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Abstract

Let m,n be integers with m,n > 3, and let F and K be fields. We denote
by M,,(F) the linear space of n x n matrices over F, S,(F) the linear space of
n X n symmetric matrices over F and /C,,(IF) the linear space of n x n alternate
matrices over F. In addition, let F be a field with an involution ~, we denote by
H,.(F) the F~-linear space of n x n hermitian matrices over F and SH,,(F) the
[F~-linear space of n x n skew-hermitian matrices over IF where [F~ is a fixed field
of F. We let adj A be the classical adjoint of a matrix A and I,, be the n x n
identity matrix. In this dissertation, we characterise mappings 1 that satisfy

one of the following conditions:

(A1) ¢ : M, (F) = M,,(F) with either |F| =2 or [F| > n+ 1, and
W(adj (A+ aB)) = adj (V(A) + a(B)) for all A, B € M, (F) and « € F;
(A2) ¥ : M, (F) = M,,(K) where 9 is surjective and
W(adj (A — B)) = adj ((A) — ¥(B)) for all A, B € M, (F).

Besides, we also study the structure of ¢ on H,(F), S,(F), SH,(F) and
K.(F). We obtain a complete description of v satisfying condition (A1) or
(A2) on M, (F), H,(F) and S, (F) if ¥(1,) # 0. If ¢(1,) = 0, we prove that
such mappings send all rank one matrices to zero. Clearly, ©» = 0 when ¢ is
linear. Some examples of nonlinear mappings ¢ satisfying condition (A1) or
(A2) with ¢(l,) = 0 are given. In the study of ¢ satisfying condition (A1)
or (A2) on K, (F), we obtain a nice structural result of ¢ if ¥/(A) = 0 for some
invertible matrix A € IC,(IF). Some examples of nonlinear mappings v vanishing

all invertible matrices are included. In the case of SH, (), some examples of
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nonlinear mappings ¢ satisfying condition (A1) or (A2) that send all rank one
matrices and invertible matrices to zero are given. Otherwise, a nice structural

result of ¢ is obtained.
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Abstrak

Biar m,n integer dengan m,n > 3, dan biar F dan K medan. Kami menan-
dakan M,,(FF) sebagai ruang linear matriks n x n atas F, S, (F) sebagai ruang
linear matriks symmetri n x n atas F dan C,(F) sebagai ruang linear matriks
selang-seli n x n atas F. Tambahannya, biar F' satu medan yang mempuyai su-
atu involusi ~ atas F, kami menandakan #,(F) sebagai ruang F~-linear matriks
hermitean n x n atas I dan SH,,(F) sebagai ruang F~-linear matriks hermitean
pencong n x n atas F, di mana F~ ialah medan tetap bagi F. Biar adj A ma-
trik adjoin A dan [,, matriks identiti n x n. Dalam disertasi ini, kami cirikan

pemetaan ¢ yang memenuhi salah satu syarat berikut:

(A1) ¥ : M, (F) - M,,(F) dengan |F| = 2 atau |F| > n+ 1, dan
Y(adj (A +aB)) = adj (¢(A) + ap(B))

untuk semua A, B € M,,(F) dan a € F;

(A2) ¥ : M, (F) - M,,(K) di mana ¢ adalah surjektif dan
Y(adj (A — B)) = adj (¢¥(A) — ¥ (B)) untuk semua A, B € M,,(F).

Selain daripada itu, kami juga mengkaji struktur ¢ pada H,(F), S,(F),
SH,(F) dan I, (F). Kami memperolehi pemerihalan lengkap untuk v yang
mematuhi syarat (A1) atau (A2) pada M, (F), H,(F) dan S, (F) jika ¢ (1,,) # 0.
Jika 1 (I,) = 0, kami menunjukkan bahawa pemetaan v tersebut memetakan
semua matriks yang berpangkat satu kepada kosong. Jelasnya, ¢ = 0 jika o
adalah linear. Beberapa contoh pemetaan 1 yang tidak linear, yang mematuhi

syarat (Al) atau (A2) dengan ¢([,) = 0 diberikan. Di dalam pengajian 1)



yang mematuhi syarat (Al) atau (A2) pada KC,,(F), kami memperolehi keputu-
san yang v berstruktur baik jika 1)(A) # 0 untuk suatu matriks A € IC,(F)
yang tersongsangkan. Beberapa contoh pemetaan ¢ yang tidak linear dan me-
lenyapkan semua matriks yang tersongsangkan diberikan. Untuk kes SH,,(F),
beberapa contoh pemetaan ¢ yang tidak linear dan mematuhi syarat (Al) atau
(A2) yang memetakan semua matriks yang berpangkat satu dan semua matriks
yang tersongsangkan kepada kosong diberikan. Selainnya, struktur ¢ yang baik

diperolehi.
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Chapter 1

Introduction

Let A be a square matrix, the classical adjoint of A, denoted by adj A, is defined
by the transposed matrix of cofactors of the matrix A. More precisely, the (i, j)-

entry of adj A of an n X n matrix A is
(adj A)y = (=1)"* det(A;li])

where det(A[j|i]) denotes the determinant of the (n — 1) x (n — 1) submatrix
Alj|i] of A obtained by excluding j-th row and i-th column.
Let U; and Uy be vector spaces such that adj A € U; whenever A € U; for

i =1,2. A mapping ¥ : Uy — U, is said to be classical adjoint-commuting if
w(adj A) = adj ¥(A) for every A € U. (1.1)

In this dissertation, we mainly study some generalised classical adjoint-
commuting mappings. In the next section, we give some notations used in this
dissertation. Since the characterisation of classical adjoint-commuting mappings
is one of the preserver problems (see [26, 1, 3, 30, 27, 29], we state several types
of preserver problems in Section 1.2. Some properties of classical-adjoint which

are used in the later part of the dissertation are given in Section 1.4.
1.1 Notations

Unless otherwise stated, the following are some notations used in this disserta-

tion. Let m,n be integers with m,n > 2 and let F be a field. We denote by



M (F) the linear space of m x n matrices over F (M, (F) = M,, ,,(F) in short).
For any A € M,,(F), A" denotes the transpose of A and tr(A) denotes the trace
of A. We also denote by T, (IF) the algebra of all n x n upper triangular matrices
over F.

Let = : F — F be a field involution which is defined by a + b =a+b, ab = @b,
and @ = a for any a,b € F. We denote by F~ := {a € F : @ = a} the set of all
symmetric elements of IF on the involution =~ of F. A matrix A € M,,(F) is called
a hermitian matrix on the involution ~ of IF, or simply hermitian if A= A A
is symmetric if A' = A, and A is a skew-hermitian matriz on the involution ~
of F, or skew-hermitian if A=A Here, A is the matrix obtained from A by
applying ~ entrywise. We denote by H,,(F) the F~-linear space of nxn hermitian
matrices over F, and S, (F) the linear space of n X n symmetric matrices over
F. It is obvious that H,(F) = S,(F) when the involution ~ of FF is identity, i.e.
F~ =F. We also denote by SH,,(F) the F~-linear space of n x n skew-hermitian
matrices over F. A matrix A € M, (F) is alternate if uAu' = 0 for every row
vector u € F™, or equivalently, if A" = —A with zero diagonal entries. We denote
by IC,,(IF) the linear space of n x n alternate matrices over F.

I,, denotes the n x n identity matrix, £;; denotes the unit square matrix whose
(1,7)-th entry is one and whose other entries are zero and 0,, denotes the n x n

zero matrix for any integer n > 2.
1.2 Preserver problems

“Linear Preserver Problems” (LPPs) is one of the active and continuing subjects
in matrix theory which concerns the classification of linear operators on spaces of

matrices that leave certain functions, subsets, relations, etc invariant. The main



objective of this dissertation is to study generalised preserver problems, that is,

to classify operators (which are not necessarily linear) on spaces of matrices or

operators that leave certain functions, subsets, relations, etc invariant. Here, we

give a brief survey of linear preserver problems.

In general, there are several types of linear preserver problems. Here, we shall

list four most common types of such problems.

Let T be a linear operator on M, (F).

I. T preserves a (scalar valued, vector-valued or set-valued) function ¢ on

IT.

M, (F). Characterise those linear operators 7" on M,,(F) that satisfy

©(T(A)) = p(A) for all A e M, (F).

An example of Type I LPP is the classical theorem of G. Frobenius (Propo-
sition 1.2.1) which characterises bijective linear operators on complex ma-

trices M,,(C) that preserve the determinant (see [6]) in 1897:

Proposition 1.2.1. Let T' be an invertible linear operator on M,,(C) pre-
serving determinants, i.e., det T(A) = det A for every A € M, (C). Then
there exist invertible matrices P and Q in M, (C) with det(PQ) = 1 such
that either

T(A) = PAQ for every A e M,(C),

or

T(A) = PA'Q for every A € M,(C).

T preserves a subset U of M,,(IF). Characterise those linear operators 7" on
M., (F) that satisfy

TU) CU or TU)=U.



II1.

IV.

In 1959, M. Marcus and R. Purves [21] proved the following proposition

(Type 11 LPP).

Proposition 1.2.2. Let T be a linear operator on M, (F) that preserves the
invertible matrices, i.e., T(A) is invertible whenever A is invertible. Then

there exist invertible matrices P and @ in M, (F) such that either

T(A) = PAQ for every A € M, (F),
or
T(A) = PA'Q for every A € M, (F).
T preserves a relation or an equivalence relation ~ on M, (F). Characterise

those linear operators 7" on M,,(IF) that satisfy

T(A) ~T(B) whenever A~ B
or

T(A) ~T(B) if andonlyif A~ B
with A, B € M,(F).

The following Type III LPP is proved by F. Hiai [8].

Proposition 1.2.3. Let T be a linear operator that preserves similarity on
M, (F), i.e., T(A) is similar to T(B) whenever A is similar to B in M,,(FF).
Then there exist a,b € F and an invertible matriz Q € M, (F) such that

either

T(A) = aQ 'AQ + b(tr(A))I, for every A € M, (F),

or

T(A) = aQ *ATQ + b(tr(A) I, for every A € M, (F).

T preserves or commutes with a transformation T on M,,(IF). Characterise

those linear operators 7' on M,,(IF) that satisfy

T(T'(A)) =T(1(A)) for every A € M, (F).



The following is an example of Type IV LPP where the classical adjoint-
commuting (see Definition 1.4) linear mapping on n x n complex matrices

was studied by Sinkhorn [26] in 1982.

Proposition 1.2.4. Let T be a linear operator on M, (C) such that
T(adj A) = adj T(A) for every A € M,(C). For n > 3, there exist an
invertible complex matriz P, A\ € C with \*~2 = 1 such that the mapping is
of the form

T(A) = APAP™! for every A € M, (C)
or

T(A) = APA'"P™! for every A € M,(C).

Since 1897 much effort has been devoted to the study of linear preserver
problems, there have been several excellent survey papers such as [19, 20, 7, 24,
17].

In recent years, many linear preserver results have also been extended to the
nonlinear analogues by considering additive preserver problems, multiplicative
preserver problems, and even, preserver problems on spaces of matrices without
any algebraic assumption. For an extensive expository survey of the subject of

these nonlinear preserver problems, see [9, 32] and the reference therein.
1.3 Decomposition of matrices

In this section, some results on decomposition of hermitian matrices and alternate

matrices are stated which will be useful in obtaining the main results.

Proposition 1.3.1. Let F be a field with an involution —. Then A € M, (F) is

a hermitian matriz if and only if there exists an invertible matric P € M, (F)



such that

A=P <Z aE) P’ (1.2)

for some nonzero scalars o, -+, o € F with@; = «; foralli=1,---k, or
A=P(L,® - O L, ®0,_o, )P (1.3)
0 1 .
where Ly = -+ = L, = 1 o) € My (F) whenever A is alternate and the

mwvolution ~ s identity.

Proposition 1.3.2. Let A € M,,(IF). Then the following statements are equiv-

alent.
1. Ae K, (F) .

2. A = —Aifchar F # 2 and A* = A with zero diagonal elements if char F =

2.

3. At = — A with zero diagonal elements.

Proposition 1.3.3. A € K,(F) if and only if either A = 0 or there ezist an

invertible matriz P in M, (F) and an integer 1 < k < {gJ such that

A=P(J,® D Jpy ®0,_op) P’ (1.4)
where J; = -+ = J, = (_01 (1)>

Here, |x] is the greatest integer less than or equal to x.

Remark 1.3.4. In view of Proposition 1.3.3, any alternate matrices are of even

rank.



1.4 Some properties of classical adjoint

The classical adjoint is sometimes called adjugate and is one of the important
matrix functions on square matrices. An early history of the notion of classical
adjoint is given by Muir in his book, The Theory of Determinants [22], where
he stated that the present form of the classical adjoint is due to the study of
quadratic forms by Gauss in the fifth chapter of Gauss’ Disquisitioned Arith-
meticae, published in 1801.

The main reason to define the classical adjoint is the following well known

result.

Proposition 1.4.1. Let n be an integer with n > 2. If A € M, (F), then
A(adj A) = (adj A)A = (det A)I,.

If A € My(FF), then adj A is defined to be the 1 x 1 identity matrix. Thus

Proposition 1.4.1 also holds for n = 1. As a consequence of Proposition 1.4.1,
adj B = (det B)B™ " if B € M,,(F) is invertible.
In addition, the results of the next theorem follow.

Proposition 1.4.2. Let n be an integer with n > 2 and let A, B € M, (F).

(a)
0 if rank A< n—2,
rank adj A=< 1 if rank A=n—1,
n if rank A =n.

(b) adj I, = I,,.

(c) adj (@A) = a™ tadj A where a € F.

(d) adj (AB) = (adj B)(adj A).



(e) adj A=! = (adj A)~L.
(f) adj A* = (adj A)".
(g) det(adj A) = (det A)"L.
(h) adj (adj A) = (det A)"2A.
(i) A™1 = (det A)~tadj A.
(j) (adj A)~! = (det A)~1A.
(k) P € M,(F) is invertible = adj (P~'AP) = P~ '(adj A)P.
() AB=BA = (adj A)B = B(adj A).
In general, adj is not a linear mapping. adj is linear when n = 2. adj is also

not onto M,,(F). The following result is proved over C, the set of all complex

numbers, in [26].

Proposition 1.4.3. Let n be an integer with n > 2. If A € M,(C) and

rank A =mn, 1 or 0, then there exists B € M,,(C) such that A = adj B.

Let n be an integer with n > 2 and let k, nq, - - -, ng be a sequence of positive
integers satisfying ny + --- + ny = n. We denote by Ty, ... »,, the subalgebra of

M., (F) consisting of all block matrices (A4;;) of the form

Ay A - Agg
0 Ay - Ay
0 0 - Ay

where Aj; € My, o, (F) for all 1 <i < j < k. Ty, is said to be a triangular
matrix algebra. In particular, when n; = 1 for all ¢, then it forms the algebra
of all n-square upper triangular matrices, i.e. 7,(F). Proposition 1.4.4 is proved
by Chooi in [2] and we have proved a similar result on hermitian matrices (see

Proposition 1.4.6).



Proposition 1.4.4. Let n be an integer with n > 2 and let F be a field. If A €
Tor o i (F) is of rank one, then there exists a rank n — 1 matrizc B € Ty, ... n, (F)

such that A = adj B.

Corollary 1.4.5. Let A € M,,(F) be of rank one. Then there exists a rank n—1

matriz B € M, (F) such that A = adj B.

Proof. By Proposition 1.4.4, when k& = 1, A € M, (F). Thus, the result is

obtained. ]

Proposition 1.4.6. Let n be an integer with n > 2 and let F be a field which
possesses an involution ~ of F. If A € H,(F) is of rank one, then there ezists a

rank n — 1 matriz B € H,(F) such that A = adj B.

Proof. Since A € H,(F) is of rank one, by Proposition 1.3.1, there exist an
invertible matrix P € M, (F) and a nonzero scalar « € F~ such that A =
P(aEy;)P7L. Let Q = adj P and § = (det PP)"2. Obviously, Q is an invertible
matrix in M,,(F) and 6 is a nonzero scalar in F~. Let
B=0Q (I,— En+ (07— 1)Ex»)Q € H,(F)
which is of rank n — 1. Then
adj B =adj (Q'(I, — By + (07'a — 1) E)Q)
= (adj Q)adj (I, — En + (0'a — 1) Ex)(adj Q')
= (adj (adj P))(0 " By (adj (adj P')

= P(g_loéEll)ﬁt.



1.5 Fundamental theorems of geometry of ma-
trices

To conclude this chapter, we state the fundamental theorems of geometry of
matrices which are applied in the characterisation of the preserver problems we
study in this dissertation. In this section we state the fundamental theorems
of geometry of rectangular matrices, hermitian matrices and alternate matrices

over arbitrary fields (see [31] or [10] for more details).

Definition 1.5.1. Let m, n be integers and let F be a field. Let A, B € M,,, ,(F).
The arithmetic distance between A and B, d(A, B) = rank (A — B). A and B

are said to be adjacent if d(A, B) = 1.

Theorem 1.5.2 (Fundamental theorem of the geometry of rectangular matri-
ces). Let m,n be integers with m,n > 2 and let F be a field. Let ¢ : My, ,(F) —
M (F) be a bijective mapping. Assume that for every A,B € M,,,(F), A
and B are adjacent if and only if (A) and ¢(B) are adjacent. Then one of the

following holds:
¢(A) = PA°Q+ R for every A€ M, n(F); (1.5)

m =n and ¢(A) = P(A°)'Q + R for all A € M,,(F) (1.6)

where o : F — T is an automorphism, A% is a matriz obtained from A by applying

o entrywise, R € M,, ,(F), P € M,,(F) and Q € M,,(F) are invertible matrices.

In fact, the theorem stated above holds in the more general case when F is a
division ring. Since in this dissertation, we consider only the case where matrices

are over a field, we state the theorem over a field F.

10



Definition 1.5.3. Let n be an integer with n > 2 and let F be a field that
possesses an involution ~ of F. Let A, B € H,(F). The arithmetic distance
between A and B, d(A, B) = rank (A — B). A and B are said to be adjacent if

d(A, B) = 1.

Theorem 1.5.4 (Fundamental theorem of the geometry of hermitian matrices).
Let m,n be integers with m,n > 3 and let F and K be fields which possess
involutions ~ of F and " of K, respectively. Let ¢ : Hp(F) — H,(K) be a
bijective mapping. Assume that for all A, B € H,(F), A and B are adjacent if

and only if p(A) and ¢(B) are adjacent. Then

$(A) = aPA’P' + Hy for every A € H,(F) (1.7)

—_

where o : (F,”) — (K,) is a nonzero isomorphism satisfying o(a) = o(a)
for every a € F, A% is the matriz obtained from A by applying o entrywise,

P e M,,(K) is an invertible matriz, Hy € H,,(K) and o € K" is nonzero.

Definition 1.5.5. Let n be an integer with n > 2 and let F be a field. Let A, B €
K. (F). The arithmetic distance between A and B, d(A, B) = rank (A— B). A

and B are said to be adjacent if d(A, B) = 1.

Theorem 1.5.6 (Fundamental theorem of the geometry of alternate matrices).
Let n be an integer with n > 4 and let F be a field. Let ¢ : KK, (F) — K, (F) be a
bijective mapping. Assume that for every A, B € K,(F), A and B are adjacent

if and only if $(A) and ¢(B) are adjacent. Then ¢ is either of the form
P(A) = aPA’P' + Ky for every A € K,(F) (1.8)
or when n = 4,
P(A) = aP(A*)7P"' + Ky for every A € Ky(F), (1.9)

11



where o :

F — F is an automorphism, A° is the matrixz obtained from A by

applying o entrywise, P € My(F) is invertible, « € F is a nonzero scalar,

Ky € K,(F) and for n =4,

0 a2 a3
A* — —ai12 0 23
—Q13 —as23 0
—A14 —Q24 —034

a14 0 aip a1z g3

agg | _ | —az O a1y Ay (1.10)
34 —ai3 —ai4 0 asy | '

0 —az3 —azs —az 0

12



Chapter 2

Preliminary results

2.1 Introduction

There are many applications of the classical adjoint in matrix theory. In partic-
ular, it was employed to various studies of generalised invertibility of matrices
[25].

Sinkhorn [26] initiated the study of classical adjoint-commuting linear map-
pings on n X n complex matrices in 1982. By using continuity argument and
Proposition 1.2.1 (Frobenius’ classical theorem [6]), he proved, for n > 3, that
there exist an invertible complex matrix P, A € C with A"~? = 1 such that the
mapping is either of the form A — APAP~! or of the form A+ APA'P~! (see
Proposition 1.2.4). Since then, classical adjoint-commuting linear mappings and
classical adjoint-commuting additive mappings on various matrix spaces have
been studied. In 1987, classical adjoint-commuting linear mappings on M,,(FF)
with F any infinite field and n > 2 were studied in [1]. The mappings were also
studied on S,(F) for any field F of characteristic not equal to 2 with n > 2.
They have also characterised the classical adjoint-commuting linear mappings
on KC,,(F) where F is an infinite field of characteristic not equal to 2 and n is
an even positive integer. After that, in 1998, classical adjoint-commuting linear
mappings on 7,(F) with F a field and n > 3 an integer, were studied in [3].
They proved that the mapping is a bijective classical adjoint-commuting linear

mapping on 7, (F) if and only if there exist an invertible matrix P € 7,(F) and a

13



nonzero scalar A € F such that the mapping is either of the form A — APAP~!
or A+ A\PA~P~! where A~ is the matrix obtained from A = (a;;) by reflecting
the diagonal ayy,,a2,-1, -, a1 and AL =X\ Letn >3, m > 2. In 2010,
Chooi [2] proved that ¢ : Ty, ..n, — M, (F) is a classical adjoint-commuting
additive mapping if and only if v» = 0, or m = n and there exist an invertible
matrix P € M, (F), integers 0 = sg < s7 < -+ < $x = k, and a nonzero field

homomorphism ¢ on F such that

w(A)=P (@ /\191»(141-)”> P! for every A€ T,y
i=1

where @)_, A; is the (e,--- ,€.)-block diagonal matrix induced by A where
€ = 05, — 05, , with 0, = ny + -+ + ng, 0 = n, and Ay, ---, )\, are
nonzero elements in F satisfying [[}_, AY = A fori = 1,---,r and for each

1l <i<r 6Ty, — M, (F) is a linear mapping defined by

11Ty
0;(4;) = pAi(a) + (a — p)Aj(a)t forall A; € T,,... .. Besides the above-
mentioned results, classical adjoint-commuting linear mappings as well as addi-
tive mappings on various matrix spaces have been studied in some papers, see
[4, 27, 28, 29, 30].

Motivated by their works, we study classical adjoint-commuting mappings v
between matrix algebras over an arbitrary field by dropping the linearity and
the additivity of ©. Let m,n be integers with m,n > 3 and let F and K be
fields. Let U; and Us be subspaces of M,,(F) and M,,(K), respectively, such

that adj A € U; whenever A € U; for i = 1,2. We investigate the structure of

mappings ¢ : Uy — U, satisfying one of the two conditions:

(A1) ¢(adj (A+ aB)) = adj (¥(A) + ay(B)) for all A, B € M,(F) and a € F

when F = K;
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(A2) ¥(adj (A — B)) = adj (1(A) — (B)) for all A, B € M,(F).

We notice that if 1) satisfies condition (A1) or (A2), then

¥(0) = +(adj (0 —0)) = adj (4(0) — ¢(0)) = 0.

This implies

U(adj (A)) = ¢(adj (A —0)) = adj (V(A) = ¥(0)) = adj (¥(A)),
i.e. 1) is a classical adjoint-commuting mapping (see (1.1)).
2.2 Some requirements

In this section, we give some results established for the construction of the main
results. Recall that if we say that A € H,,(F), we mean A is a hermitian matrix

over a field F which possesses an involution ~.

Lemma 2.2.1. Letn > 2 and let F be a field which possesses an involution ~ of
F. If A € H,(F) is a nonzero rank r matriz, then A = Ay + --- + Ay for some

rank one matrices Ay, -+, Ap € Hn(F) with

R + 1 when A is alternate and the involution ~ is identity,
] otherwise.

Proof. We consider two cases. First, if A is of Form (1.2) in Proposition 1.3.1,
ie. A= P(aEy+---+ OzTE’W)Ft for some invertible matrix P € M,,(F) and
some nonzero scalars aq,---,a, € F~, then we choose A; = P(aiEii)Ft for
i=1,---,r. It is obvious that A; € H,(F) is of rank one, and A = A; +---+ A,,
as claimed. Next, we consider the case where A is alternate and the involution
~ of IF is identity, then A is of Form (1.3) in Proposition 1.3.1 i.e. A = Q(L; ®

@ Ly p®0,_,)Q" for some invertible matrix @ € M,,(F), and hence, r is even
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and F has characteristic 2. By letting B = Q(FEy; + F22)Q" which is of rank 2,
we have A+ B € H,(F) is of odd rank r — 1. By Proposition 1.3.1, A + B is of

Form (1.2). Thus, there exists an invertible matrix R € M,,(F) such that
A+B=R(BiEn+---+ 5r—1Er—1,r—1)Rt

for some nonzero scalars 3; - -+ , 8,_1 € F~ = F. Now, we choose A; = R(5;E;;) R
fori=1,--- ,r—1,and A, = Q(—F11)Q" and A,,; = Q(—F1)Q". Evidently,
A; € Hp(F) is of rank one for i = 1,--- ;r+ 1, and A = Ay + - + A, + A,41.

We are done. N

Lemma 2.2.2. Let n be an integer with n > 3 and R = M, (F), K,(F), or

H,(F). If A, B € R, then the following hold.
(a) If A is of rank r, then there exists a rank n — r matrix X1 € R such that
rank (A+ X;) =n.
(b) There ezists a matriz Xo € R such that rank (A+X5) = rank (B+X,) = n.

(c) There exists a nonzero matriv X5 € R such that either A or X3 is of rank

n but not both with rank (A + X3) = n.

Proof.

Case I: We first consider the case where R = M, (F).

(a) If r =0, we choose X; = I,,. We now suppose A is of rank 7 # 0. Then there
exist invertible matrices P, Q € M,,(F) such that A = P(E1+---+ E.)Q.
By letting X} = P(Ey41,41+ -+ + Enn)@Q, we have A+ X = P() which is
of rank n and it is clear that rank X; =n — r.

(b) If A = B, then we select Xy = I, — A. Thus, the result holds. We now

assume A # B. Let C'= A — B and let rank C' = r < n. Then there exist
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invertible matrices P, Q € M, (F) such that C = P(Ey; + -+ + E,)Q. Let

Xy =D — B, where

D— P((Bvw+-+Em) +Ein + (Brsopro+ -+ Epp))Q if r <,
P<E11 + (E12 4+ -+ Enfl,n) + Enl)Q lf r=n.

Then A+ Xy =C + D and B + Xy = D where both C' + D and D are of

rank n.

(c) If A is of rank n, then we obtain the result by letting X5 = AE;;. We
consider rank A = r < n. Then there exist invertible matrices P, Q) €

M, (F) such that A= P(Ey + -+ + E,.)Q. We choose
Xs=P((EBre+-+E 1)+ En1+ (EBqorie+ -+ En))Q.

It can be shown that rank X3 = n and det(A + X3) = det(PQ) # 0 implies

A + X3 is of rank n.

Case II: Consider R = H,,(F).
Note that, here, [ is a field which possesses an involution ~ of IF. If a nonzero ma-
trix A € H,,(FF) is of rank r, then by Proposition 1.3.1, there exists an invertible

matrix P € M,,(F) such that either A is of the form:

t

A= P(OélEll + -+ OéTEm«)? (21)
for some nonzero scalars aq,---a, € F~; or if A is alternate and the involution
~ of F is identity, then A can be written in the form:

where r is even and F is of characteristic 2, and

0 1
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(a)

If r =0, we select X7 = I,, and if r = n, we select X; = 0. Now, we suppose

1 <r < n. Then we set

X, — PEr 141+ -+ Enn)ﬁt if A is of Form (2.1),
! P(E,i1p41+ -+ Epn) Pt if Ais of Form (2.2).

In addition, we have X; € H,(F) is of rank n — r and rank (A + X;) = n.

We are done.

If A= B, then we choose Xy = I,, — A. Suppose A # B. Let H = A — B.
Then H € H,(F) and 0 < rank H = r < n. First, we consider H is of Form

(2.1), then we select

-t
PlayZyg + -+ + arflzrfl,r + Er+1,r+1 + 4+ Enn)P

a1+ + Oén71Zn71,n)Pt if r =n,r is even,
a1Zig+ -+ @ Zppi1 + Eryopio + Em)ﬁt if r <n,ris odd,

PlarZia+ -+ n—2Zn 201+ En1m+ Enn_1)P' if r =n,r is odd

if r < n,r is even,

where aZ;; := E;j; + E;; —aE; € Hy(F) for 1<i<j<nand a € F.
Next, we consider H which is alternate and the involution ~ of I is identity,
then H is of Form (2.2). Let x be the greatest integer less than or equal to
5, and let y be the smallest integer greater than or equal to §. Let i be an
odd integer satisfying z — 1 < h < z. We set

PT,, Pt ifr<y-+1,

C =1 P(Ty,— S,P* ifr>y+1, and h #x or h # vy,
P(Tiy1—Sho+ Ey)Pt ifr>zy+landh=2=y

where Ty := Ey + Ea1+ -+ + Egy for 1 < k < n, and Sy, := (Ep +
FEo1)+ (Ess+ Eg3) + -+ (Exgs1 + Erp1x) for 1 < k < n with odd integer
k. In both cases of H, it can be shown that C' € H,(F) is of rank n and
rank (H + C') = n. By letting Xy = D — B, we have Xy € H,(F), and

A+ Xo=H+ C and B + Xy, = C. We are done.
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(c) If rank A = n, then we let

Xa — P(OélEll —+ E12 -+ Egl)ﬁt if A is of Form (21),
3 PE,, P! if A is of Form (2.2).

In both cases of A, we see that X3 € H,,(F) with rank X3 < n and rank (A+
X3) = n. We now suppose rank A = r < n. If A = 0, then we choose
X3 =1, If A# 0, we first consider the case where A is of Form (2.1).

Then by using the same definition of aZ;; as in part (b), we let

. PlarZy+- 4o 1Zpip + B+ F Enn)ﬁt if 7 is even,
’ PloyZis+ 4 O Zpi1 + Eriapgo -+ + Epa) P if 7 is odd.

Next, we consider the case where A is of Form (2.2). Then by using the

same definitions of x, y and h as in part (b), we let

PT,, Pt if r <y+1,
X3 =< P(Ty, — Sp)P! ifr>y+1, and h#x or h # vy,
P(Tip1—Sho+ Ey)Pt ifrzy+land h=z=y.

In both cases of A, it can be verified that X5 € H,(F) is of rank n and

rank (A + X3) =n.

Case III: We now consider R = IC,,(FF).
By Remark 1.3.4, n is even. Recall from (1.4), if A € KC,(F) is of rank r, then

r > 0 is necessarily even, and there exists an invertible matrix P € M,,(IF) such

that
A=P( & & Jp®0,_,)P. (2.3)
0 1
where J; = -+ = Jy /0 = 10 € My(F).

(a) By choosing Xy = P(0, ® J,11 @ -+ ® Jp2) P* € K,y (F), we have A + X is

of rank n and it is obvious that rank X; = n —r.

(b) Suppose that A = B. Then from (a), there exists a matrix X, € K,,(F) such

that rank (A + X5) = n. We consider A # B. Let H :== A— B € K,(F) be
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of rank r with 0 < r < n even. By (2.3), there exists an invertible matrix
Q € M, (F) such that H = Q(J1 & --- @ Jrjo ® 0,_,)Q". Let h be the odd
integer such that % —1<h< % and by letting

S=(Ein—Eypa)+-+ (EBpr2— En) € Ku(F),

T=5L@ @ Jns® 0,2 € Ky(F),

V=J® ®Jnt2)1 D 0n_2)2 € K(F),

Zp = Elp + E27p_1 —+ e 4 Epl € MP(F) with p= (n Y 4)/2,

0 0O 1 0
0 0 01
7 = 1 0 o0ol€ K4(F) and
0O -1 0 0
Om—ay2 0 Zp—ay2
U= 0 Z 0 |ek. ),

—Zn-2/2 0 Om-1)/2
we set
QSQ" if r <341,
C=¢ QS-1)Q" ifr>5+1andh=
QU -V)Q" ifr>%+1landh=73%.
It can be shown that C' € IC,(F) is of rank n and rank (H + C) = n. Let

Xy, := C — B. In addition, we have X, € IC,(F), and A+ Xy = H + C and

B + X5 = C are of rank n. We are done.

(c) If rank A = n, then by (2.3), we have A = P(J; @ --- & J,,/2) P*. We choose
X3 := P(Ey, — E,)P' € K,(F).

It is obvious that rank X5 = 2 < n and rank (A + X3) = n. Now, we
consider rank A =r <n. If A =0, then we select X3 = J; @ --- ® Jy 0. If
A # 0, we let h be the odd integer such that § —1 < h < §. By (2.3), we
set

PSPt ifr<g+1,

Xs=4¢ P(S-T)P" ifr>%+landh=
PU-V)P" ifr>%+1land h=

_]_7

OISIS
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where S, T, U, V € K, (F) are as defined in part (b). Then X3 € K, (F) is

of rank n and rank (A + X3) = n. We are done.

Lemma 2.2.3. Let n be an integer with n > 3.

(a) Let F be a field and let A,B € My(F) or K,(F). If |F| > n+ 1 and
rank (A + B) = n, then there exists a scalar X € F with A\ # 1 such that

rank (A + AB) =n.

(b) Let K be a field which possesses an involution " of K and let A, B € H,,(K).
If KM > n+ 1 and rank (A + B) = n, then there exists a scalar A € K"

with X # 1 such that rank (A + AB) = n.

Proof.

(a) For each x € F, we let p(z) = det(A + xB). Then p(z) € F[z] is a nonzero
polynomial of x over F. First, we let A, B € M, (F). If B = 0, the result
holds true by choosing z = 0. So, we consider B # 0 and rank B = r < n,
then there exist invertible matrices P, Q) € M, (F) such that B = P(Ey; +
-+ E,,)Q. So,

p(z) = det(A+ 2 B)
= det(P(PT'AQ™")Q + P(z(Ewy + - - - + E,,)Q))
= det(PQ) det(PAQ™ ' + 2(Eyy + - - + E,))
=ndet(C+z(Eyn+ -+ E.))
with C = P7'AQ™! and 1 = det(PQ). Thus, p is a polynomial of degree
at most < n. Since |F| > n + 1, there exists a scalar A € F with X # 1

such that p(\) # 0. Therefore, rank (A + AB) = n.
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Next, let A, B € K, (F). If B =0, by choosing = 0, the result is obtained.
If B # 0 and rank B = r < n, then by (2.3), there exists an invertible

matrix P € M, (F) such that B = P(J; & --- @ J,/2 ® 0,_,) P*. Then
p(z) = det(A + zB)

=det(P(PT'A(PY)P' + P(a(Jy ® - & Jyjg @ 0,) P"))
= det(PP") det(P AP +2(i &+ ® Jrjo ® 0ny))

= Cdet(H + Z’(Jl b---b Jr/g ©® On—r))
where ¢ = det(PP") € F is nonzero and H = P7*A(P~!)! € K, (F). Since

|F| > n+ 1 and p is of degree at most r < n, it follows that there exists a

scalar A € F with A # 1 such that p(\) # 0. Then rank (A + AB) =n.

(b) For each z € K", we let p(z) = det(A + zB). Then we have p(1) # 0
and ]X;) = m = det(A + zB) = p(x) as A+ B € H,(K).
Thus, p is a nonzero polynomial over K. If B = 0, then rank A = n, and

hence the result follows by choosing x = 0. Next, we consider B # 0 and

rank B =r < n. If B is of Form (2.1), then
p(z) = det(A + xB)

= det(P(PT*A(P~)Y)P' + zP(cy Evy + - - - + a, B ) PY)
= det(PP") det(P' APV + (a1 E1y + - + . By )

= (det((S + z(a1 By + -+ - + o Ery))

where S = P~YA(P~1)! € H,(K) and 0 # ¢ = det(PP") € K.

If B is of Form (2.2), then
p(x) = det(A+ zB)

=det(P(PT' AP~ )P'+ zP(Ewa+ Es1 + -+ + E,_1, + Ep 1) PY)
= det(PP") det(P AP +2(Eyg+ Eo1 + -+ By, + Erpy))
=ndet(I' +x(Era+En+---+E_1,+E ;1))
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where T'= P~'A(P71) € H,(K) and 0 # n = det(PP') € K =K. It can
be shown that for both cases p is a nonzero polynomial of degree at most
r < n. Since |[K"| > n + 1, there exists a scalar A € K" with A # 1 such

that p(A) # 0. Therefore, we have rank (A + AB) = n.

In Lemma 2.2.4 and Lemma 2.2.5, we let m,n be integers with m,n > 3 and
let ¢ : Ry — R be a mapping satisfying (A2) where Ry = M,,(F) (respectively,
H,(F)) and Ry = M,,(K) (respectively, H,,(K)). For the case where Ry =
H,(F) and Ry = H,,(K), F and K are fields which possess involutions ~ of F

and " of K, respectively.

Lemma 2.2.4. Let m,n be integers with m,n > 3. Let Ry = M,(F)
(respectively, H,(F)) and Ry = M., (K) (respectively, H.,(K)). Let1 : Ry — Ro

be a mapping satisfying (A2) and let A € Ry. Then the following statements hold.
(a) rank (A) <1 ifrank A =1.
(b) rank ¥(A) <m —1ifrank A=n—1.

(c) rank ¥(A) <m —2 ifrank A <n—2.
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Proof.

(a) If A is of rank one, then adj ¥(A) = ¥ (adj A) = 0 implies rank ¥(A) # m.
By Corollary 1.4.5 (respectively, Proposition 1.4.6), there exists a rank n—1

matrix B € R; such that A = adj B. Hence,
adj Y(B) = ¢(adj B) = ¢¥(A) = rank ¢(B) <m

as rank ¥(A) # m. Thus, by ¥(A) = adj ¥(B) and rank ¢(B) < m, we
conclude that rank A < 1.

(b) Sincerank A =n—1, then adj (adj ¥(A)) = ¢ (adj (adj A)) = 0. Therefore,
rank ¥(A) <m — 1.

(c) If rank A < n — 2, then adj ¥(A) = ¢(adj A) = ¢(0) = 0. This implies
rank ¥(A) < m — 2.

]

Lemma 2.2.5. Let m,n be integers with m,n > 3 and let Ry = M,,(F) (respec-
tiely, H,(F)) and Ry = M, (K) (respectively, H,(K)). Let ¢ : Ry — Rs be a

mapping satisfying (A2) and let A € Ry. Then 1) is injective if and only if
rank A =n <= rank (A) =m.

Proof. We first suppose 1) is injective. Let A € Ry. By Lemma 2.2.4 (b) and (c),
if rank ¢(A) = m, then rank A = n. Conversely, we let rank A = n. Suppose
rank ¢(A) < m. Then ¢¥(adj (adj A)) = adj (adj ¥(A)) = 0 since m > 3. It
follows that adj (adj A) = 0 as kerv) = {0}. This contradicts the fact that
rank A = n. Therefore, rank (A) = m.

Next, we prove the necessity. Suppose there exist some matrices A, B € R,

such that ¥(A) = ¥(B). We assume rank (A — B) = r. Then by Lemma 2.2.2
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(a), there exists a rank n — r matrix C' € Ry such that A — B + C' is of rank
n. Then rank (adj (A — B + C)) = n. So, we have rank (adj (A — B+ (C)) =

rank (¢(adj (A — B+ (C))) =m. Thus
adj ¢(C) = adj (¥(B — (B = 0)))

— adj (¥(B) — (B — C))
— adj (Y(A) — (B - ()

=adj (Y(A—B+())

which is of rank m. Therefore, rank ¢(C) = m implies rank C' = n. Hence,

r = 0 implies A = B. It follows that v is injective. n

Lemma 2.2.6. Let m,n be integers with m,n = 3, and let F be a field such that
either |F| =2 or |F| > n+ 1, K be a field which possesses an involution ™ of K,
and K" is a fized field of the involution " of K with |K"| = 2 or |K" > n + 1.
Let ¢ be a mapping satisfying (A1) from M, (F) into M,,,(F) (respectively, from
H,(K) into Hp(K)). If

rank (A+ aB) =n <= rank (Y(A4) +ay(B)) =m (2.4)

for all A, B € M, (F) (respectively, H,(K)) and o € F (respectively, K"), then

Y is linear (respectively, additive).

Proof. Let A, B € M, (F) (respectively, H,(K)), and o € F (respectively, K")
such that rank (A + aB) = n. We observe that from (2.4), if we let B = 0, then
we have

rank A =n <= rank Y(4) =m (2.5)

for every A € M,,(F) (respectively, H,,(K)). By Lemma 2.2.5, 1 is injective and

hence we have
rank (A + aB) =rank (Y(A) + ap(B)) =m
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as adj (Y(A+aB)) =¢(adj (A+ aB)) =adj (Y(A) + ay(B)). Then
(A + aB)adj (A + aB) = (det (A + aB)) 1y,
(V(A) + aip(B))adj (¥ (A) + ay(B)) = (det(¢(A) + ap(B))) Lm.-

In addition,

(A + aB)
det (A + aB)

_(A) + ay(B)
det((A) + at(B))

adj v(A+ aB) = 1,

adj ¥(A + aB).

By the uniqueness of the inverse of adj ¢(A + aB), we have

vAtap) = EEE TS ) rauE). (20)

By repeating similar arguments as for (2.6), we have

v +ab) = B PEEED ) fuaB). ()

If A =0, then rank («B) = n and hence by (2.6),

V(aB) = iy () (238)
Next, we claim that
(ad) = ap(A) (2.9)

for every nonzero scalar « € F (respectively, K") and every rank n matrix
A € M, (F) (respectively, H,(K)). By Lemma 2.2.2(c), there exists a nonzero
singular matrix C' € M,,(F) (respectively, H,(K)) such that rank (C'+«aA) = n.

By Lemma 2.2.5(c) and (2.4), we have

rank ¥(C 4+ aA) = rank (¢(C) + ap(A)) = rank (P(C) + ¢¥(aA)) = m.

By (2.6) and (2.7), we obtain

det (C' + aA)
det(4(C) + arp(A))

(U(C) + anp(A)) = —SerwlOFad)
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and hence

HO) +ad(A)  _ 9(C) + P(ad)
det((C) + au(A))  det(v(C) + v(aA))

We let py = det((C) +arp(A)) and po = det(¢(C) +1p(A)) be nonzero scalars

(2.10)

in F (respectively, K"). Then by (2.10), we have

i (ad) = paap(A) = (p2 — p)¥(C). (2.11)

Suppose f1 # po. Since rank A = n, it follows from (2.8) that ¥(aA) and ¥(A)
are linearly dependent. So, ¥(aA) = yp(A) for some v € F (respectively, K")

since P (aA),(A) € M, (F) (respectively, H,(K)). Thus, we obtain

(1Y — paa)p(A) = (p2 — p1)Y(C).

Therefore, 1(A) and ¥(C) are linearly dependent. In addition, since ¥(A) and
¥(C) are nonzero, we obtain rank 1)(A) = rank ¢(C), a contradiction. Thus,
p1 = e implies det((C) + ap(A)) = det((C) + (aA)). Therefore, by (2.10)
we have (C) + ap(A) = ¥(C) + (aA) and this implies ¥(aA) = a(A).
Now, we want to show that if A, B € M,(F) (respectively, H,(K)) with

rank (A + B) = n, then
A, B are linearly independent = 1(A),1(B) are linearly independent. (2.12)

Suppose to the contrary that ¢(A) and ¢ (B) are linearly dependent. Then
there exists a scalar A € F (respectively, K") such that ¢(B) = M)(A). Since
rank (A + B) = n, it follows from (2.4) that rank (¢/(A) + ¥(B)) = m. This
implies rank (1 + A\)y(A) = m and hence rank 1(A) = m. By Lemma 2.2.5, we
have rank A = n. Thus, ¥(B) = Mp(A) = ¥(AA) by (2.9). Since v is injective,
we obtain B = AA which means A and B are linearly dependent, a contradiction.

Therefore, (2.12) is proved.
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We next claim that if A, B € M,,(F) (respectively, H,,(K)) such that rank (A+

B) = n with 0 < rank A <n and rank B = n, then

V(A+ B) =9(A) + ¥(B). (2.13)
By substituting a = 1 into (2.6), we obtain

Y(A+B) (A +(B)
det (A + B)  det(v(A) + ¢(B))

(2.14)

Note that ¥(A + B) and (A) + ¢(B) are in M,,(F) (respectively, H,,(K))
and hence det (A + B), det(¢(A) + ¢(B)) € F (respectively, K"). If |F| = 2
(respectively, |K*| = 2), then det (A + B) = 1 = det(¢(A) + ¢ (B)). So, we are
done. If |F| > n+1 (respectively, |[K*| > n+1), then by Lemma 2.2.3, there exists
a nonzero scalar ag € F (respectively, K") such that rank (A + (1 + ag)B) = n.

By (2.14), we have

YA+ B)+¢(aB) WA+ B+aB) (A)+Y(B+apB)
det(Y(A+ B) +¢¥(apB))  det(v(A+ B+ apB))  det(v(A) + (B + agB))’

Since rank A < n, we have 1 + o # 0, and hence rank ((1 + ag)B) = n. Thus,

by (2.9),

W(B+ aB) = (1+ ao)p(B) = ¢(B) + agyp(B) = ¥(B) + ¢ (a0 B).

So,

Y(A+ B) + (o B) U(A) +P(B) + ¥(B)
t

det(¥(A+ B) + ¢(aoB))  det(¥(A) + (B + apB))’ (2.15)

Let A\; = det(¢(A+ B) + v (apB)) and Ay = det(¢(A) + (B + apB)). It is clear
that A\; and Ay are nonzero scalars in F (respectively, K"). In view of (2.14), we
see that ¢(A + B) and ¢(A) + ¢(B) are linearly dependent. So, there exists a

scalar 8 € F (respectively, K") such that ¢(A) + ¢(B) = S¢(A + B). Then by
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(2.15), we have

Since A and B are linearly independent, it follows that A + B and «ayB are
linearly independent. In addition, since rank ((A + B) + «yB) = n, we obtain
(A + B) and ¢ (agB) are linearly independent by (2.12). From (2.16), we have

A1 = Ao and this implies

V(A + B) + ¢(aB) = p(A) + ¢ (B) + ¥(anB)

and hence (A + B) = ¢¥(A) + ¢¥(B).

Next, we show that 1 is homogenous (respectively, K"-homogeneous), that is

(ad) = ay(A) (2.17)

for every A € M, (F) (respectively, H,(K)) and a € F (respectively, K"). It is
obvious that (2.17) holds when a = 0, A = 0 or rank A = n. Now, we consider
a # 0 and A is a nonzero singular matrix. By Lemma 2.2.2(c), there exists a
rank n matrix X € M, (F) (respectively, H,(K)) such that rank («A+ X) = n.
This implies rank (A + a~'X) = n. It follows from (2.9) and (2.13) that
(@A) +9(X) = ¢(ad + X)

= (a(A+a™'X))

=ayp(A+a'X)

= a((A) + ¥ (a1 X))

— at(A) + a(a~X)

— ad(4) + U(X).

Therefore, ¥(aA) = ap(A).
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Now, we show that

W(A+ B) =¢(A) +¢(B) (2.18)

for every A, B € M,,(F) (respectively, H,(K)) with rank (A+ B) = n. It is clear
that the claim holds when |F| = 2 (respectively, |K"| = 2) by (2.14). Consider
|F| > n+1 (respectively, |[K*| > n+1). If A and B are linearly dependent, then

B = A for some scalar v € F (respectively, K"). By (2.17), we have

P(A+ B) =¢((1+7)A)
= (1+7)v(4)
= ¢(A) + 79 (A)
= P(4) + ¢ (7v4)
= ¥(A) +¢(B).

Consider the case where A and B are linearly independent. By Lemma 2.2.3,
there exists 5y € F (respectively, K") such that rank (A + (1 + 59)B) = n. By

(2.14) and (2.17), we have

G(A+B)+9(BB)  _ w(A) +$(B) + (fB)
det(0(A+ B) + 0(BB)) — det(u(A) + (B) + v(5oB))

(2.19)

Since A and B are linearly independent, A + B and [yB are also linearly inde-
pendent and hence (A 4+ B) and ¢(fyB) are linearly independent by (2.12).
By using similar arguments as in the proof of (2.16), it can be shown that
det(Y(A + B) + ¢ (6o B)) = det(¢(A) + ¢(B) + ¢(5oB)). Then by (2.19), we
obtain (2.18).

Next, we want to show that ¢ is additive. Let A, B € M, (F) (respectively,

H,(K)). By Lemma 2.2.2(b), there exists a matrix X € M,,(FF) (respectively,

30



H,(K)) such that rank (A + X) =rank (A + B + X) = n. By (2.18), we have

YA+ B)+ (X)) =y9A+B+X)=¢(A+ X)+¢(B).

Since rank (A + X) = n, by (2.18) again, we have ¥(A + X) = ¢¥(A) + ¢(X).
Thus, we obtain
WA+ B) +9(X) = ¢(A) + ¢(B) + (X)

= Y(A+ B) =9(A) +¢(B)

for all matrices A, B € M,,(F) (respectively, H,(K)). We are done. O
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Chapter 3

Classical adjoint-commuting mappings
between matrix algebras

3.1 Introduction

In this chapter, we let m,n be integers with m,n > 3 and let F and K be fields.
We characterise mappings v : M,,(F) — M,,(K) that satisfy one of the following

conditions (see (Al) and (A2) in Section 2.1):

(AM1) ¢(adj (A+ aB)) = adj (¥(A) + ayp(B)) for all A, B € M, (F) and a € F

when F = K,

(AM2) (adj (A — B)) = adj (¥(A) — (B)) for all A, B € M, (F).
3.2 Some basic properties

Lemma 3.2.1. Let m,n be integers with m,n > 3 and let F and K be fields.
Let ¢ : M, (F) - M,,(K) be a mapping satisfying (AM2). Then the following
statements are equivalent.

(a) ¢¥(In) = 0.

(b) ¥(A) =0 for every rank one matriz A € M, (F).

(c) rank (A) < m —2 for every A € M, (F).

(d) ¥(adj A) =0 for every A € M, (F).
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Proof.
(a) = (b):

Let 1 <7 < n. We have
V(Ey) = ¢(adj (I — Ey)) = adj (¥(1,) — ¢¥(Ei)) = adj (—¢(Ei)) =0

since m > 3 and rank ¢(F;) < 1. Therefore ¢(FE;) = 0 for all 1 < i < n. We
next show that w(aEij) =0forall 1 <7, <nand a € F. The result is clear
when a = 0. We now suppose o # 0. Since adj (I, — Ey; — Ej; + aEj;) = aby

with 7 # i, we have
Y(aE;) =v(adj (I, — By — Ejj + aEj;))

=adj (v(I, + ak; — Ey;) — w(EJJ»
= adj (Y(I, + aEj;) — v(Ey))
= adj (Y(In) — Y(—aky;))

=adj (=Y (—akj;)) =0
since rank ¢(—akj;) < 1. Foreach 1 < i # j < n, adj (I, — E; — Ej; +

(1) aFE;;) = aF;;. By similar arguments, we obtain
Y(aEy) = (adj (I, — B — Ejj + (=1) aky;))
=adj (Y(In + (=1)"aby; — By) — $(Ej))
= adj (Y (I + (=1)"YaEy) — Y (Eq))
= adj (Y(I) — ¥(=(=1)"aEy))
= adj (—¢(=(=1)"aky)) = 0.
Hence, ¢(aE;;) = 0 for every 1 <4,j < n and a € F.
Let A € M,,(F) be of rank one. Then by Proposition 1.4.6, there exists a rank
n — 1 matrix B = (b;;) € M,,(F) such that A = adj B. Thus, ¥(A) = ¢(adj B)

and hence
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¥(A) = adj ¢(B)

= adj ¥ Z bijEij)

t,j=1

= adj w Z bijEij - (—bll)Ell
ij=1,
(i)(LD)

= adj ’;/J Z bijEij - 77Z)(_bllE’11)
i,j=1,
(ivj)j#lvl)

ij=1,
HETER

n

= adJ 1/] Z bz]Ez W ¢<—b12E12)
1,5=1,
()AL, 1.2)

n

= adj ¢ Z bijEij
ij=1,

By repeating similar arguments, we obtain

O(A) = adj (b Enn) = 0,

(b) = (c):

Let A € M,,(F) with rank A < n—1. Then rank adj A < 1. By (b), adj ¥(A) =
Y(adj A) = 0. The result holds. Now we consider A € M,,(F) of rank n. Then
there exist rank one matrices Ay, -+, A, € M, (F) such that A = A; +---+ A,.

Hence,
adj (A) =adj (A + -+ Ay)

= adj (Y(Ar + -+ A1) — P(—An))
—adj G(Ay + e+ Ay )
= adJ (w(Al +- An—2) - ¢(_An—1))'
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We continue in this way to obtain
adj 1(A) = adj ¥(A;) = 0.

Therefore, rank ¢(A) < m — 2.

(¢) = (d): Since rank ¥(A) < m — 2, ¥(adj A) = adj (A) = 0.

(d) = (a): ¥(In) = ¥(adj I,,) = 0. O

Lemma 3.2.2. Let m,n be integers and let F and K be fields. Let ¢ : M, (F) —
M. (K) be a mapping satisfying (AM2). Let A, B € M, (F). If ¥(I,) # 0, then

Y 18 injective and
rank (A — B) =n <= rank (¢(A) —¢(B)) = m.

Proof. Since ¢(I,) # 0 and adj¢(l,) = v¢(adjl,) = ¢(I,), we have

rank ¢ (I,) =m. Let 1 <i < n. Then

rank adj <77/J(E”) — 1) ( Z —Ejj>) = rank adj ¥(I,) = m.

j=1,ji

This implies rank (zp(Ef) — <z" By, ) — m. By Lemma 2.2.4,

J=lj#i

rank ¢ (£;;) < 1 and rank ¢ < —Ej]) <m—1.

j=1,j#i

These show that rank ¢ (E;) = 1.

Next, we show that rank ¢)(aE;;) = 1 for every nonzero scalar a € F and
1 < 4,7 < n. Suppose there exists a nonzero scalar oy € F such that ¢(aoE;;) =0
for 1 < 4,7 < n. Since n > 3, then if i = j, we can select two distinct integers
1 < s,t < nwith s,t # 4; or if i # j, we choose an integer 1 < s < n with
s # 1, j, such that

g _ [ adi (o= B — (14 a0)Bi — (1 +ag")Ew)  ifi=j,
* 7\ adj (I, — By — Ejj — Egs + a5 ' Ej; — apEyy) if i # 5.
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Then

adJ (I, — Eys — (14 ) Eji — (1 +ag")Ey)) ifi=j,
adJ (]n Eu E]] ESS + OZO Eji — OéoEij)) if ¢ %j
(I, —

ad.] n Ess Ezz (1 + OZO )Ett> 1/1(0{0E“)) if1= j7
adJ (I, —

Eu E]] Ess + aO E]’L) - w(aoEij)) if ¢ 7é ]
adj ¥(1, —Ei—(14+ oy )Ett) if i = 7,
adJ U( ] —Ei—Ejj— Ey+ay'Ey) ifi#j

Y (adj (I, — Ess — By — (14 ag )Ett)) if i = j,
T\ ¢(adj (In— By — Ejj — Exs+ g 'Ey)) ifi#j

=¥(0) =

a contradiction. Therefore,
rank ¢(ak;;) =1 for every nonzero scalar a € F and 1 <1, j < n.

Let X € M, (F) be of rank one. Then there exist an invertible matrix P €
M,,(F) and a nonzero scalar A € F such that X = P(AE,)P~" for some integers

1 < s,t < n. We define the mapping ¢p : M,,(F) = M,,(K) by
op(A) = p(PAP™) for every A € M,,(F).
Let A, B € M, (F). We have
¢p(adj (A — B)) = ¥(P(adj (A - B)P™)
=(adj (P(A— B)P™")
= adj (Y(PAP™!) —¢(PBP™"))

= adj (¢p(A) — ¢p(B)).
Therefore, ¢p satisfies (AM2). Since ¢p(I,) = Y(PL,P™') = (I,) # 0, we

obtain rank ¢p(aF;j) = 1 for all nonzero scalar o € F and 1 < 4, j < n. Thus,

¢(X) = w(P()\Est)P_l) - QSP(AESt) lmphes
rank ¢(X) = 1 for every rank one matrix X € M, (F). (3.1)

Next, let A, B € M,,(F) such that ¢)(A) = ¢)(B). Suppose A — B # 0. Then

there exists a matrix C' € M,,(F) of rank at most n — 2 such that rank (A— B+
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C) =n — 1. Thus, rank adj (A — B + C) = 1. It follows that rank ¢ (adj (A —
B+ (C)) =1 by (3.1). On the other hand,
Y(adj (A= B+ C)) = adj ((A+C) —¢(B))
= adj (Y(A+C) —9(A))
=adj ¥(C)
—0
which is a contradiction. This implies A = B and hence v is injective.
Let A, B € M,,(F). Since 9 is injective, by Lemma 2.2.5,
rank (A—B)=n <=rankadj (A—B)=n
<= rank ¢(adj (A— B))=m

<= rank adj (¢(A) — (B

~—

)=m

<= rank (Y(A) —Y(B)) =m.

3.3 Some examples

We should point out that, in order to obtain a nice structural form of 1) which
satisfies condition (AM1) or (AM2), the condition of ¥(I,,) # 0 in Theorem 3.4.1
is indispensable. In Lemma 3.2.1, we proved that 1 sends all rank one matrices
to zero if ¢(1,) = 0. Under the condition of (AM1) or (AM2), beside the zero
mapping, there are some nonzero classical adjoint-commuting mappings sending
rank one matrices to zero. Thus, in this section, we give some examples of such

mappings.
Example 3.3.1. Let m,n be integers with m,n > 3 and let F and K be fields.

(i) Let 7 : M, (F) — K be a nonzero function and let 11 : M, (F) — M,,(K)
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be the mapping defined by

Gn(A) = T(A)(E1n) if Ae M, (F) is of rank r with 1 <r <mn,
Y0 otherwise.

(i) Let & :={adj A: A € M,(F) is invertible} and let ©5 : M, (F) — M,,(K)

be the mapping defined by

(A) = 0 ifAeM,(F)isofrank Oor 1, or A€,
2 | Ey; otherwise.

Example 3.3.2. Let m,n be integers with m,n > 4. We define the mapping
3 My (F) = M, (K) by
S Ey ifrank A =2,

P3(A) =< Eyy + Fy if Ais of rank r with 2 < r < n,
0 otherwise.

Example 3.3.3. Let m,n be integers with m,n > 5. We define the mapping

Yy 1 My(F) = M, (K) by

Ei + Eyy if rank A = r and r is odd,
y(A) =< Eoo+ Es3+ By if rank A =r and r is even,
0 otherwise.

It can be easily checked that each ; for i = 1,2,3,4 is a classical adjoint-
commuting mapping satisfying condition (AM1) or (AM2) with v;(1,) = 0. We

also observe that these mappings are neither injective nor surjective.

3.4 Characterisation of classical adjoint-
commuting mappings between matrix
algebras

Theorem 3.4.1. Let m,n be integers with m,n > 3, and let F be a field with

IF| =2 or |F| > n+ 1. Then ¢ : M,(F) = M,,(F) is a mapping satisfying
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(AM1) if and only if Y(A) = 0 for every rank one matrix A € M, (F) and

rank ((A) + ap(B)) < m—2 for all A, B € M, (F) and « € F; or m =n, and

Y(A) = A\PAP™" for every A € M,,(F)
or

Y(A) = APA'P™! for every A € M, (FF).

where P € M,,(F) is an invertible matriz and X\ € F is a scalar with \"™2 = 1.

Proof. The sufficiency can be proved easily. We now prove the necessity. We
observe that if ¢ satisfies (AM1), then v satisfies (AM2). Thus, Lemmas 2.2.4,
2.2.5, 3.2.1 and 3.2.2 hold for 1 satisfying (AM1). We first consider the case
where ¢(I,) = 0. By Lemma 3.2.1, ©)(A) = 0 for every rank one matrix A €
M., (F) and ¢ (adj A) = 0 for every A € M,,(F). Then we obtain adj (¢(A) +

a(B)) =(adj (A+aB)) =0 for all A, B € M, (F) and a € F. Thus,
rank (Y(A) + ay(B)) <m —2for all A, B € M,(F) and o € F.

Next, consider (1) # 0. Let A,B € M,,(F) and o € F. Then by Lemma

2.2.5, we have

rank (A+ aB) =n <= rank adj (A +aB) =n
= rank ¢(adj (A +aB)) =m
4= rank adj (¥(A) + av(B)) = m
= rank (V(A) + ayp(B)) = m.

It follows from Lemma 2.2.6 that ¢ is linear. Therefore, by [27, Theorem 3.4]

(or [2, Corollary 3.10]), we are done. O

Theorem 3.4.2. Let m,n be integers with m,n > 3, and let F and K be fields.

Then v : My (F) = M,,(K) is a surjective mapping satisfying (AM2) if and
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only if m =n, F and K are isomorphic, and

Y(A) = \PA° P~ for every A € M, (F)

or
P(A) = AP(A%) P! for every A € M, (F)

where o : F — K is a field isomorphism, A° is the matriz obtained from A by
applying o entrywise, P € M,,(K) is an invertible matriz, and A € K is a scalar

with \» 2 = 1.

Proof. The sufficiency part is trivial. We now prove the necessity part. Suppose
Y(I,) = 0. Then by Lemma 3.2.1, rank ¢)(A) < m — 2 for every A € M, (F).
This implies ¢ is not surjective. Therefore, ¥(,,) # 0 and hence by Lemma

3.2.2,
rank (A — B) =n <= rank (¢(A) —¢(B)) =m for all A, B € M, (F).
We consider two cases in this proof.

Case I: |F| # 2.
By [14, Theorem 3.2] and the fundamental theorem of rectangular matrices (see

Theorem 1.5.2), we have m = n and either

P(A) = PA°Q + R for every A € M,,(F)

or

Y(A) = P(A%)'Q + R for every A € M,,(F)

where ¢ : F — K is an isomorphism, P, Q) € M, (K) are invertible matrices, and

R € M, (K). For both cases above, R = 0 since 1(0) = 0. In addition, since
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adj ¥(I,) = v(adj I,) = (1), we have adj (PQ) = PQ. Thus,
Y(adj A) = adj (¥A)
— P(adj A)Q = adj (PAQ)
= PQ(Q ' (adj 4)Q) = (adj Q)(adj A)(adj P)

= PQ(Q™'(adj A)Q) =

(adj Q)(adj A)(det Q)(adj P)

o AL

1
det €
Q"
= PQ(Q™'(adj A)Q) = Q' (adj A)P~" det(PQ)I,
Q"

= PQ(Q'(adj A)Q) =

)(adj P)

— PQQ(adj A)Q) = @~ (adj A)P(adj (PQ))PQ.
Hence, we obtain PQ(Q!(adj A)Q) = (Q~(adj A)Q)PQ for every A € M, (F).
Since {Q7'E;Q : Ei; € M, (K)} spans M,,(K), it follows that PQ commutes
with all matrices in M,,(K). Thus, PQ = AI, for some nonzero scalar A € K.
Again, since ¢ (adj I,,) = adj ¥(I,), we have PQ = adj (PQ) and hence A\I,, =

adj (Al,). Therefore \"~? = 1. Consequently, the theorem holds.

Case II: |F| = 2.
Then rank (A 4+ B) = n if and only if rank (¢/(A) + ¥ (B)) = m for all A, B €
M, (F). Let A,B € M,(F) with rank (A + B) = n. Then (A + B) and

P(A) +(B) are of rank m. Since

(A + Badj ($(A+ B)) = det(¢(A + B)) L,
(V(A) +¢(B))adj (¥ (A) +1(B)) = det((A) + 1(B)) I

and
adj (Y(A+ B)) = ¢(adj (A + B))

= ¢(adj (A - B))
= adj (¥(A) —¥(B))
= adj (¢(A) +¢(B)),
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we have

Y(A+B) YA +¥(B)
det (A + B)  det(v(A) + ¢(B))

As det (A + B) = det(¢(A) + ¥(B)) = 1, we obtain (A + B) = (A) + ¢ (B)
for all A,B € M, (F) with rank (A + B) = n. By using similar argument as
in the last paragraph of the proof of Lemma 2.2.6, if can be shown that v is
additive. Therefore, the result follows from [29, Theorem 5.1] and [2, Corollary

3.10). 0
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Chapter 4

Classical adjoint-commuting mappings
on hermitian and symmetric matrices

4.1 Introduction

Throughout this chapter, unless otherwise stated, we let m,n be integers with
m,n > 3 and let F and K be fields which possess involutions =~ of F and * of
K, respectively. We let F~ := {a € F: @ = a} and K" the set of all symmetric
elements of F and K, respectively. It can be shown that F~ is a subfield of F
and we say that F~ is the fized field on the involution ~ of F whereas K" is the
fixed field on the involution * of K. The involution ~ of F is proper if ~ is not
identity and hence there exists i« € IF such that i = —i when [ has characteristic
# 2 and 7 = 1 4+ 4 when F has characteristic 2, such that F = F~ @ iF~ as an
F~-linear space. See [23] for more details .

In this chapter, we study the structure of ¢ : H,(F) — H,,(K) that satisfies

the following conditions (see (A1) and (A2) in Section 2.1):

(AH1) ¢(adj (A+ aB)) = adj (¥ (A) + ayp(B)) for all A, B € H,(F) and o € F~

when (F,”) = (K,"),

(AH2) ¥ (adj (A — B)) = adj ((A) — $(B)) for all A, B € H,(F).
4.2 Some basic properties

Let m,n be integers with m,n > 3. Let ¢ : H,(F) — H,,(K) be a mapping

satisfying (AH2). It can be easily shown that
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¥(0) =0 and ¢(adj A) = adj ((A)) for every A € H,(F).

Lemma 4.2.1. Let n be an integer with n > 3 and let A € H,(F) be a nonzero

matriz. Then there exists a matriz C' € H,(F) of rank at most n — 2 such that

rank (A+C) =n—1.

Proof. Suppose rank A =r. If r =n — 1, we choose C' = 0. We are done. We
assume 1 <7 <n—2. We choose C = P(E, 1,41+ ‘—l—En,Ln,l)?t. It is clear
that C' € H,(F) and rank C' < n—2. It can be shown that rank (A+C) =n—1
for both Forms (1.2) and (1.3) of A. If » = n, we let

O = P(—oan,m)?t if A is of Form (1.2),
P(Ey; + Ey) Pt if Ais of Form (1.3).

We note that if A is of Form (1.3), rank A = n > 4. Therefore, C' € H,,(F) with

rank C' < n —2 and rank (A+C)=n— 1. O

Lemma 4.2.2. Let m,n be integers with m,n > 3. Let ¢ : H,(F) — H,,(K) be
a mapping satisfying (AH2). Let P € M, (F) be a fized invertible matriz, and

let op : Hn(F) = Hin(K) be defined by
op(A) = w(PAI_Dt) for every A € H,(F).
If rank ¢p(I,) # m, then ¢pp(A) =0 for every rank one matriz A € H,(F), and

rank ¢p(A) < m — 2 for every A € H,(F).

Proof. Let A, B € H,(F). Then
adj ¢p(A — B) = adj ¢(P(A — B)P")

= y(adj (PAP' — PBP"))
= adj (Y(PAP') — (PBP"))
= adj (¢p(A) — op(B)).
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Thus, we obtain
adj op(A — B) = adj (¢p(A) — ¢p(B)) for all A, B € H,(F). (4.1)

By the definition of ¢p, Lemma 2.2.4 (a), (b) and (c) are true for ¢p.
Let 6 := det(PFt)"”, Y :=60""" and Q := adj P. It is clear that 6,9 € F~

are nonzero and rank ¢ = n. We now show that
6p(01,) = 0. (4.2)

Since adj (adj (PFt)) = det(P?t)”*QPﬁt — OPP' and rank op(l,) # m, we

have

op(01,) = V(P(01,)P")
= (0PP')
= ¢(adj (adj (PP)))
= adj (adj ¥(PP"))
= adj (adj ¢p(In))

=0.

Since

Y(WQ Q) = v(0™ 'adj (PP"))
— ¢(adj (0PP"))
= adj ¥(OPP")

= adj ¢p(01y),

we obtain
P(WQ'Q) =0 (4.3)

by (4.2). Next, we show that

w(@tﬁEiiQ) =0 foreveryi=1,--- n. (4.4)
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Leti=1,--- ,n. By " 'Ey; = adj (0(I, — Ej)), we have
V(@QVELQ) = (@ (0" Ex)Q)
= ¢((adj P')(adj (0(L, — Ei1)))(adj P)
= ¢(adj (P(01, — 0F;,)P'))
= adj (P (01, — 0E;)P)
= adj ¢p(0I, — OE;).
It follows from (4.1), (4.2) that

W(QVELQ) = adj (¢p(0L,) — $(0Ey))

=adj (—¢p(0Es))

=0
since rank ¢p(0F;) < 1 by Lemma 2.2.4 (a). The next claim is fori =1, -+ | n,
op(aE;;) =0 for every a € F. (4.5)

It is clear that the result holds if & = 0. We suppose « # 0. Then
dp(aBi) = V(P(aE;)P')
= (PO aEy)P)
— ¢((det P)" 2P0~ aEy;)(det P)"2P").
Since
adj (91, — 9E; — 9E;; + 079> "aEy;)) = 0 aky; with j # i
and adj Q = (det P)""2P, we obtain
op(aEy) = ¥((adj Q)adj (91, — VE; — VE;; + 079 "aE;;)(adj Q"))
= (adj (Q'(VI, — VE; — VE;; + 079> "0 E;)Q))
= adj ¥(Q (91, — VE; — VE;; + 679 "aE,;)Q)
= adj (V(IQ Q+ Q' (971> "aEy)Q — QUEQ) — v(Q VE;Q)).
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Thus, it follows from (4.3) and (4.4) that
op(aB;) = adj (V(WQ'Q +Q (07> "aE;)Q — QVEQ))
=adj (W(IQ'Q + Q' (0710* "aE},)Q) — v(QVELQ))
= adj (v(¥Q'Q + Q' (7 0* " E;)Q))
= adj (V(WQ Q) — ¥(~Q (071> "aE};)Q))
= adj (~(=Q' (071 "aE)Q))
=0

as rank 1h(—Q' (619> "aE;;)Q) < 1 and m > 3. This implies
adj op(A+ a1 B+ -+ + o Epy) = adj ¢p(A) (4.6)

for every A € H,(F) and a3, ,a, € F~. Since adj (I, — E;; — Ej; + aEj;) =
aF;;, we have
$(@ (@E:)Q) = ¢ ((adj Padj (I, — By — Bj; + aky;)(adj P))
= (adj (P(I, — Ei — Ej; + aEj;)P)
— adj Y(P(I,, — Ey; — Ej;; + aE;;)P")
= adj ¢p(l, — Eii — Ejj + aky;).

So, (4.1) and (4.5) imply

(Q (aEx)Q) = adj (¢p(L, — By — Ej;) — dp(—aEy))
= adj (¢p(L — Ei — ;)
= adj (¢p(I, — Ei) — ¢p(E};))
= adj (pp(1,) — op(Ew))

= adJ ng(In)
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Again, by applying (4.1) and (4.5) repeatedly,
W(@Q (@Bi)Q) = adj (¢p(Evi + Eay + -+ + Ey_11) = 6(—Eun))

=adj ¢op(Ev1 + Ex+ -+ Ep_10-1)

= adj ¢p(En).

Therefore,
1/1(@t(oini)Q) =0 for every « € F~ and for every i =1,--- ,n. (4.7)
It follows that

adj (V(A) — P(Q (B + -+ + nEnn)Q)) = adj (A) (4.8)

for every A € H,(F) and ay,--- ,, € F~. Let 4, j, k be distinct integers with

1<1,7,k<n. Let
Y;jk: = [n — Ez — Ejj — 2Ekk

Let a € F~ be nonzero. Then aa € F~ and
adJ (aEij + ani —+ Y;]k) = GEZ‘J' + aE]’i —+ ECZY;]']C

implies

W(Q (aBy; +aky; +aaYi)Q)
= ((adj P")adj (aEij + aEy; + Yiji)(adj P))
= adj (P(aEy; +aEj; + Yip)P)

= adj (ﬁp(CLEﬁ -+ ani -+ Y;]k)
Then by (4.5), we have

z/;(@t(aEij + ani + ECLY;]']C)Q)
= ad.] ¢P(aEij +anz + Y;‘jk - Ess - ¢P(_Ess)) for s 7é Za]

= adJ ngp(aEij + ani + }/@'jk - Ess)
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By using similar argument repeatedly, we obtain
¢(@t(aEij +alj; +aaYiy)Q) = adj ¢p(aliy + ak; — Ei)
= adj (¢p(aly; +akji) — op(Epr))
= adj ¢p(aE;; +akE;)
= adj Y(P(aBy + aEy;)P)
— ¢(adj (P(aEy +aE;)P))
= ((adj P')adj (aEy; +aEj)(adj P))
= Y(Q'€Q)
where £ = —aaFEy, if n =3, or £ =0 if n > 3. Thus
U(Q (aEy + aEy + aaYip)Q) = 0 (4.9)
for all distinct integers 1 < 4,7,k < n and scalar a € F~. Next, we claim that

¢p(A) = 0 for every rank one matrix A € H,,(IF).

Let A € H,(F) be of rank one. Then by Proposition 1.4.6, there exists a matrix
B = (bij) € Hu(F) of rank n — 1 such that #~' A = adj B. Thus,
dp(A) = $(PAP)
= $(OP(O A)P)
= ¢(det(PP")""2)P(adj B)P')

by substituting 6 = det(PFt)”d. Then we have
op(A) = 1((det P)"2P(adj B)(det P')"*P")
= ¥((adj Q)(adj B)(adj Q"))
= ¢(adj (Q'BQ))
= adj ¥(Q'BQ).
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Since B € H,(F), b = bji forall 1 <i < j < n, and b;; € F~ for every 1 <i < n.

Then we obtain

¢p(A) = adj ¢ ( Y QB +bE)Q + Z@t(bn’En’)Q>

1<i<j<n i=1
. —t —
= adj ¢ ( > Q(byE; + bjiEji)Q>
1<i<j<n

by (4.8). Thus,

. —t T _ _ -
¢P(A) =adj ¥ Z Q [(bﬂEﬂ + bﬂEm) + aaYiop — ((IEQl +aFi2 + aaYlgk)]Q
1<i<j<n,
i#landj£2

and it follows from (4.9) that

op(A) =adj ¥ Z @t[(bﬁEji + b Eij) 4+ @aY1,]Q
1<i<j<n,
i#1and;#2

By letting a = by, we obtain

¢p(A) = adj ¢ Z @t(bjiEji +b;iEi)Q + Q (barba1Yio)Q
1<i<jsn,
i#landj#2

Thus,

¢p(A) =adj | ¥ E @t(bjiEji +b;:E:i)Q | — w(_@t(bmbmyuk)Q)
1<i<j<n,
i#landj#2

. =t 7
=adj ¢ | Y Q(biEji+b;iE;)Q
1<i<j<n,
i#£landj#2

by (4.8). Continuing using similar arguments, we obtain

: —i —
¢p(A) = adj ¥ > QB +biE;)Q
1<i<j<n,
i#landj#2,3

= ad.] ¢(@t(bn,n—1En,n—1 + bn,n—lEn—l,n)Q)-

50



Let b = by, ;,—1. Then
¢p(A)
= adj Y@ OYa-snn2 — (=0 Bans + () Eutn + (D) (D) Yam1,002))Q)
= adj (@ B0Vt n2)Q)
= adj (0 — (~Q (BVY;-1.10-2)Q))
= adj (¥(0) = ¥(~Q @VYi-1.10-2)Q))
= adj ¥(0)
— 0.
Therefore, ¢pp(A) = 0 for every rank one matrix A € H,(F).
It is clear that adj ¢pp(A) =0 if A =0. Let A € H,(F) be of rank r with 1 <
r < n. Then by Lemma 2.2.1, there exist rank one matrices Ay, --- , A; € H,(F)
with r < s <7+ 1 such that A = A; + --- + A,. It follows from (4.1) that
adj ¢p(A) = adj dp(Ar + - + Aj)
= adj (¢p(A1+ -+ Ay1) — d(—Ay))
=adj ¢p(A1 + -+ Aq).

By using (4.1) repeatedly, we have
adj ¢p(A) = adj op(A1) = 0.
In conclusion, rank ¢p(A) < m — 2 for every A € H,(F). O

Lemma 4.2.3. Let n be an integer with n > 3. Let ¢ : H,(F) — H,(K) be
defined by

W(A) = AQA’Q" for every A € H,,(F)

—

where o : (F,7) — (K,™) is a nonzero field homomorphism satisfying o(a) = o(a)

for every a € F, Q € M, (F) is an invertible matriz and A € K" is a nonzero
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scalar. If adj ¥(I,) = ¥(I,), then there exists a nonzero scalar ¢ € K" such that
Q'Q = (I, and (A)" % = 1.

Proof. Since adj ¥(I,) = w(I,), we obtain adj (AQQ') = AQQ! which implies

A L(adj QY)(adj Q) = AQQ". Then
QQ" = X\"*(adj Q")(adj Q)

and hence
(Q'Q)* = Q'(QQHQ = Q'(\"*(adj Q") (adj Q))Q
= A"2Q"(adj Q") (adj Q)Q = A" 2 det(Q'Q)I,.
Thus

(Q'Q)? = A" 2 det(Q'Q)I,. (4.10)
Eij + Eji), we obtain
adj v (In — By — Ej; + Eij + Ejy) = ¢(adj (I, — By — Ej; + By + Ej))
= (= — Eii — Ej; + Eyj + Eji)).

It follows that
adj A\Q(I,, — Ey; — Ej; + Eij + E;)Q") = —=\Q(I,, — Ey — Ej; + Ei; + E;;) Q"

and hence
N1 (adj @t)adj (I, — By — Ej; + By + Eji)(adj Q)

= —\Q(I, — Ey — E;; + Eyj + E;)Q*

By computing

)\n_Q(adj @t)(ln — By —Ej;+Ej;+Ej;)(adj Q) = Q(I, — By — Ej; + Ejj + Eji)@t

= \"2Q%(adj Q1) (In—Eii—Ejj+Ei+Eji) (adj Q)Q = Q'Q(In—Eyi—Ejj+Eij+E;)Q'Q

52



= N2 det(Q'Q) (I, — By — Ejj+ Eij+ E;;) = Q'Q(I,— By — E;;+ Eij+ E;:)Q'Q.

By (4.10), we have
(QONQQ) (I — Eii — Ej;+ Eij+ Eji) = (Q'Q)(In — Eii — Ej; + Eyj + E;)(Q'Q)
which implies

(Q'Q)(In — Eyi — Ejj + Eyj + Eji) = (I, — By — Ejj + Ey; + E;:)(Q'Q)

for all 1 <i < j < n. Hence Q'Q = (I, and also QQ! = (I,, for some nonzero
scalar ¢ € K since Q'Q € H,(K). Moreover, adj (A\(I,,) = adj (AQ@t) implies
AL, = adj (1) = (1)

= \QQ" = X(I,.
Therefore, (A\)" 2 = 1. O

Lemma 4.2.4. Let m,n be integers with m,n > 3. Let ¢ : H,(F) — H,,(K) be

a mapping satisfying (AH2). Then the following statements are equivalent.

(a) ¢(I) = 0.

(b) ¥(A) =0 for every rank one matriz A € H,(F).

(c) rank ¥(A) < m —2 for every A € H,(F).

(d) ¥(adj A) =0 for every A € H,(F).
Proof. By letting P = I,, in Lemma 4.2.2, we have ) = ¢p. Then we obtain (a)
— (b) = (¢). ¥(I,) = ¥(adj I,,) = 0 shows that (d) = (a).

We now show (¢c) == (d). Let A € H,(F). Since rank ¢)(A) < m — 2,

d(adj A) = adj (1(4)) = 0. =
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Lemma 4.2.5. Let m,n be integers with m,n > 3. Let ¢ : H,(F) — H(K)
be a mapping satisfying (AH2). Let P € H,(F) be an arbitrarily fized invertible

matriz. Let ¢p : H,(F) — H,,(K) be defined by
op(A) = 1/J(PA?t) for every A € H,(F). (4.11)

If rank ¢p(I,) = m, then rank ¢p(aEy) = 1 for all integers 1 < i < n and

nonzero SC(IZCLTS o € Fi.
Proof. We let () := adj P. Then
$(Q'Q) = ¥(adj P'adj P) = ¢(adj (PP")) = adj &(PP') = adj ¢p(L,)

which implies rank w(GtQ) = m. Thus,

rank (adj ¥(Q'Q)) = m. (4.12)

We claim that

rank ¢(F;) =1 for everyi=1,---  n.

By (4.1),

rank ad] ((bp(En-) — ¢p ( Zn: _Ejj>> =rank adj ¢p (Em - ( 2": _Ejj)>

J=Lj#1 J=Lj#i

= rank adj ¢p(I,)
=m.

This implies rank (qup(E,-i) — ¢p (Z?:L#i —E; )) = m and hence

rank (¢p(E;;)) + rank (qbp ( Z —Ejj>) > m.

=1,

In addition, by the definition of ¢p, (4.13), Lemma 2.2.4(a), (b) and (c) hold for
¢p as well. It follows that rank ¢p(E;;) < 1 and rank ¢ <Z?:17#i —FE; ) <m—1.

Therefore, rank ¢p(E;;) = 1.
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By Lemma 2.2.4(a), rank ¢p(aF;;) = rank ¢(aF;) < 1 for every 1 < i< n
and nonzero scalar @ € F~. Suppose there exist 1 < 79 < n and a nonzero
scalar oy € F~ such that ¢p(aoEiyi,) = 0. As n > 3, we can choose two distinct

integers 1 < s <t < n with s,t # i such that
—E,,=adj (I, — Ess — (1 + ) Eipiy — (1 — ag ') Ey).

Then we have

t

W(Q'(—E4)Q) = (adj (P(I, — Eyy — (1 + ) Eiig — (1 — 0y ) Ey)P"))
— adj Y(P(I, — Eus — (14 a0) Eigig — (1 — ag ") Ey) P"))

= adj ¢p(I, — Ess — (14 ) Eigis — (1 — ag ') Eyy).
By (4.1),

—t

Y(Q (—Es)Q) = adj ¢p(ly — Ess — Eigiy — (1 — O‘al)Ett — (0 FEigi,))

= adj (¢p(I, — Ess — Eigiy — (1 — o) Ey) — ¢p(aoEiyi, )

and hence

—t

(Q (—Es)Q) = adj ¢p(L, — Egs — Eigiy — (1 — ') Eyy)

= adj W(P(I, — Ess — Eigiy — (1 — ag ) Ew)P')
= ¢(adj (P(L, — Bu — By — (1= 05 ") Ey)P))
= y((adj P')(adj (I — Eus — Eiiy — (1 — o) ) (adj P))
= (@' (adj (I — Ess — Eigiy — (1 — a5 1) En)) Q).

Since adj (I, — Eys — Ejiy — (1 — ag V) Ey) = 0, we obtain 9(Q'(—Ess)Q) = 0.

Next, we compute

adj $(Q'Q) = adj ¥(Q ((In — Eus — Eu) + Eas + Eu)Q)

= adj $(Q ((In — B — Bu) + E)Q — Q' (—En)Q)
= adj (W(@Q (I — Bww — Bu) + B)Q) — (@ (—Eu)Q))

= adj Y(Q' (I, — Eus — En) + E4)Q)
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and hence
—t —t

adj (Q'Q) = adj (W(Q'(In — Ees — En)Q) — %(Q (—Ew)Q))
= adj ¢(@t(]n — B — Ett)Q>

= ¥((adj Q)(adj (I — Eus — Eu))(adj Q).
Since adj (I, — Ess — Ey) = 0, adj w(@tQ) = 0 which contradicts with (4.12).

We are done O

Lemma 4.2.6. Let m,n be integers with m,n > 3. Let ¢ : H,(F) — H,,(K) be
a mapping satisfying (AH2). If ¥(1,) # 0, then ¥ is injective and
rank (A — B) =n <= rank (¢(4) —¢(B)) =m
for all A, B € H,(F).
Proof. Let A € H,(F) be of rank one. Then by Proposition 1.3.1, there exist

an invertible matrix P € #,(F) and a nonzero scalar ¢ € F~ such that A =
P(aByn)P'. Let ¢p : Ha(F) = Hon(K) be defined by

¢p(A) = (PAP") for every A € H,(F). (4.13)
Since adj ¥(I,) = ¥(1I,) and ¥(I,) # 0, it follows that rank ¢ () = m and
hence rank ¢p((P'P)~1) = m as ¢p((P' P)~1) = »(P(P'P)~'P") = (1,). This
implies rank ¢p(l,,) = m by Lemma 4.2.2; otherwise, rank ¢p(A) < m — 2
for every A € H,(F) which contradicts with rank (bp((ftP)_l) = m. Thus,

rank adj ¢p(I,) = m. It follows from Lemma 4.2.5 that rank ¢p(aF;;) = 1 for

all integers 1 < ¢ < n and nonzero scalars a € F~. Hence,
rank ¢(A) = rank w(P(aEH)Ft) =rank ¢p(aFEy;) =1

Let A, B € H,(F) such that ¢)(A) = ¢)(B). Suppose A — B # 0. Then by

Lemma 4.2.1, there exists a matrix C' € H,,(F) of rank at most n — 2 such that
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rank (A — B+ C) = n — 1. Hence, rank adj (A — B + C') = 1. This implies
rank ¢(adj (A — B+ C)) =1 by Lemma 4.2.5. On the other hand,
Y(adj (A= B+ C)) = adj ((A+C) —¢(B))
= adj (Y(A+C) —9(A))
=adj ¥(C)
—0
which is a contradiction. Therefore A = B implies v is injective.
Let A, B € H,(F). As ® is injective, by Lemma 2.2.5, we have
rank (A— B) =n <= rank (A —B)=m
<= rank adj (A —B)=m
— rank adj (12(4) —¥(B)) = m

<= rank (¢Y(A) —¢(B)) =m.

4.3 Some examples

If ¢ satisfies condition (AH1) or (AH2), we have adj ¢(I,,) = v¥(I,). Thus,
Y(I,) is either zero or invertible. If ¢(I,,) = 0, ¢ sends all rank one matrices
to zero by Lemma 4.2.4. By referring to Theorem 4.4.2 and Theorem 4.5.2, the
condition ¥(I,) # 0 is indispensable as there are some mappings ¢ satisfying
condition (AH1) or (AH2) which are nonzero and send all rank one matrices to
zero. Thus, we give some examples of such mappings in this section.

Let m,n be integers with m,n > 3, and let F and K be fields which possess

involutions ~ of F and " of K, respectively.
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Example 4.3.1. Let 7 : F~ — K" be a nonzero function. We define the mapping

Py 2 Hp(F) — Hpn(K) by

¢1(A) =

m(a1) 757 By if A = (ay;) € Hu(F) is of rank 7 with 1 < < n,
0 otherwise.

Example 4.3.2. Let m,n > 4. Let f : H,(F) — K" be a nonzero function and

—_

let o : (F,”) — (K,") be a nonzero field homomorphism such that o(a) = o(a)

for every a € F. Let ¢ : H,,(F) — H,,,(K) be the mapping defined by

f(A)EH if rank A = 2,
Pa(A) = ¢ o(ar2)Ere +o(ag)Eyn if A= (a;;) € Hu(F) is of rank r,2 < r < n,
0 otherwise.

Example 4.3.3. Let m,n > 5. Let 7 : F~ — K” be a nonzero function and let

—

o:(F,7) = (K) be a nonzero field homomorphism such that o(a) = o(a) for

every a € F. Let A = (a;j) € H,(F) and let ¢3 : H,,(F) = H,n(K) be defined by

T(a11)Ery + T(age) Eos ifrank A=r,1<r <mn,risodd
P3(A) = < o(aiz)Era + o(ag ) Eay + 7(ass)Ess if rank A =171 <r <n,r is even
0 otherwise.

Example 4.3.4. Let m > n+ 2 and let £ = {adj A : A is invertible}. Let
g : Hn(F) = H,,(K) be a nonzero mapping and let ¢y : H,(F) — H,,(K) be

defined by

ba(A) = 0 if Ae H,(F)isofrank 0 or 1, or A € &,
ST 9(A) @0, otherwise.

It can be verified that each ¢; for i = 1,2, 3,4 satisfies condition (AH1) or

(AH2) with 1;(1,,) = 0. These mappings are neither injective nor surjective.
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4.4 Characterisation of classical adjoint-
commuting mappings on hermitian ma-
trices

Let m, n be integers with m,n > 3. Let F be a field which possesses an involution
~ of F. We observe that if a mapping ¢ : H,(F) — H,,(IF) satisfies condition
(AH1), then it satisfies condition (AH2). Moreover, if (I,) # 0, then ) is
injective by Lemma 4.2.6. By using similar arguments as in the proof of Lemma

4.2.6, it can be shown that
rank (A4 aB) =n <= rank (¢(A) +ay(B)) =m (4.14)
for all A, B € H,(F) and o € F~.

Theorem 4.4.1. Let m,n be integers with m,n > 3. Let F and K be fields
which possess involutions ~ of F and ™ of K, respectively, and ~ is proper. Then
Y Hp(F) = Hip(K) is a classical adjoint-commuting additive mapping if and

only if either v =0, or m =n and

W(A) = APA’ P for every A € H,,(F)

—

whereo : (F,”) = (K,™) is a nonzero field homomorphism satisfying o(a) = o(a)
for every a € F, A% is the matrix obtained from A by applying o entrywise,
P € M,(K) is invertible with P'P = (I, and A\, € K" are scalars with

(™2 = 1.

Proof. The sufficiency is obvious. We now prove the necessity. Since v is ad-
ditive, it can be easily shown that 1 satisfies (AH2). In addition, ¥ (I,,) = 0 or

rank w(In> = m as ad] w(In) = w(In)
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Case I: ¢(I,) = 0.
By Lemma 4.2.4, ¢)(A) = 0 for every rank one matrix A € #,(F). Then it

follows from Lemma 2.2.1 and the additivity of ¢ that ¢» = 0.

Case II: rank ¢ (1,) = m.
Then by Lemma 4.2.6, v is injective. Moreover, rank )(A) < 1 for every rank
one matrix A € H,(F) by Lemma 2.2.4 (a). This implies that ¢ preserves rank

one matrices. Next, we suppose n > m. Note that

m = rank (1[,,) < Zrank Y(Ey) =n
i=1

by the additivity of ¢». By [5, Theorem 2.1], there exist integers 1 < t; < -+ <

te < n, with m < ¢ < n such that rank ¢(Ey s, + -+ + Ey,+,) = m. Thus,
m = rank adJ w(Etltl + -+ Etete) = rank w(ad.] (Et1t1 +-- 1+ Eth)) < 1

as ¢ < n. This is a contradiction since m > 3. Thus m = n. By [23, Main

Theorem, p.g.603] and [16, Theorem 2.1 and Remark 2.4], we have

W(A) = APA’ P for every A € H,(F)

—_

where o : (F,” ) — (K,") is a nonzero field homomorphism satisfying o(a) = o(a)
for every a € F, P € M, (F) is an invertible matrix and A € K" is a nonzero

scalar . Since adj ¥(1,,) = ¥(1,,), it follows from Lemma 4.2.3 that

P'P = (I, and (\()" 2 = 1.

Theorem 4.4.2. Let m,n be integers with m,n > 3 and let F be a field which

possesses a proper involution ~— of F such that either |F~| =2 or |F~| > n+ 1.
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Then ¢ : Hy(F) = H,o(F) is a mapping satisfying (AH1) if and only if (A) =0
for every rank one matriz A € H,(F) and rank (¢(A) + ap(B)) < m —2 for all

A BeH,(F) andaa € F~; or m=n and
P(A) = APAD' for every A € H,,(F)

where P € M, (F) is invertible with P'P = (I, and \,¢ € F~ are scalars with

(A2 = 1.

Proof. The sufficiency part is obvious. We now consider the necessity. If ¢(I,,) =
0, then by Lemma 4.2.4, ¢(adj A) = 0 for every A € H,(F). By the definition

of 1, this means
adj (Y(A+ aB)) =1(adj (A+aB)) =0
for all A, B € H,(F) and o € F~. Therefore,
rank ((A) + a(B)) < m — 2

for all A, B € H,(F) and o € F~.
Next, we consider 1(1,,) # 0. Then we have (4.14) and hence by Lemma 2.2.6,

¥ is additive. In view of Theorem 4.4.1, the result is obtained immediately. [

Theorem 4.4.3. Let m,n be integers with m,n > 3. Let F and K be fields
which possess involutions =~ of F and ™ of K, respectively, such that |[K"| = 2,
or [F7|,|K" > 3, and F and K are not of characteristic 2 if ~ and " are the
identity mappings. Then ¢ : H,(F) — H,,(K) is a surjective mapping satisfying

(AH2) if and only if m =n, F and K are isomorphic, and
W(A) = APA’P" for every A € H,,(F)
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—

where o : (F,7) — (K,) is a field isomorphism satisfying o(a) = o(a@) for every
a € F, A7 is the matriz obtained from A by applying o entrywise, P € M, (K)

is invertible with PP = CI,, and X\, € K" are scalars with (\)" 2 = 1.

Proof. The sufficiency part is clear. We now consider the necessity part. If
W(I,) = 0, then rank ¥ (A) < m — 2 for every A € H,,(F) by Lemma 4.2.4 which
contradicts that 1 is surjective. Thus ¢(l,) # 0. Due to Lemma 4.2.6, 1 is

injective and hence bijective. In addition,
rank (A — B) =n <= rank (¢(A) —¢(B)) =m for all A, B € H,(F).
Now, we consider two cases

Case I |[K"| = 2.
Then rank (A — B) = n <= rank (¢¥(A) + ¢(B)) = m for all A, B € H,(F).
Let A, B € H,(F) with rank (A — B) = n, then by Lemma 2.2.5,

rank (A — B) = rank (¢(A) —¢(B))

= rank (¢(A) +¢(B))

Thus,
(A — Badj (A — B) = det (A — B)I,,
and
(¥(A) +¢(B))adj (P(A) +¥(B)) = det(P(A) + ¢ (B)) L.
It follows that

Y(A — Bladj (A~ B) _ (¥(4) +¢(B))adj (¥(4) +9(B))

det (A — B) det(¢(A) +¥(B))

Hence,

V(A-B) _ ¢(A)+¢(B)
det (A — B)  det(y(A) +
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since adj (¢(A)+1(B)) = adj ((A)—¥(B)) = v(adj (A— B)) = adj $(A— B).

As det (A — B) = det((A) 4+ (B)) = 1, we have
(A — B) = p(A) + (B) for all A, B € H,,(F) if rank (A — B) = n.
By the injectivity of ¢ and
(—In) = (0 = I,) = $(0) + (1) = U(I),

we have I, = —I, and hence F is of characteristic 2. Thus, —A = A for every

A € H,(F). This implies A— B = A+ B for all A, B € H,(F). Therefore,
Y(A+ B) =9y(A)+¢(B) for all A, B € H,,(F) if rank (A — B) =n. (4.15)

Next, we consider the case where rank (A — B) < n. By Lemma 2.2.2 (b), there
exists a matrix C' € H,(F) such that rank (A + C) = rank (A + B + C) = n.

Then by (4.15), (A + C) = 1h(A) + ¢(C) and
Y(A+ B)+9(0) = W(A+ B+ 0) = w(A+C) +$(B) = b(A) +¥(C) + ¥(B).
This implies

W(A+ B) = (A) +(B) for all A, B € H,(F).
by Theorem 4.4.1 and the bijectivity of 1, the result is proved.

Case II: |F~|,|K"| > 3, and F and K are not of characteristic 2 when ~ and "
are the identity mappings.
By [14, Theorem 3.6] and the fundamental theorem of the geometry of hermitian

matrices, Theorem 1.5.4, we have m = n, F and K are isomorphic and

W(A) = A\PA”P' + Ry for every A € H,,(F)
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where o : (F,”) — (K,") is a field isomorphism satisfying o(a) = o(a) for every
a € F, A is the matrix obtained from A by applying o entrywise, P € M, (K)
is invertible, Ry € H,(K) and A € K" is a nonzero scalar. As ¢(0) =0, Ry = 0.
We also have adj ¢(I,,) = ¥(adj I,,) = ¥ (I,). By Lemma 4.2.3, there exists a

nonzero scalar ¢ € K” such that
P'P = (I, and(\()" 2 = 1.
We are done. O]

4.5 Characterisation of classical adjoint-
commuting mappings on symmetric matri-
ces

Let F be a field which possesses an involution ~ of F. If ~ is identity, then

H,(F) = S, (F).

Theorem 4.5.1. Let m,n be integers with m,n > 3 and let F and K be fields.
Then ¢ : Sy(F) = S,,(K) is a classical adjoint-commuting additive mapping if

and only if v =0, or m =n and
V(A) = APA° P for every A € S,(FF)

where o : F — K is a nonzero field homomorphism, A° is the matriz obtained
from A by applying o entrywise, P € M, (K) is invertible with P'P = (I,,, and

A, ¢ € K are scalars with (A\()" 2 = 1.

Proof. The sufficiency part can be shown easily. We now show the necessity

part. By using similar arguments as in Theorem 4.4.1, we can prove that either

64



v = 0, or m = n, ¥ is injective and preserves rank one matrices. In addition,

rank adj ¢(,) = n. By [15, Theorem 2.1], ¢ is of the following forms:
(I) ¥(A) = APA? P! for every A € S,,(F), or
(IT) Y(A) = Qp(A)Q! for every A € S, (F) if n =3 and F = Zy := {0, 1}
where 0 : F — K is a field homomorphism, P € M, (F) and @Q € M;3(F) are

invertible, A € K is nonzero and p : S3(Zy) — S3(K) is an additive mapping

preserving rank one matrices with rank p(I3) = 3.

Case L.
Since adj ¢(1I,,) = ¥(adj I,,) = ¥(I,), by Lemma 4.2.3, we have P'P = (I,, and

(A)"2 =1, as desired.

Case II.
We observe that p is nonzero. Since 1) is additive, ¥(A) = h(—A) = —ih(A)
for every A € S3(Z;). Thus, K is of characteristic 2. Let A € S3(Z,). From
adj (¢(A)) = ¥(adj A), we have
adj (Qp(A)Q") = Qp(adj A)Q'
— (adj Q)adj (p(A))(adj Q) = Qp(adj A)Q!
= Q' (adj Q")adj (p(4))(adj Q)(Q™")" = p(adj A)

— pladj 4) = Hadj (p(A) H'
where H = Q'(adj Q') € M3(K). Since 9 satisfies (AH2) and 1) is injective,

by Lemma 2.2.5 ,
rank A =3 <= rank ¢¥(A) =3 <= rank p(4) = 3.

So, rank p(E; + E;;) =2 for all 1 < i # j < 3 as p preserves rank one matrices

and rank p(I3) = 3. Since rank p(Ey;) = 1, by Proposition 1.3.1, there exist an
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invertible matrix P; € M3(K) and a nonzero scalar a; € K such that p(Ey;) =
a1 P Ey P}. Let

p(Ex) =P <‘121t gi) Py
where u; € K, Vi € M;5(K) and U; € S(K). If Uy = 0, then V; = 0 since
rank p(FEss) = 1 and hence rank p(FE; 4+ Eas) < 2, a contradiction. Thus U; # 0.
This implies rank U; = 1 as rank p(FEs;) = 1. Again, by Proposition 1.3.1, there
exist an invertible matrix P, € My(K) and a nonzero scalar ap € K such that

U1 = OéQPQEllP%. Then we have

U Vi
Es) = P, as 0 P!
p(Ea2) 1 Vlt P, 2 Pzt 1
0 O
Uy U1 V12
1 0 1 0
= P1 ( ) V11 Qo 0 ( t) Plt

where Vi = (v1; v12). As rank p(Fy) = 1, we have v;y = 0 and u; = v} a5

Thus,
p(Ea2)
-1
10 1 vnoy 0 0O 0 O 171001015
:Pl 0 P 0 1 0 0 [6%) 0 V1109 1 0 0 Pt Pl
2\0 o 1/ \0o 0 o0 0 01 2
:@2P3E22P§

where Py = P, (0 P 1 0| € M3(K) is invertible. Let
2

1 UHOéQ_I 0
1 0) 0
0 0 1
U, V-
p(Es3) = P <V§t ozj,) Py

with ag € K, V5 € My1(K) and Uy € Sy(K). Since rank p(Fs33) = 1 and

rank p(I3) = 3, we have az # 0 and hence U, = a3 'VaV4. Thus,

00 O
I, a3V I 0
p(Egg) = P3 <02 31 2) 0 0 0 (a_]_QVt 1) P?f
0 0 Q3 3 2
= 043P4E33Pi
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I, 04;;1%

where Py = P < 0 |

) € M;3(K) is invertible. Then p(E;) = o; PyE; P}

for + = 1,2, 3 and this implies

V(Ey) = Qp(Ey)Q" = ;QPyEy(QP,) for i = 1,2, 3.
By letting P = QP, € M3(K), we obtain
V(Ey) = a;PE; P for i =1,2,3.
Let 1, 7, k be three distinct integers with 1 < 4,7,k < 3. Then
E;; = adj (Ej; + Ex)
— ¢(Ei) = ¢(adj (Ej; + Ew))
— a;PE;P' = adj (Y(Ej;) + ¥ (Ew))

- P(OézEm)Pt = adJ (OéjPEijt + ()ékPEkth>.
This implies
P'P(a;Ey) = P'adj (P(o;Ej; + a Egy,) P (P~

= P'(adj P")adj (o;E;; + i Exr)(adj P)(P") ™"
Since P'(adj P') = (det P*)I3, we obtain
P'P(o; Ey;) = (det P") (oo Ey)(adj P)(P") ™!

= (ajarEy)(adj P)(det PY)(PY)~*
= (oo Ey)(adj P)(adj P

= (ozjakEii)adj (PtP)
Hence, P'P = diag ({1, (3, (3) for some nonzero scalars (1, (s, (3 € K. Thus, we

get
V(Ey) = o;PE;P' = a;PE;;(P'P)P™' = \\PE;P " fori=1,2,3

where \; = o;(; € K is nonzero. We let D;; := E;; + E;; € S3(Zy). Let ¢(D;;) =

PA,;P7! with A;; = (ag) € S3(K). We now show that \; = \j = A\, = 1
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where ¢, j, k are distinct with 1 < 4,5,k < 3 and A;; = D;;. As adj D;; = Ey,
we obtain adj (¢(D;;)) = ¥ (adj D;j) = ¥(Ek) is of rank one. This implies
rank ¢(D;;) = 2. Thus,

Y(Dij)¥(Egk) = (Dyj)adj ¥ (Dy;) = det ¢(Dij) I3 = 0

= (PA;P ") \MPEwP™) =0.

Therefore, we have A;;Ex, = EppAi; = 0 implies ag, = ags = 0 for s = 1,2, 3.
Since rank (D;; + Ej; + Ej;) = 1 implies rank ¢(D;; + E;; + Ej;) = 1, we get

rank (AZJ + )\zEu + )\]Ejj) = 1. rI‘hU.S7

(@i + Ni)(aj; + X5) = aij.

(4.16)

If a;; = 0, we obtain a;; = —A; or aj; = —\; but not both as A;; # 0. Suppose

i = _)\z Then
V(Dyj + By + Ep) = P(Aij + N\iBii + M Ey,) P = P(aj; Ejj + M Epy) P

implies

rank IZJ(DU + E; + Ek;k) = rank (CijEjj + )\kEkk) < 3.

However, rank ¢(D;;+ E;;+ Ey,) = 3 <= rank (D;;+E;+ Ey) = 3 by Lemma
2.2.5. So, that is a contradiction. Therefore a;; # —)\;. By similar arguments,

aj; # —\;. These imply a;; # 0. Since adj (D;; + Exr) = D;j + Eki, we have
adj ¥(Dy; + Egi) = ¥(adj (Dyj + Exi)) = (Dij + Exk)

and hence
adj (PAZ‘J-Pf1 + )\kPEkkpfl) = PAZ-J-P*1 + M PE P71

which implies that
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ThU.S, —)\kai]’ = Qy4j5, aii)\k = Qjj and

a;iQj; — a?j = A\ (4.17)

These imply Ay = 1 and a; = a;; as K is of characteristic 2 and a;; # 0. Since

adj (V(Ey + Exi)) = ¥(adj (Ey + Eg)) = ¥(E;;), we have
adj (P(\;Ey + M Eg) P71 = P(\E;) P

and hence A\, = ;. Thus, \; = \; as A\, = 1. In addition, adj (¢Y(E; + Ej;)) =

w(adj (E” + Ejj)) = ¢(Ekk) implies
adj (P()\ZE“ + )\jEjj)Pil) = P()\kEkk)Pil

and hence \;\; = A\z. We obtain \; = \; = 1. Now, consider adj (¢(D;;+E;;)) =
Y(adj (Dij+E;;)) = ¢(Exk). We have adj (P(A;;j+Ej;)P~') = PEg P! implies

adJ (A” + Ejj) = Ekk Thus,
aii(ajj + 1) — Cl?j =1. (418)

Equations (4.17) and (4.18) imply a; = aj; = 0 and hence a;; = 1 as the
characteristic of K is 2. Therefore A;; = D;;. So, ¥(A) = PAP™! for every
A € 85(Zy). Since (PAP™Y)! = PAP™!' we have P'PA = AP'P for every
A € S5(Zy). This implies that there exists a nonzero scalar ¢ € K such that

P'P = (~'I5. Thus, we conclude that
P(A) = CPAP! for every A € S3(Zy).
L]

By letting ~ and " be identity, we obtain Theorem 4.5.2 from Theorem 4.4.2

and Theorem 4.5.3 from Theorem 4.4.3.
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Theorem 4.5.2. Let m,n be integers with m,n > 3. Let F be a field with either
IF| = 2 or |[F| > n+ 1. Then ¢ : Sy(F) — Sn(F) is a mapping satisfying
(AH1) if and only if either ¢(A) = 0 for every rank one matriz A € S, (F) and

rank (¢(A) + ay(B)) < m—2 for all A,B € S,(F) and o € F; or m =n and
P(A) = APAP" for every A € S,(F)

where P € M, (F) is invertible with P'P = (I,, and \,( € F are scalars with

(A2 = 1.

Theorem 4.5.3. Let m,n be integers with m,n > 3. Let F and K be fields
with |K| = 2, or |F|,|K| > 3 and F and K are not of characteristic 2. Then
Y S(F) = Su(K) is a surjective mapping satisfying (AH2) if and only if

m =mn, F and K are isomorphic, and
V(A) = APA°P* for every A € S,(F)

where o : F — K is a field isomorphism, A° is the matriz obtained from A by
applying o entrywise, P € M, (K) is invertible with P'P = (I,,, and \,{ € K

are scalars with (A\()" 2 = 1.

4.6 Characterisation of classical adjoint-
commuting mappings on 2 X 2 hermitian
and symmetric matrices

Let F and K be fields which possess involutions ~ of F and ” of K, respectively.
We recall that if — and " are proper, then there exists i € F with 7 = —i when
IF has characteristic not 2, and i = 1 + ¢ when F has characteristic 2 such that

F = F~ @ iF~. Respectively, there exists 7 € K such that K = K" & jK". To
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conclude this chapter, we give a general description of mappings ¢ : Ha(F) —
Ho(K) satisfying condition (AH1) or (AH2).
Let Vi,---,V, be F--vector spaces over F and let W be a K"-vector space

over K. We know that if f:V; x --- xV,, = W is an additive mapping, then
flor, o) = i) 4+ -+ dn(vn) for all (vr,--- o) € Vi x--- XV,

where ¢; : V; — W is an additive mapping with ¢;(v;) = f(0,---0,v;,0---,0)
for every v; € V; and i = 1,--- ,n. Furthermore, if (F,”) = (K,*) and f is an
F~-linear mapping which means f is an additive and F~-homogeneous mapping,
then every ¢; is F~-linear. Moreover, if V; = --- =V, = W = F~, then every
¢; : F~ — F~ is a linear mapping. Thus, for every 1 < i < n, there exists a

scalar f3; € F~ such that ¢;(a;) = f;a; for every a; € F~, and hence, we have
flar, -+ ,an) = frag + -+ - + Apay, for all (ag, -+ ,a,) € My, (F7).
With these observations, we obtain the following results.

Proposition 4.6.1. Let F and K be fields which possess involutions ~ of F and

N of K, respectively. Let 1 : Ho(F) — Ho(K) be a mapping satisfying (AH2).

(a) If = and " are proper, then

a b+ ic
w(b+ic d )

_ (91(a) + g2(b) + g5(c) + ga(d) 6(a—d) +(b,0)
P(a—d) +v(b,c) ga(a) — g2(b) — gs(c) + gl(d)>

for all a,b,c,d € F~ where ¢1,¢2,93,94 : F~ — K", ¢ : F~ — K" @ jK"
and v : F~ x F~ — K" @ jK" are additive with
¢(a) = gs(a) + jgs(a) for every a € F~,
v(b, ) = g7(b) + gs(c) + (99 () + g10(c)) for all b,c € F~,

where gs, gs, g7, 93, Jo, gio : B~ — K" are additive mappings.
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(b) If — and” are identity mappings on F and K, respectively, then ¢ : So(F) —

S2(K) satisfies (AH2) with

a b\ _ (gi(a) +ga(b) +g3(d)  di(a—d)+ a(b)
4 (b d) B ( ¢1(a —d) + ¢2(b)  g3(a) — g2(b) + gl(d)>

for all a,b,d € F where g1, g, g3, 61, ¢z : F — K are additive.
Proof. Let A, B € Hy(F). Then
(A = B) = ¢(adj adj (A — B)) = adj adj (¥(A) — ¢(B)) = ¢(A) = ¢(B).
This implies /(—B) = —(B) and hence
V(A + B) = (A~ (=B)) = ¥(4) — (—¥(B)) = ¢(A) +¥(B)
for all A, B € H5(F). Thus, ¢ is a classical adjoint-commuting additive mapping.

(a) Let a,b,c,d € TF~ and let g1,99,93,094,h1,ho,h3,hy + F- — KA,
O, F- — KV jJKN and v : F- x F- — K" & jK" be additive
mappings such that

a b+ic
w(b+ic d )

_ [ 91(a) + ga(b) + g3(c) + ga(d) ¢(a) + (b, c) + ¢1(d)
¢(a) +7(b,c) + ¢1(d) hi(a) + ha(b) + hs(c) + ha(d)

Since v is a classical adjoint-commuting mapping, we have h; = gy,

N——

hy = —92, hs = —4gs, hy = [ and gb = —gbl. Thus,

a b+ic
¢(b—|—ic d )

_ [ 91(@) + g2(b) + ga(c) + ga(d) ¢(7—\d) + ’Y/(ba\c) ‘
( ¢la —d) +7(b,c) 94(a) = ga(b) — gs(c) + gl(d)>

In addition, by the additivity of ¢ and =,

o(a) = gs(a) + jge(a) for every a € F~,

(b, ¢) = g7(b) + gs(c) + j(go(b) + g10(c)) for all b,c € F~|

where gs, gs, 97, 98, 99, 910 : F~ — K" are additive mappings.
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(b) Let a,b,d € F and let g1, 92, g3, h1, ho, hg, 1,02, 03 : F — K be additive

mappings such that

a b\ [ gi(a)+g2(b) + g3(d)  ¢1(a) + ¢2(b) + P3(d)
‘”(b d)—(¢1<a>+¢2<b>+¢3<d> ha )

Since adj is linear and 1 is a classical adjoint-commuting mapping, we have

hy = g3, ho = —g2, h3 = g1 and ¢3 = —¢;. Thus,

a b\ _ (gi(a) + g2(b) + gs(d)  d1(a —d) + ¢a(b)
v (b d) B ( ¢1(a —d) + ¢a(b)  g3(a) — ga(b) +91(d)>

for all a,b,d € F.

Proposition 4.6.2. Let F be a field which possesses an involutions ~— of F. Let

Y Ho(F) — Ho(F) be a mapping satisfying (AH1).

(a) If — is proper, then

ol @ b+ic\  [(aga+agb+asc+ayd  pla—d)+ (b, c)
b+ic d ) ¢(a—d) + (b, c) aga — b — asc + axd

for all a,b,c,d € F~ where

¢o:F- >F @®iF~ andv:F~ xF~ = F~ ®iF~ are linear with

o(a) = (a5 + iag)a for every a € F,

v(b, ¢) = (azb + age) + i(agb + ayoc) for all b,c € F™,

and o; are some fizved scalars in F~ fori=1,---,10.
(b) If — is identity, then 1 : So(F) — So(F) satisfying (AH1) is linear with

y a b\  [(oga+ogb+asd ou(a—d)+asd
b d)  \aula—d)+asb asa— ab+ aqd

for all a,b,d € F where aq, as, as, ay and as are some fized scalars in F.
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Proof. Let A, B € Hs(F) and o € F~. Then
U(A+aB) = dad) adj (A+aB)) = adj adj ($(A) + av(B)) = ¥(A) + at(B).
This implies ¢¥(aB) = ap(B) and (A+B) = ¢(A)+¢(B) for all A, B € H,(F).

Thus, v is a classical adjoint-commuting F~-linear mapping.
(a) Let a,b,c,d € F~ and let oy, as, as, au, 51, B2, B3, B4 be some fixed scalars in
F~, ¢,01 :F- = F @iF and v:F~ xF~ — F~ &F~ be linear mappings

such that

y ( a b+ ic) _ <a1a + agh + azc+ ayd  ¢(a) + (b, c) + ¢1(d))
b+ic d ¢(a) +7(b,c) + ¢1(d)  Bra+ Bob+ Psc+ fad)

Since 1) is a classical adjoint-commuting mapping, we have 8, = oy, 5o =

—, 3 = —ag, B4 = oy and ¢ = —¢;. Thus,

y a b+ic\  [aga+ ash+ ase+ ayud ¢(a—d)+~(b,c)
b+ic d - d(a —d) + (b, c) oua — asb — azc+aqd)

In addition, by the linearity of ¢ and ~,
é(a) = (a5 + iag)a for every a € F~,
(b, ¢) = (azb + age) + i(agb + aqgc) for all bc € F~,
and «; are some fixed scalars in F~ for ¢ = 5,--- | 10.
(b) Let a,b,d € F and let oy, g, as, ay, as, ag, 1, B2, B3 be some fixed scalars

in ¥,

W a b\ [aia+ b+ asd asa+ asb+ asd
b d) a4a+a5b+a6d Bla—i‘ﬂzb—i‘ﬁgd '

Since 1 is a classical adjoint-commuting mapping, we have f; = ag, b =

—a, B3 = a; and ag = —ay. Thus,

" a b\  [aia+ b+ asd oula—d)+ asb
b d)  \aula—d)+ash aza— b+ aid)’
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Remark 4.6.3. Let F be a field of characteristic not 2 and let ¢ : So(F) —
S>(F) be a mapping satisfying (AH1). Then by using similar arguments as in [1,
Theorem 3],

(A) = PA(adj P) for every A € Sy(TF)

where P € My(F) is invertible with adj P = £P".
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Chapter 5

Classical adjoint-commuting mappings
on skew-hermitian matrices

5.1 Introduction

As in Chapter 4, throughout this chapter, unless otherwise stated, we let F and
K be fields which possess involutions ~ of F and " of K, respectively, and let
m,n be integers with m,n > 3. We let F~ and K" be the sets of all symmetric
elements of F and K, respectively. We also let SF~ := {a € F : @ = —a} and
SK":={a e K:a= —a}.

We also observe that if n is a positive even integer, then " € F~ and " € K"

for all 4 € F~ USF~ and for all n € K" U SK”.

Remark 5.1.1. Let A € H,(F) and let 4 € F~ U SF~. If n is an even integer,

then p"2adj A € H,(F).

In this chapter, we study the structure of ¢ : SH,(F) — SH,,(K) that satisfies

the following conditions (see (A1) and (A2) in Section 2.1):

(AS1) ¢(adj (A + aB)) = adj (¢¥(A) + arp(B)) for all matrices A, B € SH,(F)

and any scalar a € F~ when (F,” ) = (K,"),

(AS2) ¢(adj (A— B)) =adj (¥(A) —¢(B)) for all matrices A, B € SH,(F).
5.2 Some basic properties

Let m,n be even integers with m,n > 4. Let p € F~ U SF~ and n € K" U SK"

be fixed but arbitrarily chosen nonzero scalars and let ¢ : H,(F) — H,,(K) be a
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mapping satisfying
P(i"adj (X = Y)) = 1" %adj (¢(X) = (V) for all X,Y € Ho(F). (1)

Lemma 5.2.1. Let m,n be even integers with m,n > 4. Let p € F~ U SF~
and n € K" U SK" be fixred but arbitrarily chosen nonzero scalars and let ¢ :
H,(F) = Hpn(K) be a mapping satisfying (H). Let A, B € H,(F). Then the
following statements hold.

(a) @(u"?adj A) =n""adj p(A).

(b) adj p(A — B) = adj (p(A) — ¢(B)).
Proof.

(a) It is obvious that ¢(0) = 0. Thus, we have
p(u"*adj A) = (" *adj (A - 0))
=1"""adj (p(4) — ¢(0))
=" 2adj p(A).
(b) By (a) and (H), we obtain

N ?adj (¢(A — B)) = o(u"*adj (A — B))

=n""%adj (p(A) — (B)).

Lemma 5.2.2. Let m,n be even integers with m,n > 4. Let y € F~ U SF~
and n € K" U SK”" be fized but arbitrarily chosen monzero scalars, and let ¢ :
Ho(F) = Hpn(K) be a mapping satisfying (H). Let A,B € H,(F). Then the

following statements hold.

(a) rank ©(A) < 1 ifrank A=1.
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(b)
()

rank p(A) <m —1 ifrank A=n— 1.

rank p(A) <m —2 ifrank A <n—2.

Proof.

(a)

Let A € H,(F) be of rank one. Then by Proposition 1.4.6, there exists a

rank n — 1 matrix B € H,,(F) such that adj B = M}*Z A. This implies
p(A) = p(u"*adj B) = 1" *adj ¢(B).

Since

1" %adj p(A) = p(u""adj A) = ¢(0) = 0,

we have rank ¢(A) < m which implies rank ¢(B) < m. Hence

rank ¢(A) = rank (n™ 2adj ¢(B)) < 1.

Let A € H,(F) be of rank n— 1. Then rank p(u"2adj A) < 1 by (a). Thus
we obtain adj p(u™ 2?adj A) = 0. On the other hand,

adj p(u"*adj A) = adj (™ *adj p(A))

= (™)™ "adj (adj ¢ (4)).
This implies adj (adj ¢(A)) = 0. Therefore rank p(A) < m — 1.
If rank A < n — 2, then n™2adj p(A) = p(u"2adj A) = ¢(0) = 0. There-

fore, rank p(A) < m — 2.

Lemma 5.2.3. Let m,n be even integers with m,n > 4. Let p € F~ U SF~ and

n € KNUSK” be fized but arbitrarily chosen nonzero scalars, and let ¢ : H,(F) —

H.(K) be a mapping satisfying (H). Let A € H,(F). Then ¢ is injective if and

only if

rank A =n <= rank ¢(A) = m.
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Proof. Since ¢(0) = 0, we have ker ¢ = {0} by the injectivity of . In addition,
by Lemma 5.2.2 (b) and (c), we observe that rank ¢(A) = m implies rank A = n.
If rank A = n and assume that rank p(A) < m, then
n~ " Po(u"adj (1" adj A)) =5~ 2adj o(u"adj A)

= adj (1" *adj ¢(A))

= ()" "adj (adj p(4)) = 0.
This implies p"2adj (u"2adj A) = 0 as kerp = {0}. This contradicts the
assumption that rank A = n. Therefore, rank p(A) = m.

Conversely, suppose p(A) = ¢(B) for some A, B € H,(F). We suppose
rank (A — B) = r. By Lemma 2.2.2 (a), there exists a rank n — r matrix
C € H,(F) such that rank (A — B+ C) = n. Then rank p(A— B+ C) =m. In
addition, we have

adj ¢(C) = adj (p(B — B+ C))
=adj (¢(B) — (B - ()
=adj (p(A) — (B - C))
=adj (p(A—B+())
by (b). Thus, rank ¢(C) = m implies rank C' = m and hence r = 0. We obtain

A = B. Therefore, ¢ is injective. m

Lemma 5.2.4. Let m,n be even integers with m,n > 4. Let p € F~ U SF~ and
n € KNUSK” be fived but arbitrarily chosen nonzero scalars and let ¢ = H,(F) —
H.(K) be a mapping satisfying (H). Suppose P € M., (F) is invertible and let

op : Hy(F) = M, (K) be defined by
dp(A) = gp(PA?t) for every A € H,(F).
Then the following statements hold.
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(a) If rank ¢p(l,) # m, then rank ¢p(A) < m — 2 for every A € H,(F) and

op(A) = 0 for every rank one matriz A € H,(F).
b) If rank ¢p(1,) = m, then rank ¢p(aFy;) = 1 for all integers 1 < i < n and
(
nonzero scalar a € F~.
Proof. Let A, B € H,,(F). Then
adj ¢p(A — B) = adj p(P(A — B)P)
= adj o(PAP' — PBP")
= adj (p(PAP') - ¢(PBP))

=adj (¢p(A) — ¢p(B)).
Thus,

adj op(A — B) = adj (¢p(A) — ¢p(B)) for all A, B € H,(F). (5.1)
By definition of ¢p, Lemma 5.2.2 (a), (b) and (c) are true for ¢p.

We let 6 := p""=2) det(PP)"2, 0 := p"20""! and H := adj P. It is obvious

that 0, ¢ € F~ are nonzero and rank H = n.

(a) We observe that
n— : n— : ot n— n—2\n— : : YL
p'?adj (p"%adj (PP)) = p" (1" )" 'adj (adj (PP"))
= "= det(PFt)”_2PFt
—
=0PP .
This implies
—t
ne? 1s  n—2 1. St
= p(p"?adj (u"*adj (PP)))
m—2 1 n—2 1 5t
=n""%adj p(u"*adj (PP))
M2 1. m—2 1 —t
=n""%adj (" *adj p(PP"))

=n"2adj (n"*adj ¢p(1,)).
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Therefore,

6p(01,) = 0 (5.2)

as rank ¢p(l,) < m. Hence, we obtain
o(WH H) =0 (5.3)

since

p(H H) = p(u" 20" "adj (PP"))
= o(u"?adj (0PP"))
= 1" adj ¢(OPP)
= 0" 2adj ¢p(01,).
We next claim that

o(HYE;H)=0fori=1,--- n. (5.4)

Let i =1,--- ,n. We compute
@(H OEH) = (I (26" Ey) H)
= (" H (0" E;) H).
Since " 'E;; = adj (0(I, — Ey;)), we obtain
p(HOE;H) = o(u"~* (adj P))adj (6(I, — Eu))(adj P))

t

= p(p"?adj (PO(I, — Ey)P)).

By (5.2) and Lemma 5.2.1 (a),

t

o(HYE;H) = 0™ %adj p(P4(I, — E;)P')
=n""%adj ¢p(0(1, — Ei))
=n"""adj (¢p(01,) — ¢p(0E:))
=1""%adj (—¢p(0E:))

=0
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since rank ¢p(0F;) < 1 by Lemma 5.2.2 (a). Our next claim is for every

i=1,m,
op(ak;;) =0 for every a € F. (5.5)

It is clear that the result holds when o = 0. We assume a # 0. Let
v = pu=20=Yg € F~. Then
or(aEs) = p(P(aE)P)
= o(P((u™)" D)) E;P)
= ()" DoP(O~ ) B P)
= p((u) D) det(PPY" 2 P07 ) EP)
= p(u"*(det P)""2P(67"y) Eyy(det P)"*P").
Note that adj (91, —VE; —VE;; + 0~ 19* "vE;;) = 0~ 'yE;; with i # j, and
adj H = (det P)"2P. Thus, we have
pp(aky;)
= (" 2(adj H)(adj (01, — VE; — 9 Ej; + 070> "y Ey))(adj H'))
= (' (adj (H (01, — 9E; — 0Ej; + 67 0° "vEy) H)))
= 0" *adj (p(H (91, — VE; — VEj; + 07 0° "y Ej;)H))
and hence by (5.3) and (5.4), we have
op(aEy) =" adj (p(H (91, — VE; + 07" 0* "y Ej)H) — p(H (JE;;)H))
= 1" 2adj (p(H' (91, — 9By + 019> "y E;;) H))
=" adj (p(H (I, + 070> "y E;;) H) — o(H (VE;;)H))
=™ 2adj o(WH H + H (69> "yE;;)H)
= 0" ?adj (p(H H) — o(~H (00" " E;)H))
= n"adj (—p(=H (070" " Ey;) H))

=0
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since rank go(—ﬁt(ﬁ_lﬁ?_”ijj)H) < 1. Tt follows that
adj ¢p(A+ By + - + anBpy) = adj ¢p(A) (5.6)

for every A € H,(F) and for all scalars ay, -+, a,, € F~. We next claim

that for each 1 < i < n,
gp(ﬁt(aEiiH)) =0 for every a € F~. (5.7)

Since adj (I,— E;—E;;+BF;;) = BE;; where i # jand 8 = (u=')"2a € F~
as well as (5.1) and (5.6), we obtain
o(H (aE)H) = ((ad P') (u" 5 Es) (adj P))
= p(u"*(adj P')(BE:) (adj P))
= (" *(adj P')(adj (I, — Bys — Ejj + BE;j))(adj P))
= (" adj (P(I, — By — Ej; + BEj;)P)))
=" adj (p(P(I, — Bis — Ejj + BE;;)P))
=n"""adj ¢p(l, — Eii — Ej; + BEj;)
= 0" ?adj ¢p(BE);)
— 0.
Then by Lemma 5.2.1, Lemma 5.2.2 and (5.7),
adj o(A+ H (1B + - + anEpn)H) = adj o(A) (5.8)
for every A € H,(F) and for all scalars oy, - ,q0, € F.
Let 4,7 and k be distinct integers with 1 < 14,5,k < n. Let
Yijw = I, — E;i — Ej; — 2Ey;. Let a € F~ be a nonzero scalar. Then

aa € F~ and adj (aE;;+akj;+Yi) = ab;+akj;+aaY;j;. Thus, we obtain
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o(p"*H' (aE;; + aEj; +aaYij) H)

= ("% (adj Ft)adj (aE;; +aEj; + Yi)(adj P))
= (" 2adj (P(aE;; +aE; + Y;jk)ﬁt»

= " *adj @(P(aBy; +aEj; + Yiu)P)

= n"2adj ¢p(aky; + aLj + Yijr)

=n""%adj ¢p(aky; +aEy)
by Lemma 5.2.1 (a) and (5.6). Since rank ¢p(aE;; +aE;;) < m — 2,

o(u" VH (aEyj + aEj; + aaYie) H) = 0 (5.9)
for all distinct integers 1 < 4,5,k < n and scalar a € F~.
We now claim that ¢p sends all rank one matrices to zero. Let A € H,,(FF)
be of rank one. Then by Proposition 1.4.6, there exists a rank n — 1 matrix
B = (b;;) € H,(F) such that 7' A = adj B. Hence, we obtain
or(4) = p(PAP)

= p(0P(0~' AP

= go(,u("’Q)" det(PP)"?P(adj B)Ft)

= (u" " ((det P)"?P)(adj B)((det P)"*P"))

= (u" " (adj H)(adj B)(adj H))

= p(p"%adj (u"*H BH))
and hence ¢p(A) = ™ ?adj gp(u”_2FtBH) by Lemma 5.2.1 (a). It follows
from (5.8), (5.9) and Lemma 5.2.1 (b) that

adj o(u"*H BH)

1<i<jsn i=1
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which implies
adj o(u"*H BH)

1<i<j<n

= adj ¢ Z Mn_zﬁt(bjiEji +biEi)H + u"_QFt(b_zlmemk)H)

1<i<j<n

= a,dJ (2 Z /Ln_zﬁt(bjiEji + EEU)H
1<i<j<n
1#1 and j#2

We continue in this way to obtain
adj (" BH) = adj ¢ (4" 21 (b1 Buo 1+ bun 1B 10)H ) = 0
as rank ¢ (,u”_zﬁt(bn,n_lEnm_l + MEn_Ln)H> < m — 2. Therefore,
¢p(A) =0 for every rank one matrix A € H,(F).
Let A = 0. It is clear that adj ¢p(A) = 0. Let A € H,(F) be of rank
r with 1 < r < n. Then by Lemma 2.2.1, there exist rank one matrices
Ay, oo Ay € Hy(F) with r < k< 7+ 1 such that A = A; +---+ A;. By

(5.1), we obtain
adj ¢p(A) =adj ¢p(A1 + -+ Ay)

= adj (¢p(A1 + -+ Ak—l) - ¢P(_Ak))

= adJ (¢P(A1 —+ e+ Ak—l))-
By applying (5.1) repeatedly, we have

adj ¢p(A) = adj ¢p(A1) =0.
This implies rank ¢p(A) < m — 2 for all matrices A € H,(F), as desired.

(b) We have
n_o 5t 2 1. oSt
e(W"*H H) = p(p"*adj (PP"))

m— . —t
=" *adj o(PP")
=n""%adj ¢p(I,)
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which implies rank cp(u”_2ﬁtH ) = m as rank ¢p(l,) = m. Suppose there
exist an integer 7o with 1 < 7y < n and a nonzero scalar ag € F~ such that
op(apFiy,) = 0. Let s,t be two distinct integers with 1 < s,¢ < n and
s,t # ig. Since adj (I, — Ess — (1 + ag)Eiiy — (1 — ag")Ey) = —FEl, it
follows from (5.1) and Lemma 5.2.2 (c) that
(" H (~E.)H)

= (" 2(adj Padj (I, — Ees — (14 ag)Eii, — (1 — ag ') Ey)(adj P))

= o(u"*adj (P(I, — Ees — (14 o) Eigiy — (1 = a5") Eg) P))

= " 2adj p(P(I, — By — (14 ag)Eisy — (1 — ag ") Ey)P')

= n"?adj ¢p(I, — Ess — (14 ag)Eii, — (1 — ag ") Ex)

= 1" ?adj (¢p(In — Ess — Eigiy — (1 = a5 ") Eu) — ¢p(a0Eigi, )

= n"?adj ¢p(I, — FEss — Eiyiy — (1 — ag ') Ey)

=0

as rank (I, — Ess — Ejyiy — (1 —ag')Ey)) = n— 2. By Lemma 5.2.1 (b) and

010
Lemma 5.2.2 (b), we obtain
adj p(u"2H H) = adj p(u"*H (I, = Es + Ey) H)

t

= adj (p(u"*H (I, — Eo)H) — ("' H (— By H))

= adj (" ?H (I, — E,)H).
Since rank (u"2H (I, — Es)H) # n, it follows that rank o(u"2H (I, —
Es)H) # m and hence rank <p(,u”_2ﬁtH ) # m, a contradiction. Thus,

op(aEy;) # 0 for all nonzero a € F~. Therefore,
rank ¢p(aF;;) =1 for every integer 1 < ¢ < n and nonzero scalar a € F~

by Lemma 5.2.2 (a).
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Lemma 5.2.5. Let m,n be even integers with m,n > 4. Let p € F~ U SF~
and n € K" U SK”" be fized but arbitrarily chosen nonzero scalars, and let ¢ :
Ho(F) = Hpn(K) be a mapping satisfying (H). If rank o(I,) = m, then ¢ is

mjective and
rank (A — B) =n <= rank (p(A4) —¢(B)) =m
for all A, B € H,(F).

Proof. Let A € H,(F) be of rank one. Then by Proposition 1.3.1, there exist
an invertible matrix P € M,,(F) and a nonzero scalar a € F~ such that A =

P(aEH)Ft. We define the mapping ¢p : H,(F) — H,,(K) by
op(A) = gp(PAFt) for every A € H,,(F).

Since rank ¢(I,) = m and qﬁp(P_lﬁt) = @(P(P‘lﬁt)ﬁt) = ¢(I,), we
have rank ¢p(P_1ﬁt) = m. Suppose rank ¢p(l,) # m. Then by Lemma
5.2.4 (a), rank ¢p(A) < m — 2 for every A € H,(F). This contradicts that
rank qbp(P_lﬁt) = m. Thus, rank ¢p(l,) = m and hence it follows from
Lemma 5.2.4 (b) that rank ¢p(aFEy;) = 1 for all integers 1 < i < n and nonzero
scalars a € F~. So, rank p(4) = rank o(P(aE1;)P') = rank ¢p(aEy;) = L.
Therefore ¢ preserves rank one matrices.

Let X,Y € H,(F) such that p(X) = ¢(Y). Suppose X —Y = 0. Then by
Lemma 4.2.1, there exists a matrix Z € H,(F) of rank at most n — 2 such that

rank (X —Y + Z) =n — 1. Hence,

rank adj (X —Y + Z) =1 = rank p(p" %adj (X —Y + Z)) = 1.
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However,

o(p"2adj (X =Y +2)) =n"2adj o(X =Y + 2)
=n""adj (p(X + Z) — ¢(Y))
=1""%adj (p(X + Z) — ¢(X))
=n""adj (p(X +Z - X))
=n""*adj (p(2))
= 0.

This is a contradiction. Therefore, X =Y implies ¢ is injective.

Let A, B € H,(F). By the injectivity of ¢, in view of Lemma 5.2.1 (a), (b)

and Lemma 5.2.3, we obtain

rank (A — B) =n <= rank o(u" %adj (A — B)) =m

<= rank " ?adj (¢(A) — (B

~—

)=m
= rank (p(4) - ¢(B)) = m,

we are done. N

Lemma 5.2.6. Let n be an even integer with n > 4. Let p € F~ U SF~ and

n € KN U SK” be any fixed but arbitrarily chosen nonzero scalars, and let ¢ :

H,(F) = H,(K) be defined by

o(A) = AQA°Q" for every A € H,(F)

—

whereo : (F,7) — (K,) is a nonzero field homomorphism satisfying o(a) = o(a)
for every a € F, Q € M,(F) is an invertible matriz and A € K" is a nonzero
scalar. If n"2adj (1) = (u"21,), then there exists a nonzero scalar ¢ € K"

such that

Q'Q = CL, and (P\Co(p) )" 2 = 1.
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Proof. n"2adj p(I,,) = (" 2I,) implies
nn—Qadj (}\Q@lﬁ) — )\Q(Mn_z-[n)g@t — )\U(M)H—QQQ\IS

and hence R R
7" 2 adj Q) (adj Q) = Ao(p)"*QQ"

= QQ' = (o () ™) (adj Q") (adj Q).
Let & := (Ano(u)~1)" 2 € K. Then
(Q'Q)* = Q'(QQ"Q = Q' (¢(adj Q") (adj Q))Q
= £Q'(adj Q")(adj Q)Q = £ det(Q'Q) 1.

Thus,

(Q'Q)* = £ det(Q'Q)1,. (5.10)
Let 1 < 1< j < n. Since adJ (]n — Eii - Ejj + Eij + Eji) = —(In - Eii - Ejj +
Eij + E]Z)a we obtain
0" ?adj o(I, — By — Ej; + Eij + Eji) = o(u" ?adj (I, — Ey; — Ej; + Eyj + Ej;)

= p(—p""*(In — Eii — Ej; + Eyj + Ej)).
This implies
1" %ad] ()\Q(In—Eii—Ejj—i‘Eij—i‘Eji)@t) = _AQO'(,U/)n72<[n_Eii_Ejj+Eij+Eji)@t
and hence
"2 (adj AQYadj (I, — Ei; — Ej; + Eyj + Ej)(adj Q)
= — AQo ()" (I, — Exi — Eyj + By + E;;)Q".

By computing
(Mo (u=)""2(adj Q') (In—Eu—Ejj+Eij+Ej)(adj Q) = Q(In—Esi— Ejj+Eij+ Eji) Q'
= £Q'(adj Q")(I— Eii— Ej;+ Eij+ Ej)(adj Q)Q = Q'Q(In— Eyi— Ejj+ Eij+ E;;)Q'Q
= £det(Q'Q)(In — Eii — Ejj + Eyj + Eji) = Q'Q(, — Eyi — Ejj + Eij + E;)Q'Q
= (Q'Q)(Q'Q) (I, — Eii — E;j+Eijj+Ej) = (Q'Q)(I, — Eyi — E;j + Eij; + Eji)(éth)a

we obtain
(Q'Q)(I, — Ei — Ejj + Eyj + Ey) = (I, — By — Ej; + Eij + E;)(Q'Q)

89



for all 1 <4 < j < n. Then Q'Q = (I, and also QQ' = (I, for some nonzero
scalar ¢ € K. In addition, n"~2adj (ACL,) = 1" 2adj (AQQ") and hence
NN, = 0 adj o(1)
= (U L)
= Ao ()" Q@'

= Ao ()" (L.

It follows that (pA{o(p)~1)" 2 = 1. O

Proposition 5.2.7. Let m,n be even integers with m,n > 4. Let y € F~ U SF~
and n € KM U SK" be any fized nonzero scalars. Then ¢ : H,(F) — H,,(K) is

an additive mapping satisfying
o(u"2adj A) = n™ 2adj @(A) for every A € H,(F)
if and only if either ¢ =0, or m =n and

o(A) = APA°P* for every A € H,(F)

—_

where o : (F,7) — (K,) is a nonzero field homomorphism satisfying o(a) =
o(a) for all a € F, A7 is the matriz obtained from A by applying o entrywise,

P € M,(K) is invertible with P'P = (I,,, and A\, € K" are scalars with

(Ano(u)=)" =2 = 1.

Proof. The sufficiency part is clear. We now consider the necessity part. Let
A,B € H,(F). Since ¢ is additive, 0 = ¢(0) = (A — A) = ¢(A) + p(—A)
implies ¢(—A) = —p(A). Thus

e(u"*adj (A= B)) =" *adj (A — B)

=n""adj (¢(A) — ¢(B))

90



for all A,B € H,(F) and hence (H) is satisfied. We continue the proof by

considering two cases.

Case I: rank o(1,,) # m.
From Lemma 5.2.4 (a), by letting P = I,,, ¢(A) = ¢p(A) = 0 for all rank one

matrices A € H,(IF). By the additivity of ¢, ¢ = 0.

Case II: rank ¢(1,,) = m.
By Lemma 5.2.5, ¢ is injective and by Lemma 5.2.2 (a), ¢ preserves rank one

matrices. Suppose n > m. Since

n

m = rank ¢(I,) = rank (p(En) + -+ @(Enn)) < Zrank o(E;) =n,

=1

we have rank ¢(I,,) < n. By [5, Theorem 2.1], there exist integers 1 < t; < -+ <
te < n, with m < ¢ < n such that rank @(Ey s, + -+ + Ey,t,) = m. Thus,
m = rank (1™ ?adj ©(Eys, + -+ Eiy,))
= rank (p(p"2adj (B + -+ Eie,)) < 1,
a contradiction.
Hence, m = n. By [23, Main Theorem, p.g.603] and [16, Theorem 2.1 and

Remark 2.4], we have

o(A) = AQA°Q" for every A € H,(F)

—

where o : (F,” ) — (K,") is a nonzero field homomorphism satisfying o(a) = o(a)
for every a € F, Q € M, (K) is an invertible matrix and A € K" is a nonzero
scalar. In view of Lemma 5.2.1 (a), we have n"2adj ¢(I,) = @(u"2I,) and

hence by Lemma 5.2.6, we obtain

Q'Q = (I, and (o (p) ™))" = 1.
We are done. N
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Let m,n be even integers with m,n > 4. Let y € F~ U SF~ be a fixed but
arbitrarily chosen nonzero scalar, and let ¢ : H,(F) — H,,(IF) be a mapping
satisfying

p(n"*adj (X +aY)) = 1™ *adj (9(X) + ap(Y)) (5.11)

for all X,Y € #H,(F) and a« € F~. Then ¢ satisfies (H) for (K,") = (F,”)
and n = p and so Lemmas 5.2.1, 5.2.2, 5.2.3, 5.2.4 and 5.2.5 are true for ¢. In

particular,
p"?adj p(X +aY) = p(p"?adj (X +aY))

= p"adj (p(X) + ap(Y)).

Thus, we have
adj p(X + oY) = adj (p(X) + ap(Y))
for all XY € H,(F) and o € F~. Furthermore, if rank ¢(I,,) = m, then by
Lemma 5.2.5, ¢ is injective. Let A, B € H,(F) and o € F~. It follows from
Lemma 5.2.3, we have
rank (A +aB) =n <= rank o(u" %adj (A + aB)) =m

<= rank p" %adj (¢(A) + ap(B)) =m

<= rank (¢(A) + ap(B) = m.
Therefore, by following the arguments of the analogous proof in Lemma 2.2.6,

we have the following lemma.

Lemma 5.2.8. Let m,n be even integers with m,n > 4. Let F be a field which
possesses a proper involution ~ of F such that |[F~| = 2 or |[F~| > n+ 1. Let
¢ : Hn(F) = H,n(F) be a mapping satisfying (H). If rank ¢(1,) = m, then ¢ is

additive and

o(aA) = ap(A) for every A € H,(F) and scalar o € F~.
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Proposition 5.2.9. Let m,n be even integers with m,n > 4, and F be a field
which possesses a proper involution ~ of F such that either |F~| = 2 or |F~| >
n+1. Let p € F~ U SF~ be a fized but arbitrarily chosen nonzero scalar. Then

0 : Hp(F) = H,(F) is a mapping satisfying
p(n"*adj (A +aB)) = p"*adj (p(A) + ap(B))

for all A, B € H,(F) and o € F~ if and only if ¢(A) = 0 for every rank one
matriz A € H,(F) and rank (p(A) + ap(B)) < m —2 for all A, B € H,(F) and

aclF~;orm=mn and

p(A) = APA°P' for every A € H,(F)

where 0 : F — T is a field isomorphism satisfying o(a) = o(a) for all a € F
and o(a) = a for all a € F~, A% is the matriz obtained from A by applying o
entrywise, P € M, (F) is invertible with PP = (I, and X\, € F~ are scalars

with (A po(p) =12 = 1.

Proof. The sufficiency is clear. Now, we prove the necessity. First, we suppose
©(I,) # m. Then by letting P in Lemma 5.2.1 (a) be I,,, we have ¢(A) = 0 for
every rank one matrix A € #H,,(F), and rank ¢(A) < m —2 for every A € H,(F).

Next, we suppose rank ¢(I,,) = m. Since ¢(0) = 0, we have

e(p"?adj A) = p(u"*adj (A + «(0)))
= p"adj (p(A) + ap(0))

= " ?adj p(A).

Thus, by Lemma 5.2.8 and Proposition 5.2.7, we obtain m = n and

o(A) = AQA°Q' for every A € H,(F)
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where o : F — F is a nonzero field homomorphism satisfying o(a) = o(a) for all
ac€lF, Qe M,(F)is invertible with @tQ = (I,, and A, ¢ € F~ are scalars with
(ACpo(p)™1)" 2 = 1. By Lemma 5.2.8, ¢(al,,) = ap(I,) for all a € F~ and hence
)\Qa(a)@t = a/\Qét. Thus o(a) = a for every a € F~. In addition, since ~ is
proper, there exists a scalar i € F with ¢ = —i when char F # 2, and i = 1 + ¢

when char F = 2, such that F = F~ @& iF~. So, when char F # 2,

o(i)=0(i) = o(—i) = —o(i)

and when char F = 2,

o(i) =0(i) =o(1414) =1+ 0(i).

Thus, we have F = F~ @ o (i)F~. Let v € F. Then there exist scalars 3y, 5, € F~

such that v = ) + 0(i)52. Let § = py + iy € F. Thus, we have

0(0) =0 (BL+if2) = o(Br) +o(i)o(B2) = L+ 0(i)B2 = 7.
This shows that o is surjective and so it is an isomorphism. O
5.3 Some examples

In this section, we give a few examples of nonlinear mappings ¢ that satisfy
condition (AS1) or (AS2) that send all rank one matrices and invertible matrices
to zero. Under the condition of (AS1) or (AS2), nice structural results are
obtained if there exists an invertible matrix X € SH,(F) such that ¥(X) is
invertible.

Let m,n be even integers with m,n > 4, and let F and K be fields which

possess proper involutions ~ of F and " of K, respectively.
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Example 5.3.1. Let o € SK”" be nonzero scalar and we define the mapping

Py SHL(F) — SH,(K) by

- otherwise.

U (A) = { 321:12 E; if Ae SH,(F) is of rank r with 1 <r < n,

Example 5.3.2. Let 5 € SK”" be a nonzero scalar and let 7 : (F,”) — (K")

—_

be a field isomorphism such that 7(a) = 7(a) for every a € F. Let the mapping

Yy : SHy(F) = SH,,(K) be defined by

BEn it A e SH,(F) is of rank 2,
P9(A) = S T(a19) Er2 + 7(ag1) By if A= (a;;) € SH,(F) is of rank 7,2 <7 < n,
0 otherwise.

We observe that ; and 1, are mappings that satisfy condition (AS1) or
(AS2). Both mappings send rank one matrices and invertible matrices to zero.

The mappings are neither injective nor surjective.

5.4 Characterisation of classical adjoint-
commuting mappings on skew-hermitian
matrices

Let F be a field which possesses an involution = of F and let 4 € SF~ be

t

nonzero. If A € SH,(F), then (uA)! = gA = —u(—A) = pA. Tt follows that
pA € H,(F). Conversely, if uA € H,(F), then puA = (pA) = ﬁzt = —uﬁt and

hence A = —A'. Thus, A € SH,(F). Therefore, we have shown that
AeSH,(F) < puA e H,(F) (5.12)
for any fixed nonzero scalar n € SF~. Similarly, we can show that

A€ Ho(F) <= pA € SH,(F) (5.13)
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for any fixed nonzero scalar p € SF~. Then by (5.12) and (5.13), we have

SHu(F) = pH,(F) :={uA: AecH,(F)} (5.14)
and

H,(F) = uSH(F) = {uA : A € SHL(F)} (5.15)

for any fixed nonzero scalar p € STF~.

Lemma 5.4.1. Let m,n be even integers with m,n > 4, and let F and K be
fields which possess involution = of F and ™ of K, respectively. Let y € SF~
and n € SK”" be fized but arbitrarily chosen nonzero scalars. Let ¢ : SH,(F) —

SHm(K) be a mapping. If ¢ : H,(F) = Hn(K) is defined by

o(X) =n""(uX) for every X € H,(F),

then the following statements hold:

(a) ¥(adj (A— B)) =adj (Y(A) —(B)) for all A, B € SH,(F) if and only if

(" 2adj (X = Y)) = y"2adj (¢(X) — p(Y)) for all X, € H,(F).

(b) If (K) = (F,”) and p =, then
Y(adj (A+aB)) = adj (Y(A)+ap(B)) for all A, B € SH,(F) and o € F~

if and only if
p(p"?adj (X +aY)) = 1" %adj (9(X) + ap(Y))
for all X,Y € H,(F) and o € F~.

Proof.
(a) Let X,Y € H,(F). By the definition of ¢ and (5.14), we have
" %adj (p(X) = @(Y)) = 0™ %adj (n” ' (pX) — 0~ P(pY))
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and hence
" adj (9(X) = (V) = 0" 27" Vadj ($(pX) = d(pY))
=" "d(adj p(X —Y))
=n (" ladj (X —Y))
= (" *adj (X —Y)).
Conversely, we let A, B € SH,,(F). By the definition of ¢ and (5.15), we

obtain

adj (V(A) —¥(B)) = adj (np(u~"A) —ne(p~'B))
=n"""adj (p(u~"A) —np(u'B))
=n(n™ *adj (p(p " A) = ne(u™'B)))
=n(p(u"*adj (1™ (A - B))))
=n(p(n"adj (A - B)))

— (adj (A B)).

(b) This part can be proved by using similar arguments as in part (a).

Theorem 5.4.2. Let m,n be even integers with m,n > 4. Let F and K be
fields which posses proper involutions ~ of F and " of K, respectively. Then
Y SHL(F) = SH(K) is a classical adjoint-commuting additive mapping if

and only if either ¢ =0, or m =n and

W(A) = APA° P for every A € SH,,(F)

—_

where o : (F,7) — (K,") is a nonzero field homomorphism satisfying o(a) = o(a)
foralla € F, P € M, (F) is invertible with P'P = (I,, and \, ¢ € K are scalars

with (AC)""% = 1.
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Proof. The sufficiency part is clear. Now, we consider the necessity part. Since 1
is additive, we have ¢(adj (A— B)) = adj (¢ (A) —¢(B)) for all A, B € SH,(F).
Let p € SF~ and n € SK”" be fixed nonzero scalars. By (5.14), we define
2 Hn(F) = Hon(K) by
©(X) =" (uX) for every X € H,(F). (5.16)
In view of Lemma 5.4.1 (a) and #(0) = 0, we have p(p"?adj X) =
n™2adj p(X) for every X € H,(F). We now show that ¢ is additive. Let
X,Y € H,(F). Then
(X +Y) ="YX +Y))

= (Y(pX) + P(uY))

=" W(pX) + 0 (pY)

= @(X) +p(Y).

By Proposition 5.2.7, we have either ¢ = 0, or m = n and

©(X) =vyPXP" for every X € H,,(F)

—_

where o : (F,”) — (K,”) is a nonzero field homomorphism with o(a) = o(a) for
all a € F, P € M, (F) is an invertible matrix with P'P = (I,, v, € K" are

scalars with (nyCo(a)™")"% = 1. By (5.16), we obtain
Y(pX) = np(X) = pyPX7 P! = nyo(u) " P(uX)7 P" for every X € H,(F).

Let X :=nyo(u)~t. We observe that A € K" since n,o(p)"! € SK" and v € K",

Therefore, by (5.14)
(A) = A\PA° P! for every A € SH,,(F)

with P'P = (I, and (AC)"2 = 1. O
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Theorem 5.4.3. Let m,n be even integers with m,n > 4. Let IF be a field which
possesses a proper involution ~ of F such that either |F~| =2 or |F~| > n + 1.
Then v : SH,(F) — SH,(F) is a mapping satisfying (AS1) if and only if either
Y(A) = 0 for every rank one matric A € SH,(F) and rank (¢ (A) + ap(B)) <

m —2 for all A, B € SH,(F) and a« € F~; or m =n and

P(A) = APA°D' for every A € SH,(F)

where o : F — F is a field isomorphism satisfying o(a) = o(a) for all a € F and
o(a) =a for alla € F~, P € M,(F) is invertible with P'P=(I, and \,( € F~

are scalars with (A\()"2 = 1.

Proof. The sufficiency part can be shown easily. We now prove the necessity
part. Let p € SF~ be a fixed nonzero scalar and ¢ : H,(F) — H,,(F) be the

mapping defined by
o(X) = p(uX) for every X € H,(F). (5.17)

By the definition of ¢ and Lemma 5.4.1, ¢ satisfies (5.11). By Proposition 5.2.9,
we have either
(I) ¢(X) = 0 for every rank one matrix X € H,(F), and rank p(X) < m — 2
for every X € #H,(F); or
(I1) m = n and p(X) = vPXP' for every X € H,(F), where 0 : F — F is a

field isomorphism satistying o(a) = o(a) for all @ € F and o(a) = a for all

a€F, Pe M,(F) is invertible with P'p= (I, and 7, € F~ are scalars
with (y(uo(p)~)" % = 1.

Let A € SH,(F). Then by (5.17),
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If Case (I) is true, then

Y(A) = pp(p~A) = 0 for every rank one matrix A € SH,(F)

and

rank ¢(A) = rank @(u ' A) < m — 2 for every A € SH,,(F).

If Case (II) is true, then we have
Y(A) = pp(p~ A) = pyP(u~ A)P' = (uyo(p) ™) PA"P'
Thus, we obtain
W(A) = APA°P' for every A € SH,(F),
where A = pyo(pu)™' € F~ and ¢ € F~ with (A()"? =1, and P'P=I, O

Theorem 5.4.4. Let m,n be even integers with m,n > 4. Let F and K be
fields which possess proper involutions ~ of F and ™ of K, respectively, such that
either |[KM =2, or [F~|,|K*| > 3. Then ¢ : SH,(F) = SH,(K) is a surjective

mapping satisfying (AS2) if and only if m =n, F and K are isomorphic, and

W(A) = \PA° P for every A € SH,,(F)

—_—

where o : (F,7) — (K,)") is a field isomorphism satisfying o(a) = o(a) for every
a €F, P e M,(K) is invertible with P'P = (I, and \,( € K" are scalars with

(A" = 1.

Proof. The sufficiency part is obvious. We now consider the necessity part. Let
p € SF~ and n € SK" be fixed nonzero scalars and ¢ : H,(F) — H,,(K) be
defined by

©(X) =n""(uX) for every X € H,(F). (5.18)
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By Lemma 5.4.1 (a), ¢ satisfies (H). Let K € H,,(K). Then nK € SH,,(K) by
(5.12). Since ® is surjective, there is a matrix H € SH,,(F) such that ¢(H) =

nK. This implies y='*H € H,(F) and

p(p H)=n""¢(H) = K.

Thus, ¢ is surjective.

We suppose rank (1) # m. Hence, by letting P in Lemma 5.2.4 (a) be
I,,, we have rank o(X) < m — 2 for every X € H,(F). This contradicts the
surjectivity of ¢. Thus, rank ¢([,) = m. By Lemma 5.2.5, ¢ is bijective and

satisfies

rank (X —Y) =n <= rank (¢(X) —p(Y)) =m for all X,|Y € H,(F).

Next, we consider two cases.
Case I |[K"| = 2.

Then —1 = 1. Thus

rank (X —Y) =n <= rank (¢o(X) + ¢(Y)) =m for all X,Y € #H,(F).

We now show that ¢ is additive. Let X,Y € H,(F). If rank (X +Y) = n, then

by Lemma 5.2.3,

rank (X +Y) =rank p(X — (=Y)) = rank (p(X) + ¢(=Y)) =m.

Thus,

(X +Y)adj (X +Y) =deto(X +Y)1,

and

(P(X) + ¢(=Y))adj (p(X) + ¢(=Y)) = det(p(X) + (=Y ) [1n.
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This implies

(X +Y)adj o(X +Y)
det p(X +Y)

(p(X) + p(=Y))ad]j (p(X) +p(=Y))

=fn= det(p(X) + ¢(-Y))

It follows from Lemma 5.2.1 (b) that
adj (X +Y) = adj p(X = (=Y)) = adj (p(X) —¢(=Y)) = adj (p(X)+¢(=Y))

and hence

p(X+Y) (X)) +e(=Y)
deto(X +Y)  det(op(X) + p(—Y))

As det (X +Y) =det(p(X) + p(=Y)) =1, we have

(X 4+Y)=¢(X)+e(=Y) for all X,Y € H,(F) with rank X +Y =n.

Since ¢ is injective and

o(—1In) = (0 = I,,) = 9(0) + () = ¢(I,.),

we obtain I, = —1I,, and hence F is of characteristic 2. Thus ¢(—=Y) = ¢(Y') for

every Y € H,(F). Therefore,

PX+Y)=¢(X)+ ) for all X,Y € H,(F) with rank X +Y =n. (5.19)

We next consider the case where rank (X + Y) < n. There exists a matrix
Z € H,(F) such that rank (X 4+ Z) = rank (X +Y 4+ Z) = n by Lemma 2.2.2

(b). Then by (5.19), ¢(X + Z) = ¢(X) + ¢(Z) and
PX+Y)+0(Z)=p(X+Y +2Z) = (X +2)+¢(Y) = o(X) +¢(Z) + oY),
Thus,

(X +Y)=¢(X)+ ) for all X,Y € H,(F).
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Therefore, by Proposition 5.2.7 and the bijectivity of ¢, we have m = n, F and

K are isomorphic, and

(X)) = yPX°P" for every X € H,(F)

—_—

where o : (F,”) — (K,*) is a nonzero field isomorphism satisfying o(a) = o(a)
for alla € F, P € M, () is invertible with PP = (I,, and 7, ( € K" are scalars
with (1¢no () )% = 1.

Case II: |F~|, |K"| > 3.

As ¢(0) = 0, [14, Theorem 3.6] and the fundamental theorem of the geometry

of hermitian matrices, Theorem 1.5.4, give m = n, F and K are isomorphic, and

o(X) = yPX7P* for every X € H,,(F)

—_

where o : (F,”) — (K,*) is a nonzero field isomorphism satisfying o(a) = o(a)
for all a € F, P € M,,(F) is invertible and v € K" is nonzero. By Lemma 5.2.1
(a), n"2adj o(I,) = @(u"2I,). Tt follows from Lemma 5.2.6 that there exists a

nonzero scalar ¢ € K" such that
P'P = (I, and (v(no(p) )" 2 =1.
For both cases, by (5.18), we have
V(X)) = np(X) = pyPX7 P! = yno(u) " P(uX)" P' = AP(uX)" P'

for every X € H,(F), where A := yno ()=t € K, P'P = (I, and (A\()""2 = 1.

Therefore by (5.14),

W(A) = APA P for every A € SH,(F).
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Chapter 6

Classical adjoint-commuting mappings
on alternate matrices

6.1 Introduction

Let n be an integer with n > 2 and let F be a field. A matrix A € M,,(F) is
alternate if uAu® = 0 for every row vector u € F", or equivalently, if A = —A
with zero diagonal entries. We denote by IC,(FF) the linear space of all n x n
alternate matrices over F.

We recall from Proposition 1.3.3 that A € IC,,(F) if and only if A = 0 or there

exist an invertible matrix P € M,,(F) and an integer 1 < r < {gJ such that

A=P(Ji® - ®J. B0, 5)P" (6.1)
0 1
where J1:~--:JT:(_1 O)' Let

Jp =1 @@ Jpyp € Ko(F).
If n is even, J, is invertible and adj J,, = —J,.

Lemma 6.1.1. Let n be an even integer. If A € K, (F) , then adj A € K, (F)

and

0 ifrank A #n,

n if rank A =n. (6.2)

rank adj A = {

Proof. Let A € K,,(F). Then every (,7)-cofactor of A is zero. This implies that

the diagonal entries of adj A are all zero. In addition,
(adj A)' = adj (A") = adj (—A) = (-1)"'adj A= —adj A
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since n is even. Thus, adj A € IC,,(F).
If rank A = n, then it is clear that rank adj A = n. If rank A # n, then

rank A < n — 2 since rank A is even by (6.1). Hence, adj A = 0. O

Remark 6.1.2. Let n be an odd integer and let A € IC,,(F). Then adj A ¢ K,.(FF)

since (adj A)! = adj (A") = adj (—A) = (=1)""'adj A = adj A.

Remark 6.1.3. Let ¢ be an integer with g > 2. Let F be a field and F[z] be the
ring of polynomials in the indeterminate x over F. If F is algebraically closed,
then

2% — ¢ € F[z] has a root in F for every c € F. (6.3)
In addition, we also observe that

o if F = IF, is a Galois field of p elements with p = 2 or p" = kq for some
positive integers r and k, then condition (6.3) holds in F, since ¢? = ¢ for

every ¢ € IF;

e if ¢ is odd and F is the real field R, then it follows by the intermediate value

theorem that condition (6.3) holds in R.

Proposition 6.1.4. Let n be an integer with n > 2, and let F be a field. Then

F satisfies condition (6.3) for ¢ = n — 1 if and only if for every rank n matrix

A € M, (F), there exists a rank n matrizc B € M,,(F) such that A = adj B.

Proof. Let A € M,,(F) be of rank n. Let d := (det A)"~2. Then d # 0 and there

exists a nonzero scalar dy € F such that dj~' = d~*. Thus
A=d ! (dA) =d}"adj (adj A) = adj (dpadj A) = adj B
where B = dpadj A € M,,(F) and rank B = n.
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For the sufficiency, we let ¢ € F and we show that there exists a scalar b € F
such that "' — ¢ = 0. The result is clear if ¢ = 0. We suppose ¢ # 0. Then

there exists an invertible matrix B € M,,(F) such that adj B = ¢I,,. Thus
(det B)" 2B = adj (adj B) = adj (cl,,) = " 'I,.
This implies B = bl,, for some scalar b € F.
v, =adj B=cl, = V"' =c.
Therefore, F satisfies condition (6.3) when ¢ =n — 1. O
Following from the result above, we obtain the following Lemma.

Lemma 6.1.5. Let n be an even positive integer and let F be a field. Then F
satisfies condition (6.3) for ¢ = n — 1 if and only if for every rank n matriz

A € K, (IF), there exists a rank n matriz B € KC,(F) such that A = adj B.

Proof. Let A € KC,,(F) be of rank n. By Proposition 6.1.4, there exists a rank n

matrix B € M,,(F) such that A = adj B. This implies
adj A = adj adj B = (det B)" 2B € K,(F)

by Lemma 6.1.1. Thus, ((det B)""2B)" = —(det B)""2B and the diagonal entries
of (det B)" 2B are zero. It follows that B® = —B and the diagonal entries of B
are zero. That is, B € IC,,(F).

Next, we let ¢ € F. We now show that there exists by € F such that b ' = c.
The result is clear if ¢ = 0. We suppose ¢ # 0. Then ¢J,, = adj B for some rank
n matrix B € I, (F). As (det B)" 2B = adj (adj B) = adj (cJ,) = —c""'J,, we
have B = —by.J,, for some scalar by € F. Thus by~ 'J, = adj (—byJ,) = adj B =
cJ,. Therefore, b3~' = ¢. This implies F satisfies condition (6.3) for ¢ = n — 1.

We are done. N
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6.2 Some basic properties

Here and subsequently, we let m,n be even integers with m,n > 4. Let F and
K be fields. We study the structure of ¥ : K, (F) — K,,,(K) that satisfies one of

the following conditions (see (A1) and (A2) in Section 2.1):

(AK1) ¢(adj (A+ aB)) = adj (¢(A) + ayp(B)) for all matrices A, B € K,,(F) and

any scalar o € [Ff when F = K,
(AK2) ¢(adj (A— B)) = adj (¢(A) —¢(B)) for all matrices A, B € IC,,(F).

We consider only even integers m,n as adj A & IC,(F) if A € K,(F) and n is
odd by Remark 6.1.2.
Let m,n be even integers with m,n > 4. Let ¢ : K,(F) — K,,(K) be a

mapping satisfying (AK2). It can be shown that
¥(0) =0 and ¢(adj A) = adj (¢(A)) for every A € IC,,(F).

Lemma 6.2.1. Let m,n be even integers with m,n > 4. Let ¢ : I, (F) — K, (K)
be a mapping satisfying (AK2). Let A € K,(F). Then the following statements

hold.

(a) If F satisfies condition (6.3) for g =n — 1, then
rank A =n = rank ¥(A) =0 or m.
(b) rank ¢(A) <m —2 ifrank A <n—2.
Proof.

(a) Ifrank A = n, then by Lemma 6.1.5, there exists a rank n matrix B € K,,(IF)
such that A = adj B. Thus ¢(A) = ¢(adj B) = adj ¥(B). If rank ¢/(B) =

m, then rank ¥(A) = m. If rank ¢(B) # m, then ¢(A) = 0.
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(b) If rank A <n — 2, then adj A = 0. Thus,

adj 1(A) = P(adj A) = ¥(0) = 0.

This implies rank ¥(A) < m — 2.

Lemma 6.2.2. Let m,n be even integers with m,n > 4. Let ¢ : Kp(F) — K (K)
be a mapping satisfying (AK2). Let A € K, (F). Then v is injective if and only
if
rank A =n <= rank ¢(A) =m.

Proof. By Lemma 6.2.1(b), if rank 1)(A) = m, then rank A = n. Let A be of rank
n. Suppose rank ¥(A) < m. Then ¢(adj (adj A)) = adj (adj (¢¥(A))) = 0 since
m > 4. This implies adj (adj A) = 0 by the injectivity of ¢. This contradicts
that rank A = n. Thus, by Lemma 6.2.1(a), rank ¢/(A) = m.

Conversely, suppose (A) = ¥ (B) for some A, B € K, (F). Let rank (A —
B) = r. By Lemma 2.2.2(a), there exists a rank n — r matrix C' € K, (IF)
such that rank (A — B 4+ C) = n. Then rank adj (A — B + C) = n and hence
rank adj (A — B 4+ C) = rank ¥(adj (A — B + C') = m. By using (AK2), we

have
adj ¢(C) = adj (B — (B - ()

= adj (¢(B) —¢(B - ()
= adj (¢(4) —¢(B - C))

=adj (W(A—B+(C)).
Thus, rank ¢(C) = m and this implies r = 0. It follows that A = B. Therefore

Y is injective. [l
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Lemma 6.2.3. Let m,n be even integers with m,n > 4. LetF be a field satisfying
condition (6.3) for g =n—1. Let ¢ : K,(F) = K,,(K) be a mapping satisfying

(AK2). Let P € M, (FF) be invertible and let ¢p : IKC,,(F) — K, (K) be defined by
¢p(A) = p(PAP") for every A € K, (F). (6.4)

If ¢p(J,) =0, then ¢p(A) =0 for every invertible matriz A € IC,,(F).

Proof. Let A, B € K,(F) be invertible matrices with rank (A — B) < n. Then

adj (P(A — B)P") = 0 implies ¢(adj (P(A — B)P")) = 0. By the definition of

¢, and (AK2),
adj (¢p(A) — ¢p(B)) = adj (Y(PAP') —(PBP"))

— ¢(adj (PAP' — PBP"))
= ¥(adj (P(A = B)P"))

=0.
If pp(A) = 0, then adj ¢p(B) = 0. This implies rank ¢(PBP?) = rank ¢p(B) <

m. By Lemma 6.2.1(a), ¢p(B) = ¢(PBP") = 0. Therefore
op(A) =0 = ¢p(B)=0 (6.5)
if A, B € KC,(F) are invertible with rank (A — B) < n. Let

B:={J®S|S €K, 2F)and rank S =n — 2} C IC,(F)

0 1
-1 0

B) < n. Thus, if rank ¢p(J,) = 0, then by (6.5)

where J = ( ) € Ky(F). Let B € B. Then rank B = n and rank (J,, —

¢p(B) =0 for every B € B. (6.6)

Let A € K,(F) be an invertible matrix. Then A can be written in the form:
aJ A
A (_ " 01) € K, (F) (6.7)
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where a € F, Ay = (a;5) € My, —o(F) and C € K,,_»(F). We now consider two

cases.

Case I: n = 4.

Then C' = ¢J for some scalar ¢ € F. If as; = asg = 0, then a £ 0 and ¢ # 0. Let
By =J®C € B. Then rank (A — By) < 4. We obtain ¢p(A) = 0 by (6.5) and
(6.6).

Next, we suppose C' # 0. We let

aJ (all a12> fo o
0 O a if a#0,
Ba = (—an 0) € Ka(F) where a = { 1 ifa=0.

C
— Q12 0
Thus, Bs is invertible in both cases. Since rank (B; — B;) < 4 when a # 0,
¢p(B1) = 0 implies ¢pp(By) = 0. When o = 0, rank (J, — By) < 4 implies
¢p(By) = 0. Thus, ¢p(A) =0 by (6.5) since rank (A — Bs) < 4.

Now, we suppose C' = 0. Then A; is invertible. If o # 0, we select

air Q2
aJ ( 0 0 )
Bg - € IC4(F)
—ail 0 J
(. 0)
It can be easily seen that Bs is invertible and rank (J,—B3) < 4. Thus, ¢p(Bs) =

0. Since rank (A — B;) <4, ¢p(A) =0 by (6.5). If @ = 0, we choose

J A1>
B, = € K4(F).
! (-Ag 0 4(F)

It is obvious that By is invertible and ¢p(Bs) = 0. As rank (A — By) < 4, we

have ¢pp(A) = 0 by (6.5).

Case II: n > 6.

Let A € K,(F) be invertible of form (6.7). If C' is invertible, then we choose
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H =J&C e K,(F). It is clear that H, € B and rank (A — H;) < n. Thus,

¢p(A) =0 by (6.5). We now suppose C'is not invertible. We observe that

aJ Ay 0 0 - B aJ Ay
rank ((_Atl 0)+<O O))—rankA—nandrank (_Atl O)<4.

Thus rank C' > n —4. Since C'is not invertible, rank C' =n —4. By (6.1), there

exists an invertible matrix P € M,,_;(F) such that
C= P(Jl DD J(n,4)/2 D Og)Pt (6.8)

where J; = J fori=1,---,(n—4)/2.

If n > 8, we choose Hy = J@ P(J1 &+ ® Jy_ay2 D J)P" € K,,(F). It can be
easily shown that Hy € B. Thus, ¢p(Hz) = 0 by (6.6). Since rank (A— Hs) < n,
we obtain ¢p(A) = 0 by (6.5).

Next, we suppose n = 6. We denote by G the set of 6 x 6 invertible alternate
matrices of the form

G = (_“;t g) € Ks(F)
where a € F is nonzero, U = (u;;) € Mgy (F) with ug; =0 for j =1,--- ,4 and
V € K4(F) is invertible. We choose Hy = J &V € K¢(F). As V € Ky(F) is
invertible, we have Hs € B and hence ¢p(H3) = 0 by (6.6). We observe that

rank (G — H3) < 6. It follows from (6.5) that
¢p(G) =0 for every G € G. (6.9)

Let A € K¢(IF) be an invertible matrix of form (6.7) with singular C'. By (6.8),

C = P(J ® 0y)P' € K4(F). We select

J 11 a2 Q13 Aaiq
0 0 0 0
— 0
Hy = _ZE 0 € KCs(F).
t
a0 P(J® J)P
—Q14 0
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Then H, € G and

(a—1)J (ao o0
21 Q22 Q23
0 —axn
rank (A — H,) = rank 0 —g
—as2
0 —a P(0, @ J)P
0 —ay

By (6.9) and (6.5), ¢p(A) = 0.

All the cases show that

)
a24

N
I

t

¢p(A) = 0 for every invertible matrix A € IC,, (F)

if pp(J,) = 0. We are done.

Lemma 6.2.4. Let m,n be even integers with m,n > 4 and let F and K be fields

with T satisfying condition (6.3) for ¢ =n —1. Let ¢ : K,(F) = K,,(K) be a

mapping satisfying condition (AK2). Then the following statements hold.

(a) ¥(J,) = 0 if and only if rank (A) < m — 2 for every A € K, (F).

(b) ¥(J,) # 0 if and only if ¢ is injective.

Proof.

(a) Let A € K,(F). If rank A < n — 2, then rank 1(A) <

m — 2 by Lemma

6.2.1(b). Next, we suppose rank A = n. Since ¢(.J,,) = 0, by letting P in

Lemma 6.2.3 be I, , we have (A) = ¢p(A) = 0.

Conversely, if rank 1(A) < m — 2 for every A € IC,,(F), then rank v (J,) <

m — 2. This implies ¥(J,,) = 0 since rank .J, = n and Lemma 6.2.1 (a).

(b) If 9 is injective and ¥(0) = 0, 1(J,) # 0. Conversely, we suppose ©(.J,,) # 0.

If rank 1(A) = m, then by Lemma 6.2.1 (b), rank A = n. Next, we suppose
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rank A = n. By (6.1), there exists an invertible matrix P € M, (F) such

that A = PJ,P". Let ¢p : K,(F) — K,,(K) be defined by

dp(X) = Y(PXP") for every X € K, (F).

Thus, ¢p(P~1J,(P71)) = (P(P'J,(P~H)H)P) = (J,) # 0. If rank
P(A) # m, then ¥(A) = 0 by Lemma 6.2.1 (a). This implies ¢p(J,) =
PY(PJ,P') = ¢(A) = 0. Then ¢p(X) = 0 for every invertible matrix
X € K,(F). In particular, ¢p(P~1J,(P~1)) = 0 which is a contradiction.
Therefore,

rank A =n <= rank ¢(A) =m.

It follows that ¢ is injective by Lemma 6.2.2.

6.3 Some examples

Let m,n be even integers with m,n > 4 and let F be a field satisfying condition

(6.3) for ¢ = n — 1. If ¢ satisfies condition (AK1) or (AK2) and v(J,) = 0,

we have (A) = 0 for every invertible matrix A € K, (F) by Lemma 6.2.1 and

Lemma 6.2.4. In this section, we give some examples of such mappings that send

all invertible matrices to zero.

Example 6.3.1. Let m,n be even integers with m,n > 4 and let F be either

the real field R or the complex field C. Let 7 : KC,,(F) — F be a nonzero function

and let ¢y : K, (F) — K,,.(F) be the mapping defined by

n(A) = T(A)(E12 — E9) if A€ K, (F) is of rank r with 2 <r <n —2,
Y0 otherwise.
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Example 6.3.2. Let m,n be even integers with m,n > 4 and let F be a field

with n — 1 elements. Let f : F — F and g : F — F be nonzero functions. Let

A = (a;j) € K,(F) and let ¢y : IC,,(F) — K,,(F) be the mapping defined by
Z?:Il fla12)(Egi19; — Fgi0;1) if A€ K, (F) is of rank two,

Va(A) = 9 glar)(Ery — Ey) if A€ K,(F) is of rank r,2 < r < n,

0 otherwise.

It can be easily verified that 1 and 1, are both classical adjoint-commuting
mappings satisfying condition (AK1) or (AK2) and send all invertible matrices

to zero.

6.4 Characterisation of classical adjoint-
commuting mappings on alternate matrices

Let A € KC4(IF). Here, we note that A* € K4(F) is defined as in (1.10). That is,

*

0 a12 a13 Q14 0 a2 a3 Q23
—Qai2 0 A3 (24 _ —ai2 0 a4 Q24 (6 10)
—Q13 —a23 0 34 —aiz —aig 0 asq | '
—ay —ay —azy 0 —az3 —az4 —az 0

Then adj A* = (adj A)* for every A € IC4(F).
Let k,n be even integers with 4 < k < n and let F be a field with |F| > 3.

Let S be a subset of IC,,(F) and we define
Sti .= {B € K,(F) | rank (A — B) < k for every B € S}

and Strtr i= (S+k)k if S1+ is nonempty. Let A, B € K,(F). A and B are said
to be adjacent if rank (A — B) = 2 (see Definition 1.5.5). The following lemma

was proved in [18, Lemmas 3.2 and 3.3].

Lemma 6.4.1. Let k,m be even integers with 4 < k < m, and let F be a field
with |F| > 3. Let A, B € K,(F) such that rank (A — B) < k. Then A, B are

adjacent if and only if |[{ A, B}*+tr| > 3.
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Definition 6.4.2. ¢ : K, (F) — K,,(K) is called an adjacency preserving map-

ping in both directions if
rank (A — B) =2 <= rank (p(A) —p(B)) =2 for all A, B € K, (F).

We state the following proposition without proof. The details of the proposi-

tion can be found in [11, 18, 12, 13].

Proposition 6.4.3. Let m,n be even integers with m,n > 4. Let F and K be
fields with at least three elements. If ¢ : ICo(F) — K, (K) is a surjective mapping
satisfying

rank (A — B) =n <= rank (p(4) —¢(B)) =m (6.11)

for all A, B € IC,(F), then ¢ is a bijective adjacency preserving mapping in both

directions, m =n, and F and K are isomorphic.

Theorem 6.4.4. Let m,n be even integers with m,n > 4. Let K be a field with
K| > 3, and let F be a field with |F| > 3 such that x"~ — ¢ € F[z] has a root for
every c € F. Then ¢ : IC,,(F) — K,,,(K) is a surjective mapping satisfying (AK2)
if and only if m =n, F and K are isomorphic, and either

Y(A) = APA° P for every A € K,(F)
or when n = 4,

P(A) = AP(A") P for every A € K4(TF)

where o : F — K is a field isomorphism, A° is the matriz obtained from A by
applying o entrywise, P € M,(K) is invertible with P'P = (I, \,( € K are

nonzero scalars with (\()""2 =1, and

*

0 a2 a1z Q14 0 a2 @13 Q23
—ai2 0 23 Q24 | a2 0 a14 Q24
—a13 —a23 0 34 —aiz —aig 0 34
—ayy —ay —azy 0 —az3 —az4 —az 0
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Proof. The sufficiency part can be shown easily. We now consider the necessity

part. Suppose ¥(J,) = 0. Then rank ¢(A) < m — 2 for every A € K,(F) by

Lemma 6.2.4 (a). This contradicts that ¢ is surjective. Thus ¢(J,,) # 0 and

hence v is injective by Lemma 6.2.4 (b). It follows from Lemma 6.2.2 that
rank (A— B) =n <= rank Y(A—B)=m

<= rank adj (¢¥(A — B))

m

<= rank ¢(adj (A— B))=m

<= rank adj (¢(A) —¢(B)) =m

<= rank (¢Y(A) —¥(B)) =m.
Then it follows by Proposition 6.4.3 that v is a bijective adjacency preserving
mapping in both directions, m = n, and F and K are isomorphic. Since 1(0) =0
and by Theorem 1.5.6, the fundamental theorem of geometry of alternate matri-

ces, either

P(A) = APA° P for every A € K,,(F) (6.12)

or when n =4,
V(A) = AP(A*)? P! for every A € K4(F), (6.13)
where 0 : F — K is a field isomorphism, A € K is a nonzero scalar and P &€

M, (K) is invertible.

Next, we want to show that there exists a nonzero scalar ¢ € K such that
P'P = (I, and (\)" 2 =1. (6.14)

We first consider case (6.12). We have

APadj (A — B°)P' = \Padj (A — B)’ P!
= ¢(adj (A - B))

= adj (¢(A) = ¢(B))
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and hence
APadj (A7 — B”)Pt = adj ()\PA"Pt — )\PB"Pt)

= adj (AP(A° — B?)P")
= \""!(adj P")adj (A7 — B?)(adj P)
for all A, B € K,,(F). Thus,
adj (A7 — B?) = \" 2P~ !(adj P")adj (A" — B°)(adj P)(P")™*
= A"2P~Y(det P")(P")"'adj (A7 — B7)(det P)P~}(P")~!
= \""%(det P'P)(P'P) 'adj (A” — B°)(P'P) .
It follows that
adj (A% — B7) = A" ?(det Q)Q*adj (A° — B%)Q*

where Q = P!P is invertible and Q! = ). Thus, we have
H=X"?detQ)Q 'HQ™

for every invertible matrix H € K, (F). Let 1 <4 # j < n. Then J, + A\(Ej; —
Ej;) € K,(FF) is invertible. Hence,
Jo + AMEi; — Eji) = X" (det Q)Q ™ (J + MEy — Eji))Q ™

Since J,, € K,(F) is invertible, we have J,, = \"%(det Q)Q~'J,Q~". Thus,
Jo+ MEi; — Eji) = N2(det Q)Q~1J,Q " + M2(det Q)Q~'\(Ey; — E;))Q~!
— MEy — Eji) = M 2(det Q)Q'N(Ey; — E;;)Q .
It follows that

Q(Eij — E;i) = \"2(E;j — Ej)adj Q for all 1 <i# j < n. (6.15)
Let @ = (gi;). By (6.15) and Q' = Q, we have

¢i; = 0 and gi;qj; — qu = \""2(det Q) for all 1 <i # j < n. (6.16)
Thus, we have g;;q;; = A" %(det Q) for all 1 < i # j < n and hence ¢; = ¢ for
some nonzero ¢ € F for every ¢ = 1,--- ,n. This implies P'P = Q = ([I,. Then

by (6.16), ¢ = A""2¢" leads to (A\)"2 = 1.
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Since adj A* = (adj A)* for every A € K4(FF), case (6.13) can be shown by

using similar arguments. We are done. O

The following corollary is a consequence of Theorem 6.4.4

Corollary 6.4.5. Let m,n be even integers with m,n > 4. Let K be a field with
K| > 3, and F be a field with |F| > 3 such that 2"~ ' — ¢ € Flz] has a root
for every ¢ € F. Then ¢ : K,(F) = K,,(K) is a surjective classical adjoint-
commuting additive mapping if and only if m = n, F and K are isomorphic, and

either
Y(A) = APA° P for every A € K,(IF)

or when n = 4,

P(A) = AP(A*) P for every A € K4(IF)
where 0 : F — K s a field isomorphism, A° is the matriz obtained from A
by applying o entrywise, P € M,(K) is an invertible matriz with P'P = (I,

A, ¢ € K are nonzero scalars with (A\)"? =1 and

*

0 a2 a1z Q14 0 Q12 a3 23
—ai2 0 Q23 Q24 _ | T2 0 A14 Q24
—Qi13 —a23 0 34 —aiz —aig 0 34
—a14 —az —azg 0 —Qg3 —az —azs 0

Proof. Since 1 is a surjective classical adjoint commuting additive mapping,
U(adj (A — B)) =4 (adj (A + (—=B)))
= adj (V(A+(=B)))

= adj (¥(A) +¢(=B)).
In addition, 0 = 1(0) = (B — B) = ¢(B) + (—B) implies ¢(—B) = —(B).
Thus, ¢(adj (A—B)) = adj (¢(A)—1(B)) which is (AK2). Therefore, the result

is obtained from Theorem 6.4.4. O
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By using an analogous proof of Lemma 2.2.6, it can be shown that ) is linear.

The result is formulated in the following lemma.

Lemma 6.4.6. Let m,n be even integers with m,n > 4, and let F be a field
with |[F| = 2 or |F| > n + 1 satisfying condition (6.3) for ¢ = n — 1. Let

VY Kn(F) = Kn(K) be a mapping satisfying (AK1). If
rank (A+ aB) =n <= rank (¢(A) +ay(B)) =m
for all A, B € K,,(IF), then ¢ is linear.

Theorem 6.4.7. Let n be an even integer with n > 4. Let F be a field with
|F| > n + 1 such that x"* — ¢ € F[x] has a root for every ¢ € F. Then 1 :
Kn(F) = Kn(F) is a mapping satisfying (AK1) if and only if either (A) =0
for every invertible A € K,(F), and rank (¢(A) + arp(B)) < n — 2 for every
A, B € K,(F) and « € F; or either

V(A) = APAP? for every A € K, (F)

or when n =4,
V(A) = APA*P" for every A € K4(F)
where P € M, (F) is an invertible matriz with P'P = (I,,, \,( € F are nonzero

scalars with (A\)""2 =1 and

*

0 ai2 a1z Q14 0 Q12 a3 (23
—ai2 0 Q23 (24 _ | %2 0 14 (24
—a13 —dasg3 0 34 —a13 —ai4 0 34
—ayy —ay —azy 0 —ag3 —az —az 0

Proof. The sufficiency can be shown easily. We now proceed to the necessity.
Since v satisfies (AK1), ¢ also satisfies (AK2).
We first consider the case where ¢(.J,) = 0. Then by Lemma 6.2.4 (a), we

have rank 1(A) <n — 2 for every A € IC,,(F). This implies
rank (A +aB) <n—2forall A, B € K,(F) and o € F.
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Let A € K,(F) be of rank n. Then there exists a rank n matrix B € K, (F) such
that A = adj B by Lemma 6.1.5. Thus, ¥(A) = ¢(adj B) = adj ¢(B) = 0 since
rank B < n — 2. Therefore ¢)(A) = 0 for every invertible matrix A € IC,,(F).
Next, we consider ¢ (.J,) # 0. Then by Lemma 6.2.4 (b), 9 is injective and
hence it follows from Lemma 6.2.2 that
rank (A4 aB) =n <= rank adj (A+aB)=n
<= rank ¢(adj (A+aB))=m
<= rank adj (¢ (A) + ap(B)) =m

< rank (¥(A) + ap(B))

m.

Thus, by Lemma 6.4.6, v is linear. This implies v is surjective. The result

follows from Corollary 6.4.5 and the homogeneity of . [
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Chapter 7

Conclusion

As a conclusion of the thesis, in this research, we study the classical adjoint-
commuting mappings on various types of matrices such as full matrices, hermitian
matrices, symmetric matrices, skew-hermitian matrices and alternate matrices.

We obtained a number of characterisations of these mappings, such as:

(i) characterisations of classical adjoint-commuting mappings between matrix

algebras in Theorems 3.4.1 and 3.4.2;

(ii) characterisations of classical adjoint-commuting mappings on hermitian ma-

trices in Theorems 4.4.1, 4.4.2 and 4.4.3;

(iii) characterisations of classical adjoint-commuting mappings on symmetric

matrices in Theorems 4.5.1, 4.5.2 and 4.5.3;

(iv) characterisations of classical adjoint-commuting mappings on skew-

hermitian matrices in Theorems 5.4.2, 5.4.3 and 5.4.4;

(v) characterisations of classical adjoint-commuting mappings on alternate ma-

trices in Theorems 6.4.4, 6.4.7 and Corollary 6.4.5.

On the other hand, we have also identified some open problems for future
investigation. In our study, we apply Lemma 2.2.3 in the proofs of Theorems
3.4.1, 442, 452, 5.4.3. Since Lemma 2.2.3 does not include the case where
|F| = 3, this causes that the theorems are not proven for the case where |F| = 3.

These theorems can be improved by including the omitted case which we have
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yet to find a solution. In addition, Theorem 6.4.4 is not proven for fields with
exactly two elements. This is another open problem that this thesis has not
solved. Furthermore, the research can be continued by considering other matrix

spaces such as upper triangular matrices, strictly upper triangular matrices etc.
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