the momentum

mv(t) = p+eA(r)

E
- p—%sinam 3.151)

then we have after defining an imaginary time ¢t — it

mvy (it) = p+eAlir)

E
- p—i% sinh or. (3.152)

The ponderomotive potential part of the solution

hoft hot

- tgv(if)zd*c _ %/tgv(i’c)zdr (3.153)
_ h ¢?E? sinh (2a)t(/)') B e’E? ,
 2m |20 20 202"
_h e’E?2y\/1+ 2 ezEzt,, 3.154
T om |40 20 @ 40?0’ (3:154)

and
sinh (Zwt(')’ ) = 2sinh (a)t(/)') cosh (wt(’)')

= 27,/1+72. (3.155)

Since we have the relation between Keldysh parameter y and o

wt] =sinh~!y, (3.156)
this implies that
, "ho o 1
ImS(0,ity) = y —mv(n') df—ﬁlpt(/)'

_ CE*2y\/1+7* SE*, L

2m | 40> 20 4020 AP0

I, PN . K14y
= — L2 (1+=—)sinhly———" 3.157
ho (+2Y2)Sm 4 2y G157
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where the Keldysh parameter, 7y takes the form of

\/2ml, o
—_— (3.158)

r= eE

Hence,

ImS (0,ity) = I

3.159
ho ( )

W\ o R+
<1+2—}/2)smh ’}/—T

For the first case where ¥ < 1, then we have sinh~! y ~ 7 meanwhile for the case

exponential function of Eq. 3.157 would be

y>> 1, we have sinh™! y ~ In2y. Henceforth, when the Keldysh parameter y < 1, the
YO /117
exp [ImS (O,it(')’)} = exp{—— <1+2_}’2> sinhly—z—yﬂ

}
}

) (3.160)

B A +h2 A1+ P
= P\ The [T 2y2 2y

3/2
. [_ (21,)

3F

Then, when y > 1, we have

W/ _ _I_p h_z s —1 _h2V1+'}/2
exp [ImS (0, zto)} = exp{ o 1+ 272 sinh™ "y —2}’
1 I,/ho
- ()
~ Eb/MO, (3.161)

Note for the propagation operator : Evolution operator propagates vector from #( to

t and it can be described by

|k7t> :U(t7t0)|k7t>7 (3.162)

where the propagation operator is defined by

Up (t,10) = ¢~ Ho(t—10)
= Y |nye Enl0)(p). (3.163)
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As a result, this imply that

k1) = Y |nye En=0) |k, 10). (3.164)

Time-evolution problem is solved once initial vector is expanded in terms of eigen-

vectors of stationary problem

0
ih—Y = Hy¥ 3.165
ih— 0 ( )
with
Y(tg) = Yo (3.166)
Hop, = E,px (3.167)

Hence, we can rewrite the wavefunction as the summation of all states

W (x,1) = Y P (x) e E0) (p, B (3.168)

and yield

(o) =Y / dx’ (x|n)e=En=10) ()Y (4 e, o). (3.169)

Next, let us rewrite again for the expression of the wavefunction in term of Green

function in one dimension, along x

W (2 1) = / dX'G (124, 10) Wo (¥ 10) (3.170)

where

G (¥, 15210) = L |m) !y 170 (3.171)

n

Hence, for the propagation of an electron in the laser field, let us reconstruct the

Volkov wavefunction as a basis
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Wi (r,t) = (;t)3 exp {% (p+eA(t)) ~r} exp {/Ot—% [p+eA (t/)}zdt/}
_ (;ﬂ)3 exp [%v () -r] exp { /O t —%v (t')zdt’} (3.172)

In three dimensional space, the Green function propagator would be

G(r' e ) = 9((;;)? /d3pexp {% (v(t) - r—v() -r’)] exp {—i—/tv(r)zdf}
(3.173)

and we obtain the final expression for ionization rate

o () R () ()

where

n* = Z(2E)"'/? (3.175)

& = (2E)'/? (3.176)
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CHAPTER 4

PERTURBATIVE SEMI-ANALYTICAL (KELDYSH TYPE) THEORY

4.1 Introduction

Over the past century, there exist several models to describe the photoioniza-
tion rate of an atom in an intense laser field, such as Smirnov and Chibisov’s model,
ADK (Ammosov, Delone and Krainov) theory, PPT (Perelomov, Popov and Terent’ev)
and Keldysh’s theory. In this chapter, the Keldysh’s formalism is introduced where it
describes the transition rate of an electron from ground state to Volkov state when an
atom is placed in an intense laser field. The pioneering work of Leonid Keldysh was first
introduced in 1965 which provides a complete theoretical description of the tunnel ion-
ization by intense linearly polarized light where the photon energy, 7® is lower than the
ionization potential, /,,. In this chapter, detail derivation on the Keldysh’s formalism and
the extension of the model is outlined. We will discuss the output and the comparison of

both model.

4.2 Keldysh’s Ionization Rate in Linear Field

In variable electric field which is defined by the equation below,

E(t) = Ecoswt, 4.1)
and the adiabatic parameter, y
0]
= = 4.2
14 o 4.2)
o 2ml
= 4.3
" 4.3)
S @.4)
- 2KgF’ ‘

On the other hand, ¥ is also known as the ratio between frequency of laser light, ®

and frequency of electron tunneling, @y, through a potential barrier where I is the ioniza-
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tion potential of atomic level.

K2me*
== 4.5
72 4.5)
while E is the amplitude of electric wave field and F is the reduced field
E
F=—"_ 4.6
e (4.6)

The multiquantumness parameter of the process is given by Kpi.e. the minimal

number of photons required for ionization,

1
Ky = —. 4.7
0=75 4.7)

1
o \/; “38)

There are some important points to take note, which is F', Ky and y are dimensionless

From here, we note that

quantities. Here, Iy is the ionization potential of the hydrogen atom,

me4

Iy = BYel = 13.6¢V, 4.9

and g, is the atomic unit of electric field intensity
3,5
€4 = mh—f —5.14 % 10° Vem'! (4.10)

and the ionization rate w of a level is measured in the unit

me4

w:?:4.13x1016 st 4.11)

Tunnel ionization take place when Yy < 1, while for y > 1 the ionization is a mul-
tiphoton process. We will discuss these two important processes in the following section
where the Keldysh’s formalism will be presented in details.

For a linearly polarized monochromatic electromagnetic wave, the differential ion-

ization probability , i.e the momentum photoelectron spectrum , is of the form,

d’p
(2m)3’

dw(p) = Pexp{ ~2Ko [ £(1) +c1(V)af +e2(1)d | } @.12)

where g=p/x and f(7) is the keldysh function
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2
fly) = <1 + 2%/2) arcsiny — —Vl;;y (4.13)

In2y—1 | y>1

The coefficients of the photoelectron momentum distribution are

c1(y) = arcsin}/—}/(H—}/z)*l/2 (4.14)

c2(y) = arcsiny, (4.15)

and P(7) is the pre-exponential factor while the definition for arcsiny is

arcsiny = In(y+14/1+ 72 (4.16)

Note that p =( PP ) is the photoelectron momentum, with p| being the momentum
component along the direction of the electric field £ , p| being perpendicular to it and
k=121 being the characteristic momentum of the bound state.

For the ionization rate of a level (i.e , the probability of ionization per unit time) we
have with an exponential accuracy

ey SPEEIROA) e |
(KoF )*ko ~ jKo : y>1
where J is the intensity of laser radiation and & is the elilipticity [£21] expressed by the

following expression

1= (5z) 1+E) £ (4.18)

For y < 1 the ionization rate of a state |/m) with the orbital abgular momentum / by

linearly polarized light (& = 0) is

A 2 ~A2n*—m m+1.5—2n _ o
Wi = K \/;(21—1— 1) Sl — )] = )!CKIZ x F exp [ iF (1 —10}/2>}
(4.19)

with w; _,, = wy,, and mO0.
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From here, we can understand that m = 0,41, ....is the projection of the angular
momentum / on the electric field and n* is the effective principal quantum number of the
level which is calculated from the experimentally measured energy Ey = —I of the atomic
State:

*

z z
== 4.20
” 57 (4.20)

where Z is the atomic or ion core charge, and Cy; is the dimensionless asymptotic coeffi-
cient of the atom wave function away (xr > 1) from the nucleus.

The sufficiently precise expression for this coefficient is

2n* -2
> 2

C - s
K (nr D)) (nF—1—1)

x!=T(x+1) 4.21)

The equation of ionazation rate wy,,is valid for low -frequency laser radiation, i.e.
for 0 < .

For an arbitrary v, we obtain the final expression of the rate of ionization for the s
level bound by a short-range (Z = 0) potential is represented in the form of the sum of n-
photon process probabilities:

1

wE, o)=Y wa  np=Ko(l1+3), (4.22)
n>ngp ’}/

where [ = 0, wy, 1s the partial probability of n-photon ionization:

2
o= P G B (VB —ma) xexp{ [ e + 210 -m) |} @29

3_Fg
with
_3fn
81 = =3 (4.24)
B 1 , V1472
fly) = <1+2—?/2)arcsmy—2—y (4.25)
) dr-r v
In2y—1 | y>1 ’
c1(y) = arcsiny — y(1+ %)~ /2. (4.26)
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The value n,, is the photoionization threshold for linearly polarized radiation, and

the B value is

B = 2c2—c1) (4.27)
2y

VI+7
and the function F is defined as

X

F(x) = /0 exp [—(x* —y*)] dy (4.28)
x—%xz—k.... , x—0
- 1 1
ﬂ+4x3+ “+...... , X—>o00

4.2.1 The Keldysh Function

The frequency dependence of the ionization rate of an atom is determined primarily
by the function f(y,&). This function was calculated by L.V Keldysh (1964) for & =0
which referred to as the Keldysh function.

For & =0 we have
o)=Y 0"y, (4.29)

and

2 (2n—1)N

Jn= 38 = e T 1) 2t 3)’

(4.30)

which is a similar series for coefficients of the momentum spectrum ¢y ().
Since f, o< n=>/2 for n —» oo, the series converge for |7|1. In the antiadiabatic

domain, Eq. 4.29 becomes

. 1 - —2n
fy)= (1+2y2> lny+n;0any as Yy — (4.31)

where
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ap = In2—1/2, (4.32)

ap = 1In2/2, (4.33)
a = 3/32, (4.34)
a3z = —5/192, (4.35)
and so on.
Then, Eq. 4.12 becomes
2 2 d*p
aw(p) = Pexp {260 [1(1) +e1(ai +eNdl | | 555 (430

which can be shown to remain valid in the case of linear polarization, with

4 u
fly) = /O x(u)(l—;> du, (4.37)
and
, Y
ay) = ey = /0 () — (7)) du, 438)
Y
oY) = /O x(w)du, (439)

where the function  (u) is being completely defined by the shape of the laser pulse.

In the case where the external field is spatially uniform and is linearly polarized,
E(t)=E@(wt) , —ootoo , @(toeo) —0 (4.40)

It is possible to suggest a simple analytical procedure for determining ) () from the

~1/2

pulse shape. For instance, y(u) = (1 +u?) correspond to the monochromatic laser

light with @ (¢) = cost, x (1) = 1/(1+u?) to a soliton-like pulse with ¢(r) = 1/ cosh?1. etc.
When Y (u) is known in the analytical form, from expression

£y) = /ny(u) (1 _ g) du. .41

It is easy to obtain adiabatic expansion. In particular, by setting

x(w)=(1+u?)"P, (4.42)
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and hence, we obtain

2 1 5
f(Y) = §Y2Fl <§:P,§;_7’2> ’ (443)
i 2I'(n+p) o< nP=3. 4.44)

- n!(2n+1)2n+3)I(p)
where p is the ellipticity of light andfor y — oo

VA1)

Meanwhile for p = 1/2 the function f(7y) grows as In7y. Then the shape of the field

()

pulse corresponding to formula
x(u) = (1+u*)"P, (4.46)
is characterized by the asymptotics

o) =1—pr*+ é(7p2 —3p)t . t—0, 4.47)

o~ ) REDAPT e was)
dexp(—2t) , p=1
with @(f) = cost , 1/cosh?s , and (1 +¢2)~3/2 correspondin to the values of p =
1/2,1,and 3/2, respectively.
For an arbitrary ¢(¢) we have the expension

1 5 7 1 1
x(u)=1-— Eazuz + E(a% - 0.1a4)u4 T <a% — §a2a4 + %%) Wb+, (449

which give, upon substitution into expression

2

Y u
F(y) = / 1) (1 - —2> du. (4.50)
0 14
The expansion of g(7y) and the coefficients of the momentum spectrum bj »(7y) in the
adiabatic domain. From here, a,, are the coefficients of the series

4_

e , ar >0 4.51)

PO =151

The Keldysh function for the case of linear polarization can be written in the form
1
f(y,0)=1— m(sinhZTo —219) (4.52)

where 7y = arcsinh .
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4.3 Atom in linear polarized intense laser field

Attempting to calculate the photoionization rate is prohibitively complicated if
done in a rigidly formal sense. In this section, we will study the interaction of a hydrogen
atom with the intense linear polarized laser field in z-direction, which is described by the
following equation

E = Ecoswiz (4.53)

where E defines the electric field strength, @ is the frequency of the intense laser and z
represents the unit vector in z-direction. The derivation is consisted of two main parts
which is:

1.)Matrix element prefactor : An integral that represents the transition of an electron
from hydrogen ground state to continuum state.

2.)Action part : The integral over time that show the action process for the transition
of electron from hydrogen ground state to continuum state.

Next, we will introduce the Volkov wavefunction in details where it plays an impor-

tant role in the Keldysh’s formalism.

4.3.1 Volkov wavefunction

The Volkov wavefunction is defined as the following expression

2m Jo

. , 2
y@(nt):exp{% () r——— <p+%§smun) df]} (4.54)

where it describe the free electron in the continuum state after the interaction with an

intense laser field.

From here, we will show how Eq. 4.54 is derived. In an external electric field

E = E cos wrz. (4.55)

We recall the Maxwell equations as define in the following expressions,

JA
= —5-V, (4.56)
B = VxA. (4.57)
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Note that if A is tranverse vector potential, implies that coulomb gauge V- A = 0.

Hence,
J 2
V-E:EV-A—Vq) (4.58)
then,
A
Er=—— 4.5
T o (4.59)

E is the external electric field which is depending on the travelling time ¢ at fix

direction Z, hence,

A = — / Er dt (4.60)
= —/Ecoswt dt
E
= ——sinwt (4.61)
(0]

Next, we substitute the vector potential A into the Schrodinger’s equation and yield,

d 1 (A e \?
5 O - _— (Zyv-Z
zhat‘l’(r,t) - (i CA) Y (r,1)
1 (h E 2
= 5 (7V—i—%sina)t) ¥ (r,1). (4.62)

Then, by using separation of variables, let us define the wavefunction as

W (r,1) = exp <¥) 7, (4.63)

and the Schrodinger’s equation is expanded

: 2 :
ih% exp (lph-r> fl) = ﬁ (ZV—# % sin a)t) exp (%) f) (4.64)

l

1 E]? hi_ eE heE
= —{—h2V2—|— {e_} sinzwt—l——_V-e—sian——,e—sina)t-V}
2m w I 0] I O

X exp <¥) 7). (4.65)
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In the coulomb gauge, we know that the dot product of the vector potential is

V-A=0 (4.66)

therefore,

V-A¥(r,r) = Y (x,/)V-A+A-V¥(r,1)

= A-V¥(r,1), (4.67)

and we back to the Schrodinger’s equation with the substitution of Eq. 4.67, and yield,

_ ip-r\of() 1 [ , [eE) ., ¢E
zhexp( h) % = om p-+ p sin a)t+2pws1na)t

X exp (ipfl' r) £(0) (4.68)
1 eE | 2 p-r
= 5 (p—i— . sin a)t) exp (T) f(). (4.69)

Then, by solving the differential equation,

ofey  if1 eE . \*
/f(t) — _E{%/(pjuasmwt) dt}, (4.70)
: , 2
Inf (1) —%{ﬁ/o (p+%sin(m’) dr}, @.71)

obviously we can obtain the solution of the time-dependent function

. ; 2
f(t) :exp{—% [ﬁ/o <p+%sina)r) dr] } (4.72)

Next, we retrieve the Volkov wavefunction by substitute the time-dependent function

f(¢) into Eq. 4.63,

W(r) = exp<"p;_l’r)f(t)

ip-r i1 eE 2
= exp <T) exp — %/0 (p+5sina)r) dt (4.73)

Furthermore, we apply the length gauge transformation on Eq. 4.73 and yield
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Wp(r1) = exp {—%A(t) -r] W (r.) 4.74)

' E 1 E 2
= eXp% { {p—k%sinwt} r— [%/0 (p—I—%sinwr) dr] }(4.75)

Finally, the Volkov wavefunction as in Eq. 4.54 is obtained.

4.3.2 Keldysh’s formalism
As the starting of Keldysh’s formalism, firstly, we use the hydrogen s-th bound state

atn =1,/ =0 and m = 0 as the initial state for the tunnelling ionization

v(r) — WYio(r,0,0)

- (%) exp (-2) 4.76)

where a = ap/Z

For the transition matrix, we have

Voo (B.) = [ W) (6,1) B (1) 10, (1) dr @77

r-vector take r(sin @ cos¢@,sin0sin@,cos ) and the dot product for the electric field E

and directionality vector r is

E-r = E(ax,ay,a;)-r(sinBcos¢,sinBsing,cos0) (4.78)

= Er|[(axcos¢ +aysing)sin6 +a,cos 6] 4.79)

We make an assumption so that the momentum of the photoelectron is parallel to the

direction of the electric field, E. Hence,

p-r=pri(axcos¢ +a,sin)sin 6 + a,cos 6]

Since our case is for linearly polarized laser field, therefore we choose the propaga-
tion is along the z-direction. Next, we separate Eq. 4.77 into two parts, the matrix element

prefactor (spatial part) and also the action part (time dependent part).
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The matrix element is defined as the following expression

W) = (5 )

al

/exp {—%H(r) -r] eE -rexp <—£> dr (4.80)

meanwhile the action part is defined as

S QP
. ‘E 2E2
exp{—% [8117)1(0 (coswr—1)+ 8ema)2 sinZwI} } (4.81)
where
1 2 2p2
Qp) = . (zo +2 4 4ma,2) (4.82)
1
= +(o+K+Up) (4.83)

Next, we solve for the matrix element prefactor. By using the transformation u =

sin @t, the result yields

E o [ 1 E (p+<
Vo (p+ e—u) " —el6a’ly P+ u)2 ; (4.84)
@ h ¥ 7a o (PG
2ma? + 2m

Meanwhile, for the action part, we set

I=Ih+U, (4.85)
hence,
S(p,t) = I [ ’fo+p_2)t—ep'E(cosa)t—l)
h 2m me
- ;;F(fz sin2a)t} (4.86)

We perform the same transformation as in matrix element prefactor Eq. 4.86 can bee

expressed as
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1 2
S(p,u) = _a){( 5m sin~ ! u

8mm?

— Nsin™! u—a(\/l—u2—1> —buv/ 1 —u?

where N is the number of photon

Iy Xl
ho ho
Io

_ 2
= e — +27°x%b,

with the coefficient a is defined as

1 ep-E

ho mo
21y

Yho
= (4by)&x,

and the coefficient b which is

and

& =cosH.
The momentum depends on n through the following expression

DPn
2mly

X:

ho
= K(n—no),

I()+Up
w

where ng = and p, = \/2mho(n—ny).

_ep: (ﬂ_1>_€2E2uﬂ]

(4.87)

(4.88)

(4.89)

(4.90)

4.91)

(4.92)
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For linearly polarized, the ionization rate is for small momentum was first derived

by Keldysh in (Keldysh, 1965) . The theory is valid for small momenta such that terms

higher than ( 2’;1 T )2 are negligible. This restriction also implies a limitation to the laser

:

field E (since ‘fi—l; ~ ¢F) and hence the Keldysh parameter 7.

The Keldysh parameter has the alternative statements,

= — 4.93
Y 20, (4.93)
1)
~ <V2Ep (4.94)
I
= — 4.95
20, (4.95)

where Ep is the field free binding energy of the electron in the atom or / the ionization
potential of the atom.

U, is the ponderomotive energy (the interaction energy during the transition) of the
free electron in the field, and @ is the frequency of the ionization field of intensity /.

We combine the matrix element prefactor and the action and rewrite it in the form

1 ¢E i 1 ¢E \?
Lip) = — = — [ I+ — = . 4,
() vao(wwu)exp{hwfo 0+2m(P+wu)} (4.96)

4.3.3 Saddle Point Solution

By defining the transformation

u = sinx, 4.97)
d
M cosx, (4.98)
dx

with x = @wr. Then we can rewrite the L (p) function as

1 eE

L(p) = 7770 <p+5u) (4.99)



with the saddle point u; which depends on py.

Next, we apply Saddle point method on Eq. 4.96,

ds (p,t) 1 1 ¢E 2
= — |+ — — 4.1
dr . 0+ om <p+ P sin (ot) (4.100)
pu— O.

Two saddle point are obtain from Eq. 4.100, which are

1
- |- 2_ 2
ur = 4b{ a:i:\/(a 8bN +8b )}
b—N
= —y+ 2,2 0
1
~ 7 [—xcose +i <1 +x2§sm29)] , (4.101)
and the relation of both saddle points are
U_=u,. (4.102)

Similarly, we obtain the expression for x = @t subsequently from the result of both

saddle points,

Ycos 0 sin 0 + 72 2
—x — X", (4.103)

0 1. sin’6+7?
o ~ mtisinhly4 oY Ly Ly YTV o (4.104)

ViErE 2 (i)

The first term in Eq. 4.103 dominants the imaginary part isinh~!' y must be posi-

1
oty ~ isinh~ly— +5iy

tive so that exponential of the function exp [iS (¢;-)] will decay exponentially instead of

blowing up. Therefore, we calculate for the following expression

2 0 1 1+ sin? @ — cos? @
cosWty = \/1+}/2+i&x+—y2( '}/2) : x?,  (4.105)

Visr 2 (i)

2 1 ,(1+7%)sin*6 —cos? 6
coswr_ = —\/1+Y2+'Mx——72( T1)sinT0 -0 5 4 106

VR (i)

86



After that, we proceed to the second order of the action part and yield

1 E 2
B (pr Eu) [+ 3 (0 G
hov1—u? (1—u2)’?

Then, we rewrite the expression Eq. 4.107 and get

S (u) = (4.107)

ng b (P+Gus)
hwy/1 —u?

i_4&i}/\/1+x2s2
ha ,/l—ui

2U, uy —u_
Tt B el (4.108)

he 1 —uk

In view of the delta function & (%A (p) — nhw) where ug depends on n only and the

S// (us) —

momenta which is satisfying it are finite. Hence we rewrite it as

Un, = Un, (Pn) (4.109)
P I P_% 1 — &2
_ g 2y 0+ i ( 5), 4.110)
2U, 20,

Pn

vV 2m10
saddle point becomes

where y =

contains all the n dependence. Then the action part with repect of each

S(us) = (;—2) + 2y2x2b> oty — (4yxE +sinwrs) beos ot +4yExb (4.111)

ho

- (4§x— Ex+iv/1 +x2s2) b\/l P <—§xi iv/1 +x252>2

_ <1—0+2y2x2b> sin™! [y (~Exk iV 1428 | +d4yEb @112)

with
Iy+U U
S = i(o+ Esinh ™y -2y 1+Y2) (@.113)
ho
+4vycos 9% (1 —/1 +sz> +i2y2% (sinh_1 y— _ycloi YZ) 2
= ATE-Ox+iDe (4.114)
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and

Ih+U U
Su_) = i(%sinh_ly—%y 1+y2)

U, 5 "o Up [ . ycos® 0
+4yc0s9% (1+ \/1+7y x) +12y2% (smh Y— m

DT PP 92 7P
+7r( ho + Yzhwx

= —A+4(B+C)x+iDx*+nF

Next, by using the following expression

ds (p,u)
S// — )
(u) i
_ el (Pt
hov1i—u?
and
hZ
Ip=——
07 2ma?’
then the L (p) is rewritten as
16iel3\/na’ E-(p+Zu)

eiS(pauS)

L(p)

o S s ) (Vi—i)

4hwly/ma Z 'S(p.us)
eE = cos®Fcos wr

As a result, we have

S(puy) S(pu—)

4holy\ >
L= (M0 =

a +
cos®tcoswr; cos®~ coswr_

where

p2sin® 0
2m10 ’

cos® =44/1+

(4.115)
)

(4.116)

4.117)

(4.118)

4.119)

(4.120)

4.121)

(4.122)
(4.123)
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4.4 Rate for small momentum

In Keldysh’s work in 1965, he made an assumption so that in the photoionization
system, the momentum of the photoelectron is very small. Following by the Eq. 4.122, if
we only consider the first order of the photoelectron momentum after expanding, then we

have

4h ] lS(p7u+) iS(p7u*)
L(p) = "@0vTae te (4.124)
eE \/ 1 + /}/2
and subsequently
4holy\ > : : 2
IL(p)|* = ( 2 0) 1 iayz (elsﬁ’v“” +e’S(Pv”f>‘ . (4.125)

Therefore, the integral of Eq. 4.125 yields

n 4holy\* 2
/0 IL(p,)|*sin0d® = ( e?) 1 f;llzexp(—Znosinh_l}”er}/ 1+72>

L ycos” 6
Xexp |—(n— sinh 1y— 12—

B <4hw10>2 4ma ( m))é

eE 1+72\ 2y(n—ng

X exp {2 (n—nop) [\/%_}/2 —sinh ™' y+2ny (

Consequently, the celebrated formula for ionization rate written as

292 +1

w = 8w/ ;—2'g'S/Zexp[Zno(y—'I—H/2 —sinh ™! y)]
X i exp [2An(E —sinh ™' y)] 2(\/2EAn) (4.128)

n=ngp

Y n?

o= 51
/1+y 0 2ma?

where An =n—ng, § =

is the ionization energy with the Bohr radius

a,U, = :jﬁ; is the ponderomotive energy, ny(E, ®) = IO; a[)J £ with the Dawson integral
Y 2 2
2(y) = /0 exp(z” —y~)dz (4.129)
v = 28An (4.130)

Eq. 4.128 is two times larger than that in Eq. 4.177 because the two poles are included.

We will discuss this matter further in the following section.
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4.4.1 Exact rate for arbitrary momentum

In this case, we have extended the limit of Keldysh’s model by taking considera-
tion of the higher order term (Long & Liu, 2011) of the photoelectron momentum. In
other word, our exact model can adopt arbitrary value for the photoelectron momentum.

Therefore, we continue from the L (p,#) function which is

Lpr) = Vo(p+E i /”1+ LB 4.131)
= —u | exps — — —u .
p; o|P o p ho Jo 0TS P o
E .
=V (p—i—%u) St (4.132)

where S (p,¢) is the action part

1 ‘E 2E?
S(p.1) = Q(p)1 - {e};w (cosar — 1)+ Sema)2 sin2a)t] , (4.133)

with the conservation of energy term

1 P’ eE?
Q(p) = ;l<lo+2—+ pm (4.134)
1
= (+K+Up). (4.135)

Next, we perform the Fourier series on L (p, ) function by expanding on the ¢ term

and yield
L(p,t) = ) Li(p)exp[i(Q—no)i] (4.136)
n——oo
E .
= W (p + %u) eSP1), (4.137)
with
E 2 1 E-(p+<
Vo (p+ e—u) = it [ —el6d’ R (Pt N CRE L)
2ma? 2m

Hence, we find the new expression for L, (p) is a n-dependent function where the n

is the number of photon which is proportional to the intense laser source
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1 T/2

L) = 5 ), L0l no)od (.139)

1 [T/2 ¢E "
T o —u) 5P exp[—i(Q - 4.14
27 /_T/2 Yo (p+ i ”) ¢ exp[—i(Q —nw)t]jodt  (4.140)

In order to expand the new L, (p) function with respect of the number of photon, n,

note that
1 [T/2 eE 4
Ln = 5 Vi —u ) et 4.141
+1(p) 2”/—T/2 0(P+ wu)e (4.141)
1 -E 2R2
X exXp {ﬁ [nha) — ell;w (coswr — 1)+ Semaﬂ sin2a)t} } odt,
and
1 r/2 cE .
Lys1(p)+ Lo (p) = P / (2cos ot) V (p+—u) e ot (4.142)
TJ-T/2 0]

2E2

1 E
xexp{ﬁ[nha)—ep (coscot—l)—i—8 5

mao ma

sin Zwt} } wdt

/2
L / (2cos@r) L (p.1)expli(no — Q)i odr. (4143
2w J-1)2

Then, the inversion of the Eq. 4.143 gives us

L(p.t)coswr = % Y Au(p)expli (@ — ne)i] (4.144)
_ % i L, (p) [ei[(Q—(n+1)a))]t_|_ei[(§2—(n—1)a))]t]7 (4.145)

where
An(P) =Lp+1(p) +Lu-1(p). (4.146)

4.4.1 (a) Residue Theorem
From Eq. 4.138, obviously we can see that Vj (p + %u) has singularity, hence we

might rewrite the L (p) function as the following expression

13 7 E- ¢E .
L(p) = _16%), < (p+ %) eSPU gy, (4.147)
& [ha)S’ (u)V'1— uz}
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Then, we further expand on 8’ («) and yield

16\ /!
Lip)=— 7 \/;3 W g, (4.148)
[hoS" (us)]” (u— uy)
with
) €E \ ,iS(p.u)
fu)= E-(ptipu)e : (4.149)

(vi=e)

Next, we apply residue theorem to find the singularities. For simplification purpose,

let us define X = ¢S(P) then the first order differentiation on function f (u) with respect
of uis

d];iu):E-(p+%u3)cé_)§+XEEe+2eEu2+3L§pw, (4.150)

(x/l——uz) ® (M) ’

and the second order differentiation yields

d>f (u)

du?

—J+K+L, (4.151)

with

E- (p+Zu) d’X

J SRR (4.152)
(Vi)
dX _Ee-+2eEu*+3
K = 2°F e fePl TMPO (4.153)
6{)(\/1—u2)2
¢E 2 2
) (34+2u) — (1— 2
L — 3XE<p+‘”u)(+3u) (1-w)2p. (4.154)
(1—u?) ( 1—u2>
As we look at the Eq. 4.151, we can see that
dX
T = iSX (4.155)
u
= 0, (4.156)
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hence, Eq. 4.151 becomes

T f () = i8R E-{p+gu), (4.157)
“ ()
Then, we obtain the final expression for L (p) function which is
3
16i%v7a’ . E-(p+ L .
L(p) _ h (p © Ms) elS(lex)‘ (4.158)

B0 g u)? (Vim)

4.4.1 (b) Transition Probability and lonization Rate

Before we further proceed, let us define a new term c;, (p,#) which is known as
the transition coefficient. It describes the process where the electron is transited from
the hydrogen ground state to the continuum state in the period of time . We recall the

transition matrix Vs (p,¢) as in Eq. 4.77 and yield

l !
cp(pt) = % / Vos (p,1') dt’ (4.159)
= / ) cos or'dr’ (4.160)
— h/ ( +—s1nwt)cosa)t’ (4.161)

i 1 ¢E 2
X exp };l/() Io+%(p+5sinwr) drt| pdt’

Next, we expand on the coefficient and get

) = 2 [ {/exp [__n( ). r} eE-ry/sd3r} (4.162)

P 1 E 2
X cos ot exp i/ I+ — (p+Ssinwt) de| sdf
hJo 2m (0]

Then, we compute for the probability of the transition process through the following

relation

P = |e(p.t)) (4.163)
1 ! 1
= ) Vo (p,t')dt’ /_ Vs (p.t") 1" (4.164)
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Subsequently, the ionization rate is obtained via applying differentiation on the prob-

ability with respect of the transition time

dP
el 4.165
v d (162
= d’p (dcj(p1) dey (p,1)

_ 1)+ et (p.r) Lo\ 4.166
s (W{ DR A DR (4.166)
| e d3p {/’ ' Iy,

= — L*(t)L(t") cos ot cos ot dt (4.167)
W J—e (271)° OL()

1
+/ L* (') L(t) cos ot cos a)t’dt'}

By expanding the L (¢) function, the ionization rate becomes

o 3 t
wo= 2Reh—12/w(;r—§)3/wvg (1 (1)) Vo (T (7)) (4.168)

/

o ]
xexp{%/ [Io—l-—H( ) }dr}cosa)tcoswt'dt',
t

2m

and we may write Eq. 4.168 as

© dp 1
w = / (Mh 4h2 Z |An (p)[>276 (A — no) (4.169)
Nn—=—oco
= i Lot () + Loy (9)2 5 (hA —nh@) . (4.170)
= — 41 ( ~1 - - .
I ) (27h 3,,7_00 " "

Let us derive an identity for the function A, (p) which is

1 1
M) = 5 [Lus1 (P) + L1 (P)] (4.171)
= %Vo(rl(u))eis@») i(no—-Q) g sin~tug, (4.172)

In the aftermath of Eq. 4.172, we have

wo o= / Z IL(p)|> 8 (hQ(p) — nho) @p (4.173)

e (27h)?

B / / g 27sin@do

0 (hQ(p) —nhw pdE————. (4.174)
(192(p) o) paE= 0
Next, integration over the energy and the delta function yields

(p)

n—oo
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27 /” > » 2msin06do
w = —m L —_— (4.175)
PO
= L( sin0d o 4.176
27Zh4/() n;m| (Pn | Pn ( )

As aresult, we have extended the Keldysh’s theory to arbitrary momenta, giving the

exact result that is semi-analytical,

L(p,)|> ppsin®@d® 4.177
mz /O ZI (Pa)|* P (4.177)
where
4h ol iS(Pnyu+) iS(Pn.u-)
L(pn)? = (F22)?a | = 4L (4.178)
ek Nicoswty 1_CoSmi_

with double saddle points

3
Ny = :I:\/l—l—xzsinz(@—l—iu?i (4.179)

Uy = —}'xaziv\/(mz)z—(lwz) (4.180)
ot, = sin lug, (4.181)
o = m—sin lu_ (4.182)

and a, = cos Q.

4.5 Elliptical Polarized
For elliptical polarized light E = E (o cos ot, B sinwr,0) = %E[(ﬁa +i9B)e ™ +

c.c.] where o and B determine the ellipticity, the integration over ® should be included

21
zﬂhz / / Z |IL(pn)|* P 5in @dOdD, (4.183)
where
u)) iS
L = —_— 0N RN L (pm’/i)d
(b) z [ m £i5(0n) gy

= 3 / V, (I1(x)) expiS(pp,x)dx. (4.184)

Then, the action part for this case would be
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[oepy (1 —cosx) — Bpysinx] (4.185)

ek
S =
(p,x) nx—+ P

U, | (a*> —B?)sin2x
ho 2
Here n’—wand = /2mh —n") wh — i )
> Ny = ho Pn = mho(n —n;) where u = sinx and B = ;2.

The variable momentum components p = p(sin®cos®,sin@sinP,cos®). The subse-
quent electron momentum of the electron might follow the field predominantly confined

in the x-y plane, with p(ay,ay,a;) that can be found from fi_t =e (E + %p X B) which is

B_u
oc\/i

approximately ‘fl—t ~ ek, giving a; = 0, and finite transverse components a—y ~

S

14(Bey2 W

The transition matrix element between the bound state and the Volkov state is

corresponds to setting ® = 7 /2 in the unit vector of p, i.e. ay =

Vo(t)=e / W, (r)Ersin0C(t,¢)e " rPdrsin0d0d¢ (4.186)
where

¥(0,9) = %[Qrsin@ + Prcos 0] (4.187)
C(t,¢) = Mcosd+Nsing, (4.188)
M = acoswt,N = fsinwt (4.189)
P = p, (4.190)

el .
o(t,9) = (px+ E(xsma)t)cosq) (4.191)

E
+(py — %[3 cos @) sin @
For hydrogenic atom, y(r) =R(r)Y(0,¢) = R(F)G)(e)\/%?
in s state, y(r) = 4/ #e"/ a (R(r) =4/ j—3e"/ a) we may perform the r integration and

obtain a semi-analytical expression

Vo(II(1)) = \/%6E6a4 / {Mcos ¢ +Nsin¢}G(¢)do (4.192)

¢™? . Assuming the atom

with
.2
G(o) = / sin” 0d9 Z (4.193)
[1+i£ (Qsin9+Pcos9)]
260 — 5 S +3m [(P’ ) (le)] T (4.194)
N 6A3 '
. 2 42 -1({ 0
+( 14+P2-40%) anh ! ()

[STEN]

A
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Figure 4.1: lonization rate versus frequency, @ and electric field, E for positive pole.

where

A = P?+07%-1 (4.195)
P = %P,Q’:%Q (4.196)

The above expressions have been computed numerically to obtained results without

using the saddle point method from

Q
S = ﬁ—w+2wu§+4'yx{aaxus—ﬁay 1-u2} =0 (4.197)

which gives four saddle points ug with the corresponding derivatives

4U
\ S (@py+ Bpy—t=) +4Upus(a® — B?)
S (ug) = VAT (4.198)

hoy/1—u?
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Figure 4.2: lonization rate versus frequency, @ and electric field, E for negative pole.

4.6 Discussions

In Fig. 4.1, we can see the rate of tunnelling ionization due to the positive pole during
the saddle point calculation as in Eqn. 4.128. It is clearly showed that the rate increases
with the frequency and electric field strength. We observe the oscillations at the frequency
around 10'6 s~! with the change of electric field. Meanwhile, Fig. 4.2 has shown the rate
of tunnelling ionization due to the negative pole. However, the oscillations pattern in Fig.
4.2 is almost having the same shape as in Fig. 4.1. In Fig. 4.3, the exact rate of the
tunnelling ionization is computed by taking account of the two poles was shown as the
function of frequency and electric field strength. Interesting feature was found due to the

. &iS(Pnyuy) eS(Pnu—
interference of the two terms 08 O and YT

" in Eq. 4.128 associated with the two
saddle points .. The inteference in Fig. 4.3 has a increment of a ratio 2\/7r_/2 which
is obviously as a result of Eq. 4.177. These multiple poles mainly contribute after tak-
ing the consideration of higher order term of momentum in our calculation meanwhile in
Keldysh’s original work, small momentum approximation was taken for the elimination

of higher order momentum term in order to simplify the calculation. In our understand-
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Exact, with both terms

Transition rate, w/{1/s)

0/(1/s) 00 Electric field strength

Figure 4.3: Ionization rate versus frequency, @ and electric field, E for both poles in-
cluded.

ing, for the first time this interference pattern predominantly appears in the tunnelling
ionization rate of photoelectron. Therefore, it would be interesting and also challenging
for the further experimental verification. Consequently, our result can take arbitrary value
of momentum into account to produce a more accurate photoionization rate.

For linear polarized laser field, we can see that the differential photoionization rate
dw/dQ via different detection angle ® as shown in Fig. 4.4. The ionization rate is the
maximum as the output source facing the detector which is ® = 0. As the photoelectron
beam is away from the detector as in Fig. 4.4b and Fig. 4.4c, the ionization rate magnitude
is decreasing. In the direction of ® = /2 which mean the direction is perpendicular with
the detector, the ionization rate of the photoelectron is still detectable, but in a very low
magnitude which is mainly focusing on the regime of high frequency and low electric
field strength.

Meanwhile, for circular polarized laser, the differential photoionization rate dw/dQ
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(a) Detection direction ® = 0. (b) Detection direction ® = 1 /4.

A=r/2

X 10

1

ols") E (Vim)

(c) Detection direction ® = /2.

Figure 4.4: Differential ionization rate dw/dQ for linear polarized laser field, at different
detection angle ©.

in Fig. 4.5 has the same order of magnitude as the linear polarization. However, the
oscillations are more rapid due and this can be traced back to the fourth order root in
the saddle point formula Eq. 4.197. The spectra varies little with direction, and quite
isotropic.

The ellipticity has significant effect on the differential ionization rate spectra and the
intensity dependence as in Fig. 4.6. There is a clear minimum threshold frequency of the
laser required for photoionization for each value of electric field. The electron is ejected
mainly in the x-y plane (when ® = 7/2), as expected. The rate along x-direction (¥ = 0)
is larger than y-direction, in agreement with recent analysis (Barth & Smirnova, 2011).
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15,
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(a) Detection direction ® = 7r/4 and 37/4. (b) Detection direction ® = 7/3 and 27 /3.

" @=1/2, 302

ofs’) E(vm)

(c) Detection direction ® = 7r/2 and 37/2.

Figure 4.5: Differential ionization rate dw/dQ for circular polarized laser field, ¢ = § =
1/+/2 at different detection directions ® and .

In our calculation, we have generalize the Keldysh’s formalism for arbitrary mo-
mentum of the photoelectron whereby Keldysh has neglected the higher order term of
the momentum. Fig. 4.7 has shown the comparison between my result with Keldysh’s
result. As we can see, the photoionization rate is totally agree at the low frequency regime
(small momentum due to the proportionality of the frequency and momentum). However,
the photoionization rate is totally disagree at the high frequency regime which is higher
momentum for the photoelectron.

To conclude, the Volkov wavefunction and Keldysh’s formalism is studied as in the
previous section. We have obtained the semi-analytical expressions for photoionization
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(a) Detection direction ® = /2 and ® = 0.
(b) Detection direction ® = /2 and 7 /4.

O=n/2, O=7/2

afs) E(vm'")

(c) Detection direction ® = 7/2 and 7/2.

Figure 4.6: Diferential Ionization rate dw/dQ for elliptic polarized laser field, o =
1/V/5,8 =2/+/5 at different detection directions ® and ®.
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Figure 4.7: Comparison between the exact photoionization rate with Keldysh’s result.

rates driven by circular and linearly polarized light. The exact result for linear polarized
is qualitative different from the Keldysh’s theory only at high field regime. In the low
field regime, the results agree. Besides, the multiple saddle points in the linear polar-
ized case give rise to the interference feature. Such feature also appears in the circular
polarized case. We have also generalized the Keldysh’s formalism for arbitrary momen-
tum of the photoelectron. The comparison between the exact photoionization rate and
Keldysh’s original result has been done. The theory developed can be extended to calcu-
late higher order terms in the perturbative formalism. For example, the second order term
in the transition amplitude gives the effects of recollision and high harmonic generation
(HHG) driven by circular polarized laser. The semianalytical results provide some physi-
cal insights and can be compared with the results obtained by solving the time dependent

Schrodinger equation (K.-J. Yuan & Bandrauk, 2011b).
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CHAPTER 5
GENERALIZED MODEL OF PHOTOIONIZATION

5.1 Introduction

Over the past few decades, a lot of significant researches and efforts have been done
in order to compute a complete theoretical model to describe the photoionization rate
(Zhou & Chu, 2011) of atoms by considering various aspects and factors. One of the
main concern is the initial energy state problem. In previous chapter, we have further
extended the Keldysh’s theory by taking consideration of arbitrary momentum of the
photoelectron. By using the residue theorem, the exact photoionization rate of arbitrary

momenta is obtained

27th2 /o L(p,)|>pnsin®do, (5.1)
n**no

where the ionization amplitude

4ha)] eis(pn7u+) eiS(pi’Uu—)
L(pa) = (= =) 2a + , (52)
ek N4 coswty 17— Ccosmt_
with double saddle points
uy = —yxcos@iy\/(xcosG))z—(1-1-)(2) (5.3)
ot, = sin lu,, (5.4)
- = m—sin'u_, (5.5

3
and the phase for each saddle point is N+ = +4/1+ 2 sin® @ + i”—i and the parameter

__ _Pn ha) (
T\ 2mly

However, the result is restricted to the initial energy level at the ground state hy-

n —ng) depends on the frequency @ and photon number 7.

drogen atom. In this chapter, we have extented the exact model to adapt arbitrary initial
energy level of hydrogen atom. A general analytical expression for arbitrary n00 energy
level is obtained where n is the principal quantum number. Meanwhile, semianalytical
expression is obtained for arbitrary nlm energy level where [ is the azimuthal quantum

number and m is the magnetic quantum number. We compare the features of the angular
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distribution for different orbital angular momentum and magnetic states. Polarization of

the laser has significant effects on the ionization pattern by intense laser field.

5.2 Literature Review

In the early development of the theoretical framework, Smirnov and Chibisov (Smirnov
& Chibisov, 1966) obtained an analytical result for the photoionization rate of an atom
of arbitrary energy level in the year of 1965. However, they only consider the interaction
of atom with laser field, but not intense laser field. Further enhancement had been done
by M. Perelomov, V. S. Popov, and M. V. Terent’ev (Perelomov et al., 1966) in the later
year 1966 by improving the model to take in consideration of the strong ionization of an
atom in intense laser field but anyway the model is not generalized for arbitrary energy
level of the atom. In the later work of M. V. Ammosov, N. B. Delone and V. P. Krainov
(Ammosov, Delone, & Krainov, 1986) in 1986, their work is also known as the famous
ADK theory which is the most complete analytical model of photoionization rate for ar-
bitrary energy level of an atom in intense linearly polarized laser field. Meanwhile, in
recent work of M. Protopapas, D. G. Lappas and P. L. Knight (Protopapas, Lappas, &
Knight, 1997), they formulate the numerical model of strong field ionization in arbitrary
laser polarizations. However, their work is restricted to numerical result only. Currently,
analytical model of photoionization in strong field for arbitrary laser polarizations would
a challenge for recent theoretical research.

In the following section, a new extension has been introduced into Keldysh’s formal-
ism where the theoretical model has been generalized to adopt pulsed laser as the energy
source. The past models such as Keldysh, ADK and PPT’s model only consider the con-
tinuous wave (CW) laser as the energy source. However, in this new era, pulsed laser such
as Ti-Sa laser is a common tools for experimental usage. In spite of this, the modification
on the theoretical model is a must so that a complete and general model is always ready
for experimental verification. The theoretical model will be derived and discuss the result

in details.
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5.2.1 Pulse Envelope function
In Keldysh’s work, the formalism of photoionization rate was introduced with the

continuous wave (CW) laser as the energy source.

E = Eqcos (0t + @) (5.6)

However in this paper, we consider the pulse laser as the main energy source by
applying modification on the external electric field with a pulse envelope function, it may

define as

Elipulse = Eog (l) Cos ((1)1‘ + (P)/Z\ (5.7)

for linear polarized laser field and
where g (1) may define as a general function for pulse envelope, i.e. Gaussian pulse
envelope, Lorentzian pulse envelope, etc.
The vector potential, A; of the linear polarized laser field can be obtained via the
dA

expression E = —<7*. After perform the integration by part, we get the vector potential

with the following expression

A; = —Eph; (l‘) (5.8)
where £ () is general function of vector potential with respect of ¢

dg (t) sin (@t + @)

dt|z 5.
dt 0] z (5.9)

h; (1) = %sin(a)t +¢)—

We notice that when the pulse envelope function is a constant, say g (¢) = 1 and the

phase difference ¢ = 0, then we have d‘fl—(f) = 0 and the vector potential is reduced to the

continuous wave laser case as in our previous work (R. Ooi et al., 2012).

E ~
Az—Eosin(a)t—i—(p)z (5.10)
Meanwhile, for circular polarized laser field, the electric field will be redefined as

Ecirpulse = Eog (t) [OCCOS ((Dt + (P)ﬁ—l—ﬁ sin ((Dt + 0)3;] (5.11)
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dA

By using the same equation E = -

we can obtain the vector potential of the

circular polarized electric field,

Acir = —Eph,;, (t) (5 12)

where

dg (1) sin (ot + @) it
dt ()

h(t) = %sin((ot#—(p)— (5.13)

5.2.2 New Volkov state
Since the new vector potential includes the pulse envelope, hence the minimal cou-

pling of the Schrédinger equation is also being modified,

.0 1 [(h 2
zhE‘P(r,t) - 2m< V—eA) ¥ (r,1) (5.14)
1 h

= ( W2V? 4 e?A% — hV-A——,eA-V)‘P(r,t)
2m i

Consequently, the Volkov wavefunction is obtained

‘P(r,t):exp(i—> {——/2 p—eA) } (5.15)

By applying the length gauge transformation, the Volkov wavefunction can be ob-

tained

¥, () = exp{ﬂn r—/zm H (5.16)

where I1 () is defined as
II(r) =p—eA(t) (5.17)
and the vector potential

dg (t) sin (0t + @) s
dt ()

A=-E, %sin(a)t%—(p)— (5.18)

107



5.3 Linear Polarized Pulsed Laser

In the first case, let us analyze the ionization rate of the linear polarized pulse laser

field via

Elipulse = Eog (l) Cos ((Dt + (P)/Z\ (5.19)

5.3.1 Matrix Element Prefactor

The transition of the electron of hydrogen atom from arbitrary energy level, y,;,, to
Volkov state, W), (r,#) under the interaction of pulse laser source, E ,, can be described
by computing the matrix element prefactor. In the linear polarized laser field, the general

matrix element prefactor is written as

Vop (p.1) = /lplirel (r,1) eEipuise 'r"Pnlmd3r (5.20)
= VYum(t)b (t)g(t)COS(a)t+(p)/l//nlm (r) f* (r,t)eEorcos9d3r
= Youm (£) 0" (1) 8 (1) cos (0t + @) Vo (IL()) (5.21)

In order to simplify the initial calculation, we set the special case for hydrogen

ground state

VOp (pat) = /lP;rel (I‘,I) eElipulse ’ rlPnlm (I‘J) d3l” (522)
Ve ()b (1) (1)<05 (@01 + @) [ Yot (1) £ (1.1) eEoreos O’

= Y, ()" (t) g (t)cos(wt+ @) Vo (I1(7)) (5.23)

anlm (l’, t) = Yuim (I‘) Ynim (t) (524)

Since pulse has a large bandwidth we might have to include the first few excited
states in addition to the ground state. So the initial wavefunction should be a superposition

of a few states,

Wi (1,1) =¢ CoWe (¥,1) (5.25)
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where V (I1(¢)) is the general transition matrix

Vo(II(z)) = /wnlm(r)exp{—%ﬂ(t)~r}eE0rcosﬂd3r (5.26)
_ | —r/nay | 720+1 2r im¢ pm _i . 3
Alre L7 | — )| P (cos0)exp hH(r) r prcos0d’r

nag

! 3
o 2 2 (n—1—1)! (2141) (I—|m|)! o
where A = ¢E) (%> \/(%> 2l T G\/ T m) 2nd II(r) =p—eA ().
In order to simplify the matrix element prefactor, we make an assumption that the

direction of polarization is just parallel to the electric field E

(5.27)

A(t)=—Ey [? sin(a)t+(p)—/dg(t> Sin(wpr(p)dt}i

dt 0]

and the dot product yields

A(t)'r = —E [‘%sin(wt—l—(p)— d‘ilgt)sm(wal;—i_@)dt].r(cose)(”z\.i)
~ _E {‘%sin(wt—l—(p)— d‘ily)sm(wat) +(p)dt] rcos 6 (5.28)

Similarly, we use the classical approximation that assume only z-momentum part p,

contribute since p is parallel to E

(t) r = [p—eA(r)]r (5.29)
_ {Eo {%’)sin(wwr(p)— / d‘igt) Sin(wat) +(p)dt] n pz}rcosa5.30)

Hence, we reduce the matrix element prefactor

Vo(II(2)) = /wnlm(r)exp{—%ﬂ(t)«r}eEorcos9d3r (5.31)

R 2r .
= A/ / / rle—r/nao {Lz%ljll—l (_)} elmq)le (cosB)  (5.32)
o Jo Jo 1y

x exp{—%H(t) -r} rcos 0r%sin 0d¢dOdr

2

= A F(6,1)e™d¢ (5.33)
0
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where

oo T o 2
F(G,t):/o /0 r”%””“%xp{—%ﬂ(t) } {Lﬁ”ll q ( d ﬂ P" (cos 0)cos Osin0dOdr

nao
(5.34)
By refering to the Eq. 5.33, we note that for any other value of m # 0,
o . eimq) 21
/ F(r0)e™dg = F(6,1)| (5.35)
0 m o
cosm¢ + isinme |
= F(0,r) ,
im 0
=0
However, for the case m = 0, we obtain the following expression
2 ,
F(0,1)e™dp =2rF (6,1) (5.36)

0

5.3.1 (a) General solution for energy level n00
Equation 5.33 will give the value of 27 only for m = 0. Hence, from here we can
conclude that in linear polarized pulsed laser field, m can only take value of O since there

is no any circular or elliptical moment of the electron. The matrix element becomes

Vol(r)) = 27F (6,1) (5.37)

= 27rA/ / _r/"“oexp{—%n(t)-r} {Lﬁ’ﬁll (%)}(5.38)

X P/" (cos 0)cos 0 sin0dOdr

The semi-analytical function F (6,¢) can be solved exactly if we set a condition so

that / can take the value of 0 only. Consequently,

o0 T 2
F(0,1) :/0 /0 P~/ exp {—iBr} {L},l (_r)] cos 0sin 0dOdr (5.39)

na

with B = ,l,l {EO [‘% sin(@t+ @) — [ d‘Z—(tt) Sin(wﬂr(”)dt} +pz} cos 6.

(0]
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In order to get an analytical solution for F (6,¢), we perform a little trick to make a

transformation on r, say x = nzT’O hence
r= 14X (5.40)
2
b= ”“2037 (541)

then we have

5] T 2
F(6,) = /0 /O Pe"/"0 exp {—iBr} [L},_l (n—aroﬂcosesinededr (5.42)

4 oo T
= (%) /0 /0 e /2 [L,ll_l (x)} x> exp [—ibx] cos 6 sin 0d Odx

_ (@)4 /ﬂ? 32n (—1 + 3n2a(2)32 —m?+ 6in2aOB) (_1 n inaoB)”(;%)
0 (1+ inaOB)”Jr3

2
x cos0sin6d0.

Hence, the matrix element is simplified as

cos0sin0d0.

. . 3
Vo (H (l‘)) - (@)414/7? 32n (—1 +3n2a%B2 —2n? _1_6!”2223) (_1 +lnaoB)"
2 0 (1 +inaoB)"

(5.44)

Eq. 5.44 is quite complicated with the 6 term, let make another simplification on B

1 g(t) . B dg (1) sin (ot 4 @)
B = E{EO [7s1n(a)t+(p) % dt| + p; ¢ cosO
= Dcos#,

it D= | {Fo [ s + ) 1014 1 )

Let us introduce a dimensionless quantity,

X =cos 0, (5.45)
and the differentiation of it yields
dX
10 sin 6.
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Hence, by making a substitution in to the equation 5.44, we obtain the analytical

solution of the matrix element prefactor for the electron energy level n00.

. ) 3
Vo(Il(t)) = —2=m (@)414 /n 32n (_1 + 3"20332 —2n? + 6m2a(3)B) (—1+inagB)"
2 0 (14 inagB)""
X cos 0sin 0d6

(5.46)

-3
XdX

2 (1+ inaDX )"

(=" (%)n (1 +2iaDn27r_|_3a2D2n2n.2)
2a2D2n2 2(}’161D—|—613D37’l37[2)2

4
— 64nm (%) A

5.4 L(p,t) function and the action part

Next, we redefine the entire function of matrix element prefactor Vo, (p,t) = [ ¥}, (r

r¥ (r,t)dr as L(p,t)cos (ot + @), hence

L(p,t) = Vo(IL(2)) s (1) 6" (1) & (1) (5.48)

= Vo(I1(1))g (1) S®,

where the S (p,7) function is the action of the transition process

1 /! 1
S(p,t) = ——/ [In — eEipuisep — EezElzipulse — \/(p — eAl)zc2 +m2c* +mc? | dt,

T Jo

(5.49)
with
L= (5.50)
n
Elipulse = Eog(f)COS(O)t—f—(P)/Z\, (551)
A, = —Eoh(t), (5.52)
_ 8@ . _ [dg(®)sin(wt+o) 1.

h (1) = . sin (@t + @) 7 . dt |z, (5.53)

where g (¢) is arbitrary pulse envelope function such as lorentzian function, gaussian func-

tion, etc.

Next, we introduce another function to replace the matrix element prefactor,
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L(p) = Vop(p,?) (5.54)

= Vo(II(r)) g (t)cos (wr + @) (5.55)

xexp{%[ﬂ(p)—:;}iit—l— ¢(p-Eo) Uh dt] ;ff [/Oth(t)zdt”}.

By applying fourier transformation on L (p) function

/ i
L) = o /_TT;L@)exp{%[nhw—mpﬂr}dz (5.:56)
= Ly @) g (t)cos (r + 9) (5.57)

27

. 22 2172
E Eo) [ [ E2T
xexp{% {nhwr—:mcgzwe(p’l’n 0) Vo h(t)dt] +82—m° Uo h(t)zdt”}dt.

The conservation of energy is satisfied by the expression niio = Q (p) = I+ K+ U,

where Iy is the ionization potential, K = 7 is the kinetic energy of the photoelectron and

U, = 4 w2 is the ponderomotive energy.

The contour integration Vo (IT(¢)) g () cos (ot + @) ¢®r1) dr will be solved fully nu-
merically, and finally the semi-analytical expression of the photoionization rate of pulse
laser yields

m

=5, Z IL(py)|? pnsin®deo. (5.58)
n=ng

5.4.1 General Rate Of Elliptical Polarized Field

For a hydrogenic atom in an elliptical polarized intense laser field E = E (a cos t, 8 sin wt,0)
where the coefficient o and 8 determine the ellipticity € = a /3 of the laser field, the gen-

eral photoionization rate of (as shown in our previous result) is defined as:

21
/ / L(px | PnSin@dOdP, (5.59)
27rh2
where
1 VoI (u) s
L(p,) = 5-— ==y 5.60
) = 52 m (5.60)
- 2717/ Vo (TI1(s)) expiS (pn,s)ds,
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with the transition matrix element V{ (I1(s)) represents the transition of the photoelectron

, 2
from initial state Y (r) to the continuum Volkov state y, (r,7) = exp {% [H t)-r— [y Hz(;) d ‘c} }

with II(7) = p—eA (1),
Vo(t)=e / W, (r) Ersin0C (t,0) e *=r’drsin 0d0d¢ (5.61)

Meanwhile, S (p,,s) represents the action phase during the photoionization,

U, (a?— B?%)sin2 E
$(prs) = ns— Lo (7 F)sin2s e
ho 2 hm?

[opycoss+ B pysins] (5.62)

with u = sins and s = wr.

However, the angular dependence of the photoionization rate is obtained by differ-

entiate Eq. 5.59 with respect of the polar angle ® and azimuthal angle &

dw m 2
= ° |L(pn)|” pn- 5.63
dQ, (271'712)2”:”0 ’ (p )| p ( )

5.4.1 (a) Volkov State in Elliptical Polarized Laser Field

For a hydrogenlike atom which is placed in the elliptical polarized laser field as

defined as following

E =E (acoswt,Bsinwt,0). (5.64)

In this case, the elliptical polarized laser is located in xy-plane for simplicity purpose

where the coefficient a and 8 determine the ellitipcity of the laser field, where

e=a/p. (5.65)

When the ellipticity ratio € = 1, the laser field will result a circularly polarized laser
field which satisfy the condition @ = 8 = 1. To obtain a vector potential A (¢) for the
elliptical polarized laser field above, firstly we have to make sure that the Maxwell’s
equation is satisfied

dA (1)
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B=VxA(). (5.67)

The dot product of the electric field is defined as

V-E:—%V-A(t)—vzq). (5.68)

Since this process is an electromagnetic field interaction, hence we also have to
consider the Coulomb gauge for this interaction, where V - A = 0 and hence imply that

the vector potential expression to be

Alt) = —/;E(Z/)dt/ (5.69)

t

= —/ E (0t cos X + B sin ry) dt’

E ~ ~
= (—asinwrx + B cos ory) .
For such an intense laser field, the electron of the particular hydrogenic atom will be

excited to the continuum level. Hence, by applying the minimal coupling, the system is

described by the Schrodinger’s equation as below

2
ih%‘l‘(r,t) _ ﬁ(?V—eA(t)) W (r,1) (5.70)

I (he  eE - 2\
= %<7V+E(asina)tx—ﬁcosa)ty)) Y(nt).

Next, the equation 5.70 can be simplified by using the separation of variables method,

this imply that

W (r,r) = exp (%) (1), (5.71)

where exp <sz1-) is the spatial dependence part meanwhile (¢) is a function of time de-

pendent. We substitute the equation 5.84 into equation 5.70 and yield

i

iha%exp (%) (t) = ﬁ [ﬁv A (z)] exp (%) (t) (5.72)




5.4.1 (b) Initial State with Arbitrary n-Energy Level
In this chapter, the general hydrogen wavefunction is considered, in which is defined

as following

B 2\ (n—1-1) .
an,l,m<r)_\/(n_ao) mRnl(r)Yl (97‘1)) (574)

with the radial wavefunction is defined as

ina [ 21 ! 2r
Ra=e e (Z) T (2] 575)

and the angular wavefunction is defined as

Qi+1)(I—|m])! ,

Y (6,¢)=0 9 P (cos O 5.76
(6.9) \/ i G pm© 0 (eosf) (5.76)
(@, \ il rtae ). . .
where L, ' (x) = 2 (—1) 71 is the associated Laguarre polynomials,

J= n—j '

o=(-)"iftm>0 | .
o= is the plecewise function,
o=1ifm<0

P (x) = (_1).’" (1- xz)m/ 2 iﬁ::; (x?— l)l is the associated Legendre polynomi-

als.

Hence, the transition matrix element of the initial state of arbitrary energy level to

the continuum Volkov state is redefined as

Vo(l(1)) = ///Mexp(——p r)exp(_ﬁ E-r

= A / / T C(t,¢)sin®0d¢do, (5.77)

sin a)t) eE -1V, (1) > sin 0dodOdr

! 3
_ 2 2 (n—1—1)! QI+1) (I—|m))! - .
where A = eE <%> \/<%> 2n[(n+l)!]36\/ I (Em) 1S the coefficient factor vary-

ing with the different n-energy level, C (¢,¢) = (otcos wt cos ¢ + B sin wt sin @) ¢ is the

function of the laser pulse time, ¢ and the azimuthal angle ¢, and
W(r)= [y {e*r /nao [Lil_*ll_l (ﬁﬂ } I+3 exp [~iBr|dr is the integration over the radial

nag

part that consists of
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(Qsin6 + Pcos0) (5.78)

L
h
eE )
0 = <Px+ a— smwt) cos P + <py — BECOS wt) sin ¢ (5.79)

P = (5.80)

5.5 Generalized formalism

In this section, we will formulate the model as general as possible by considering
the arbitrary initial state of hydrogen atom. The initial state is playing the role of the
starting point where it interacts with the laser source at the first place, thus it depends on

the quantum number n/m. We start with the Schrodinger equation as following

. 1 2v72 1 2 2
_é = | —— V2LV (r)— )
lhatlpnlm (I’,l) { /) + ( ) eEp E° | Y, m (I’,t) (5.81)

where the coefficients p and describe the Stark shift effect in the external electric field as

defined in the work of (Kim & Cho, 2000)

3/2 | .
p = K'() 6S kP + ,
121/2 ; 1/2 )> CO6S1/2_kaJ+w1 a)651/2 — Wyp, —
(5.82)
with Ky (%) 3 Land Ko (%) = % and
3/2 ) 1 |
= K (J r(6S1,2,kPy + , (5.83)
1221/2 ( )Xk:< ( 1/2 )> a)651/2—(1)kpj—|—(01 C()@Sl/z—a)kpj—a)z
with K (2) = % and K (7) = —%.
Next, by using the separation of variables, let
lPnlm ( ) ll’nlm ( ) lanm (t) (584)

We insert equation 5.84 into equation B.1, the Schrodinger equation becomes,

. d 1 1
ZhE Ynlm (l‘) Ynim (t) = _%hzvz +V (I‘) - eEp - §e2E2 Yalm (l‘) Yalm (t) (5~85)
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In hyperfine model, it is well known that

1
{—%hzvz +V (r)] Viaim () = LWy (1) (5.86)
m, &2 2 1
L = |—=(—) |= :
(2] .
Il
o2

I, 1s the ionization energy that varies with the energy level, n. For instance, at the
hydrogen level ground state where n = 0, the ionization energy is Iy = 13.6eV. Hence,

equation 5.85 becomes,

.0 1
lh; Ynim (t) = |:In - eEp - EeZEZ] Ynim (t) ) (5~88)
and
- t)=——\(I,—eEp —=e"E~ ).
Wnlm<t> atll/nlm( ) h (11 e p ze )
Next, by solving the differential equation,
AW (1) I ( 1, 2)
—_— = I, —eEp — —e"E~ | dt, (5.89)
/ Ynlm (t) " P 2
following by
] 1
In Yo (1) = —% {Int — / (eEp + 5eZEZ)} dr. (5.90)

Hence, we obtain the solution of the time dependent wavefunction

Yo () = exp {—% {Int —/ (eEp + %e2E2>} dt} ) (5.91)

Meanwhile, the spatial part of the hydrogen general wavefunction may define as,

3 h—I—1)
Yaim (l‘) = \/(l’liao) HRM (I‘) Ylm (9,¢) (592)
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The radial wavefunction 5.92 is consisted of radial wavefunction which is defined as

2r ! 21 2r
Ry = e~/ (-) {Lnfll_l (—)} : (5.93)
nago nago

and the angular wavefunction where

(214+1) (I—|m|)! ;
Y"(6,9)=0 m¢ pin (cos @ 5.94
l ( 7¢) \/ AT (l—|—|m|)'€ [ (COS )7 ( )
with
(@) n+a |\ ;. . .
Ly’ (x)= n (-1)/ 71 is the associated Laguarre polynomials,
Jj=0 n _j
A
c=(—1)"ifm>0
o= is the piecewise function,
oc=1ifm<0
7
and P" (x) = % (1 _xz)m/ 2 ji:; (x?— l)l is the associated Legendre polynomi-
als.

The indices of the wavefunction consists the principle quantum number, n, the az-
imuthal quantum number, / and also the magnetic quantum number, m. The modification
on the intense laser atom interaction will be elaborated in the following section where we

generalize our model into the relativistic case.

5.5.1 Relativistic Volkov State

The investigation of the electron of hydrogenlike atom in a more intense laser field
would be interesting. Hence, for the electric field strength exceeds the limit of ~ 1014vm—1,
the electron is beyond the classical limit and relativistic correction need to be done on the
Schrodinger equation. In our general model, the Stark effect is not taken into considera-
tion due to the complexity of the hyperfine splitting. However, we will extend the study

of Stark effect on the photoionization in the future project.

Firstly, we define the external electric field for our case, which is a general intense

laser field with both linear and elliptical polarization,

X0 cos @t 4y sin ot
Egeneral =Ey (5.95)

Zcos ot
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Since the expression is relativistic, we introduce the kinetic energy correction for the

Schrodinger equation,. In non-relativistic limit, it is defined as

1
K=— (ZV—eA) . (5.96)
2m \ i

For the relativistic case, we need to do some modification for the kinetic energy term

which give us the result as following

5 2
Ko = \/<7V—eA) 2 +m2c* — mc? (5.97)
i
h 2
1V —eA
o W(, )
m2c

2
= mc? \/Hr[L(ZV—eA)] 1
mc l
171 /n 2 11/ N[ 1 [h 4
2
l4-|—(=SV—_ecA — (=)= (Zv—-eA -1
mc{ +2[mc(i ¢ )} +2!2< 2) [mc(i ¢ )} ot }

By referring to the above expression, if the second and higher order expansion is

Q

removed due to the low velocity limit, we will get back the non-relativistic case which is

ﬁ [(?V — eA)] . Next, we make the correction for the relativistic Schrodinger equation

of electron at continuum state:

d 1[1 (h 201/ IN[1 (n !
w4y _ o) 14— | — [ 2V _eA R R — [ =V —FA R e |
lhdt rel(rat) mc { +2[mc(i ¢ ):| +2!2( 2) |:mc(i ¢ ):| et }

XW el (l‘, t)

Firstly we make an assumption on the wavefunction so that

W, (r,1) = exp (ip ' r) 7). (5.99)

Hence, the Schrodinger equation becomes

ihexp(L) —f(t) = mP{14+J+K+...4+—1} W, (r1) (5.100)
= m{1+J+K+...+—1}exp (mTr)f(t),(S.101)
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with

2
{L (Zv _ eA)} , (5.102)
mc l

1/ IN[1 [(h 4
3 (03) e (7)) 109

In order to make the above eqn E.20 less complicated, let’s break it into two major

[ — N =

parts

2 .
Y = m{(ZV—eA)] exp(ﬂ) (5.104)
2m i /)
_ f(t){ a2 iy A_@A‘VJrezAz} exp<ip_-r)
2m i i /]

We recall the coulomb gauge V- A = 0 and yield

V-A¥(r,f) = W(x,0)V-A+A-V¥(r,1) (5.105)

= A-V¥(r,1), (5.106)

imply that the first part

2
Yy — fz(t)[ V2 ehA V+e2A2] exp<lphr) (5.107)
m

— J;Lm) [p2—2e (A-p) —I—ezAz} exp( phl‘)

exp (%) ];Ln? [p— A,

and the second part where

4 .
7z = %[(?V—(A)} exp (lph'r) (5.108)

and so on.
Hence, we can rewrite the 5.98 again with this new expression
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ihexp <E) %f(t) = mPf(){1+J+K+...+—1}exp <%>

= f(1) {\/(p —eA)? 2 +m2ct —mcz} exp <ipT-r(}.109)

The solution of the time dependent part of the Schrodinger equation can be obtained

by solving the differential equation

[ 7t o= [{o-are e nefa e

following by

Inf(t) = —— U\/ A)? 2+m2c4dt—/mc2dr] (5.111)

As a result, the solution obtained is

f(t)=exp { ;l [\/(p —eA)? 2+ m2cAdr — mcz] dt} (5.112)
Then we transform the time-dependent part back and obtain the new relativistic

Volkov wavefunction

Wi (1) = exp(ip'r>f<r> (5.113)

= exp(lpér> exp{—%/ {\/(p—eA)2c2+m2c4dt—mc21 dt}

Wprel (l‘,l) = €Xp |:_ ZA(I) ) l‘} Wil (rat)

. . -
= exp {—%eA(t) -r] exp (%) exp{ ;z {\/(p —eA) 2+ m2c* — mc?
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(5.114)
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5.6 Generalization of Transition Matrix Element

In this case, we set the angular quantum number / = 0 and the magnetic quantum
number m = 0, we may perform the transformation x = 2r/nag and b = nagB/2 in the

radial integration and obtain

T 27 )
VO(H(t))zA/O/O F(B)C(t,0)sin? 0d9d0 (5.115)

The function F (B) is a b dependent function which is a solution of the integrand

W (r)

nay

F(b) = —<7>3(—1)"23+"[i(—'—l—2b)]_"_3(n+1)(n—|—2) (5.116)

1
X hypergeom ([—n, —n+1],[-2—n], Ei(_i_l_ 2b)> n

The hygeometry function in Eq. 5.116 can be further simplified and a new solution

is obtained

n—1

F(b) = —<@>316in(_1)n2ﬂ[_i(i_2b)]_n@_ib) (5.117)

2 (i —2b)° (=1 +4ib+4b?) (—1 +2ib)
x (1—2ib — 4in*b+ 2n* — 12b* — 12inb + 24ib> — 24nb?)

After transform back to B = (L) b, the new expression for F (B) is

nag

F(B)= nag\3 32n (—1+3n?a®B> —2n* + 6in*aB) (—1 + inaB)" > 5.118)
. n+3
2 (1+inaB)

The theta integration can be simplified by applying transformation z = ¢!® = cos 0 +

isin 6, hence we obtain an semianalytical expression of the transition matrix element

Vo(TT(1) = A 02”6(¢>C(r,¢)d¢ (5.119)

where G (¢) is the theta integrand of the following expression
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G(¢) = /”sm oF (B )d9 (5.120)

= Y/ n+3 _F)n+3dZ

and the double poles (from the residue theorem) is obtained

. 3
with Y = &2

Ant3

—1++/1+4AR

E = 5.121

A (5.121)
—1—+/1+4AR

F = 2A+ (5.122)

The coeffiecient A = (Q' + P') and R = (Q' — P') are connected to the momentum in

x,y and z-plane with the following transformation

, na
= — 12
Q A (5.123)
/ ina
= —P 124
o (5.124)

Eq. 5.120 can be solved analytically by applying residue theorem and hence the final

expression is obtained

G(9) = 2mi)f () (5.125)
o | d M@ dT M)
= Y(n+2)! ;Lr%dz(n+2) (z—F)"3 +;LFdz("+2) B (5.126)

5.7 Discussions

We have formulated a general model to describe the photoionization of hydrogenic
atom via arbitrary initial energy level n,/,m and various intensity of the intense laser

source up to the relativistic regime. Firstly, the angular distributions of the differential

photoionization rate ) Z L (pk)| prsin 0 are plotted by using Eq. (1) at =

’d®d<1> (2 hz)
0 for linear and circular polarizations w1th relativistic and nonrelativistic results in Fig. 1.
The four scenarios of high and low electric field strength, E and intense laser frequency,
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Figure 5.1: (Color online) Angular distributions of photoionization from relativistic (left)
and nonrelativistic (right) results for linear and circular polarizations on atom in state
n,l,m = 3,0,0. The plots are shown for large and small combinations of Ey and .

125



| E,=10 v/m j
0=4x10% 51 = ow
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Figure 5.2: (Color online) Angular distribution of photoionization rate for linear polar-
ization with different initial excited atomic states in level n = 3.

o for n,l,m = 3,0,0 show that the relativistic and non-relativistic results agree very well
only for sufficiently small Keldysh parameter y ~ %\/@, as in case Fig. lc where
the electric field is strong field at low frequency. At high frequency and even with low
field, the relativistic effect is significant, as clearly shown in Fig. 1b. This also provides
good results on the relativistic photoelectric effect where larger photon energy translates
to photoelectron with higher speed. Thus, in the case of larger Keldysh parameter 7, the
photoelectron emission probability is much smaller than in the nonrelativistic case and
the case of small ¥.

Next, we analyze the angular distributions of photoelectron from different orbitals
in the excited states. For linear polarized intense laser field as in (Fig. 2), the angular
distributions do not depend on the sign of the magnetic quantum number, m. However,
for circular polarized(Fig. 3), additional more rounded lobes can be seen for positive

m, the emission profiles are non symmetrical against m. In general, the lobes for linear
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Figure 5.3: (Color online) Angular distribution of photoionization rate for circular polar-
ization with different initial excited atomic states in level n = 3.

polarization are almost complementary to the lobes for circular polarization, for instance
the minimum in linear case corresponds to the maximum in circular case and vice versa.
For linear polarized with m = 0, %2 the photoelectron emission rate is the highest mainly
at around ® = 7/2 and it reduces with /. On the contrary, for the case m = 1, there
is zero emission towards ® = /2. This result is counter-intuitive as one would expect
that higher excited state would be more likely to be ionized and the electron is ejected
predominantly along ® = 0. For the case of circular polarized intense laser field as in
(Fig. 3) with m = 0, the are emission is highly directional with twin peaks which are
close to ® = /2.

Subsequently, we look at the angular distributions in excited states for different val-
ues of Keldysh parameter, ¥ . We have plotted the angular distributions of spherically
symmetric states n00 with n = 1 to n = 4 in Figs. 4 and 5 for linear and circularpolar-

izations, respectively. For the case where ¥ << 1, multiphoton ionization (MPI) regime,
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Figure 5.4: (Color online) Angular distributions of photoionization for linear polarization
of the first four states |nlm) = |n00) (n =1,2...4) with: a) y~1b) y<<1lc)y>>1.
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Figure 5.5: (Color online) Angular distributions of photoionization for circular polariza-
tion of the first four states |nlm) = [n00) (n = 1,2...4) with: a) y~ 1b) y<< 1 ¢)
Y>> 1.
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the photoelectron emission basically follows the direction of the linear polarized electric
field, and close to the field direction of the circularly polarized light, especially for higher
excited levels where the ionization energies are smaller. Meanwhile for the case where
Y =~ 1, the photoelectron can be emitted into several other directions, especially for lower
levels. For y >> 1, the tunnel ionization (TI) process plays the dominant, where the pho-
toelectron is emitted into various directions and it becomes hard to distinguish the angular
distributions between linear from circular polarized lights. The increased isotropicity in
the emission reflects the nature of tunnelling process, which is probabilistic.

We can see that the general trend shown in Figs. 4 and 5 is that the emission rates
are typically much larger for linear polarization and the rates increase with the electric
field. However, the angular distributions do not change significantly with the electric
field strength. The photoionization rate increases with the initial state n up to n = 3 and
then reduces for larger n. The shape is cos ®-like for linear case and sin ®-like for circular
polarization case to unidirectional, bidirectional close to ® = 7 /2 + €, where € is a small
positive value.

In the previous section, we have shown that the relativistic effect on the angular
distribution becomes more significant for larger Keldysh parameter y. In the case of
large 7y and n, the photoelectrons can be emitted into many discrete directions, with no
simple angular distribution. The results also show that photoelectron angular distribution
is sensitive to the magnetic quantum number m, which enables us to distinguish the state
of a degenerate atom in different internal magnetic states. This could be a useful tool to
identify the polarization of the atom by the angular distribution of the photoelectron in
the absence of magnetic field, since the different magnetic states cannot be distinguished
by spectroscopic data. These results are published in our recent paper (C. H. R. Ooi, Ho,

& Bandrauk, 2014).
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CHAPTER 6

CONCLUSION AND OUTLOOK

Throughout this research, we have studied the atom-photon interaction and the pho-
toionization of hydrogenic atom in various aspects. It was first learned that the non-
perturbative theory main engine to describe the interaction of the atom and intense laser
field. Later on, several different interpretations of semi-classical theories which contain
different approaches of Hamiltonians were discussed. In particular, the process of light-
matter interaction in weak field is studied, where the excitation of an electron due to a
less intense laser field, giving a picture of how is the process of electron transition in an
atom.

In pursuit of the interaction of atom with weak field, henceforth we have presented
several processes on interaction of atom with intense laser field. These phenomenon
include above threshold ionization, tunnelling ionization, multiphoton ionization and
Corkum’s “The Simple Man Model”. We discussed the formalism of these processes
in details to enable the readers to understand the phenomenon occurred when the intense
laser field is playing the major role in the system.

In the second half of this research, we have investigated the process of photoioniza-
tion through the perturbative approach. We derived the Keldysh’s formalism and further
extended it to adapt arbitrary momentum of the photoelectron, whereby in Keldysh’s
model, only the small momentum is considered. Furthermore, we have shown the pho-
toionization spectra of the hydrogenic atom in various fields, for instance linear, circular
and elliptical polarized intense laser fields. Later, we made a comparison between our
exact model and Keldysh’s model. We showed the highly directionality dependence of
the photoionization spectra in our model, which provide a very useful information for the
experimental setup in detecting the photoionization spectra.

Thus, we have also further generalized our photoionization model by considering
arbitrary initial state of the energy level and intense laser field strength. Henceforth, the
model has a coverage up to relativistic regime as the electric field strength is increasing.
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We have proved the validity of the generalized model agrees with Keldysh’s model for
certain parameters. Angular distribution of the photoionization spectra is shown and we
compare the non-relativistic and relativistic effect on the photoionization spectra. To
be surprised, the Keldysh parameter, ¥ is playing an important role to distinguish the
tunnelling ionization regime and multiphoton ionization regime, and hence affecting the
directionality of the photoelectron emission.

The generalized theoretical model for photoionization will bring the realization of
strong field ionization closer to reality and enhance the field of light matter interaction.
The theoretical results would provide useful information and basic prediction as a prepa-

ration for experimental verification.

6.1 Research Significances

This research provides a new description of the photoionization spectra in various
intense laser fields by using Keldysh-like perturbative approach. The establishment of
a complete general model is always a great challenge for a theorist from time to time.
Henceforth, this model is very important because it could provide more information for
the experimentalist where they meet the bottleneck in experiment due to the lacking of
information in the past models.

The generalized model can adapt arbitrary energy level, n,I,m as the initial state of
the system. This is very important for the experimental convenience because the initial
system is not restricted in the ground state energy level anymore as in the past models. In
experiment, the gas sample might be in some excited state after certain process, hence ex-
perimentalist can reuse the sample as the initial state of the photoionization system since
the theoretical explanation of arbitrary initial energy level is possible. Our model also ex-
plain the highly directionality of the photoionization spectra due to various intense laser
field. This provide a very good information in experimental setup, so that the detector can
be located at the optimized direction to detect the ejected photoelectron.

Furthermore, not to be doubted, the world is concerning on more and more intense
laser and higher power facilities such as the Extreme Light Infrastructure (ELI) project.
Our research will provide useful physical insight on such project, thus leading to sig-

nificant knowledge on strong field ionization, in particular enhancing the understanding
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the connection with the properties of intense light source and the interaction with atom.
By using the ultra-intense energy source such as petawatt laser, the relativistic effect is
prominent and the photoelectrons are having very high momentum. Our model can ex-
plain well for such phenomenon because it adapts arbitrary value of the photoelectron
momentum and the relativistic effect is included.

Besides, our research is an important contribution to the future laser system, the
attoseconds laser. This laser system is using high harmonic generation as the main driving
engine, whereby our model can be further extended into high harmonic generation by
taking consideration of the second order perturbation. In spite of that, it provides quite
useful information in the excitation process, and plays a good role as the part of the
system. In the other word, this research will highly benefit to the intense light-matter

interaction and also the development of ultrafast laser.

6.2 Future Works

Given that the advancement of intense laser at a fast pace now, it is expected that the
light matter interaction will be a great impediment towards further development. Hence,
it is important, both theoretically and experimentally, to understand the photoionization
which is a significant process in light matter interaction. With this in mind, the idea of
photoionization should be expanded beyond our proof of concept in the paper by (R. Ooi
et al., 2012). For instance, a better model should be further developed to include other
factors such as the Stark shift effect due to the external electric field. Besides, we are try-
ing to include the magnetic field effect on the photoionization system. The next challenge
would be the incorporation of the current model into high harmonic generation. This can
be done by taking consideration of the second order perturbation to explain the recollision
and recombination process of the photoelectron and its parent ion.

We hope that this idea would transform not only a theoretical framework, but into an
experimental verified theory so that it could provide a better physical insight in the future

development of intense laser atom interaction.
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APPENDIX B

TIME DEPENDENT PERTURBATION THEORY

It is well known that the time dependent Schrodinger equation is defined by the following

expression

2 2(0)) = (Ho+ oV (0} [E0). B.1)

In the perturbation ansatz (Langhoff, Epstein, & Karplus, 1972), the wavefunction is

written in the form of

(1]

where |E (7)) is consisted of all quantum states (Simon, 1973). Hence, the Eq. B.1 be-

(1)) = Y 5|2 (1)), (B.2)
0
comes

)
ithmEIE(’") (1)) = Y s"Ho|2™ (1)) + Y 5"V (1) |E" D (). (B.3)
0 0 1

For m = 0, we notice that

)
it |EM (1)) = Ho2) (1)), B4

subsequently it gives

ZanE,,un (r) e Ent/h ZanHoun (r) e iEnt/h, (B.5)
n n

As a result, the zeroth order wavefunction takes the form of

[

where Houy, (r) = E,u, (r) and a, is a time independent coefficient.

O (1)) = Y antty (r) e /M, (B.6)

However, for the case where m > 1, the time dependent Schrddinger equation is

d
ihE\E(m) (1)) = Ho|E™ (1)) +V (1) |2V (1)), (B.7)
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Generally, we let,

(]

| (m) () = Zalgm) () un (r) o iEnt /T (B.8)

(m)

where a,, () is the time dependent n-th component coefficient of the m-th order pertur-
bation wavefunction (Stratmann, Scuseria, & Frisch, 1998).

Now, the new expression for Eq. B.7 would be

(m)
ihz 8an8t (t) Iy (r) e—iE,lt/h _ a;,m_l) (Z‘) v (Z‘) i, (l’) e—iE,,t/h7 (B.9)

and thus it gives us

(m)
ihaa”at O Yl (1) Vo (1) BB (B.10)
o (m—1) L om=1) 4, N i(Ex—En)t' Jh 1,0
iha, (1) = E/an (z‘)an(t)e kBB (B.11)

where the potential of the system is

Vi (t) = (k[V[n) (B.12)
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APPENDIX C

THE KRAMERS-HENNEBERGER FRAME

When an atom is placed in a strong field, the Kramers-Henneberger (Reed & Burnett,
1990) is a very important unitary transformation (Sugny et al., 2004) as an approach in
order to solve the Schrodinger equation. This transformation is also known as "wiggling"
frame (Bhatt, Piraux, & Burnett, 1988). We may start with the minimal coupled time-

dependent Schrodinger equation as following

nlwen = | ("v_ea) +vim|wen (€1
Tor Y T am i ¢ ' " .
K2 , leh 2 2
= |V A VA2V ()| (1)
m m m

By introducing two unitary tranformations which are defined as

75 ie* o 2

Oy =expl s /_ _ar'a (C.2)
—~ e [t

ngexp{—n—i/ dt’A-V} (C.3)

We perform both transformations on the wavefunction according to the following

sequence

Wiy (r,1) = UoU ¥ (r,1) (C.4)

where Wk (r, 1) is defined as a wavefunction in the Kramers-Henneberger gauge (Grossman,

2008).

Both unitary transformation is very important because the first transformation as in
equation C.2 eliminates the squared vector potential. Meanwhile, the second transforma-

tion as in equation C.3 locates the coupling into the argument of the potential.
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Hence, the new transformed Schrodinger equation in the Kramers-Henneberger frame

is shown as below

2
ih%‘l‘m (r,t) = [—;Z—mV2+V[r—|—a(t)]] Y (r,1) (C.5)
where
e [! / /
o) =—— Wth(t) (C.6)
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APPENDIX D

THE SADDLE POINT METHOD

The saddle point method is used to approximate the asymptotic behavior of integrals, it

can be used to approximate n! for large n and also for certain integral such as

/ TG / P @) gz (D.1)
o0 C

On the other hand, this method is also known as steepest descent method. Since
our purpose is to perform a contour integration on a complex plane, before entering the
steepest descent method, we must understand the basic of the complex analysis such as

Cauchy Riemann (Folland & Kohn, 1972) condition and analytic function.

D.1 Stirling’s approximation
To begin with the saddle point method, firstly we must understand the Stirling’s
approximation (Kittel & Shore, 1965), where it is used to approximate n! for large n. The

Gamma function is defined as below,

[(z)= /0 B e ds, (D.2)

since n € N, by using integration by parts, let

u == l’n, (D.3)
dv _
R D.4
7 e, (D4)

du B
dr ’
v = —e . (D.6)

(D.5)
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Next, we perform the integration by parts to simplify the Gamma function, yielding

C(n+1) = /Omt"e"dt (D.7)
= nl'(n)
= nx(n-1)T(1)

= n!l. (D.8)

Then the relation between n! and Gamma function is clearly stated as following

nl = T(n+1) (D.9)
= /wt"e_tdt. (D.10)
0

By introducing the change of variables ¢t = nz and substitute into the equation D.9,

therefore,

! = ) e D.11
n /0 (nz)" e ™ndz (D.11)
= n”“/o exp{nln(z)}e "dz (D.12)
= ! /0 mexp(n[ln(z)—z])dz. (D.13)

From the expression above, obviously we can see that [In(z) —z] < 0 for z € (0,0)
and [In (z) — z] has maximum at z = 1. Hence, [In(z) — z] is maximum at z = 1 imply that
exp (n[In(z) —z]) has the maximum value at z = 1

As n becomes larger, the difference is becoming more extreme, then the expected
dominant contribution is coming from z = 1. Therefore, we make a Taylor expansion for

the integrand at z = 1, letting g (z) = [In(z) — 2],

n = n”“/ exp(n[ln(z) —z])dz (D.14)
0
° 1
~ n”“/o exp (n {g(l)—l—i(z—l)zg"(l)})dz (D.15)
oo §2
~ n"tle "/ exp (n—) ds (D.16)
0 2
2
~ wtlen [ ZF (D.17)
n
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where

s=z—1. (D.18)

D.2 Generalization: Steepest Descent Method
Subsequently from the Stirling approximation, next we consider the integrals of the

form

/ P . (D.19)

As the value n — oo, we have to take an approximation (Battiti, 1992) so that

X0+E€
/ P ) gy ~ / P . (D.20)
X0—E& R

0

By the exponential decay of the integrand, Eq. D.20 can be shown that for a < xo < b,

27
nlp” (xo)|

However, if x( is an endpoint, then Eq. D.20 would be

b T
PWdx myP0) [ = D.22)
| \ 2l (o) (

b
/ "PW dx ns P 0) (D.21)

Next, we consider

n n
I(n)=Y kin X, (D.23)
k=0 k
and we notice that
/ e " xkdx (D.24)
0

Again, we let t = nx, dt = ndx so that
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oo B oo _ t k _
/ e xkdx = e ’(—) n~ldr
0 0 n

Therefore, I (n) can be writen in the summation form,

n n
I(n) = Z kin=*
k=0 k
n n %)
= Z n/ e K dx
=0\ k 0

oo n n
= / e ™n Z X~ | dx,
0 =0\ k

henceforth, Eq. D.28 can be further reduced as the following expression

I(n) = /Oooe”xn(l—l—x)"dx
_ n/()ooexp(n[ln(l+x)—x])dx.

Now, we take p (x) = In (14 x) —x and imply that

such that xop = 0 (an endpoint).

p(0) = In(1)-0

and the second derivative would be

" (0)] =

(D.25)
(D.26)

(D.27)

(D.28)

(D.29)

(D.30)

(D.31)

(D.32)

(D.33)

(D.34)

(D.35)

(D.36)
(D.37)

(D.38)
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Hence, by using Laplace’s method, we obtain the value for 7,

1 n
In) = Y kin* (D.39)
k=0 k
v/
~ P (D.40)
2n[p" (x0) |
nmw
= —. D.41
> (D.41)
Consequently, we extend the formalism onto the complex plane so that
/ enp(z)dz _ / o"Rep(2) enilmp(z)dz, (D.42)
C C

where p (z) is an analytic function on C.
The strategy for Rep is analogous to the real case as previous note. The main impor-
tance here is to solve the Imp part. Furthermore, the main idea for this is to deform the

contour C to C’ so that Imp is a constant on C’. Then,

/ ¢"PQ) gz = iImp(d) / ¢"ReP D) g7 (D.43)
C ’

After getting this formation, Laplace method is applied to find C’,

p(z) = ulxy)+iv(ixy) (D.44)

= u(x,y)+iv(xo,y0) (D.45)

where zg = xo + iyp and p’ (z9) = 0. (The dominant contribution is contributed by z.

Let us recall from the expression from Steepest descent, for v (x,y) = v (xo,y0),

dv dv
du du

The direction tangent to this curve is

du du
(a, a_y) —Vu, (D48)
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where this is the steepest descent in u. Next, we consider the asymptotics of

1 1
—— = — [ t7%dt. D.49
T(2) 27ri/c ¢ (D.49)

The expression is similar to the Hankel contour (Arfken & Weber, 2005).

1 1
— = — [ t7%dt D.50
T(2) 27ri/c ¢ (D-50)
1
- Int %) € D.51
2m,/cexp(nt )édt (D.51)
1
= - . D.52
— /C explt —z(In)] dr (D.52)

Again, we let t = sz, dt = zds, and yield

1 1

=5 = 5o —z(l D.

6 2m,z/cexp[sz z(Insz)]ds (D.53)
1 —Z
= — —zl D.54
i /Cexp[sz zlns|ds ( )
1

= 27ri121/ceXp [z(s—1ns)]ds. (D.55)

Now, we take p (s) = (s —Ins) and the derivative would be

p'(s)=1--, (D.56)

s
such that p’ (1) =0

If we deform C to pass through z = 1 and hold Imp (z) constant then the dominant
contribution will be around z = 1.In order to hold Imp (z) as a constant, henceforth, we

set the variable p (z) only in the imaginary direction. We let z = 1 + iv, then

pv) = 1+iv—In(1+iv) (D.57)

v

= 1l——=4+—+.. D.
> + 3 + (D.58)
2
v

~ |1—— D.5
> (D.59)

Next, by letting g (v) =1 — 2 we have
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‘ -

1
= S /Cexp[z(s—lns)]ds

1 €
i1 /E exp[zg (v)]dv

1 A o V2
—27rizz—1e /ooexp K—z;)} dv,

—
—~
2
~—

Q

Q

and

1 1 2

= —Z _—
e 2z 1V

- (Vs

In generalization, it can be shown that to leading order:

where |p” (z0)| = 1.

T

Pz n PePl20) [ =
/c klp" (z0) |

where

6__oc+7r_oc+37r
2 20 2 27

is the direction of steepest descent, and

p" (z0) = p" (20) e~

(D.60)

(D.61)

(D.62)

(D.63)

(D.64)

(D.65)

(D.66)

(D.67)
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APPENDIX E

MOMENTUM SPACE WAVEFUNCTION TRANSFORMATION

The general equation for hydrogen ground state wavefunction is defined as the following

P, (r,0,0) = { ! eﬂw}{<@H4Mme)3#@mm} (E.1)

(2m)'/? 2(14+m)!
1
e (Y (n—1—1)1\2
X { D) pYp—T exp(—Yr) rlLilj}l (2Yr) 7,
where the definition for ¥ = %
0

P/" (cos ®) is called Ferrers’ associated Legendre function and erll:ll (2Yr) is called

associated Laguarre polynomial which is defined by the identity

L © e ()

—u g —_ 1 . (E.Z)
pola+ gy~ N e

Next, we define the direction vector x,y and z as
X = rsinfcos@X, (E.3)
y = rsinOsingy, (E.4)
Z = rcos0z, (E.5)

and the momentum vector according to each direction
pxr = Psin®cos®x, (E.6)
py = Psin@sindy, (E.7)
p. = Pcos0Oz, (E.8)

where the magnitude of the momentum is

P=/p}+p2+p (E.9)
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Subsequently, the dot product between the momentum and the direction vector would

be

P-r = rP[sin®cos®sinBcos¢ (X-X)+sin@sin®sinOsing (y-y)+cos@cos 0 (z-z)]
= rP[sin®sin O (cosPcos + sinPsin¢@) + cos O cos O]

= rP[sin®sin6cos (P — ¢)+ cos@cos O] (E.10)

By using the trigonometry identities
cos (PF @) =cosPcos P +sindsing, (E.11)

then the transformation of momentum eigenfunction is given by

\Pn,l,m (R ®a CD) = /exp |:_%P : I’:| X ‘Pn,l,m (l’, 97 ¢) dSr (E12)

_ /:/O”/O.Mlym,’m(r,ew) (E.13)

X exp {—%(sin@sin@cos(@—(j))—i—cos@)cos@)rP r?sin 0drd0d¢
oo rT 2T
= / / / LMN#?sin 0drd0de, (E.14)
0o Jo Jo

with

T 2A+1) (I —m)\?
L = {27r)1/26i ¢}{<( 2(l)+(m)! )) P (cose)}, (E.15)

(
v o— {(ZY)I+1 (Y<”_l_1)!)Zexp(_Yr)r’Lzl“(2Yr)}, (E.16)

(n+0)!' \ nn+I1)! ntl

N = exp [—%(sin@sin@cos(cb—¢)+cos®cos@)rP]. (E.17)

We introduce an important transformation which is

L = /Oznexp[j:imq)+ibcos(CI>—(p)]d¢, (E.18)

P
b = —% $in 0 sin @, (E.19)
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and

T
L = /Ille(cos9)sin9€xp[idcos@cos®]d@,
0

rP
e

Therefore, let us rearrange the momentum eigenfunction after introducing the re-

placing /| and I, into Eq. E.14

1

1 (@D —m\E V)T Y (n— 1= 1)1 2
Pnim(P.O,P) = (2ﬂ>1/2( 2(1+m)! ) (n+l)!< nn+1)! )E.ZO)
X /00012 exp(—Yr) rl+2Lifll (2Yr)dr

Next, we evaluate the /; by introducing a new transformation ¢ —® = w, hence

2n
L = / exp [Ltim¢ +ibcos (P — ¢)|d¢ (E.21)
0
2
= / exp [L£im (w+ ®) +ibcosw|dw (E.22)
0
= EmPomitmy, . (b) (E.23)

The Sommerfield’s integral gives the solution of Bessel function of order £=m. Note

that this expression

J_m(b) = i*"J,, (b), (E.24)
give us the negative m solution
L = e ™2™, (b) (E.25)
= e mPpmiTmimy (b) (E.26)
= e momimy, (b). (E.27)

Consequently, we can generalize the solution for the integral /; as

I = 27" J,, (b) em® (E.28)
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where

b = dsinBsin® (E.29)
P
d = —% (E.30)

Next, our upcoming task is to evaluate the /; integral. Firstly, let us define the gen-

erating function of the Gegenbauer’s polynomial

N
&= Trure)y (E31
= =G (t)u* (E.32)

When we set v = %, then the function reduce to the Legendre polynomials. By
putting v = % and differentiate the function m times with respect of z, then we obtain
Pr(6) =135 (2m—1) (1—2)"2 "2 (g (E.33)

In 1877, Gegenbauer evaluate the following integral

T
/ OOV, (zsin@siny) €Y (cos0)sin" T2 046 (E.34)
0

1/2
_ (27”) i (sin"_l/zll/) CY (cosy)Jyir ()

By multiplying a factor of 1-3-5---(2m—1) (1 —tz)m/z and putting v =m+1/2;

z=d;x=0®andr=1[—m

7[ .
1-3-5--2m—1)(1 —rz)’”/z/ eldeos0cosO (14in @sin®)C™ 12 (cos 8) sin™ ! 046
0

[—m

m/2 (2T 1/2 +1/2
= 1-3-5---(2m—1) (1—t2) <7> im (sinol;/)C;"_m (cos®)Jp41/2(d)

27 1/2~—m m
_ (7) it P, (cos@)JHl/z(d)

With the aid of equation E.34, we can solve for the integral I, yielding
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T
L = / I P/" (cos 0) sin 6 exp [id cos O cos O] O (E.37)
0
n .
= / 270", (b) €™ P PI™ (cos 0) sin @ exp [id cos 6 cos ©] d O (E.38)
0

. T
= 2mi"etm?® / exp [id cos 6 cos O] J,, (dsinBsin®) P (cos 0) sin 0d E.39)
0

By reducing I into 27i"e*"® [1 3.5--(2m—1) (1 - tz)m/Z}

X [ exp [id cos 0 cos ®] J,, (d sin 0 sin®) 2

[—m

(cos0)sin 6dO, then we obtain the

solution for /I, which is

o\ 12

L = 2mi"metm® (7> i' " P (cos®) Jj 1 /2 (d) (E.40)
. 2h\ V2 P

— oxiletim® (_%) le (COS@) Jl—|—1/2 (—%) (E.41)

_ 1/2
_ _Zn(_i)lej:zmq) (@) ril/Zle (Cos®)Jl+1/2 (%) (E.42)

After that, the final task would be the solution of the radial integral. We refer to

equation E.20, the main part for the radial integral

¥, n(PO®) = A / Lexp(—=Yr)r 220 2y r)dr (E.43)
i 0

® rP
= A/O r l/leH/z (;) exp(—Yr)erL%jl(ZYr)dr, (E.44)

where A is the coeficient

1

_ 1 2I+1)(l—m)! i(zy)lJrl Y(n—1—1)! !
A = (27:)1/2< 2(l+m)! ) (n+l)!( n(n+l)! ) (E.45)

/
{—m(—i)leifmq’ (@) | 2le (cos @)} .

We focus on the main part of the radial integral that contains

oo rP
| R, (?)%(—miiﬁl (2rdr. (E46)

Then, we introduce a new transformation by substitution
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n = 2Yr (E.47)

P
= E.48
¢ v (E.48)
and

an _,y (E.49)

dr

Henceforth, we have

Ry P Yr) L2412y r)dr E.50
0 r l+1/2 h exp( r) n+l ( r) ( . )

—(+5/2) [T 1432 1 M\ ;2041
(2Y) /On Jz+1/z<26n)exp( 2)L"+l (m)dn.

In order simplify the above expression, let us define the 1 integral by

(@ = [Tew (- 3) 0" (560 ) B man. @5

By introducing a new function U with the following identity

U = U (C,u) (E.52)
_ o (@)
=it (n+ l)!u (E.53)

Then we evaluate the function by using the generating function for the associated
Laguarre polynomials and thus obtaining 7,; () as coeffiecients of th expansion of U; (&, u)

as a power series in u

Inl(g) —1—1

= R n E. 4
Y o T (E.54)

_ /°° . exp(—%)n’+3/2Jz+1/z(%Cn)L,%’j,l(n)unlldn E55)

0 n=Il+1 (n+l)! ’
2+1
I M 32 1 Ly o
= /OeXp< 2)77 JH]/Z(ZCn)n:lH—(n—i—l)! u dn (E.56)
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Since we know that the identity as following

. _ g
L&) g 2P (~%) (B.57)
p=0 (o + B)! (1w’
then we have
L () n_z_lz(_l)leM (E.58)
n=t+1 (n+1)! (1—u*? |

We substitute Eq. E.58 into Eq. E.56 and yield

20+1
_ [ I 32 1 ~ Lt (M) i
U = /()exp( 2>77 Jz+1/2(2§ﬂ)n_l+l (1) u dn (E.59)
exp (—11%)

~ n
= /o exp <—5> ﬂl+3/2Jl+1/z< (:77)( )ZIHmdn (E.60)

( 21+1 1+u
- (1_—21+2/ "2, 1/2( Cn)ﬁXp{ nz(l_u)}dn. (E.61)

The integral in Eq. E.61 had been evaluated by Hankel and Gegenbauer once upon a

time, and it can be declared as an identity here

oo v 2
u—l 3 _ (2/20)'T(u+v)  (u+v p+v+1
/Ox Jv (zx) exp [—ax]|dx = V(v 1) F > 5 V41 2
(E.62)
Again, we perform a transformation and let
_ (E.63)
2= 55 .
1
Vo= I+, (E.64)
5
u = H—E’ (E.65)
1 1+u
= - E.66
“ T 20—y (E.66)

therefore, we have
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(—1)%+!

- 1 l+u
- ) 143/2 I B
vo= (1_u)(21+2)/0 n Jiv1/2 <ZCW)CXP[ n—z(l_u)}dn (E.67)

B (_1)21+1 F(21+3) C l+l/2 2(1—1/!) 21+3 (E 68)
T (1—w@IT(+3/2) \4 14u '
2043 2+4 3 1, (1-u)’
F(‘?ﬁ‘3—J+§’4C4(Hw)>
_ (_1)21+14(21+2)! 12 (1—u) (E.69)

[(1+3/2) (14 u)?t3

3 3 L, (1—u\?
FlI+Z04+20+2;— :
X <+2,+,+2,C<1+u)>

We note that the hypergrometric series F is a degenerate one:
—1-2
3 3 2 1—u 2 2 1—u 2
Fll4+=1+21+=;— = <1 E.70
(+2’+ 3 ¢ (1+u)> { 6 (l-l-u) E-70)
—1-2
_ Jaserea-a? T
B (14u) ®7D

B (1—|—u)2 [+2
_ { WO —u)Z} L (E72)

and hence, Eq. E.69 becomes

5 1+2
U — (-1 211 4Q2I+2)! iy (1—u) (I+u) £.73
=1) F(l+3/2>c (1T+u)? | 0 4u)*+£2(1—u)? (E73)
4(21+2)! 1—u?
= (- )21+1F(l+3/2) <tk - - ) (E.74)
2 - 2
(14¢2) [1+2(1+Cz)u+u}
1 —u?
= A , E.75
(14 2xu+ uz]Hz (E7)
where
1— 2
x = rgz (E.76)
I+1/2

C(1+3/2) (14 ¢2)!%?
This is the final step where we introduce another identity first, we recall the Gegen-

bauer polynomail identity as shown in Eq. E.31
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1

T Otut) E.78
e (1+ut +u?)” (E.78)
- k:oc’Z ®) ot (E.79)
By performing operation both side with V! 59 V. we have
d u P
—v+1 - w19 v ]
irmrd Y gt S G (E80)
— MV71 +tu"+u"+1 _tuv_zuv+1
w vty (1+ ‘+ 2)v+1 = kwo(v +’<)sz (t)uk (E.81)
ut+u _
1 2

M_V+1V u’— ( —u ) _ oo (V +k> CV (t) Ltk (E 82)

(14 ut +u2)"! k=0 k .

(1 — uz) .

(1+ut+u2)v+l - k:O(V-i—k)CIZ (Z‘)u (E.83)

Hence, we declare this as a new identity

(1=w?) N
a2y iV RGO (E.84)

By setting v =1+ 1 and t = x, we may rewrite our U function as

2

1—u
U = A (E.85)
[ Xu+u2]l+2
A
= 15 = (I+1+k)CoH (x)u* (E.86)
A L
— l+ln:f}°+lnc,{lt}_l(x)u” =1 (E.87)

As a result, we finalize the definition of our U function

L (§) n1-1_ A 1 (1= (:2
= i = = E.
U= CEI [+ Tncret"Comiet 1+82 g (E.88)

with

o (¢) = AT D e (_1—52>.

(+1) " HI14¢2

Finally, the radial integral is solved, and the momentum transformation wavefunction

is completed
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W, (PO,®) = AQY) () (E.89)

- A )! 1-¢2
= A(2y) U+ —”(Z(Ti)) cHl <—1+§2> (E.90)

R
B¢ 1-¢
At (56)]

1
where § = %, B=—(—1)%"! (—i)1221+4l!y3—”/2 <n(?;l;)})‘) 2 and T (m+1/2) = Eﬁ:r’;)!! N3

Obviously, we can see that he imaginary part and negative factor can be omitted,
and yielding the final expression of the momentum-space distribution of the hydrogen

wavefunction.

\Pn,l,m (P, 0, (I)) = { (27[1)1/2 ezl:imql'} { ((21 ;—(;:—(fn—)‘m) ') 2 le (COS @)} (E.92)

2220 (n(n—1—1)1\2 e
X{ v ( (n+1)! ) T aas (W»
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