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ABSTRACT

The objective of this thesis is to devote a self-contained study of Riemannian subman-
ifolds and their warped products. This is completed in five major footprints: construct-
ing basic lemmas, proving existence, deriving characterizations, and applying geometric
inequalities to obtain geometric applications in physical sciences. The whole thesis is
divided into seven chapters. The first two chapters are an excursion from the origins of
this area of research to the current study. It includes the definitions, basic formulae, and
research open problems. It is known that the existence problem is central in the field
of Riemannian geometry, particularly in the warped product submanifolds. Moreover, a
lot of important results such as preparatory lemmas for subsequent chapters are stated in
these two chapters. In this thesis, we have hypothesized Sahin (2009b) open problems
in more general settings, and new inequalities are established by means of a new method
such as mixed totally geodesic submanifolds with equality cases are discussed in details.
In a hope to provide new methods by means of Gauss equation; instead of Codazzi equa-
tion, deriving the Chen (2003) type inequalities with slant immersions, and equalities are
considered. An advantage has been taken from Nash’s embedding theorem to deliberate
geometric situations in which the immersion may pass such minimality, totally geodesic,
totally umbilical and totally mixed geodesic submanifolds. As applications, we present
the non-existence conditions of a warped product submanifold in a different ambient space
forms using Green theory on a compact Riemannian manifold with or without boundary
in various mathematical and physical terms such as Hessian, Hamiltonian, kinetic energy
and Euler-Lagrange equation as well. The rest of this work is devoted to establish a re-
lationship between intrinsic invariant and extrinsic invariants in terms of slant angle and

pointwise slant functions. As a consequence, a wide scope of research was presented.



ABSTRAK

Objektif utama tesis ini adalah untuk mengkaji secara mendalam dan mandiri sub-
manifold Riemannian dan produk meleding mereka. Ia menghasilkan penyelidikan dalam
lima bahagian besar iaitu asas pembinaan lemma, pembuktikan kewujudan, pencarian
sifat-sifat dan pengaplikasian tak kesamaan persamaan geometri bagi mendapatkan ap-
likasi geometri dalam sains fizikal. Tesis ini terbahagi kepada tujuh bab. Dua bab pertama
adalah kronologi penyelidikan dari permulaan kajian sub manifold Riemannian hingga
kepada kajian semasa. Definasi, formula-formula asas dan pelbagai persoalan yang masih
terbuka dalam penyelidikan dalam bidang ini dimuatkan dalam dua bab pertama. Per-
soalan mengenai masalah kewujudan yang merupakan masalah utama dalam manifold
Riemannian; khasnya manifold produk meleding , dibincangkan. Dalam tesis ini, kami
juga telah memberi hipotesis Sahin (2009b) bagi masalah terbuka dalam keadaan yang
teritlak dan ketak samaan baru telah dibina dengan kaedah baru. Kami juga membin-
cangkan dengan terperinci submanifold geodesi campuran keseluruhan dengan kes ketak-
samaan. Dengan penuh harapan untuk mendapatkan kaedah baru dengan menggunakan
persamaan Gauss ; selain dari persamaan Codazzi, kami mendapatkan jenis ketaksamaan
Chen (2003) dengan tenggelaman condong dan ketaksamaannya. Kami juga telah meng-
gunakan faedah dari Teorem Penerapan Nash untuk menjelaskan situasi geometri yang
mana tenggelaman mungkin melalui minimaliti, geodesi keseluruhan, pusat keseluruhan
dan sub manifold campuran keseluruhan. Kami juga mempersembahkan keadaan tak
kewujudan bagi manifold produk meleding dalam bentuk ruang yang berbeza menggu-
nakan Teorem Green dalam manifold Riemannian yang padat dengan atau tanpa sem-
padan dalam pelbagai bentuk matematik dan fizikal seperti Hessian, Hamiltonian, tenaga
kinetik dan juga dalam bentuk persamaan Euler-Langrangian. Selain dari itu, penye-
lidikan dalam tesis ini adalah juga membina pertalian antara intrinsik tak berubah dan
ektrinsik tak berubah dalam bentuk sudut condong dan fungsi condong titik pintar. Aki-

batnya, skop penyelidikan yang luas dibentangkan
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'Throughout this thesis, the vector fields X, Y are taken to be tangent to the first factor while the vector
fields Z, W are considered to be tangent to the second factor of warped product submanifolds, unless
otherwise stated.



K(X NY) = Kxy = Sectional curvature of the plane spanned by the linearly inde-

pendent vectors X and Y.

e 7(T.M) and t(T M) = Scalar curvatures of M at some x € M with respect to M

and M, respectively.

2 = Smooth distribution of vector fields.

e {ey, -+ ,e,} = Local fields of orthonormal frame of I'(TM).
e J = Almost Hermitian structure.

e ¢ = (1, 1)-tensor field of almost contact structure.

e (¢ = Isometric immersion.

e R(X,Y;Z,W)= Riemannian curvature tensor.

e 1 = I-form of almost contact structures.

Q©:M=M xXyM) — M = Isometric immersion ¢ from the warped product

submanifold M = M; X y M; into the ambient manifold M.
e M =y My x ¢ M = Doubly warped product submanifold.

g and g = Riemannian metric ! on the ambient manifold M™ and the corresponding

induced metric on the Riemannian submanifold M", respectively.
e TX(PX)and FX = Tangential and normal components of JX or ¢X, respectively.
e H; = Partial mean curvature vectors restricted to N; for i = 1, 2.

PxY and QxY = Tangential and normal components of (VxJ)Y ( resp. (Vx¢)Y)

in M (resp. M), where X, Y € I'(TM).

v = J-invariant subbundle of the normal bundle 7M.

e [ = ¢-invariant subbundle of the normal bundle T+M.

IFor simplicity’s sake, we use g to refer for the inner products carried by both g and g.

Xi



e ;= h(ei,e;)-component, which is in the direction of the unit normal vector field

er.

° Z hi; = Summation of /] j» where i and j run from I to n such that i # J.
I<i#j<n

xii



CHAPTER 1

INTRODUCTION

1.1 BACKGROUND OF THE STUDY

One of the most fascinating topics in modern differential geometry is the theory of sub-
manifolds. Geometric aspects of Riemannian submanifolds of almost Hermitian and al-
most contact metric manifolds with various structures are very inventive fields of differ-
ential geometry. It has shown an increasing development in pure Riemannian geometry.
There are several classes of submanifolds in almost Hermitian manifolds and almost con-
tact metric manifolds. Thus, corresponding to holomorphic distribution the concept of
holomorphic submanifolds of Kaehler manifolds defined by Yano (1965). In early, Chen
& Ogiue (1974), Yano & Kon (1977), and Chen et al. (1977) initiated one the class of
submanifold which is called totally real submanifold. Bejancu (1979) introduced a new
class of submanifolds known as CR-submanifolds such that the above two classes of sub-
manifolds are generalized and also showed that a CR-submanifold is a CR-product if it
is a locally Riemannian product of a holomorphic submanifold and a totally real sub-
manifold. Further, Chen (1990) defined the slant submanifolds in complex manifolds as
a natural generalization of invariant and anti-invariant submanifolds. As far as contact
geometry is concerned, Latta (1996) extended this study in almost contact geometry and
further studied by Cabrerizo et al. (2000).

Papaghiuc (1994) innovated a new class of submanifolds of almost Hermitian mani-
folds with slant distribution which is called semi-slant submanifold. The semi-slant sub-
manifolds are the natural generalization of CR-submanifolds and also a generalization of
slant submanifold, holomorphic and totally real submanifolds under some particular con-
ditions. Cabrerizo et al. (1999) created the study of semi-slant submanifolds of contact
manifolds. On the other hand, there is a class of submanifolds whose both complemen-

tary orthogonal distributions are slant with different wirtinger angles known as bi-slant



submanifolds. It has been introduced and simultaneously given the notion of pseudo-
slant (hemi-slant) submanifolds. However, pseudo-slant submanifolds were defined by
Carriazo (2000) under the name anti-slant submanifolds as a particular class of bi-slant
submanifolds.

The notion of pointwise slant submanifolds in almost Hermitian manifolds initiated
by Etayo (1998) under the name of quasi-slant submanifolds as a generalization of slant
submanifolds and semi-slant submanifolds, that is, a submanifold with a slant function
is called a pointwise slant submanifold. Recently, Chen & Garay (2012) studied the
geometry of pointwise slant submanifolds in almost Hermitian manifolds and gave the
most productive characterizations of it. Then, Sahin (2013) defined the notion of the
pointwise semi-slant submanifolds in Kaehler manifold and also provided an example.
Later on, K. S. Park (2014) introduced the idea of pointwise slant and semi-slant sub-
manifolds in almost contact metric manifolds, and obtained some classification results
with some examples. It means that pointwise semi-slant submanifolds can be consid-
ered as a natural generalization of holomorphic submanifolds, totally real submanifolds,
CR-submanifolds, slant submanifolds and semi-slant submanifolds in almost Hermitian
manifolds with a globally constant slant function. Among some classes were studied
in almost contact metric manifolds by several geometers in Uddin & Ozel (2014), Park
(2014, 2015); Balgeshir (2016).

The most inventive topics in differential geometry currently are the theory of warped
product manifolds. Henceforth, the notion of warped products played some important
roles in the theory of general relativity as they have been providing the best mathematical
models of our universe for now. That is, the warped product scheme was successfully
applied in general relativity and semi-Riemannian geometry in order to build basic cos-
mological models for the universe. It is well known that the concept of warped product
manifolds is widely used in differential geometry and many applications of these warped
product manifolds have been found in numerous situations to general relativity theory in
physics and black holes Hawking (1974). We also note that a lot of space-time models
are examples of warped product manifolds such as Robertson-Walker spacetimes, asymp-

totically flat space-time, Schwarzschild space-time and Reissner-Nordstrom space-time



which was discussed by Hawking & Ellis (1973), and GFR (1973). The idea of warped
product manifolds was produced by Bishop & O’Neill (1969) with manifolds of negative
curvature. In an attempt to construct manifolds of negative curvatures, R. L. Bishop and
B. O’Neill defined the notion of warped product manifolds homothetically warping the
product metric of a product manifold B X F on the fiber p X F for each p € B. This gener-
alized product metric appeared in differential geometric studies in a natural way, making
the studies of warped product manifolds inevitable with intrinsic geometric point of view.

In 1954, one of the most important contributions in the field of Riemannian sub-
manifolds theory appeared. It well-known Nash first embedding theorem, C' embedding

theorem, published by Nash (1954).

Theorem 1.1.1. Let (M,g) be a Riemannian manifold and ¢ : M™ — R" a short C*-
embedding (or immersion) into Euclidean space R", where n > m~+ 1. Then, for arbitrary

€ > 0 there is an embedding (or immersion) Q¢ : M™ — R"™ which is
(i) in class C';

(ii) isometric: for any two vectors X, Y € T,M in the tangent space at x € M,

(iii) €-close to @:

|p(x) — @e(x)| < eV xeEM.

During this thesis, when we refer to the Nash’s embedding theorem, we mean the C¥

embedding theorem of Nash (1956).

Theorem 1.1.2. Every compact Riemannian n-manifold can be isometrically embedded
in any small portion of a Euclidean N-space EN with N = %n(3n +11). Every non-
compact Riemannian n-manifold can be isometrically embedded in any small portion of

a Euclidean m-space E™ with m = n(n+1)(3n+11).

The study of differential geometry of warped product submanifolds was intensified
after that, when S. Nolker (1996) gave a warped product version of Moore’s result. Let

My, - - - , M} be Riemannian manifolds, M = M X - - - X M}, their product, and 7; : M — M;



the canonical projection. If py,---, pr : Mg — R are positive-valued functions, then
k
(X.Y) == (m0.X, .Y ) + ;(Pioﬂ0)2<ﬂi*x,ﬂi*y>
i=
defines a Riemannian metric on M, called a warped product metric. M endowed with this
metric is denoted by My X p, My X - -+ X p, M.
A warped product immersion is defined as follows: Let My xp, My X --- Xp, M) be

a warped product and let ¢; : N; — M;, i =0,---  k, be isometric immersions, and define

fii=pio@y:Ng — R, fori=1,--- k. Then the map
(pIN()Xlel><---><kak—>M()><p1M1X---kaMk

given by @(xo, - ,xx) := (@o(x0), ®1(x1), -, Pr(xx)) is an isometric immersion, which
is called a warped product immersion.

Nolker (1996) extended the Moore’s result by showing the natural existence of mixed
totally geodesic warped product submanifolds in Riemannian space forms M™(c) as the

following.

Theorem 1.1.3. Let ¢ : Nog X 5, Ni X -+ X 5, Ny = M"™(c) be an isometric immersion into
a Riemannian manifold of constant curvature c. If h is the second fundamental form of ¢
and h(X;,X;) = O, for all vector fields X; and X, tangent to N; and N; respectively, with

i # J, then, locally, ¢ is a warped product immersion.

The approach of warped product submanifolds in almost Hermitian and almost con-
tact metric manifolds has been an important field for the few decades. Especially, Chen
(2001) inaugurated the notions of CR-warped product submanifolds in Kaehler manifolds.
He first proved the nonexistence of warped products of the type N| X s Ny. Reversing the
factors, he used a result of Hiepko (1979) to give a characterization theorem of the CR-

warped product submanifolds of the type Ny X s N in Kaehler manifolds.

1.2 LITERATURE REVIEW AND SCOPE

Three decades ago with the appearance of the celebrated Nash embedding theorem, Rie-
mannian manifolds purpose was materialized by Omori (1967). Here, Riemannian man-

ifolds were considered to be Riemannian submanifolds of Euclidean spaces. Inspiration



by this fact, B. Y. Chen started research in this area as to review impressibility and non-
impressibility of Riemannian warped product in Riemannian manifolds. Particularly, in
Riemannian space forms M"(c) for reference Chen (2001)-Chen (2013). As a result, he
proposed so many open problems on this topic. Recently, a lot of solutions were provided
to his issues by several geometers, many gaps still remain. Moreover, several generaliza-
tions are often done to save lots of effort and time for a potential research. Therefore, this
gave us a motivation to fill these gaps and prove such generalizations

As far as concern, if tangent space of Riemannian submanifold can be decomposed
with holomorphic submanifold and totally real submanifold, then it is called a CR-submanifold.
A CR-submanifold is called a CR-product if it is a Riemannian product of holomor-
phic submanifold and totally real submanifold. It was proved that a CR-submanifold of
Kaehler manifold is a CR-product if and only if the tangential endomorphism is parallel,
and also it is shown that every CR-product in a complex Hermitian space is a direct prod-
uct of holomorphic submanifold of linear complex subspace and a totally real submanifold
of another linear complex submanifold. It has been seen that there does not exist a warped
product of the form N| Xy N7 in any Kaehler manifold except CR-products, where N |
is a totally real submanifold and N7 is a holomorphic submanifold. By contrast, it was
shown in Chen (2001) that there exist many CR-submanifolds which are called warped
product submanifolds of the form Ny x  N| and such a warped product CR-submanifold
simply represent a CR-warped product. The following general inequality of a CR-warped

product in a Kaehler manifold was obtained:
[Rl* < 2p[|ViIn ], (1.2.1)

where V(In f) is the gradient of In f and & is the second fundamental form. It is a one
of the most fundamental relationship. For a survey on warped product submanifolds in
different kind of structures, we refer to Chen (2013).

Some relations among the second fundamental form which is an extrinsic invari-
ant, Laplacian of the warping function and constant sectional curvature of a warped
product submanifold of a complex, cosymplectic and Sasakian space forms, and its to-

tally geodesic and totally umbilical submanifolds are described from the exploitation



of the Gauss equation instead of the Codazzi equation. These relations provide an ap-
proach to the classifications of equalities by the following case studied of At¢eken (2011);
Atceken (2013); Atceken (2015). These are exemplified by the classifications of the to-
tally geodesic and totally umbilical submanifolds.

By the isometrically embedding theorem of J. F. Nash (1956) we know that every
Riemannian manifold can be isometrically immersed into a Euclidean space with suffi-
ciently high dimension. Afterward followed to case study of Nolker (1996), Chen (2003)
developed a sharp inequality under the name of another general inequality in a CR-warped
product N;l X fo in a complex space form M™(4c¢) with a holomorphic constant sectional

curvature 4c by means of Codazzi equation satisfying the relation
ol < 2p (11710 17+ Alin ) + ahc

where h = dim¢ N7, p =dimN, and o is the second fundamental form. Therefore, it
is called Chen’s second inequality of the second fundamental form. Inspired by these
studies, other geometers Mihai (2004), Munteanu (2005), Arslan et al. (2005), Mustafa
et al. (2015) obtained some sharp inequalities for the squared norm of the second fun-
damental form, which is an extrinsic invariant, in terms of the warping function for the
contact CR-warped products isometrically immersed in both a Sasakian space form and
a Kenmotsu space form using the same techniques by taking equation of Codazzi. Some
classifications of contact CR-warped products in spheres which satisfying the equality
cases identically are given.

In more general case, Papaghiuc (1994) found a new class of submanifolds such that
CR-submanifolds and slant submanifolds as particular classes of this class, and it is called
semi-slant submanifold. Followed the definition of semi-slant submanifold in a Kaehler

manifold, Sahin (2006a) proved the following results;

Theorem 1.2.1. Sahin (2006a) There does not exist of warped product semi-slant subman-
ifold M = Nt X r Ng of a Kaehler manifold such that Nt is a holomorphic submanifold

and Ny is slant submanifold.
By reversing the two factors N7 and Ng of warped product submanifold, we have

Theorem 1.2.2. Sahin (2006a) There do not exists of semi-slant warped product sub-



manifold of type M = Ng X y Nt of a Kaehler manifold such that Ng is a proper slant

submanifold and Nt is a holomorphic submanifold.

The above two theorems show that warped product semi-slant submanifold failed to
generalized of CR-warped product submanifold in a Kaehler manifold in the sense of N.
Papaghiuc (1994). For instance, to see in almost contact metric manifolds, the warped
product semi-slant submanifold does not admit non-trivial warped product in some am-
bient manifolds (see Al-Solamy & Khan (2008); K. A. Khan et al. (2008)). Therefore,
the class of pointwise slant submanifold becomes very important to study in Riemannian
geometry.

After the pointwise slant immersion concept was introduced by Chen & Garay (2012),
this imposes significant restrictions on the geometry of its generalization. Therefore,
the warped product pointwise semi-slant submanifold might be regarded as the simplest
generalization of CR-warped product submanifolds. To the contrary of semi-slant and
motivated by the study of pointwise slant submanifold, B. Sahin (2013) introduced the
new class of pointwise semi-slant submanifold of a Kaehler manifold and also discussed
warped product pointwise semi-slant submanifold of Kaehler manifold. He proved the

following theorem on nonexistence of warped product pointwise such that

Theorem 1.2.3. There does not exist pointwise semi-slant warped product submanifold
of type M = Ng X ¢ Nt in a Kaehler manifold such that Ng is proper pointwise slant

submanifold and Nt is a holomorphic submanifold.

Moreover, Sahin (2013) also proved the existence of warped product pointwise semi-slant
submanifold of a Kaehler manifold by reversing the two factors Ny and Ny and established

the following inequality theorem,

Theorem 1.2.4. Let M be a non-trivial warped product pointwise semi-slant submanifold
of the form Nt X y Ng in a Kaehler manifold such that Nt is a holomorphic submanifold

dimension n and Ng is a proper pointwise slant submanifold dimension ny of M. Then

(i) The second fundamental form h is satisfied the relation

||1]|? > 212 (csc? @ + cot? 0) ||V (In f)||*. (1.2.2)



(ii) If the equality sign hold in (4.2.9), then Nt is totally geodesic in M and Ny is totally

umbilical submanifold in M. Moreover, M is minimal submanifold of M.

It can be easily seen that the Theorem 1.2.4 is generalized to the inequality (1.2.1) as
particular case such that the pointwise slant function 6 becomes globally constant and
substitute 6 = 7 in Eqgs (1.2.2). It can be concluded that warped product pointwise semi-
slant submanifold Ny x r Ng of Kaehler manifold succeed to generalize of CR-warped
product submanifold of type N7 X f N claimed by Sahin (2013). Meanwhile, the exis-
tence of warped product pointwise semi-slant submanifold in cosymplectic, Sasakian and
Kenmotsu manifolds of the type M = N7 X y Ny, in a case, when the structure vector field
& is tangent to N7, was proved by Park (2014). He derived numerous of examples on the
existence of the warped product pointwise semi-slant submanifolds in different ambient
manifolds, and constructed many general inequalities for the second fundamental form in
terms of warping functions and pointwise slant functions.

Consequently, there was a difficulty in describing the differential geometric proper-
ties and to establish a relation between the squared norm of the second fundamental form
and warping functions in terms of slant immersions and pointwise slant functions by us-
ing Codazzi. Applying a new method under the assumption of the Gauss equation instead
of the Codazzi equation, we establish a sharp general inequality for the warped prod-
uct pointwise semi-slant submanifolds which are isometrically immersed into a complex,
cosymplectic and Sasakian space form as a generalization of CR-warped products. To
do these, we choose only non-trivial warped product pointwise semi-slant submanifold of
the type M = N7 X y Ng in Kaehler, cosymplectic and Sasakian manifolds, and then obtain

some results.

1.3 OBJECTIVE OF THE STUDY

(1) To investigate the existence of CR-warped product submanifolds in nearly Sasakian

manifolds and 7 —manifolds in terms of various endomorphisms.

(1) To study and estimate the geometric inequalities of warped product pseudo-slant

submanifolds in more general settings, as a locally Riemannian product manifold,



or nearly Kenmotsu manifold, or nearly Sasakian or nearly Trans-Sasakian mani-

folds.

(ii1)) To discuss the proper warped product pointwise semi-slant submanifolds in the

settings Kaehler, cosymplectic, Sasakian and Kenmotsu manifolds.

(iv) To find a relation of the squared norm of the second fundamental for warped product
pointwise semi-slant in various ambient space forms which is called a Chen type

inequality.

(v) To discuss some applications of the derived inequalities which relate to physical

sciences.

1.4 SIGNIFICANCE OF THE STUDY

It is worthwhile to study the existence or non-existence of the warped products and even
doubly warped products in a more general setting of Kaehler, Sasakian, cosymplectic,
Trans-Sasakian, nearly cosymplectic, nearly Sasakian, nearly Trans-Sasakian, and nearly
Kenmotsu manifolds, etc. Then, we expect that whenever such warped products exist,
their warping functions will emerge a solution of a system of partial differential equa-
tion. Our purpose is to study the physical significance of theses problems as we believe
that most of the physical solutions or phenomenonas can be described by the system of
second-degree equations. So that our study may find the useful applications in physics

and different branches of engineering and mathematics.

1.5 THESIS OUTLINE

The research has been outlined as follows:

Chapter 2 presents a literature review on basic concepts keeping in view of the pre-
requisites of the subsequent chapters. We will give a brief survey of the structures on
manifolds, the notion of Riemannian submanifolds of both classes of almost Hermitian
and almost contact metric manifolds. We focus on the Levi-Civitas connection and the
curvature tensor. This tensor will be gradually used to define many intrinsic invariants

necessary for this work, such as sectional, scalar and mean curvatures. On the other hand,



the extrinsic geometry will be explored via the second fundamental form of Riemannian
submanifolds, for a background of submanifold theory which is demonstrated, including
Gauss formula and equation, Weingarten formula and Codazzi equation. Moreover, the
warped products are studied form both the manifolds and the submanifold theories.

Chapter 3 leads us to obtain characterizations under which a contact CR-submanifold
of nearly Sasakian and 7 —manifolds reduces to a contact CR-warped product in the form
of tangential endomorphism and normal valued-one form. We also discuss the necessary
and sufficient conditions such that both distributions are integrable which are involved in
the definition of a contact CR-submanifold. These results are very useful to prove the
theorems on the characterizations.

Chapter 4 can be considered as a slant version of the previous study. This chapter
presents some special inequalities which turn out as fundamental existence theorems. A
simple characterization theorem is proved for warped product pseudo-slant submanifolds
in a locally Riemannian manifold with mixed totally geodesic conditions. Moreover,
some examples to ensure the existence of different types of pseudo-slant submanifold and
warped product pseud-slant were derived.

Integrability conditions were imposed in this Chapter. Finally, geometric inequalities
of mixed totally geodesic warped product pseudo-slant immersed into a nearly Kenmotsu
manifold and nearly Sasakian manifolds were constructed.

Chapter 5 to the contrary of a semi-slant case, a new class of Riemannian submani-
folds was introduced which is called pointwise semi-slant submanifold. First, we defined
pointwise semi-slant submanifold in Kaehler, cosymplectic and Sasakian manifolds, and
then showed that the existence of non-trivial warped product pointwise semi-slant sub-
manifold in such manifolds by their characterization theorems. Moreover, we show the
existence of a wide class of warped product submanifolds in the Riemannian manifolds
possessing the minimality properties. In addition, some important and interesting results
which are used widely to modified the equality case of the inequalities were also pre-
sented. Further, an interesting inequality for the second fundamental form in terms of
scalar curvature by mean of Gauss equation was obtained, and some applications of them

are derived with considering the equality cases. A number of triviality results for the



warped product pointwise semi-slant isometrically immersed into complex space forms,
or cosymplectic space forms or Sasakian space forms, various physical sciences terms
such as Hessian, Hamiltonian and kinetic energy were also presented. These generalize
the triviality results for CR-warped products.

Chapter 6 presents the study of doubly warped products. Some optimal inequal-
ities in terms of the various curvatures and associated with the warping functions for
C—totally real doubly warped products isometrically immersed into a locally conformal
almost cosymplectic manifold with pointwise ¢—sectional curvature ¢ were constructed.
The doubly warped product in a locally conformal almost cosymplectic manifold which
satisfies the equality case of the inequality was also examined. Finally, the upper and
lower bounds of the associated warping functions were given. Moreover, we obtained
Chen’s inequalities for warped product semi-slant isometrically immersed into Kenmotsu
space forms.

Chapter 7 presents the summary of the study and the suggestion for further research.



CHAPTER 2

PRELIMINARIES AND DEFINITIONS

2.1 INTRODUCTION

Definitions, formulas and basic lemmas are explored briefly in this section. In the first
subsection, we introduce the notions of Riemannian manifolds, the Levi-Civitas connec-
tion and the Riemannian curvature tensor. After that, we discuss the intrinsic geometry
of such manifolds. Meaning that, many intrinsic invariants are defined systematically,
such as sectional curvature, scalar curvature, Ricci curvature, Riemannian invariants and
Chen first invariant. The second subsection is devoted for almost Hermitian and almost
contact structures. The geometry of Riemannian submanifolds is discussed in the third
subsection. After that, warped products are treated as Riemannian submanifolds. Warped

products are defined as Riemannian manifolds in the last subsection.

2.1.1 Manifolds

Definition 2.1.1. Let Mbea topological space. Then the pair (U, ¢) is called a chart, if ¢ :
U — ¢(U) C R" is a homeomorphism of the open set U in M onto an open set ¢ (U) C R”.
The coordinate function on U are defined as x/ : U — R”, and ¢(p) = (x!(p),--- ,x/(p)),
presented as x/ = u/o@, where u/ : R" — R, u/(a; -+ ,a,) = a; is the j™ projections and

n is called the dimension of coordinate system.

Definition 2.1.2. A topological space M is called Hausdorff, if for every two different

point x1,x2 € M, there exists two open sets Uy, U, C M such that
x1 €Uy, xpelUy, U NU, =0.

Definition 2.1.3. An atlas &7 of dimension n associated with the topological space M is

collection of all charts (U, ¢ ) such that



(1) Ua CM, UaUa:M

(i) If Uy NUg # 0, the map

Fop = 009" : 95(UaNUp) — 95(UaNUp)
is smooth.

The two atlas <7 and <7 are called compatible if their union is again an atlas on topolog-
ical space M. However, the set of all compatible atlas can be organized by inclusion. The

maximal element is called the complete atlas €.

Definition 2.1.4. A smooth manifold M is a Hausdorff space endowed with a complete

atlas. The dimension 7z of an atlas is said to be dimension of the manifold M.

Example 2.1.1. The space R" is a smooth manifold of dimension » defined by only one

chart, that is identity map.

Definition 2.1.5. A function f : M — R is called smooth function, if for every (U,9) on
M, the function fo¢~!:¢(U) — R is smooth. So, the set of all smooth function defined

on manifold M is denoted by .% (M).
Definition 2.1.6. A tangent vector at a point p € Misa map X, : & (]\71 ) — R such that
() X,(af +bg)=aX,(f)+bX,(g), Ya,b eRandVf,gc .7 (M)

(i) X,(f.8) = X, (f)g(p) +X,(8)f(p), Vf,g € FM).
The second equation is called Leibnitz rule.

Moreover, the set of all tangent vector at a point p € M is called tangent space and it is
denoted by Tp]\7l , and this is a vector space with respect to smooth function of dimension
n.

The physical notion of velocity corresponds to the geometrical concept of a vector
field. The following definition is that there is a reference system in which n — 1 compo-

nents of the vector vanish and the n’” components is equal to one, i.e.,

Definition 2.1.7. A smooth map X : M — Upe MTPZVI that assigns to each point p € M,

then a vector X, in Tpﬂ is called a vector field.



Similarly, the set of all vector fields on M will be denoted by F(TA7I ) throughout in this
study. In a local coordinate system of vector field is defined as X = ¥ X’ %, where the

components X' € ['(TM) are given by X' = X (x;),_, . Now we give the definition of

i=1-

differential map,

Definition 2.1.8. A map F : M — N between two manifolds M and N is smooth map
at point p € M, for any charts (U, y) on about p and (V,¢) on N at point F(p), the

application yo F o ¢! is smooth from ¢(U) C R™ and (V) C R".

Definition 2.1.9. For every point p € M, the differentiable map dF at p is defined by

de : TPM — TF([,)JV with
(dF,)(V)(f) =V(foF), YW e (T,M), f€.Z(N). (2.1.1)

Locally, it is given by

i 0
dF 2.1.2
<8XJ|P> Z ( )

=1 9%jip ay\p( )

where F = (F L.F ”) The matrix (%F is the Jacobian matrix of F' with respect to the

i)

chart (x!---x™) and (y'---y") on M and N, respectively. There is an important operation

on vector field is the Lie bracket [,] : TM x TM — TM defined by
X,Y] = XY —YX. (2.1.3)

In coordinates system

(2.1.4)

2.1.2 Riemannian Manifolds

There are manifolds which we may want to measure distance, angles, and lengths of
vectors and curves. From the math point of view they represent generalizations of the
surfaces more than two dimensions. From the mechanics point of view, they constitute the
models for the coordinates spaces of dynamical systems. Their tangent space represent
the phase space. The metric they are endowed with allows measuring the energy and

constructing Lagrangian on the phase space and Hamiltonian on the cotangent bundle.



This way, Riemannian geometry becomes an element frame and proper environment for

doing Classical Mechanics.

Definition 2.1.10. A Riemannian metric g on a smooth manifold Misa symmetric, posi-

tive definite (0,2)-tensor filed.

The above definition means that Vp € M . 8p: TPAZ X TPM — R. Furthermore, in local

coordinates
g =gijdx' @dx’. (2.1.5)

Definition 2.1.11. A differential manifold M endowed with a Riemannian metric g is said

to be a Riemannian manifold and its denoted as (M ,8)-
The existence of Riemannian metric is given by the following result:

Theorem 2.1.1. Let M be a smooth manifold. Then there exists at least one Riemannian

metric on M.

Proof. Denote by <, > the Euclidean scalar product on R", and consider the immersion

¢ : M — E?"*! given by the Whitney Imbedding Theorem
g(X,Y) =< ¢.X,0.Y >, VXY € [(TM). (2.1.6)
Then (M, g) is a Riemannian manifold.

Similarly, the linear connection is an extension of the directional derivative from the Eu-

clidean case.

Definition 2.1.12. A linear connection V on a smooth manifold M is a map V:TM x

TM — TM with the following properties.
(i) VxY is F (M) — linear in X.
(i) VyY is R—linear in Y.
(iii) It satisfies the Leibnitz rule, i.e., Vx (fY) = X(f)Y + fVxY, Vf € F (M)

for any X € [(TM).



If g is a Riemannian metric tensor, the linear connection V is called a metric connection

when
Vyg =0, VYV e(TM). 2.1.7)
It means that
Vg(X,Y)=g(VyX,Y)+g(VvY,X), V,X,Y € [(TM). (2.1.8)

The fascinating fact is that, there is only one metric connection that has zero torsion.
This constitutes the geometry of Riemannian manifolds. The following theorem can be

considered as definition of the Levi-Civitas connection.

Theorem 2.1.2. On a Riemannian manifold there is a unique torsion-free metric connec-

tion V. F. urthermore, Vis given by the Koszul formula

28(VzX,Y) =Zg(X,Y) +Xg(¥,Z) +Yg(X,Z)

—g(Z, [X,Y])—l—g(X,[Y,Z])—|—g(Y,[X,Z]), (2-1-9)

forany X,Y,Z € T(TM).

2.2 ALMOST HERMITIAN AND ALMOST CONTACT METRIC MANIFOLDS

In this section, we study the geometrical and topological properties in almost Hermitian
and almost contact metric manifolds. Moreover, some very important formulas are given

which we will require further study.

2.2.1 Almost Hermitian manifolds

Almost complex structure on a real vector space V' is an endomorphism such that
J: V=V,

which satisfying J> = —I;, where, J> = JoJ and I, is identity map I : V — V. A real
vector space endowed with an almost complex structure is almost complex vector space
and denoted by (V,J). Some fundamental remarks and examples on almost complex

vector spaces are the following.



Remark 2.2.1. Every complex vector space is an almost complex vector space.
Example 2.2.1. C itself is a vector space having complex dimension one.

Remark 2.2.2. For every integer n, the flat space R?" admits an almost complex structure.
An example for such an almost complex structure is (1 < i, j <2n): J;; = —6; j— for odd
i, Jij = & j+1 for even i.

Remark 2.2.3. An almost complex vector space can be turned into a complex vector space
using J to make V into a complex vector space such that the multiplication by complex

numbers extends the multiplication by reals.

Remark 2.2.4. In an almost complex vector space (V,J), the vector X and JX are linearly

independent.

Note. Itis clear that from the above study that minimum dimension of an almost complex

vector space is 2.

Definition 2.2.1. An inner product 4 on almost complex vector space (V,J) is said to be

a Hermitian inner product if the following invariancy condition is satisfied
h(JX,JY) =h(X,Y),

forall X,Y € V.

Definition 2.2.2. Let M be a smooth manifold. If at each point p € M there exists an
endomorphism Jp : TpM — TI,M such that J2 = —I; and the map J : p — Jp 18 C*—map,
then J is said to be an almost complex structure on M , and the manifold M endowed with

fixed almost complex structure is called almost complex manifold. It is denoted by (M ).

Definition 2.2.3. Let (M,J) be an almost complex manifold and g Riemannian metric
such that g(JX,JY) = g(X,Y), V X,Y € I(TM). That is, g is a Hermitian metric on M.
In this case, the manifold (M ,J, ) is an almost Hermitian manifold. A complex manifold

endowed with a Hermitian metric is called an almost Hermitian manifold.

Definition 2.2.4. Let (M ,J,g) be an almost Hermitian manifold. Then we define a funda-

mental 2—form ® on M as

O(X,Y)=g(X,JY), VX,Y e T(TM).



Definition 2.2.5. Let (Z\7I ,J,g) be an almost Hermitian manifold. Then the Nijenhuis

tensor of J is as follows.
Ny(X,Y)=[JX,JY]|-JJX,Y]|-J[X,JY]—[X,Y],
for any X,Y € T(TM).

Remark 2.2.5. The Nijenhuis tensor of complex structure is trivial, i.e., zero.

Remark 2.2.6. The converse of the Remark 2.2.5 also true. Hence an almost complex

structure is complex if and only if N; = 0.

Definition 2.2.6. Let V be a connection on an almost complex manifold (M ,J). Then J

is called parallel on M if VxJ =0, V X € [(TM).

Definition 2.2.7. A p—form o is said to be a closed form if dw = 0. Moreover, a p—form

Q is called an exact form if there exists a p — I-form o such that do = Q.
Remark 2.2.7. Clearly, every exact form is closed, i.e., dw = 0, for any form ®.

Theorem 2.2.1. Let M be an almost Hermitian manifold with an almost complex structure
J and Hermitian metric g. Then the Riemannian connection V on g, the fundamental

2—form ® and the Nijenhuis tensor Ny of J satisfy
28((VxJ)Y,Z) = 3d®(X,JY,JZ) —3dD(X,Y,Z) + g([V,Z],JX). (2.2.1)

Corollary 2.2.1. If M is an almost Hermitian manifold with fundamental 2—form closed,

then the complex structure J is parallel on M.

Definition 2.2.8. A Hermitian metric ¢ on an almost Hermitian manifold (M J,g) is
called Kaehler metric if the fundamental 2—form is closed on M. Further, a complex

manifold endowed with a Kaehler metric is said to be a Kaehler manifold.

From the above definition it is concluded that on a Kaehler manifold, J is parallel. Thus

the structure equation of Kaehler manifold is characterized as

(VxJ)Y =0, VX,Y € T(TM). (2.2.2)



Definition 2.2.9. An almost Hermitian manifold (M, J,g), is said to be a nearly Kaehler

manifold if the following satisfies
(VxJ)X =0, (2.2.3)
which is also equivalently
(VxJ)Y +(Vy)X =0, VX,Y € I(TM) (2.2.4)
Remark 2.2.8. Every Kaehler manifold is nearly Kaehler. But converse not true.

Example 2.2.2. The unit sphere S° is a non-Kaehler, nearly Kaehler manifold.

2.2.2 Almost Contact Metric Manifolds

An almost contact manifold is an odd-dimensional manifold M which carries a field ¢ of
endomorphisms of tangent space, vector field &, is called characteristic or Reeb vector

field and 1-form 1 satisfying

p*=-I+naé, n&) =1, (2.2.5)

where I : TM — TM is the identity mapping. Now, from the definition it follows that
@o& =0 and noe =0, (2.2.6)

then the (1, 1) tensor field @ has constant rank 27. An almost contact manifold (M, @, 1, &)
is said to be normal when the tensor field Ny = [@, @] +2dn & & vanishes identically,
where [@, @] is the Nijenhuis tensor of ¢. An almost contact metric structure (¢,&,n) is
said to be a normal in the form of almost complex structure if almost complex structure J

on a product manifold M xR given by

J(X,a%) - ((pX— ag,n(x)%), 2.2.7)

where o is a smooth function on M x R has no torsion, i.e., J is integrable. There always
exits a Riemannian metric g on an almost contact manifold (1\2 ,®,1M,&) which is satisfies

the following compatibility condition:

(i) g(@X, 0Y) = g(X,Y) —n(X)n(Y), (i) n(X) =g(X,5), (2.2.8)



for all X,Y € I'(TM). Then this metric g is called compatible metric and the mani-
fold M endowed with almost contact structure (p,n,&,g) is called an almost contact
metric manifold. As an immediate consequence of almost contact metric structure, i.e,
g(0X,Y) = —g(X, @Y) and the fundamental 2-form & is defined by ®(X,Y) = g(X, @Y ).
Several types of almost contact structures are defined in the literature such as normal al-
most cosymplectic, cosymplectic, Sasakian, quasi-Sasakian, normal contact, Kenmotsu,
Trans-Sasakian. An almost contact metric manifold such that both 11 and & are closed
is called almost cosymplectic manifold and those for which dn = & are called contact
metric manifolds. Finally, a normal almost cosymplectic manifold is called cosymplectic
manifold, a globally Riemannian product of line or circle with Kaehler manifold of holo-
morphic sectional curvature. The cosymplectic manifolds are characterized by tensorial

equation, i.e.,
(i) (Vx@)Y =0, and (ii) Vx& =0, (2.2.9)

Similarly, a normal contact manifold is called Sasakian manifold and defined by Sasaki

(1960). Sasakian manifolds involving the covariant derivative of ¢ can be expressed as;
(a) (Vx@)Y = —g(X.Y)E+n(Y)X, (b) Vx& =X, (2.2.10)

for any X,Y € F(TM ). It should be noted that both in cosymplectic and Sasakian man-
ifolds & is killing vector field. On the other hand, the Sasakian and cosymplectic mani-
folds represent the two external cases of the larger class of quasi-Sasakian manifolds (see
D. E. Blair (1967)). The structure is said to be a closely cosymplectic, if ¢ is killing and
N closed. The concept of Kenmotsu manifolds were initiated by Kenmotsu (1972). He
proved that a warped product 7 x fM of Kaehler manifold M and an interval I is called
Kenmotsu manifold with warping function f = ¢’. Hence, the Kenmotsu manifolds are

characterized in terms of the covariant derivative ¢ and Levi-Civitas connection as

(i) (Vx@)Y = g(@X,Y)E —n(Y)eX, (i) Vx& =X —n(X)E. 2.2.11)

In this case the holomorphic sectional curvature is strictly less than zero. Other than these

classes of almost contact metric manifolds. As a generalization of cosymplectic, Sasakian

20



and Kenmotsu structures of an almost contact metric structure (¢,1,&) on M is called a

Trans-Sasakian structure (see D. E. Blair (2010)) if and only if

(Vx@)Y = a(g(X.)E-n(1)X) +B(s(@X.1)E-n()eX),  (212)

for any smooth function & and f defined on M. 1t is called (a,B) type Trans-Sasakian
manifold endowed with M. Moreover, it can be conclude that Trans-Sasakian manifold in-
clude cosymplectic, Sasakian and Kenmotsu manifolds such that ¢, f =0, a=1,=0
and o = 0, = 1, respectively. There are many others different structures are appeared
as a nearly case. An almost contact metric structure (@,1,&) is said to be nearly cosym-

plectic structure, if ¢ is killing, then
(Vx@)Y =0 or equivalently (Vx@)Y -+ (Vy@)X =0, (2.2.13)

for any X,Y are tangent to M, where V is the Riemannian connection on the metric g on
M. A manifold M endowed with this almost contact metric structure (p,n,&) is called

nearly cosymplectic manifold.
Theorem 2.2.2. On a nearly cosymplectic manifold ¢ is Killing.
From the above Theorem, one has,
g(VxE.Y) +g(Vx&.,Y) =0, (2.2.14)

for any vector fields X,Y are tangent to M, where M is a nearly cosymplectic manifold.
Similarly, the notion of nearly Sasakian manifold are studied by D. Blair et al. (1976).

The structure equation of nearly Sasakian manifold is defined as in the tensorial form
(Vx@)Y + (Vy@)X =2g(X,Y)E —n(X)Y —n(Y)X. (2.2.15)
Moreover, class of nearly Kenmotsu manifold is defined by
(Vx@)Y +(Vy)X = —n(Y)9X —1(X)gY, (222.16)

for any X,Y € F(T]\7I ). Furthermore, Erken et al. (2016) are obtained the following result

for nearly Kenmotsu manifold as:
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Lemma 2.2.1. On nearly Kenmotsu manifold, we have
g(VxE.,Y)+g(VxE,Y) =2¢(0X,@Y), Vx&=—@’X +HX, (2.2.17)

where H is the mean curvature vector of M.

2.3 RIEMANNIAN SUBMANIFOLDS

This section is devoted to study Riemannian submanifold of Riemannian manifolds and
their basic fundamental properties are discussed.

Let M and M be smooth manifolds of dimensions n and m, respectively and F : M"* —
M™ be a differentiable map then F is called an immersion if rank(F) = n. A one-to-one
immersion is called an imbedding. Suppose M is a subset of M and the inclusion map

i:M— M isan imbedding. Then M is said to be a submanifold of M.

Remark 2.3.1. The difference in the dimension, that (m — n) is known as the co-dimension

of M in M. If the difference is one, then submanifold is called hypersurface.

Let (M, ) be a Riemannian manifold and M C M be a submanifold, then we can pull

back Riemannian metric g onto M as;
g(X,Y) =g(i.X,i.Y), (2.3.1)

for any X,Y € I'(TM). Moreover, the differentiable map i, : TM — ™ preserves the
above Riemannian metric which is called an isometric immersion. It is easy to check that
g 1s a Riemannian metric on M, we call g as the induced metric on M. Clearly, if M
is a Riemannian manifold, then any submanifold of M is Riemannian under the induced

Riemannian metric g.

Definition 2.3.1. A submanifold M C M associate with induced Riemannian metric gis

called Riemannian submanifold of Riemannian manifold M.

Now we shall identify TM with i,(TM) by the isomorphism i,. A tangent vector in ™
to M shall mean tangent vector which is the image of an element in 7M under i,. More
specific, a C*—cross section of the restriction of TM on M shall be called a vector field of

M of M. Those tangent vectors of TM, which are normal to TM form the normal bundle
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T+M of M. Hence, for every point p € M, the tangent space T,-*(p)]VI of M admits the

following decomposition as:
T (yM=TM&T M.

The Riemannian connection V of M induced canonically the connection V and V- on
TM and on the normal bundle 7M™, respectively governed by the Gauss and Wiengarten

formulas are defined

VxY = VxY +h(X,Y), (2.3.2)

VxN = —Ay + V¥N, (2.3.3)

where X,Y are tangent to M and N is normal to M, respectively. Moreover, h and A are the

second fundamental form and Wiengarten operator, respectively. Then they are related as:
g(h(X,Y),N) = g(AnX,Y). (2.3.4)

Definition 2.3.2. If the second fundamental form 2 = 0 on a submanifold M of a Rieman-

nian manifold M, then submanifold M is called totally geodesic submanifold.

Definition 2.3.3. A vector field H normal to submanifold M of M defined by

N

1
H=- h(ei,ei),
n:? 1

l
is known as the mean curvature vector, where {e; - - -¢;} is a frame of orthonormal vector

fields on M and n is the dimension of M.

Definition 2.3.4. If the second fundamental # is satisfies the following
h(X,Y)=g(X,Y)H.

Then the submanifold M of M is called totally umbilical submanifold.

Definition 2.3.5. A submanifold for which the mean curvature H is identically zero, then

it is called a minimal submanifold.

Now we define the covariant differentiation of V with respect to Riemannian connection
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in TM @ T--M of the second fundamental form is given by
(Vxh)(Y,Z) = Vyh(Y,Z) — h(VxY,Z) — h(VxZ,Y) (2.3.5)

Let R and R denote the curvature tensor of Riemannian manifolds M and M, respectively.

Then the equations of Gauss, Codazzi, and Rici are given by

R(X,Y,Z,W)=R(X,Y,Z,W)—g(h(X,Z),h(Y,W)+g(h(X,W),h(Y,Z).  (2.3.6)
(R(X, V)W) =(Vxh)(Y,Z) — (Vyh)(X,Z). 2.3.7)

R(X,Y,Ni,N;) =R*(X,Y,Ni,N>) — g([An,, An, JX, Y), (2.3.8)

where (R(X,Y)W)! normal components of R and R* in (2.3.8) denote the curvature ten-
sor corresponding to the normal connection V* in T-M, and X,Y,Z,W € I'(TM) and
Ni,N, € T(T+M), respectively. Also, we have
n
HhH2 — .Zlg(h(e,-,ej),h(ei,ej)) and hi; = g(h(e;ej),e,), (2.3.9)
ij—
for {e;}i=1..n, and {e,},=p+1,...0m, are orthonormal frames tangent to M and normal to M,
respectively. The scalar curvature 7 for a submanifold M of an almost complex manifold
Mis given by
T(TM)= ) K(eiAej). (2.3.10)
1<i#j<n
At the above equation e; and e; spanned plane section and its sectional curvature is de-
noted by K(e; Aej). Let G, be a r—plane section on TM and {ej,es,---e,} be any or-
thonormal basis of G,. Then the scalar curvature 7(G,) of G, is defined as:

©(Gr)= Y, K(eine)). (2.3.11)

1<i#j<r

Now, let f be a differential function defined on M. Thus the gradient % f is given as:

«VFX)=Xf, and, Vf =Y eilf)es (23.12)
i=1

Thus, from the above equation, the Hamiltonian in a local orthonormal frame is defined
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1 & 1 & 1
H(Vfx) =3 g =5 Z L=Vl (23.13)

Moreover, the Laplacian Af of f is also given by
Af = g{(veiei)f— ei(ei(f)}=— gg(vel.gradf, e). (2.3.14)
Similarly, the Hessian of the function f is given by
Af = —TraceH' = —Zn:Hf(ei,ei), (2.3.15)
i=1
where H/ is Hessian of function f. The compact Riemannian manifold M will be consid-

ered as without boundary, i.e., dM = (. Thus, following lemma given by Calin & Chang
(2006),

Lemma 2.3.1. (Hopf lemma) Let M be a compact connected Riemannian manifold and f
be a smooth function on M such that Af > 0(Af < 0). Then f is a constant function on

M.

Moreover, for a compact orientate Riemannian manifold M without boundary, the concept

of integration on manifolds give the following formula,

/ AfdV =0, (2.3.16)
M

such that dV denotes the volume of M (see Yano & Kon (1985)). At the case when
M is manifold with boundary, the Hopf lemma becomes the uniqueness theorem for the

Dirichlet problem. Thus we have following result,

Theorem 2.3.1. Let M be a connected, compact manifold and f a positive differentiable
function on M such that Af =0, On M and f/dM = 0. Then f =0, where M is the

boundary of M.

Moreover, let M be a compact Riemannian manifold and f be a positive differentiable

function on M. Then the kinetic energy is defined as in Calin & Chang (2006), i.e,

1
= E/MHVdeV. (2.3.17)

Since, M is compact, then 0 < E(f) < oo.
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Theorem 2.3.2. The Euler-Lagrange equation for the Lagrangian is

Af =0. (2.3.18)

2.3.1 Submanifolds of an Almost Hermitian Manifold

Let (M ,J) be an almost Hermitian manifold with Hermitian metric g and M be a subman-
ifold of M. Following Chen (1990) notations, for any p € M, we are defining tangential
endomorphism T : T,M — T,M and a normal valued linear map F : T,M — T-+M which

are satisfying the following
JX =TX+FX, (2.3.19)

forany X € I'(T,M). Since, T is a (1, 1) tensor field and F is called normal valued 1—form

on M. Similarly for any normal vector field N € I'(T+M) is defined by
JN =tN+ fN, (2.3.20)

where tN and fN are called tangential and normal parts of JN, respectively. Moreover,

the covariant derivatives of these tensor fields are defined as:

(VxT)Y = VxTY —TVxY (2.3.21)
(VxF)Y = V¥FY — FVxY (23.22)

(Vxt)N = VxtN — tVEN (2.3.23)
(Vxf)N = VN — fVyN (23.24)

Assume that M be a Kaehler manifold, thus from (2.2.2), (2.3.19), (2.3.20), and (2.3.21)-
(2.3.24), we deduce that

(VuT)V =ApyU +1th(U,V), (2.3.25)
(VuF)V = fh(U,V) —h(U,TV), (2.3.26)
(Vut)N = ApyU + TAyX, (2.3.27)

(Vuf)N = —h(tN,U) — FANU. (2.3.28)
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Assume that M be a Hermitian manifold and M is a submanifold of M, the operation of
almost complex structure J on the tangent bundle 7'M provides the various distribution on

M such that

Definition 2.3.6. A submanifold M of an almost Hermitian manifold M. The distribution

2 is said to be a holomorphic(complex) if JZ C 9, i.e, JZ, = P, for eachx € M.

Definition 2.3.7. A totally real distribution 2 is defined by, i.e., JZ2 C TM, that is

J9;- C T;*M, for every point x € M.

A class of submanifolds of an almost Hermitian manifold considered by Bejancu
(1979) which gives rise to a single setting to the concept of holomorphic and totally
real distributions. These new class is called CR-submanifold which include holomorphic

(complex) and totally real submanifolds. He has given the following definition

Definition 2.3.8. Let M be an almost Hermitian manifold. Then a submanifold M of M is
called CR-submanifold, if there exists involute distribution & : x — 9, C T,M,x € M on

M and its orthogonal distribution 2+ : x — 2 C T.*M such that
(i) TM=9¢ 9",
(i) Z is holomorphic, i.e, JZ C 2,
(iii) 2 is totally real, thatis JZ+ C T+ M.

A CR-submanifold is classified as, if 2 # 0, and 9+ # 0, then M is called proper
CR-submanifold. M is totally real submanifold, if & = 0. Similarly, M is said to be a
holomorphic, if 2+ = 0. If the corresponding distribution of CR-submanifold are par-
allel on M, or in other words, both distribution are integrable and their leaves are totally
geodesic in M, Then a CR-submanifold is called CR-product. The following are simple
characterizations of CR-product in a Kaehler manifold which was proved by Chen (1981)

such that

Theorem 2.3.3. A CR-submanifold of a Kaehler manifold is a CR-product if and only if
T is parallel i.e.,

VT =0.
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Theorem 2.3.4. A CR-submanifold of a Kaehler manifold is a CR-product if and only if

Assume that 7.M — {0} be a set containing of all non-zero tangent vectors fields
of immersion M into M at a point x € M. Then for each vector X € (T:M) at a point
x € M, the angle between JX and the tangent space T, M is said to be Wirtinger angle of
X at x € M and its denoted by 6(X). In this case, a submanifold M of M is called slant
submanifold such that 0 is a slant angle. It is clear that, the slant submanifolds include
totally real and holomorphic (complex) submanifolds. However, Chen (1990) proved the

following characterization theorem of slant submanifolds such that

Theorem 2.3.5. Let M is an almost Hermitian manifold and M be a submanifold of M.

Thus M is slant if and only if there exists a constant A € |0, 1] such that
T2 = Al (2.3.29)

where A = cos? 0, for slant angle 0 defined on the tangent bundle TM of M.

Hence, the following consequences of the Theorem 2.3.5

g(TX,TY) = cos®0g(X,Y), (2.3.30)

g(FX,FY) =sin’0g(X,Y), (2.3.31)

forany X,Y e I'(TM).

There is another concept of submanifolds which is called semi-slant submanifold
as natural generalization of slant submanifold, CR-submanifold, holomorphic and anti-
holomorphic submanifolds in almost Hermitian manifold. The semi-slant submanifolds
were studied and defined by Papaghiuc (1994), a natural extension of CR-submanifold of

in almost Hermitian manifold. He has given the following definition as:

Definition 2.3.9. A submanifold M of M is defines as semi-slant submanifold, if there

exists two complementary distributions 2 and 29 such that
Q) TM =29 92°.
(ii) 2 is holomorphic distribution, i.e., J(2) = 2.
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(iii) 29 is called slant distribution such that slant angle 6 # 0, z.

Remark 2.3.2. On a semi-slant submanifold, let us consider the dimensions of 2 and 2°
by d; and d;, then M is holomorphic if d, = 0 and slant if dy = 0. Further, if 8 = % and
d; =0, then M is represented as anti-holomorphic (totally real) submanifold. Also, M is
called a proper semi-slant submanifold, if 6 is different from 0 and 7. We can also define
that M is proper if d; # 0 and d» # 0.

The orthogonal projections on & and 2 are denoted by B and C, respectively. Then, for

any U € I'(TM), we define
U=BU+CU, (2.3.32)
where BU € I'(2) and CU € I'(2+). From (2.3.19), (2.3.20) and (2.3.32), we have
TU =JBU, FU=JCU. (2.3.33)

Remark 2.3.3. If v is an invariant normal subspace under almost complex structure J of

normal bundle 7--M, thus the normal bundle is decomposed as:
T*M=F72°av. (2.3.34)

On a semi-slant submanifold M of an almost Hermitian manifold M, the following are

straightforward observations

(i) F2 =0, (i) T9 = 2,
(2.3.35)
(iii) t(T+*M)C 29, (iv) T2° C 29,
A special class of submanifold which another generalization of CR-submanifold, is the
class of pseudo-slant submanifold. Carriazo (2000) extended the concept of anti-slant

submanifolds to the Kaehlerian manifold as:

Definition 2.3.10. A submanifold M of an almost Hermitian M is called pseudo-slant
submanifold if there exist two orthogonal complimentary distribution 2 and 29 such
that 2 is totally real distribution and 29 is slant distribution with slant angle & which
satisfies the following

™ = 9+ 99,
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In this case, the normal bundle 7--M admits the following orthogonal direct sum decom-

position
TM=J2+aoF2%°®v,

where Vv is the orthogonal complement of JZ2 @ F %29 in TM. Let m; and m, be the

dimensions of distributions 2+ and 2°, respectively. Thus if

(1) my=0, then M is totally real submanifold.
(i) m1=0 and 6 = 0, then M is holomorphic submanifold.

(iii) m;=0and 6 # 0, %, then M is proper slant submanifold.

(iv) 6 = %, then M is totally real submanifold.

(v) 6 =0, then M is CR-submanifold.

(vi) 6 #0,7%, then M is proper pseudo-slant submanifold.

Definition 2.3.11. A pseudo-slant submanifold of an almost Hermitian manifold is called
mixed totally geodesic if and only if the second fundamental form satisfies #(X,Z) = 0,

forevery X € T'(2%) and Z € T(21).

Let us define a new class which is called pointwise slant submanifold. It has been studied
in almost Hermitian manifolds by Chen & Garay (2012). They defined these submanifolds

as follows:

Definition 2.3.12. Assume that the set 7*M consisting of all non-zero tangent vectors on
a submanifold M of an almost Hermitian manifold M. Then for any nonzero vector X €
I(TeM), x € M, the angle 6(X ) between JX and tangent space T M is called the Wirtinger
angle of X. The Wirtinger angle become a real-valued function which is defined on T*M
such that 6 : T*M — R, is called the Wirtinger function(pointwise slant function).
In this case, the submanifold M of almost Hermitian manifolds M with pointwise slant

function 0 is called pointwise slant submanifold.

Definition 2.3.13. A point x in a pointwise slant submanifold is called a totally real point
if its pointwise slant function 0 satisfies cos® = 0, at x. In the same way, a point x is

called a complex point if its slant function satisfies sin 8 = 0O at x.
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Definition 2.3.14. If every point x € M of almost Hermitian manifold Misa totally real
point, then pointwise slant submanifold M is called totally real submanifold. Similarly, if

every point x € M is a complex point, then M is said to be a complex submanifold.
In fact, Chen & Garay (2012) obtained the following characterization theorem:

Theorem 2.3.6. Let M be a submanifold of an almost Hermitian manifold M. Then M is

pointwise slant if and only if there exists a constant A € [0,1] such that
T? = AL (2.3.36)

Furthermore, in such a case, 0 is real-valued function defined on the tangent bundle TM,

then it satisfies that A = cos® 6.

Hence, for a pointwise slant submanifold M of an almost Hermitian manifold M , the

following relations which are consequences of the Theorem 2.3.6, take place:

g(TU,TV) = cos? 0g(U,V), (2.3.37)

g(FU,FV) =sin*0g(U,V). (2.3.38)

forany U,V € I'(TM).

Some interesting examples on pointwise slant submanifolds are as:

Example 2.3.1. Every two dimensional submanifold of almost Hermitian manifold is a

pointwise slant submanifold.

Example 2.3.2. Every slant (resp, proper slant) submanifold of almost Hermitian mani-

fold is pointwise slant (resp proper pointwise ) submanifold.
The simple characterization on pointwise slant submanifolds is as follows.

Theorem 2.3.7. A pointwise slant submanifold M in a Kaehler manifold is slant if and

only if the shape operator of M satisfies
ApxTX = ArrxX,

forany X e T(TM).
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2.3.2 Submanifolds of an Almost Contact Metric manifold

Let M to be isometrically immersed into an almost contact metric manifolds with induced
Riemannian metric g. If V and V= are the induced Riemannian connection on the tangen-
tial bundle TM and normal bundle T+ of M, respectively. Then Gauss and Weingarten
formulas are defined in (2.3.2) and (2.3.3), respectively. Thus, for any U € I'(TM) and

N € I'(T+M), the tangential and normal components of U and @N are decomposed as:

oU =PU +FU, (2.3.39)

ON =tN+ fN, (2.3.40)
respectively. Moreover, the covariant derivatives of P and F has been defined as

(VxP)Y =VxPY — PVyY, (2.3.41)

(VxF)Y =V5FY — FVxY. (2.3.42)
The covariant derivative of tensor field ¢ is defined as:
(Vx@Y) = Vx @Y — pVyY, (2.3.43)

for any X,Y € ['(TM) and V is the Riemannian connection on M. Furthermore, let us
denotes tangential and normal parts of (%U ©)V by PyV and QpV respectively. Therefore,

making use of (2.3.39), (2.3.40) and (2.3.21)-(2.3.24), we derive

PyV = (VyP)V —ApyU —th(U,V) (2.3.44)

QuV = (VyF)V +h(U,PV) — fh(U,V). (2.3.45)

Similarly, if we denote the tangential and normal part of (%U(p)N by PyN and QyN

respectively, for any N € I'(T+M). Then PyN and QuN are defined as;

PyN = (Vyt)N + PANX — AU, (2.3.46)

QuN = (Vyf)N+h(tN,U) + FANU. (2.3.47)
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The following properties of P andQ are straightforward to verify which one enlists here

of later use

(i) PupvW =PyW +PyW, (ii) QuivW = QuW + Qv W,

(iii) Py (W +Z) = PyW + Py Z,

() Qu(W +2) = QuW +QuZ, (2.3.48)
(v) g(PyV, W) = —g(V.PyW), (vi) g(QuV,N) = —g(V,PyN),

(vii) Pu@V +QuoV = —¢((PyV +QuV). )

Moreover, from (2.2.13), the following property satisfying for nearly cosymplectic mani-

fold, i.e.,
(i) PyV +PyU =0, (ii) QuV +QyU =0. (2.3.49)

for any U,V € F(TM ). Similarly, for nearly Sasakian manifold, one shows that by using
(2.3.44) and (2.2.15), i.e.,

(i) PyV +PyU =2g(U,V)E —n(U)V —n(V)U, (ii) QuV+QyU =0. (2.3.50)

Hence, under the action of endomorphism ¢ on tangent bundle of Riemannian submani-
fold gives more classifications of submanifolds. Let M be submanifold of an almost con-
tact metric manifold (1\71 ,0,E,m,8), then M is called invariant submanifold if T.M C
T:M, Vx € M. Further, M is said to be anti-invariant submanifold if @T.M C TXLM,
Vx € M. Similarly, it can be easily seen that a submanifold M of an almost contact met-
ric manifolds M is said to be invariant(anti-invariant), if F (or P) are identically zero in
(2.3.39). Now we give definition of contact CR-submanifold which is a generalization of

invariant and anti-invariant submanifolds.

Definition 2.3.15. A submanifold M tangent to structure vector field & isometrically
immersed into almost contact metric manifold M. Then M is said to be contact CR-
submanifold if there exists a pair of orthogonal distribution Z : x — %, and 2 : x — 2.,

Vx € M such that

() TM =2 @ 2+® < & >, where < & > is the one dimensional distribution spanned

by €.

33



(i) Z isinvariant,i.e., 07 = 9.
(iii) 27 is anti-invariant, i.e., 92 C TM.

Anti-invariant and invariant submanifolds are the special case of contact CR-submanifold.
If we denote the dimensions of the distributions 2 and 2+ by m; and m;, respectively.
Then M is called anti-invariant (resp. invariant) if my = O(resp.m; = 0). Let us denote

the orthogonal projections on 2 and 2 by B and C, respectively. Then, we define
U=BU+CU+n(U)&, (2.3.51)

for any U € I'(TM), where BU € I'(2) and CU € T'(2"). From (2.3.39), (2.3.40) and
(2.3.51), we have

PU = ¢BU, FU = ¢CU. (2.3.52)

It is straightforward to observe that

(i) PC=0, (ii) FB=0,
(2.3.53)
(iii) t(T+M) =2+ (iv) f(T*M) C p.
There is a class of submanifolds in almost contact metric manifolds. For each non-zero
vector X tangent M at p, such that X is not proportional to §,, we denote by 6(X) € [0, ],
the angle between @X and T,M is said to be a Wirtinger angle if the angle of @X is
constant for all X € I'(T,M— < £, >). Thus M is called slant submanifold defined by
Cabrerizo et al. (2000) and the angle 6 is a slant angle of M. It is obvious that if 6 =0, M
is an invariant and if 0 = %, M is an anti-invariant submanifold. A slant submanifold M is

called is proper slant if 6 # 0, . We recall the following theorem obtained by Cabrerizo

et al. (2000).

Theorem 2.3.8. Let M be a submanifold of an almost contact metric manifold M, such
that & is tangent to M. Then M is slant if and only if there exists a constant 0 < 6 < 1

such that

PP=§(-1+n®E). (2.3.54)
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Moreover, if 0 is slant angle, then § = cos? 6. The following results are straightforward

consequence of Theorem 2.3.8, i.e.,

g(PU,PV) =cos’ @ (g(U, V)—n(U)n (v)) , (2.3.55)
g(FU,FV) =sin’6 (g(U,V) — n(U)n(v)>, (2.3.56)

for any U,V € I'(TM). As a natural generalization of CR-submanifold of almost Hermi-
tian manifolds in terms of slant factor is known semi-slant submanifold which was defined
by Papaghiuc (1994). These submanifold was extended in an almost contact metric man-

ifold by Cabrerizo et al. (1999),

Definition 2.3.16. A Riemannian submanifold M of almost contact metric manifold M is
said to be a semi-slant submanifold if there exist two orthogonal distributions 2 and 29

such that
WD) TM=TM=932° < & >.
(il) Z isinvariant,i.e., 02 = 9.
(iii) 2 is slant distribution with slant angle 6 # 0, 7.

If we denote the dimension of &; by d; for j = 1,2. Then it is clear that contact CR-
submanifolds and slant submanifolds are semi-slant submanifolds with 6 = 7 and 729 =
(0), respectively. As a particular class of bi-slant submanifolds are pseudo-slant subman-
ifolds which is initiated by Carriazo (2002). However, the term "anti-slant" seems that

there is no slant part, which is not a case, as one can see the following definition:

Definition 2.3.17. Let a submanifold M of almost contact metric manifold M is said to
be a semi-slant submanifold if there exist two complementary distributions 2 and 2°

such that
(i) TM admits the orthogonal direct decomposition TM = TM = 2+ & 29@ < & >.
(ii) Z is slant distribution with slant angle 6 # 0, %

(iii) 27 is anti-invariant, i.e., 09 C T+M.
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Now we give an example of pseudo-slant submanifold in almost contact metric manifold

which defined by Dirik et al. (2016).

Example 2.3.3. Let M be a submanifold of R is given by
¢ (u,v,s,1,2) = (V3u,v,vsin0,vcos 8, scost, —scost,0)

For the almost complex structure of ¢ of R” is defined by

a3 9 2 5
—)=(5=), o(z—)=—(5— Iy=0,1<i,j<
(p(axi) (3)&')’ (p(ayj) (8x_,~)’ and (p(8z) 0. 1=ijs3,

such that & = a%, N = dw. Therefore, it easy to choose tangent bundle of M which is

spanned to M, i.e.,

0 0 0 0 0 0
X =V3i——, X0 = — in@— 06— Xz= t— — t—
L =V3 o > +sin 7 +cos 3 3 = COS o cos 9

X sint J + ssint J X g
= —ssinf—— +ssint—— = —%9
! ox3 dys’ > oz

Therefore, it is easy to see that, 2% = {X;, X, } is a slant distributions with slant angle 6 =
45°. Moreover, anti-invariant distribution is spanned by 2+ = {X3,X4,Xs}. Hence, M is

5—dimensional pseudo-slant submanifold of R” with its usual almost metric structure.

Let us define a new class which is called pointwise slant submanifold. It has been studied

in almost contact manifolds by Park (2014). They defined these submanifolds as follows:

Definition 2.3.18. Let M be a submanifold of an almost contact metric manifold M. Then
M is called pointwise slant if at any point p € M and for each nonzero X € I'(7,,M) linearly
independent of &, the Wirtinger angle 6(X) between ¢X and 7,M only depends on the
choice of p and it is independent of the choice of X. On these submanifolds wirtinger

angle 0(X) can be consider as function which is called a slant function 6 : M, — R.
In fact, Park (2014) obtained the following characterization theorem, i.e.,

Theorem 2.3.9. Let M be a submanifold of an almost contact metric manifold M. Then

M is pointwise slant if and only if there exists a constant A € [0, 1] such that

PP=-AI-n®E&). (2.3.57)
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Furthermore, in such a case, 0 is real-valued function defined on the tangent bundle

T*M = UpeyMp = Upen (X € TyM|g(X,&(p)) =0), then it satisfied that A = cos? 6.

Hence, for a pointwise slant submanifold M of an almost contact metric manifold M, the

following relations which are consequences of the Theorem 2.3.9 as:
g(PU,PV) =cos’ 6 <g(U,V) — n(U)n(v)> : (2.3.58)

g(FU,FV)=sin’6 <g(U,V) — n(U)n(V)> : (2.3.59)

for every U,V € I'(TM). The following example classify the concept of pointwise slant

submanifold as follows:

Example 2.3.4. An almost contact metric manifold M = R5 is called cosymplectic mani-
fold with the metric g = 21'2:1 (dx,- ®@dx;+dy; ®dy,~) +dt ®dt, one form 1 = dt, the struc-
ture field & = dx and endomorphism @(ey,er,e3,e5,1) = (—e3,eq,€1,e3). Thus, let sup-

pose that the two dimensional submanifold M(X,Y) = (X,X,Y cos0,Y sin0,¢). It is eas-

cos 6+sin O )
\/E bl

ily prove that M is a pointwise slant function with slant function ¢ = cos™! (

where 0 is a real value function defined on M.

Similarly, pointwise semi-slant submanifolds were also defined and studied by Park (2014)
as a natural generalization of CR-submanifolds of almost contact metric manifold in terms

of slant function. They defined these submanifolds as follows:

Definition 2.3.19. A submanifold M of an almost contact metric manifold M is said to be
a pointwise semi-slant submanifold if there exists two orthogonal distributions 2 and 2°

such that

() TM =230 2% < & >, where < E(p) > is a I-dimensional distribution spanned

by & (p) for each point p € M:
(il) 2 is invariant, i.e., 9(2) C 9.
(i) 29 is pointwise slant distribution with slant function 6 : M — R.

Let us denote p and g are the dimensions of invariant distribution & and pointwise slant
distribution 29 of pointwise semi-slant submanifold in an almost contact metric manifold

M. Then, we have the following remarks:
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Remark 2.3.4. M is invariant if ¢ = 0 and pointwise slant if p = 0.

Remark 2.3.5. If the slant function 6 : M — R is globally constant on M with 6 = 7, then

M is called contact CR-submanifold.

Remark 2.3.6. If the slant function 6 : M — (0,7%), then M is called proper pointwise

semi-slant submanifold.

Remark 2.3.7. If p is an invariant subspace under ¢ of normal bundle T+M, then in
case of semi-slant submanifold, the normal bundle 7--M can be decomposed as T-M =
F2° .

For examples and the integrability conditions of distributions involved in the definition

pointwise semi-slant submanifold in almost contact metric manifolds, we refer Park (2014)

and Park (2015).

24 WARPED PRODUCT MANIFOLDS

Bishop & O’Neill (1969) initiated the notion of warped product manifolds to construct ex-
amples of Riemannian manifolds with negative curvature. They defined these manifolds

as:

Definition 2.4.1. Let (M,,g) and (M, g>) be two Riemannian manifolds and f : M| —
(0,00), a positive differentiable function on M;. Consider the product manifold M; x M,
with its canonical projections 7 : M; X My — My, mp : M1 X My — M, and the projec-
tion maps are given by 7 (p,q) = p. and m(p,q) = q for every t = (p,q) € M| X M.
The warped product M = M, x ¢ M, is the product manifold M; x M, equipped with the

Riemannian structure such that

X1 = [|m(U)I> + £ (m (p) |2 (X (2.4.1)
for any tangent vector U € I'(T,M), where * is the symbol of tangent maps, and we have
g=2g1+/¢.

Thus the function f is called the warping function on M. The following lemma which is

consequence of warped product manifolds is derived as:

Lemma 2.4.1. Let M = M, X y M, be a warped product manifold. Then we have
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(i) VxY e I(TM)),
(i) VzX =VxZ = (XInf)Z,
(iii) VW = V,W —g(Z,W)VInf,

for any X,Y € I(TM,) and Z,W € I'(TM,), where V and V' denote the Levi-Civitas
connections on M and M>, respectively, and Vn f is the gradient of In f which is defined
as g(VInf,U) =UlInf. A warped product manifold M = M; x y M, is said to be trivial

if the warping function f is constant.

Lemma 2.4.2. 1If M = M, X y M be a warped product manifold. Then
(1) M is totally geodesic submanifold in M,
(i1) M, is totally umbilical submanifold of M.

Assume that ¢ : M = My x M — M be an isometric immersion of a warped product
M, X ¢y M5 into a Riemannian manifold of M of constant section curvature c. Moreover,
let ny, ny and n be the dimensions of My, M5, and M; X y M>, respectively. Then for unit

vectors X and Z tangent to M| and M;, respectively, we have
1
K(XNZ)=g(V;VxX —VxV;X,Z) = ?{(VXX) f—X2f}. (2.4.2)

If we consider the local orthonormal frame {ej,es,...e,} such that ej,es,...e,, tangent

to My and e, 41,...e, are tangent to M>. Then in view of Gauss equation (2.3.6), we

derive
_ 2m 5
p(TM)=p(TM)+ Y, Y. (h:h;;—(h)%). (2.4.3)
r=11<i#j<n

for each j =n; +1,...n. Now, we gives the following formula obtained by Chen (2002)

for general warped product submanifold, i.e.,

Yy K(eiAej):”ijf . (2.4.4)

i=1 j=n;+1
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Similarly, from units vector fields X and Z are tangent to M| and M,, respectively, thus
K(X AZ) = g(R(X,Z)X,Z) = (VxX)In f¢(Z,Z) — g(Vx((XIn f)Z), Z)
— (VxX)Infg(Z,Z) — g(Vx(XIn f)Z+ (X In ) VxZ,Z)
= (VxX)Infg(Z,Z) — (XInf)> —X(XIn f). (2.4.5)

Let {ey,---e,} be an orthonormal frame for M", then taking summing up over the vector

fields such that

i i K(eiNej) = Z i <(Veiei)lnf_ei(eilnf) - (eilnf)2>,
i=1j= =1j=1
which implies that
Y. Y. K(eine;) =na(8(nf) = [V(in) ). 246
i=1j=

But it was proved in (2.4.4) that for arbitrary warped product submanifold such that

y nZzK (eine)) "zAf(f ) (2.4.7)
i=1j=

Thus from (2.4.6) and (2.4.7), we get

Af _

— =Allnf) - IV (In f)]|2. (2.4.8)

Example 2.4.1. A surface revolution is a warped product with leaves as the different
position of the rotated curve and fivers as the circle of revolution. If M is obtained by
revolving a plane curve C about an axis in R and f : C — R, gives distance to the axis,

then the surface M = C x ¢ S'(i) is a warped product manifold.

Example 2.4.2. The standard space-time models of the universe are warped products as

the simplest models of neighbourhoods of stars and black holes.
Similarly, O’NeilO’neill (1983) gave the following lemma for Ricci curvature:

Lemma 2.4.3. The Ricci curvature Ric of warped product M = My X y M, with np =

dimM,
(i) Ric(X,Y)=Ric"(X,Y) —"+H/,
(ii) Ric(X,Z) =0,
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i) Ric(z. W) = Ric*s (2.) ~ ¢(2.0) (27 [9 )| - 2 )

forany X,Y € I'(TM;) and Z,W € T'(TM,).
Now we recall the following definition of S. Hiepko (1979).

Definition 2.4.2. Let 7 be a vector sub bundle in the tangent bundle of Riemannian man-
ifold M and 2, be its normal bundle. Suppose that the two distributions are integrable,
then we denote the integral manifolds of &, and %, by M| and M,, respectively. Thus
M is locally isometric to warped product M = M; X y M, if the integral manifold M; is
totally geodesic and the integral manifold M; is an extrinsic sphere, i.e., M, is totally

umbilical submanifold with parallel mean curvature vector.
To follows the above definition, we can give the following definition such as:

Definition 2.4.3. Assume that M be a any Riemannian submanifold of a Riemannian
manifold M, then we say that M is a locally warped product manifold submanifold of M
if & defines a totally geodesic foliation on M and %, defines a spherical foliation on M,

that is each leaf of %, is totally umbilical with parallel mean curvature vector field in M.
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CHAPTER 3

GEOMETRY OF CR-WARPED PRODUCT SUBMANIFOLDS AND THEIR
CHARACTERIZATIONS

3.1 INTRODUCTION

The purpose of this Chapter is to study CR-warped product submanifold of nearly Sasakian
manifolds and 7—manifolds. In the first section, we characterize CR-submanifolds to be
CR-warped products in terms of tensor fields P and F'. For a arbitrary submanifold M of
an almost contact metric manifold (M ,0,&,1M,8). We decompose @U into tangential and
normal components as ¢U = PU + FU, for any vector field U tangent to the submanifold
M. Many author’s including Chen (1981) described geometric properties of submani-
folds in terms of tensor fields P and F. Later, such characterizations were extended for
warped products in almost Hermitian as well as almost contact settings by Al-Luhaibi et
al. (2009); Chen (2001); V. Khan et al. (2009); V. A. Khan & Shuaib (2014); Munteanu
(2005).

In the second section, we study CR-warped product submanifolds of 7—manifolds.
We prove that the CR-warped product submanifolds with invariant fiber are trivial warped
products, and provide a characterization theorem of CR-warped products with anti-invariant
fiber of T—manifolds. Moreover, we develop an inequality of CR-warped product sub-
manifolds for the second fundamental form in terms of warping function with considered
the equality cases, and prove some results on minimality. Also we find a necessary and
sufficient condition for compact oriented CR-warped products turn into CR-products of
T —space forms. Further, we derive the second inequality for the second fundamental
form with constant curvature by means of Gauss equation instead of Codazzi equation in

the sense of Chen (2003).
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3.2 CHARACTERIZATIONS OF CR-WARPED PRODUCTS IN A NEARLY
SASAKIAN MANIFOLD

3.2.1 CR-submanifolds of nearly Sasakian manifolds

In this subsection, we obtain some integrability conditions for distributions involved in the
definition of CR-submanifold in a nearly Sasakian manifold which are useful to further

study.

Lemma 3.2.1. Let M be a CR-submanifold of a nearly Sasakian manifold M. Then 2 ®E

is integrable if and only if the following satisfies
28(VxY,Z) = g(ApzX, @Y ) + g(ApzY, 9X), (3.2.1)
forany X,Y € T(2® < & >)and Z € T(24).

Proof. Using (2.2.8) and (2.3.2), for any X,Y € ['(2® < & >) and Z € ['(2), we ob-
tain g(VxY,Z) = g(VxY,Z) = g(oVxY, 0Z) + n(VxY)n(Z). Since 11(Z) = 0, we get
g(VxY,Z) = g((p%XY, ¢©Z). Then from (2.3.43), we obtain g(VxY,Z) = g(%XQDY, 0Z)—

g((%X(p)Y, ¢Z). Using (2.3.2) and structure equation (2.2.15), we get

g(VXY,Z) :g(h(Xa(PY)v(PZ>+g((§Y(P>X7(PZ) —2g(X,Y)g(§,(PZ)

+n(X)g(Y,9Z)+n(Y)s(X, 9Z).
Again using (2.3.2), (2.3.43) and (2.2.8), we obtain

Follows the property of Lie bracket, and the relation between the second fundamental

form and shape operator (2.3.4), we get the desired result.

Lemma 3.2.2. The anti-invariant distribution 2+ of a CR-submanifold M of a nearly

Sasakian manifold M defines a totally geodesic foliation if and only if
8(h(Z,0X),oW) + g(h(W, 9X),0Z) =0,

forany X e [(Z2® < € >) and Z,W € T'(21).

43



Proof. Taking account of (2.2.8) and (2.3.2), we have g(VzW,X) = g(@VzW, ¢X). Then
(2.3.43), implies that g(VzW,X) = g(VzoW, 0X) — g((V20)W, @X). Thus (2.3.3) and
(2.2.15), gives g(VzW,X) = —g(ApwZ, 0X) + g((Vw9)Z, 0X). Again using (2.3.43)
and (2.3.3), we arrive at 2g(VzW,X) = —g(ApwZ, 0X) — g(ApzW, 0X) + g([Z,W],X).

Which proves our assertion and this completes the proof of the lemma.

3.2.2 CR-warped products of a nearly Sasakian manifold

Before going to prove the characterization theorem, we need to discuss some conse-
quences of CR-warped product submanifolds in a nearly Sasakian manifold. In this way,

from (2.3.44) and (2.3.50), implies that
(VxP)Y + (VyP)X = 2th(X,Y) +2g(X,Y)E —n(X)Y —n(Y)X. (3.2.2)

forany X,Y € I'(TMr). As My is being totally geodesic in M, so that (%XP)Y completely
lies on M7 and its the second fundamental form should be zero. Thus comparing the
components tangent to My from formula (3.2.2), we obtain th(X,Y) = 0 which implies

that 2(X,Y) € u and then we get the following

(VxP)Y + (VyP)X = 2g(X,Y)E —n(X)Y —n(¥)X. (3.2.3)
If we setting Y = & in (3.2.3), we derive

(VxP)E +(VeP)X =28(X.§)E ~n(X)& ~n(§)X

=2n(X)§ —n(X)¢ —X.

From (2.3.41), it can be easily seen that

(VeP)X = —(VxP)E +n(X)E —X

=PVxé+n(X)E —X. (3.2.4)
Similarly, for this direction, we prove the following lemma.

Lemma 3.2.3. Let M = My xy M, be a CR-warped product submanifold of a nearly
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Sasakian manifold M. Then

(VzP)X = (PXInf)Z, (3.2.5)

(VyP)Z = g(CU,Z)PVInf, (3.2.6)
foreachU e I'(TM), X e I'(TMy) and Z € T'(TM | ).
Proof. From Lemma 2.4.1(ii), we have
VyZ=V;X = (XInf)Z,
forany X € I'(TMy) and Z € I'(TM ). Using the above equation in (2.3.41), we obtain

(VzP)X = VzPX — PV;X
= (PXInf)Z— (XIn f)PZ

= (PXInf)Z,

which is first part (3.2.5) of lemma. On the other hand, from (2.3.21), for each Z €
['(TM,)and U € I'(TM), we derive

(VyP)Z =VyPZ—PVyZ

——PVyZ.

Applying the orthogonal projections property (2.3.51), the above equation can be modi-
fied as:

(VuP)Z = —PVgyZ — PVcyZ —n(U)PVZ.
By Lemma 2.4.1(ii) and PZ = 0, we obtain

(VyP)Z =(BUn f)PZ— PVcyZ —n(U)(EInf)PZ

=—PVcyZ.
Taking account of the property (iii) of Lemma 2.4.1, gives

(VyP)Z =—PViyZ+g(CU,Z)PVInf

=g(CU,Z)PVInf,
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which is the second part of lemma. This completes the proof of lemma.
The characterization in terms of VP.

Theorem 3.2.1. Let M be a CR-submanifold of a nearly Sasakian manifold M with both
distributions are integrable. Then M is locally isometric to a CR-warped product of type

M = M7 x M, if and only if
(%UP)U = (PBUA)CU + ||BU||2§ + ||CU||2PV7L —n(U)BU, (3.2.7)
or equivalently

(VuP)V + (VyP)U = (PBVA)CU + (PBUA)CV +2g(BU, BV )&

+2¢(CU,CV)PVA —n(U)BY —n(V)BU, (3.2.8)
for each U,V € T(TM) and a C*-function A on M with ZA = 0 for each Z € T'(2™).

Proof. Assume that M be a CR-warped product submanifold of M in a nearly Sasakian

manifold. Applying property (2.3.51) in (%UP)U , we derive

(VuP)U =(VgyP)BU + (VeyP)BU +1(U) (Ve P)BU

+ (VyP)CU +1(U)(VyP)E.
From (3.2.2), (3.2.3) for contact CR-warped product and Lemma (3.2.3), we obtain

(VyP)U =||BU|[*€ — n(BU)BU + (PBUIn f)CU + ||CU||*PVIn f

+n(U)PVpyE —n(U)PVpyé.
Since In f = A, we get
(VyP)U = (PBUA)CU + ||BU||*€ +||CU|[*PVA — n(U)BU,

which is desire result (3.2.7). Furthermore, replacing U by U 4V in the above equation
and using linearity of Riemannian metric we get required result (3.2.8).
Conversely, suppose that M is a CR-submanifold of M with both distributions are

integrable on M such that (3.2.8) holds. Thus CX =0, for any X,Y € ['(Z® < & >), then
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using in (3.2.8), we obtain
(VxP)Y + (VyP)X = 2g(X,Y)E —n(X)Y —n(Y)X. (3.2.9)
Since M is a nearly Sasakian manifold, then from (2.3.41) and (2.2.15), we derive
(VxP)Y + (VyP)X = 2th(X,Y) +2g(X,Y)E —n(X)Y —n(Y)X. (3.2.10)

Thus from (3.2.9) and (3.2.10), we obtain that t4(X,Y) = 0. This means that 2(X,Y) € u.
Also, we assumed that & < & > is integrable, then from Lemma (3.2.1), it implies that
g(VxY,Z) = 0 for each Z € I'(2'). Which means that VxY € T'(2® < & >), i.e., the
leaves of a distribution 26 < & > are totally geodesic in M. On the other hand, from

(3.2.8), one derives
(VZP)W + (VwP)Z = 2g(Z,W)PVA, (3.2.11)
for any Z,W € I'(2"). From (2.3.41) and (2.3.50), we arrive at
(VzPYW + (VwP)Z = ApwZ +ApzW +2th(Z,W) +28(Z,W)E. (3.2.12)
From (3.2.11) and (3.2.12), it follows that
ApwZ +ApzW =2g(Z,W)PVA —2th(Z,W) —2g(Z,W)&. (3.2.13)
Taking inner product in (3.2.13) with X and using (2.3.4), (2.3.39), we obtain
8(h(Z,9X),oW)+g(h(W,0X),9Z) = 28(Z,W)g(PVA, @X).
From (2.3.2), we find that
(V29X W) +2(Vw9X,9Z) = 24(Z,W)g(PVA, X).
Using the orthogonality of vector fields, we derive

g(VZ2oW,0X) +g(VwZ, 0X) = —2¢(Z,W)g(PVA, 9X).
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Then property of the covariant derivative (2.3.43), we find that

—28(Z,W)g(@Vi, 0X) =g((V2@)W + (Vw @) Z, pX)

+2(@VZW, 0X) +g(VwZ, X). (3.2.14)

Applying nearly Sasakian structure (2.2.15) in the first term of right hand side of equation

(3.2.14) and then using (2.2.8), one shows that
2(V2W,X) +2(VwZ,X) = =2¢(Z,W)g(VA,X) = 2¢(Z,W)n(VA)n (X),
which implies that
g(VzW +VwZ,X) = =2¢(Z,W)g(VA,X) —28(Z,W)(E In f)1(X).
As 2 assumed to be integrable and & In f = 0, we obtain
g(VW.X)=—g(Z,W)g(Vu,X). (3.2.15)

Let M, be aleaf of 2 and h' is the second fundamental form of immersion of M| into

M, Thus from (2.3.2) find that
g(hH(Z,W),X) = g(VzW,X), (3.2.16)
forany X € I'(2@ < & >). From (3.2.15) and (3.2.16), it can be easily seen that
g (Z,W),X) = —g(Z,W)g(VA,X),
which means that
W (Z,W) = —g(Z,W)VA.

From the above equation, we conclude that M | is totally umbilical in M with mean curva-

ture vector H = —VA. Now we shall prove that H is parallel corresponding to the normal
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connection V/ of M| in M. For this consider Y € ['(2® < £ >) and Z € T(21),

g(VLVA,Y) =g(VzVA,Y)
=Zg(VA,Y)—g(VA,VzY)
=Z(Y(4)) —8(VA,[Z,Y]) —g(VA,VyZ)
=Y(ZA)+g(VyVA,Z)
=0.
Since Z(A) =0 for all Z € ['(2") and thus VyVA € ['(2@ < & >). That is, the leaves

of 9+ are extrinsic sphere in M. Hence, follows the Definition 2.4.3, we conclude that M

is a warped product submanifold. This completes the proof of the theorem.

Lemma 3.2.4. Let M = My xy M, be a CR-warped product submanifold of a nearly

Sasakian manifold M. Then

(@) g((VxF)Y,oW) =0,
(i) g((VZF)X,@W) = —(XInf)g(Z,W),

(iii) g((VeF)Z,oW) =0,
forall X,Y e I'(TMy) and Z,W € T'(TM | ).

Proof. Assume that M be a CR-warped product submanifold of a nearly Sasakian mani-

fold M , we have

g((VXF)Y,@W) = — g(FVxY, W)

:_g(VXY7W)7

for any X,Y € I'(TMr) and W € I'(TM_ ). The first result directly follows that Mr is

totally geodesic in M. From (2.3.42), we have
(VZF)X,9W) = —g(FVzX, @W).
By Lemma (2.4.1)(ii), we obtain the second result. Now from (2.3.45), we have

e(VeF)Z,oW) =g(Q:Z + fh(E,Z), W)

=g(Q¢Z, oW),
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for any Z,W € I'(TM ). Then property (2.3.48)(v)-(vii), we get
8((VeF)Z, oW) = g(95,PzW) =0,
which is the last result of lemma. This completes the proof of lemma.

Theorem 3.2.2. Let M be a CR-submanifold of a nearly Sasakian manifold M with in-
variant and anti-invariant distributions are integrable. Then M is CR-warped product if

and only if

g((VuF)V + (VyF)U, W) =g(QauCV, oW ) + g(QayCU, pW)

— (BUMA)g(CV,W) — (BVA)g(CU,W),  (3.2.17)

for each U,V € T(TM) and W € T(TM ), where A is a C*-function on M satisfying
ZA =0, foreachZ € T'(TM,).

Proof. Suppose that M = My X s M| be a CR-warped product submanifold of a nearly

Sasakian manifold M. Then virtue (2.3.51), gives

g((VuF)V,oW) =g((VpuF)BV, W) +g((VcuF)BV, oW)
+1(U)g((VeF)BV,oW) +g((VpuF)CV, W)
+8((VeuF)CV,@W) +1(U)g((VeF)CV, W)

+n(V)g((VuF)E, oW).

Using (2.3.45) and Lemma 3.2.4, we get

g((VuF)V,oW) =g(QcyCV, oW ) + g(QpuCV, W)

— (BVA)g(CU,W). (3.2.18)

By interchanging U and V, we derive

g((VyF)U, W) =g(QeyCU, W) + g(QpyCU, oW)

— (BUA)g(CV,W). (3.2.19)

Therefore, from (3.2.18), (3.2.19) and (2.3.50)(i1) we get the desire result (3.2.17).

Now for converse part, let M be a CR-submanifold of a nearly Sasakian manifold M with

50



integrable distributions & and 9+, Then using the fact that CX =CY =01n (3.2.17), i.e.,
g((VxF)Y + (VyF)X,oW) =0, (3.2.20)

forany X,Y € I'(2® < & >). From (2.3.42), we get

2g(fh(X,Y), W) —g(h(X,PY)+h(Y,PX),eW) =0,
which implies that

g(h(X,PY), W) +g(h(Y,PX),oW) = 0.
Taking account of (2.3.2) and (2.3.39), we derive
g(Vx9Y, W) +g(VyoX, W) =0.

From the covariant derivative property (2.3.43) and (2.3.2), it is easily seen that

g((Vx@)Y + (Vy9)X,oW) +g(VxY + VyX,W) =0.
Using tensorial equation (2.2.15), we obtain

g(VxY +VyX,W) =0,

which means that VxY +VyX e I'(2® < § >). As & < & > is assumed to be a
integrable, then it implies VxY € I'(2® < & >). By definition the leaves of 7@ < & >

are totally geodesic in M. Similarly, follows from (3.2.17), we derive
8((VxF)Z, W) +g((VzF)X,oW) = g(QxZ, W) — (XA)g(Z,W),

forany X € (2@ < & >) and Z,W € T'(2). Taking of help from (2.3.45) and (2.3.42),

we obtain

8(QxZ+ fh(X,Z), W) —g(FVzX, W) = g(QxZ, W) — (XA)g(Z,W),
which implies that

g(FVzX, W) = (XA)g(Z,W).
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Simplification gives
g(VW. X)=—(XA)g(Z,W). (3.2.21)

As 2 assumed to be a integrable and then let M, be a leaf of 2. If V' denotes a
induced Riemannian connection on M, and A’ be the second fundamental form of an

immersion M| into M. Thus in view of (3.2.21) and (2.3.2), it can be verified as:
g(h(Z,W),X) = —(XA)g(Z,W).
The property of gradient function, gives
g(h(Z,W),X) = —g(Z,W)g(VA,X).
It follows that
W (Z,W)=—g(Z,W)VA.

This means that M | is totally umbilical in M with mean curvature vector H = —Vu. Now
we can easily prove that H is parallel corresponding to the normal connection & of M| in
M as the same way of the Theorem (3.2.1), this means that the leaves of D+ are extrinsic
sphere in M. By Definition 2.4.3, M is a warped product submanifold. This completes

the proof of theorem.

3.3 GEOMETRY OF CR-WARPED PRODUCT SUBMANIFOLDS
OF T-MANIFOLDS

Firstly, we need to define some preliminaries formulas and definitions for 7—manifolds
which are different from other ambient manifolds due to 7 —structures.
3.3.1 Motivations

Let M be a (21 + s)-dimensional differentiable manifold of class C* endowed with a ¢-
structure of rank 2n. According to D. E. Blair (1976), the ¢-structure ¢ is said to be a

complemented frame if there exist structure vector fields £!,E2. - -- &% and its dual 1-forms
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N1,Ma2,- -+ Ns such that

N

P°X=—X+Y n,(X)®&" (3.3.1)
p=1
np(éq) :Spqa @) =0, npyo¢@ =0, (3.3.2)

where 5pq denotes the Frolicker delta and p, g =1, 2, ---s. A manifold M is said to have
a metric Q-structure if there exists a Riemannian metric g such that
N
g(eX, 0Y) =g(X.Y)— ) mp(X)ny(Y), (33.3)

Pq=1

for any X,Y € ['(TM). In this case
g(eX,Y)=—g(X,pY). (3.3.4)
The fundamental 2-form F on M is given by
P(X,Y)=g(X,0Y). (3.3.5)

An almost contact metric manifold M is said to be a K- -manifold if the fundamental 2-form
is closed and the metric @-structure is normal by follows to D. E. Blair (1976), that is
N
Se(X,Y)+2) dn,(X,Y)EP =0, (3.3.6)
p=1

where Sy (X,Y) denotes the Nijenhuis tensor with respect to the tensor field ¢. A K-
manifold with dn, =0 foreach p =1, 2, --- s, is said to be a T —manifold and is defined
by D. E. Blair (1970). Let V be the Levi-Civitas connection with respect to the metric

tensor g on a T —manifold M , then we have
(@) (Vx@)Y =0, (b) Vx&EP =0 (3.3.7)

for each X,Y € I'(TM), where TM denotes the tangent bundle of M (see D. E. Blair
(1976)).
Assume that M to be an isometrically immersed into almost contact metric manifold

M with induced Riemannian metric g. Then Gauss and Weingarten formulas are given by
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(2.3.2) and (2.3.3), respectively. From equation (3.3.7)(b) and (2.3.2), we obtain
(a) VxEP =0, (b) h(X,EP)=0, (3.3.8)

for each X € I'(TM) and p =1, 2,--- 5. For any submanifolds tangent to the structure

vector fields &1, &, --- &, we define CR-submanifold as follows:

Definition 3.3.1. A submanifold M tangent to &, &, --- & is called a contact CR-
submanifold if it admits a pair of differentiable distributions & and 2 such that 2 is
invariant and its orthogonal complementary distribution 2 is anti-invariant such that

T™ = 2® 9+ & (&) with ¢(2,) C 9, and (p(.@pL) C TPLM, for every p € M.

In particular, the contact CR-submanifold M tangent to &;, &, --- &, is invariant if
9+ = {0} and anti-invariant if 9 = {0}. Let M be an m—dimensional CR-submanifold
of a T—manifold M. Then, F (T,M) is a subspace of TPLM . Then for every p € M, there

exists an invariant subspace U, of TpM such that

T,M = T,M & F(T,M) ® . (3.3.9)

3.3.2 Geometry of warped product CR-submanifolds

Throughout this subsection, M assume to be a CR-warped product submanifold of a
T —manifold. If M7 and M | are invariant and anti-invariant submanifolds of a 7—manifold

M and then their warped product may given by one of the following forms:
(1) M=M, XfMT,
(11) M = Mr XfML.

The structure vector fields &P either tangent to the invariant submanifold M7 or tangent
to the anti-invariant submanifold M| for all p =1, 2,--- 5. We start with the case when

EP tangentto M |, forallp=1, 2,--- s.

Theorem 3.3.1. Every proper warped product CR-submanifold of type M| X Mt where
M | is an anti-invariant submanifold and Mr is an invariant submanifold of a T —manifold
M such that EP tangent to M| for all p =1, 2,--- s is a simply Riemannian product

manifold.
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Proof. Assume that M = M X ;M7 be a warped product CR-submanifold of a 7 —manifold
M with EPeTM, forallp=1,2,---s,thenforany X € TMy and Z € TM |, in particular,
Z = &P in (3.3.7)(b), then

Vx&? = (EPIn f)X.

From (3.3.8), we obtain
EPInf =0, forall p=1, 2,---s. (3.3.10)
Now taking the product with X in (ii) of Lemma 2.4.1, we get
g(VxZ,X) = (ZInf)||X|>. (3.3.11)
On the other hand, by (3.3.4) and (2.3.2) we have

(VLX) = 4(TZX) = (0¥ 0X)+ ¥ mTaZ) ()
P4=

As we considered that E? tangent to M| forall p=1, 2,--- s, we get

g(VxZ,X) = g(@VxZ,¢X).
Then from tensorial equation (3.3.7) of T —manifold, we obtain

g(VxZ.X) = g(Vx9Z,pX).
Thus from (2.3.3), we get

8(VxZ,X) = —g(ArzX, 0X) = —g(h(X, ¢X),FZ). (3.3.12)

The above equation takes the form with the account of equation (3.3.11),

(ZInf)|X|* = —g(h(X,9X),FZ). (3.3.13)

Replacing X by @X in (3.3.13) and then using (3.3.1), (3.3.4), and the fact that £? tangent

toM, forallp=1, 2,--- s, we get

(ZInf)||IX||* = g(h(X,9X),FZ). (3.3.14)
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From equations (3.3.13) and (3.3.14), we obtain that
(ZInf)||X||> = 0. (3.3.15)

Thus from equations (3.3.10) and (3.3.15) it follows that f is constant on M. This

completes the proof of the theorem.

Now the other case i.e., M7 x M| with EP e TMy forallp=1, 2,--- s, is deal with the

following result.

Lemma 3.3.1. Assume that M = M7 x (M| be a non-trivial CR-warped product subman-

ifold of T— manifold. Then

g(VZW,0X) = —(@X Inf)g(Z,W), (3.3.16)

g(h(X,Z), W) = —(@XIn f)g(Z,W), (3.3.17)

forany X e (2@ &) and Z,W € T(27).

Proof. Let M = Mr x M| be a CR-warped product submanifold with the structure vector

fields £7 tangent to My forall p =1, 2,--- s, then, we have
g(VzW.0X) = g(VZW,9X) = —g(V20X W),
forany X e I'(TMr) and Z, W € I'(TM_ ). Thus from (3.3.4), we obtain
g(V2W,0X) = —(9X In f)g(Z,W),

which is the result (3.3.16) of lemma. On the other hand, with help from (3.3.4), we have

g(VzW,0X) = —g(pVW,X).
As M is a T —manifold, then

2(V2W,0X) = —g(VzoW,X).
Using (2.3.3), we get

g(V2W,0X) = g(ApwZ,X) = g(h(X,Z),FW). (3.3.18)
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Then from (3.3.16) and (3.3.18), we obtain

This is the final result of lemma. This completes the proof of the lemma.

Theorem 3.3.2. Every proper CR-submanifold M of a T —manifold M is locally a contact

CR-warped product if and only if
ApzX = —(9XA)Z, (3.3.19)

forany X € T(2 @ (E)), and Z € T(D+). Moreover, for some function A on M satisfying
W(A) =0 for each W € T(2).

Proof. Let us consider that M = M| x ¢M7 is a CR-warped product submanifold of a
T —manifolds. Then first part directly follows from (3.3.17) of Lemma 3.3.2 with setting
A=Inf.

Conversely, suppose that M is a CR-submanifold of M and satisfying the condition

(3.3.19), then
8(h(X,Y), 9Z) = g(ApzX,Y) = —(@X1)g(Y,Z) = 0.
Using (3.3.4) and the fact that Misa T —manifold, we obtain
8(VxY¥,0Z) = —g(9VxY.Z) = —g(Vx¥.Z) = 0.

This implies that

g(VXY,Z) =0.

This means that 2 @ (&) is integrable and its leaves are totally geodesic in M. If M| be a
leaf of 21 and h' be the second fundamental form of the immersion of M | into M, then

for any Z, W € I'(2"), we have
(W (Z,W),0X) = g(VwZ,9X) = g(VwZ,9X) = —g(9VwZ,X).
Using the characteristic equation of 7—manifold, we get
g(h(Z,W), 0X) = —g(VwZ,X) = g(ApzW,X).
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Then from the relation between shape operator and the second fundamental form, we

obtain
g(h(Z,W),0X) =g(h(X,W),9Z),
or
g(h(Z,W),0X) = g(ApzX,W).

Thus from (3.3.19), we obtain
W (Z,W) = —g(Z,W)VA, (3.3.20)

which implies that M | is totally umbilical in M with the mean curvature vector H = —VA.
Moreover, as ZA =0 forall Z F(@L) that is, the mean curvature is parallel on M |, this
shows that M| is extrinsic sphere. Applying the Definition 2.4.3, we obtain that M is
locally a CR-warped product submanifold M7 x (M | with the warping function f = e

of a T —manifold M. Hence, the theorem is proved.

Proposition 3.3.1. Let M = My x M, be a CR-warped product submanifold of 7'-

manifolds such that the structure vector field £7 is tangent to Ny for all p = 1,2---s

Then
g(h(@X,Z),oW) =(XIn f)g(Z.W), (3.321)
g(h(9X,Y),0Z) =g(h(X,Y),0Z) =0, (3.3.22)
g(h(X,X),7)+g(h(0X,9X),7) =0, (3.3.23)

forany X,Y € I'(TMr) and Z,W € I'(TM, ). Moreover, T € I'(u).

Proof. From (2.3.2), (2.3.39), (3.3.7)(a) and Lemma 2.4.1(ii), we derive

2(h(@X,Z),0W) = g(V29X,oW) = g(pVzX, W) = (X In f)g(Z.W),

which is the result (3.3.21). On the other parts, from (3.3.3), (3.3.4) and (3.3.7)(a), we
obtain
N

g(h(0X,Y),0Z) = g(VyoX,¢Z) = g(VyX,Z) — Z (VyX)nP(2).

Thus from the facts that & is tangent M7 and M7 is totally geodesic in M, and then using
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(2.3.2), we get the required result (3.3.22). In similar way, we obtain (3.3.23). This

completes the proof of the proposition.

Proposition 3.3.2. Assume that M = M7 x (M| be a CR-warped product submanifold of

T-manifolds such that Ny is invariant submanifolds tangent to £',.E2,--- £S. Then
1h(X,Z)||> = g(h(¢X,Z), ph(X,Z)) + (9X In f)*||Z|?,
forany X,Y € I'(TMr) and Z,W € I'(TM ).

Proof. By the definition of the norm and (3.3.3), we derive

N

[h(X.Z)||* = §(@h(X,Z), oh(X,2)) + Y n*" (h(X,Z)).
p=1

Using (2.3.2), (3.3.7)(a) and Lemma 2.4.1(ii), we obtain
1h(X, 2)|* = 8(VzX, @h(X,Z)) — (¢X In f)g(ph(X ,Z),Z).
Again from (2.3.2) and Lemma 2.4.1(ii), we arrive at

1h(X,2)|]* = g(h(¢X.Z), ph(X,Z)) — (X Inf)g(h(X,Z), 9Z).

Thus using (3.3.17) in the last term of right hand side of the above equation, we get

required result. This completes the proof of the proposition.

Theorem 3.3.3. Let M be a (2m+s)-dimensional T -manifold and M = My x M| be an-
dimensional CR-warped product submanifold of M such that My is (20t +s)—dimensional

invariant submanifold tangent to EP. Then

(i) The squared norm of the second fundamental form is given by
[[A]* > 2BV In £, (3.3.24)

where [ is dimension of anti-invariant submanifold M| and p =1,2,---s.

(ii) The equality holds in (3.3.24), then My is totally geodesic and M | is totally um-

bilical submanifolds of M, respectively. Moreover, M is minimal submanifold of

M.
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Proof. Suppose that M = M7 x (M, be a (n = 2a + B + s)-dimensional CR-warped
product submanifold in an 2m 4 s-dimensional 7-manifold M where My is a 2Q + s-
dimensional invariant submanifold tangent to {7 for all p = 1,2,---s and M| is anti-
invariant submanifold of dimension 3. Then we consider that {e; =&}, --eq =€q,€q+1 =
Q@1,- - €20 = P2, €201 =&, 2015 =EP} and {20411 = €1, e ptstf = e_ﬁ} are
orthonormal frames for integral manifolds M7 and M| of 2 and 2, respectively. More-
over, the orthonormal frames for the normal sub-bundle @2 and u are {e, | = é; =
péy,---e, g =ég = @eég} and {e, g1, - €amyis}, respectively. Thus the definition of

the second fundamental form, we have
1RI1? = |h(2, D) | + | |h(2+, 29| +2lh(2, 7).

The above equation can be expressed as

2m+s 2Q+s 2m+s

||h||2: Z Zg( ezae] er + Z Zg el7ej
r=n+1i,j=1 r=n+1i,j=1
2m+s 2a+s B
+2Y Y Z (eire))er)”. (3.3.25)
r=n+1 i=1 j=I

Leaving all terms except third term and using adapted frame in (3.3.25), then (3.3.25)

takes the new form

n+f 20 n+B s B
HhH2>2 Z Zzg el7 er +2 Z Zzg 5 ej er)z
r=n+li=1j= r=n+1p=1j=1

2m+s 204s B
+2 Y Y Zg (eirej) er)”. (3.3.26)
r=n+p+1 i=1 j=
The second term of the right hand side in the above equation is identically zero by using
the fact that h(EP,Z) =0, for all p=1,2,---s. Now consider only first term and using the
adapted frame, we derive

|h||2>2228 (€i,¢)), pey) +22 Zg (9&:,¢;), pe,)>.

rj=1i= rj=1i=

Thus from (3.3.17) and (3.3.21), we obtain

B «
P >2 Y Y (eéiinf)g(er,2)* +2 Z Z &inf)2g(é,,;)2. (3.3.27)

rj=1i=1 rj=1li=

Adding and subtracting the same terms £71n f in (3.3.27) and from (3.3.10), for all p =
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1,2,---s, we get
20+s

1R]* =28 )" (eilnf)*.
i=1
Hence, the inequality (3.3.24) holds. If the equality holds in (3.3.24), then by leaving the

terms in (3.3.25), we get
W2,2)=0, (2+,9%) =0, (3.3.28)
for 2 = 2T @ &. Also from (3.3.26), we obtain
W2,2%) C o2+ (3.3.29)

Then from (3.3.28) and (3.3.29), it is easy to conclude that M7 is totally geodesic in M due
to totally geodesic in M and M| is totally umbilical submanifold of M. Furthermore, M |
is totally umbilical, then we can write h(Z, W) = g(Z,W)H for Z,W € T'(2"). Thus from
(3.3.28), we get g(Z,W)H = 0, which implies that H = 0, its means that N, is minimal

submanifold. This completes the proof of the theorem.

3.3.3 Compact CR-warped product submanifolds in 7-space forms

If M has constant ¢-sectional curvature c. Then M is called T -space form and denoted by

M(c). Then the Riemannian curvature tensor R on M(c) is defined as:

(RX.Y)Z,W) = §{g<y,w>g<x,z> —g(X,W)g(r.2)

N N

—g(X,2) Y, n"(V)n (W) —g(¥,W) Y ni(X)n‘(Z)
Pq=1 Pq=1

Lexw) Y P2 +e(r.2) Y nP(X)me(w)
pq=1 p,q=1

(X wwnron) (L wreoni@)

Pq=1 p,q=1

)
(L rom@)( L nremw)
p.g=1 Pg=1

+2(0Y, X)g(0Z,W) — g(0X,Z)g(pY, W)

+28(X, <pY>g<<pz,W)}, (3.3.30)
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for any X,Y,Z,W € I'(TM(c)) which given in Aktan et al. (2008). If we set s = 0, then
T —space form is generalized to complex space form which defined by Chen (2003). Sim-
ilarly, if s = 1 the above formula generalize the Riemannian curvature tensor for cosym-

plectic space forms which is presented by Atceken (2011).

Proposition 3.3.3. On a CR-warped product submanifold M = M7 x M| of T-manifold

M. Then

¢(R(X,9X)Z,9Z) +2||n(X,Z)||* = (Hlnf(X,X) +H" (¢X, 9X)

+2(¢X1nf)2> 1Z1F,
forany X e I'(TMr) and Z € I'(TM ).

Proof. Making use of Codazzi equation (2.3.7) and Riemannian curvature tensor R, we

obtain

g(R(X,9X)Z,9Z) = g(Vxh)(9X,2),9Z) — g((Voxh) (9X,Z), 9Z),

for X € I'(TMy) and Z € I'(TM ). Thus from the covariant derivative of the second

fundamental form (2.3.5), (2.3.3) and Lemma 2.4.1(ii), we derive

g(ﬁ(X, (pX)Z7 (pZ) :g(%xh((pX,Z), (pZ) - g(h(VX(PXaZ)v (PZ)
— (XInf)g(h(¢X,Z),9Z) — g(Voxh(X.Z),9Z)

+8&(h(VoxX,Z),0Z) + (9XIn f)g(h(X,Z), Z).

In the right hand side the above equation, the first and fourth terms follow the property of

the derivative of vector fields. Hence, we arrive at

g(R(X,0X)Z,9Z) =Xg(h(9X,Z),9Z) — g(h(9X,Z), Vx 9Z)
—g(h(Vx9X,Z),0Z) — (XIn f)g(h(¢X,Z),0Z)
+8(h(VexX,Z),0Z) + (X 1In f)g(h(X,Z), Z)

— 0Xg(h(X,Z),0Z) + g(h(X,Z),Vox 9Z).
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Thus from (3.3.21) Lemma 2.4.1(ii) and (3.3.7)(a), we obtain

2(R(X,0X)Z,0Z) =X (XIn f)||Z| > +2(XIn )| |Z||?
—g(h(9X,Z),9VxZ) — g(h(Vx X, Z),¢Z)
— (XInf)?||Z|* + g (h(Vgx X, Z), 9Z)
—(eXIn f)?|Z|]* + X (¢X In f)||Z|*

+2(eX In £)2|Z|? + ¢(h(X,Z), 9V px Z).

Since VoxX,Vx@X € I'(TMr) and the fact that My is totally geodesic in M. Thus from
(2.3.2) and (3.3.17), we get
g(R(X,9X)Z,0Z) =X (XIn f)||Z||* + (X In f)?||Z| > + @X (pX In f)||Z| |*
_g(h((vaz)7(pVXZ) —2g(h((pX,Z),goh(X,Z))
+(@VxeXIn f)[|Z||> ~ (pVexXIn f)||Z|?
+ (X In f)?[|Z|]* + g(h(X, Z), pV gx Z).
Using (3.3.17), Lemma 2.4.1(i1) and Proposition 3.3.2, we arrive at
g(R(X,0X)Z,0Z) =X (XIn f)||Z||>+ (X In £)*||Z||> + X (¢X In f)[| Z]|>
— (XInf)?||Z|]> = 2/[n(X, Z)||> + 2(¢X In f)?||Z]]?
+(@VxeXIn f)||Z||> — (pVexXIn f)||Z|?
+(eXInf)?[|Z|* — (¢X In f)?||Z]|?,

which implies that

g(R(X,0X)Z,0Z) = X (XIn f)||Z||* + X (X In f)||Z]|* 2/ |n(X, Z)||*

+2(X Inf)2|Z|]> = Vx X In f]|Z||> = Vpx X In f]|Z]|%.

Thus from the definition of Hessian form, we get the required result. This completes the

proof of the proposition.

Proposition 3.3.4. Let M(c) be a T-space form and M = My x M be a CR-warped
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product submanifold of M(c). Then

| =

1h(X, 2)||* = (Hlnf(X,X)ﬂLHl“f(fPX,(PX)

c
+(§0X1nf)2+1||X|!2) 111,
forany X e I'(TMr) and Z € I'(TM ).

Proof. Taking account that the ambient manifold is a T-space form, then from (2.3.16)

and the fact that £? tangent to My for all p =1,2,---s, we obtain
5 ¢ 2117112
(R(X,0X)Z,9Z) = - [IX|I||Z]"-
Hence, using Proposition 3.3.3 in the above relation, we get the required result.

Theorem 3.3.4. Let M = My X fM| be a compact CR-warped product submanifold in
a T-space form M(c) such that My is invariant submanifold tangent to E2,E2 .- ES of
dimension ny =20+ s and M | is anti-invariant ny = B-dimensional submanifold. Then

M is a CR-product if and only if
o B
a.p.
y Z Iy (eire ;)] = %, (33.31)
i=1j=1

where hy, denote the components of h in T'().

Proof. From (2.3.14), (2.3.15) and using adapted frame of CR-warped product submani-
folds, we obtain

20 B K

A(lnf) = — ZHlnf(ei,ei) - Z H™ (ej,e;) — Z (Vergradin f,E7).

i=1 j=1 p=1
Since ambient space M is T-manifold and the fact that gradIn f € ['(TMr), which means
that g(Vepgradin f,E7) =0 for all p = 1,2,---s, we have

B
A(lnf) = ZHlnf e = Y. H" (gege) = Y. g(Ve,Vin,c).
j=1

i=1
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Now taking account that M is compact orientable submanifold, from (2.3.15), we get

a B
/M (Z{H“‘f(ei,ei) +H"™ (@e;, pei)}+ Y ejg(Vinf, ej)>dV
i=1

=
_ /M ( ig(vmf, Veses))dv.
=

where dV is a volume element over integration of compact submanifolds M. Thus from

gradient function of In f, we derive

a B
/ (Z{Hlnf(e,-,e, Hlnf (pei, pe;) } Z ej(ejlnf) Vejejlnf)>dV:O.
M\ =] j=

Using Lemma 2.4.1(ii) and the fact that VIn f € T'(TMr), we obtain

/(Z{H'“f ei e H'“f((pel,(pe,)}-|-B||V1nf||2>dV 0. (33.32)

Onthe otherhand, letX =¢; & Z=¢jfor 1 <i<o & 1< < B, the second fundamental
form can be expressed as
2m+s
h(ei,ej) Zg (eirej), pej)pe;+ Z g(h(ei,ej), ve,)Ter,
r=p+1

where T € I'(ut). Taking summation over o and f3, we obtain

o

ZZHh €j,€j H _Z Z g(h el’ej (Per)z
i=1j=1 i=1rj=1
o B 2mts
+3 ) Y glhlere), ren)’.
i=1j=1 r=1

Using (3.3.17) in the first term of right hand side of the above equation, we get

B a P
ZZ \h(ei,e;)||* = /32 (peilnf)>+ Y Y |hu(eie))]*. (3.3.33)

i=1 i=1j=1

Q

Summing up Proposition 3.3.4, we derive

B
Z || ( et;ej ||2 ﬁ Z{Hlnf (ei ei) + Hlnf<(Peta(Pe i)}

1j=1 i=1
c.a.p

+B Z(cvez Inf)? + o (3.3.34)

Ms:

i

Q
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From (3.3.33) and (3.3.34), we obtain

o P o
2 Y fhu(eie))l* =) (H”‘f (ei,e) +H™ (<pei,<pei>> - # (3.3.35)

i=1j=1 i=1

Finally, using the above equation in (3.3.32), we find that

a B
/M (Z Y Il (ere)l]? — C'jﬁ + §|\Vlnf||2> v =0. (3.3.36)

i=1j=1
Suppose that M be a compact CR-warped product submanifold with condition (3.3.31)
holds. Then from (3.3.36), we get ||VIn f||*> = 0, which implies that gradIn f = 0, its
means that the warping function f is constant on M. Hence by hypothesis of warped
product manifolds, M is simply CR-product of invariant and anti-invariant submanifolds
M7 and M| respectively. Conversely, let M is a compact CR-product in 7-space form
M (¢). Then the warping function f must be constant on M, i.e., VIn f = 0. Thus equality

(3.3.36) implies the equality (3.3.31). This completes the proof of the theorem.

Corollary 3.3.1. Let M = My x M| be a compact CR-warped product submanifold in
a T-space form M(c) such that My is invariant submanifold tangent to E2,E2,--- &5 of
dimension ny =20+ s and M | is anti-invariant ny-dimensional submanifold. Then M is

a CR-product if and only if
H™ (¢;,e;) +H™ (pe;, pe;) = 0, (3.3.37)
where H is a Hessian form and 1 <i < Q.

Proof. The proof of the above corollary follows from (3.3.32).

3.3.4 Chen type inequality of CR-warped products in 7'-space forms

We have proved the inequality by Codazzi equation in the previous section. By using
Gauss equation instead of Codazzi, we construct an inequality of CR-warped product sub-
manifolds in 7—space forms for the second fundamental form in terms of warping func-
tion by using Gauss equation. Some other inequalities are also generalized from these in-
equality. The equality cases are considered and some applications are derived. In the fol-

lowing section we shall investigate warped product CR-submanifolds of a 7—manifold'.

IFor the simplicity to understand the dimensions, we use indices for each submanifolds
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We proved the following results, i.e,

Theorem 3.3.5. On a CR-warped product submanifold M" = My x M'? of a T-
manifold M*"S such that My 5 is invariant submanifold of dimension ny + s tangent

to EVE2, ... E5. Then M7 5 is @-minimal submanifold 0fM2m+S,

Proof. Suppose that M" = M} ™* x ; M'> be a n = (n; + ny +s5)-dimensional CR-warped
product submanifold into (2m + s)-dimensional T-manifold M, where Mj' ** is a 28 + s-
dimensional invariant submanifold tangent to &7 for all p = 1,2,---s and MT is anti-
invariant submanifold of dimension ;. Then, we choose that {e; =¢é,---e5 = &5,e5,1 =
Qe1,---er5 = Pe5,e2541 = &'\ -ens5i = &P} and {ez54541 = €1, €254 5am, = Eny}
are orthonormal frames for integral manifolds M;' * and MT of 2 and 2+, respec-
tively. Moreover, the orthonormal frames for the normal sub-bundle @2 and u are
{eny1 = €1 = @ey, - -epin, = én, = P&y, } and {e,1ny+1, - €un+s}, respectively. The

mean curvature vector of M7 5 is defined as:

5 1 2m+s 2
HHTH = (I’l]-'—S)z Z+:+1 ’i1+h52+"'+h21+s7n1+5 )
r=nj+s

where ny + s is the dimension of M;H'S such that n; +s = 28 +s. Thus from adapted

frame, we can express the above equation as:

5 1 2m-+s
HrlP= — ST X Sy X
||Hr || (1 +5)2 r—nlz+s+1 1t thssths st

2
+h£525+h2151 +"'+hgs€s> .
Thus from the fact h%sgs =0, forall p=1,2,---s, we derive

1 2m+s

2
Z ({1+...+h35+hg+15+1+-~-+h§525>. (3.3.38)

|Hr | = ————5
(n] +S)2 r:nl—Q—S—Fl

Hence, there are two cases, i.e., e, E[(9Z~+) ore, € (). If e, € (9 2+), then (3.3.38)

can be written as:
) 1 22 o - .
||Hr || :mz g(h(éy,é1), pe,)+---+g(h(és,és), peér) (3.3.39)
r=1

2
+g(h(é5+l7é5+l)7 (pe'r) +ee +g(h(6~257525)a (Pe_r)> . (3340)
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Thus from equation (3.3.22), we get Hy =0, i.e., M7! "5 is minimal submanifold. On the

other case, if e, € I'(1), then (3.3.38) can be written by using virtue (3.3.23)

1 2m+-s o o
|Hr|P=—= ) g(h(e1,é1),e) + - +g(h(s,85), er)
ny r=n+s+nr+1

2
—g(h(é1,21),e;) = -+ —g(h(éaaés)xr)) (334D

which implies that Hr = 0. Hence in both the cases it easy to conclude that My is

¢-minimal submanifold of M. This completes the proof of theorem.
Hence, using the Theorem 3.3.5, we immediately obtain the following theorem, i.e.,

Theorem 3.3.6. Assume that ¢ : M" = My <y M'? — M*"F5 be an isometric im-
mersion of an n-dimensional contact CR-warped product submanifold My T szz in

T —manifold M*"*5. Thus

(i) The squared norm of the second fundamental form of M" is satisfies
]2 > 2 (n2| Vi £12+ F(TM) —F(TMr) — F(TM, ) nzA(lnf>> . (3342

where nj is the dimension of anti-invariant submanifold Mﬁz and A is the Laplacian

operator of My! +s¢

(ii) The equality holds in (3.3.42) if and only if M?H is totally geodesic and Mj_z is

totally umbilical in M¥"*5. Moreover M™ is minimal submanifold of M.

Proof. We are leaving the proof of the above Theorem due to similarity of the proof of
Theorem 4.4 in Mustafa et al. (2015) as base manifold is 7—manifold instead of Ken-

motsu manifolds.

As a direct application of the Theorem 3.3.6, we prove the following theorem which is

important part of this paper, i.e.,

Theorem 3.3.7. Let ¢ : M"5 = M1 ™ x FMP— M*"+5(¢) be an isometric immersion
of an (n+ s)-dimensional CR-warped product submanifold My'™* x y M'? into T—space

form M 5(¢) such that ¢ such that E',.E2,--- ES are tangent to M7, Then
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(i) The second fundamental form is given by

||1]|> > 2ny <\|V1nf|!2 +§(n1 +s+1) —A(lnf)) , (3.3.43)

where n; = dimM;, i = 1,2 and A is the Laplacian operator on My,

(ii) The equality holds in (3.3.43) if and only if M7'™ is totally geodesic and M'* is

totally umbilical in M?"5(c). Moreover M" is minimal submanifold of M?"*5(c).

Proof. Letus substituting X =W =¢; and Y = Z = ¢; in the equation (3.3.30) and change

some indices, we get

(ﬁ(eivej)ejvei) = 2 (g(€],€i>g(€,,€]) g(elvel)g(ej’ej)
slene)) Y n%emPle) —glenen Y n%enPie))
o,f=1 o,f=1
T glene) ﬁz n%e)nP(e)) + glesne)) BZ n%(enP (e
a,f=1 a,f=1
+( BZ n*(ennP(en) ﬁz n*(e)mPe))
a.B=1 o.B=1
-( BE (e ) ( ﬁz n%(e)n’ (e
a,pf=1 a,pf=1

+g(@ej,ei)g(pej,e;) —g(@eiej)g(ej,e;)

+2g(ei, <Pej>g(¢ej,ei)> : (3.3.44)

Taking summation over the basis vector fields of 7M such that 1 <i# j < n and using
virtue (2.3.10) in last equation, then it is easy to obtain that
~ 3
2H(TM) = gn(n— 1)+ZCHPH2—§(n—s). (3.3.45)

But [|P|[* = ¥} _| g(Pei,e;) = n—s, we get

2T(TM) = gn(n— D)+ (n—s). (3.3.46)

A0
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On the other hand, by helping the frame fields of TM'?, we derive

o

2T(TM ) = — Z (g(ej,ei)g(ei,ej) —g(e,-,e,-)g(ej,ej)>

n+1<i<j<n

N

- %nz(nz —1). (3.3.47)

By hypothesis, for an n; —dimensional invariant submanifold such that n3 = (n; +s) with

&P are tangent to TMr, ones derive ||P||> = (n3 —s), we find that
- c
2T(TM ) = Z(ng(ng —1)+(n3—s)). (3.3.48)

Therefore using (3.3.46), (3.3.47) and (3.3.48) in (3.3.42), we easily obtain the inequality
(3.3.43). Moreover, the equality cases hold as usual as the second case of Theorem 3.3.6.

It complete proof of theorem.

Remark 3.3.1. If we assume that s = 1 in Theorem 3.3.7, then Theorem 3.3.7 generalizes
to the inequality of contact CR-warped product in cosymplectic space form (see Theorem

1.2 in Uddin & Alqgahtani (2016)).

Remark 3.3.2. Let us considered that s = 0 in Theorem 3.3.7. Then it is generalized to

the result of CR-warped product into complex space form.

3.3.5 Applications

Theorem 3.3.8. Let M" = M;H_s X M'? be a compact orientable CR-warped product

into T —space form M*"5(c). Then M" is CR-product if and only if
1] P ang(m+s+1) (3.3.49)
where ny +s = dimMry and np = dimM | .
Proof. From the Theorem 3.3.7, we get
|2 > nzg (ny+s+1) = 2mA(In f) + 2no|[VIn £ 2,

and

2m||VIn £| 2 +n2§(n1 +541) = ||]]* < 2mA(In f). (3.3.50)

From the integration theory on compact orientable Riemannian manifold M" without
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boundary, we obtain

/ <n2(f(n1+s+1)+2n2|!V1nf\|2—||hy|2>dvgznz/ A(lnf)dv =0. (3.3.51)
M 4 M

Now, if

IA[* = n3 (m1 4+ 541),

Then, from (3.3.51), we find

| (vmgav <o,
M

which is impossible for a positive integrable function, and hence VInf =0, i.e., f is a
constant function on M. Thus the definition of warped product manifold, M" is trivial.

The converse part is straightforward.

Corollary 3.3.2. Assume that M" = My' ™ x s M'> be a CR-warped product in T—space
form M?"F5(c). Let M is compact invariant submanifold and A be non-zero eigen-

value of the Laplacian on M;l *S Then

/Wuhuzdw _/n Hnz<2(m+s+1)>dvT+2nz)L/ (nfYdvy. (3.3.52)

Proof. Thus using the minimum principle property, we obtain

/n IVinf|Pavy > ;L/ (Inf)2avy. (33.53)

From (3.3.43) and (3.3.53) we get required the result (3.3.52). It completes proof of

corollary

Corollary 3.3.3. If the warping function In f of a CR-warped product M}3'™* x s M'? sat-
isfies Alnf < 0 at a some point on My! *S then My o FM'? cannot be realized as

non-trivial CR-warped product in T—space form M*"+5(c).

Corollary 3.3.4. Every CR-warped product My! T fMT with harmonic warping func-
tion cannot be realized as non-trivial CR-warped product in T —space form M2m+“(c)

such that ¢ <0.

Corollary 3.3.5. Every CR-warped product My'™* x  M'}> cannot be realized as non-

trivial CR-warped product in T —space form M*"+* (¢) with ¢ <0.
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Corollary 3.3.6. Let M" = M;'™ x ¢ M'? be a CR-warped product in T—space form
M2ms (c). Assume that My 5 is compact invariant submanifold and A be non-zero eigen-
value of the Laplacian on M7! *_ Then it cannot realized a non-trivial CR-warped product

in T— space form with ¢ < Q.

Theorem 3.3.9. Let M" = M7;' " x s M’ be a connected, compact CR-warped product
into T —space form M*"5(¢). Then M" is CR-product if and only if

ni+s nyp

Y Y llu(eie))l? —n24(n1+s+1) (3.3.54)
i=1 j=1

Proof. Assume that the equality holds in the inequality (3.3.43), we have
c
nas (n1+s5+1) = 2mA(In f) + 20| [VIn f|* = ||A]*.
By the definition of the components & and 2. The above equation can be expressed as:

c
mS (1 45+ 1) = 2mA(n f) + 2] Vi f|2 = [W(2, )| P + |a( 7+, 74|

+2|[h(2,21)|%. (3.3.55)

We take the help from the orthonormal frame which is defined in the Theorem 3.3.5. Then

following these orthonormal frame and taken the help from (2.3.9), the equation (3.3.55)

takes the new from

2m—+s20+s

2| |[VInf|)> = 2mA(nf) = Y Y g(h(eie)),e)’
r= ll,j 1

2

+Z Z g(h(ej.ej)er)
r=1i,j=1

2m+s2a B 2 c
+2 Z ZZg (ei,e ] —nzi(nl—ks—f—l).
r=1 i=1 j=1

(3.3.56)

The first term should be zero right hand side of the above equation by fact that M"‘+s

is totally geodesic in Mzm“(c) and the second fundamental form corresponding to Miz
also should be zero as MT is totally umbilical such that M" is minimal submanifolds of

1\712’”“(0). Hence using the equations (3.3.17) and (3.3.21) in the last of right hand side
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of the (3.3.56), we get
5 5 ni+s np 5
2m|[Vin f]|* = 2mpA(In ) =2my|[[V(In )P+ Y Y [hu(ei e})]|
i=1 j=1

—nzg(n1+s+1),

which implies that
c nits np
A(In f) +n2§(n1 +s5+1) = ; J; || (ei, €)1 (3.3.57)
As we look that the equality (3.3.54) if and only if the following condition hold from
the equation (3.3.57) such that A(In f) = 0. However, M" is connected, compact warped
product submanifold, thus follows the Theorem 2.3.1, we find that f is constant function

on M. This means that M" is simply a Riemannian product manifold or CR-products.

This completes the proof of the theorem.
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CHAPTER 4

PSEUDO-SLANT SUBMANIFOLDS AND THEIR WARPED PRODUCTS

4.1 INTRODUCTION

In the following, M = Mg X M | is called proper warped product pseudo-slant if M| and
My are anti-invariant and proper slant submanifolds of M, respectively. Recently, Atceken
(2008), has given an example for the existence of such warped products. Afterward,
B. Sahin (2009b) established a general inequality for warped product pseudo-slant(as
the name hemi-slant) isometrically immersed in a Kaehler manifold for mixed totally
geodesic. Later on, S. Uddin et al. (2011) obtained some inequalities of warped product
submanifolds in different structures.

In this Chapter, we study the warped product submanifolds of the form M = Mg x ¢
M | (we call such warped products as pseudo-slant warped products) of a locally product
Riemannian manifold M and a nearly Kenmotsu manifold follow by case study of Sahin
(2009b). Initially, we give some preparatory results for later use and provide to exam-
ples of such immersions, then obtain a characterization for warped products. Also, we
establish a relationship between the squared norm of the second fundamental form and

the warping function. Furthermore, the equality case of the inequality is considered.

4.2 WARPED PRODUCT PSEUDO-SLANT SUBMANIFOLDS OF LOCALLY
RIEMANNIAN MANIFOLDS

It can be easily seen that, Sahin (2006b) studied slant submanifolds of locally product Rie-
mannian manifolds, and this idea extended for semi-slant submanifolds of locally product
Riemannian manifolds Li & Liu (2005) which are generalizations of semi-invariant sub-
manifolds studied by Atceken (2007). They obtained some characterizations results on
under lying submanifolds of locally product Riemannian manifolds.

On the other hand, the warped product submanifolds in a locally product Rieman-
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nian manifold were studied by Tastan (2015); Sahin (2006c). Recently, Sahin (2009a)
and Atceken (2008) studied warped product semi-slant submanifolds of a locally product
Riemannian manifold. They proved that the warped products of the form M7 x r Mg and
M X Mg do not exist in a locally product Riemannian manifold M , where M7, M| and
My are invariant, anti-invariant and proper slant submanifolds of M, respectively. They
provided some examples of warped product submanifolds of the form Mg x r M7 and
Mg x ¢ M, on their existence. For the survey of such warped product submanifolds, we

also refer to Chen (2011, 2013).

4.2.1 Motivations

Let M be an n-dimensional Riemannian manifold with a tensor field of the type (1,1)
such that

F? =I(F # =1, (4.2.1)

where I denotes the identity transformation. Then we say that M is an almost product
manifold with almost product structure F. If an almost product manifold M admits a

Riemannian metric g such that
g(FU,FV)=g(U,V), g(FU,V)=g(U, FV), (4.2.2)

for any vector fields U and V on M, then M is called an almost product Riemannian
manifold. Let V denotes the Levi Civitas connection on M with respect to g. If (%UF W=
0, forall U,V € T(TM), where T'(T M) denotes the set of all vector fields of M, then (M, g)
is called a locally product Riemannian manifold with Riemannian metric g in sense of
Bejancu (1984).

Let M be a submanifold of a locally product Riemannian manifold M with induced
Riemannian metric g and if V and V= are the induced Riemannian connections on the
tangent bundle 7M and the normal bundle T+M of M, respectively then, for any X €

[(TM) and N € T(T+M), we write
(i) FU=PU+ U, (i) FN =tN+ fN, 4.2.3)

where PU (tN) and U (fN) are the tangential and normal components of FU(FN), re-

75



spectively. The covariant derivatives of the endomorphisms F, T and @ are defined re-

spectively as

(VyF)V =VyFV —FVyV, YU,V € T(TM) (4.2.4)
(VyP)V =VyPV —PVyV, YU,V € T(TM) (4.2.5)
(Vyw)V =V5eV —oVyV YU,V € I(TM). (4.2.6)

Let M be a submanifold of a locally product Riemannian manifold M, then for each non
zero vector U tangent to M at a point p € M, define an angle 6(U) between FU and the
tangent space T,M known as Wirtinger angle of U in M. If the angle 6(U) is constant
which is independent of the choice of U € T,M and p € M, then M is said be a slant
submanifold of M. Invariant and anti-invariant submanifolds are slant submanifolds with
slant angle ® = 0 and 6 = 7 /2, respectively. M is proper slant if it is neither invariant nor

anti-invariant. The normal bundle 7--M of a slant submanifold M, is decomposed as
T*M = o(TM)D p. (4.2.7)

where p is the invariant normal sub-bundle with respect to F orthogonal to @ (TM).
We recall the following result for a slant submanifold of a locally product Riemannian

manifold Sahin (2006b).

Theorem 4.2.1. Let M be a submanifold of a locally product Riemannian manifold M.
Then M is slant if and only if there exists a constant § € [0,1] such that P> = §1. In this

case, 0 is slant angle of M and satisfies § = cos® .

The following relations are the consequences of the above theorem
g(PU,PV) =cos’>0g(U,V), (4.2.8)

g(wU, V) =sin’0g(U,V), (4.2.9)

for any U,V € I'(TM). Also, for a slant submanifold, (4.2.3)(i)-(ii) and Theorem 4.2.1
yield

toU =sin> U, oPU = —foU. (4.2.10)
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4.2.2 Pseudo-slant submanifolds in a locally Riemannian product manifold

Semi-slant submanifolds of locally product Riemannian manifolds were studied by Li &

Liu (2005). They defined these submanifolds as follows:

Definition 4.2.1. A submanifold M of a locally product Riemannian manifold Mis a

semi-slant submanifold, if there exist two orthogonal distributions 2 and 2° such that
i) TM=2 29,
(ii) the distribution Z is invariant, i.e. F(2) = 2,
(iii) the distribution 29 is slant with slant angle 6 # 0, z.
On the similar line, we define pseudo-slant submanifolds as follows:

Definition 4.2.2. Let M be a submanifold of a locally product Riemannian manifold M
with a pair of orthogonal distributions 2 and 29, then M is said to be a pseudo-slant

submanifold of M if
(i) TM = 2+ @ 9°
(ii) the distribution 9~ is anti-invariant under F, i.e., F (.@L) cT+M
(ii) 29 is a slant distribution with slant angle 6 # 0, Z.

Let us denote by m; and my, the dimensions of 9+ and 29, then M is anti-invariant
if my = 0 and proper slant if my = 0. It is proper pseudo-slant, if the slant angle is
different from 0 and 7 /2 and m; # 0.

Moreover, if U is an invariant normal sub-bundle under F of the normal bundle T+M,
then in case of pseudo-slant submanifold, the normal bundle T+M can be decomposed as
T*M=F2+ow0w2°a.u.

A pseudo-slant submanifold of a locally product Riemannian manifold is said to be mixed
totally geodesic if h(X,Z) =0, for any X € I'(2%) and Z e T'(21).

First, we give the following example of a proper pseudo-slant submanifold.
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Example 4.2.1. Consider a submanifold M of R* = R? x R? with coordinates (x1,x2,y1,y2)

and the product structure

o (A Y (A DT
dx;)  oxi’ dy;) oy’ TR

For any 6 € (0, %) consider a submanifold M into R* which is given by the immersion
f(u,v) = (ucos0,v,usin®,v), u,v+#0.

Then, the tangent space TM of M is spanned by the following vector fields

d d

e =cos@— +sinf—, 6225—#5.
2 2

ax 1 8y1
With respect to the product Riemannian structure F, we find

0 0 0
Fe, = 06— —sin6— Fep = — — —
e] = cos s sin Iy e o 9vs

It is easy to see that Fe, is orthogonal to TM, thus the anti-invariant distribution is 2+ =
g(Fey.er) ) _

[Feilllle]] ) —

span{e, } and 29 = span{e, } is the slant distribution with slant angle 8; = arccos <

260 and hence M is a proper pseudo-slant submanifold with slant angle 6; = 26.

The detailed study of pseudo-slant submanifolds of a locally product Riemannian man-
ifold is given by Tastan & Ozdemir (2015) under the name of hemi-slant submanifolds.

Now, we have the following result for later use.

Proposition 4.2.1. On a pseudo-slant submanifold M of a locally product Riemannian

manifold M , we have
g(VxY,Z) =sec’ 0 (g(ArzPY, X))+ g(AwpyZ,X))

forany X,Y € T'(2?) and Z € T(2).

Proof. Forany X,Y € I'(29) and Z € T(2), we have

g(VxY,Z) = g(VxY,Z)
— g(FVxY,FZ)

— g(VxFY,FZ)—g((VxF)Y,FZ).
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Using (4.2.3)(i) and the characteristic of locally product Riemannian structure, we get

g(VxY,Z) = g(VxPY,FZ)+g(Vx0Y,FZ)
= g(h(X,PY),FZ) +g(FVx0Y,Z)

= g(ApzPY,X) +g(VxF0Y,Z) — g(VxF)0Y,Z).
Again, using (4.2.3)(ii) and the locally product Riemannian structure, we derive
g(VxY,Z) = g(ArzPY,X) + g(VxtoY,Z) + g(Vx f0Y, Z).
Then from (4.2.10), we obtain
¢(VxY,Z) = g(ApzPY,X) +sin® 0g(VxY,Z) — g(Vx wPY,Z).
Using (2.3.2), and (2.3.3), we arrive at
cos? 0g(VxY,Z) = g(ArzPY,X) + g(Awpy X, Z),

thus the assertion follows from the last relation.

4.2.3 Warped product submanifolds in a locally Riemannian product manifold

In this section, we study the warped products of slant and anti-invariant submanifolds of a
locally product Riemannian manifold. In order to study of warped product submanifolds,
we follows the brief introduction of warped product manifolds which were first introduced
by Bishop & O’Neill (1969) in Section 2.4.

To proceed the study, we will consider the warped product pseudo-slant submani-
folds of the form M = Mg x y M |, where Mg and M | are proper slant and anti-invariant
submanifolds of a locally product Riemannian manifold M, respectively. For a proper
warped product pseudo-slant submanifold M = Mg X s M | , we have the following useful

lemmas.

Lemma 4.2.1. On a warped product pseudo-slant submanifold M = Mg x f M | of alocally

product Riemannian manifold M, we have

(1) g(h(X7Y)7FZ) = —g(h(X,Z),(DY),
(@i1) g(h(PX7Y),FZ) = —g(h(PX,Z),(DY),
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forany X,Y € ['(TMg) and Z € I'(TM ).

Proof. Forany X € ['(TMy) and Z € I'(TM ), we have
g(h(X,Y),FZ) = g(VxY,FZ).
Then from (4.2.2) and (4.2.3)(i), we obtain
g(h(X,Y),FZ) = g(VxPY,Z) + g(Vx0X,Z).

Since, My is totally geodesic in M, using this fact in the above relation then from (2.3.3),
we get

g(h(va)vFZ) = _g(Aa)YXaZ) = _g(h(XaZ)va)7

which is (i). If we interchange X by PX in (i), we can get (i1). Thus, the lemma is

proved.

Lemma 4.2.2. Let M = Mg X y M| be a proper warped product pseudo-slant submanifold

of a locally product Riemannian manifold M. Then
(i) gh(Z,W),wX)=—g(h(X,Z),FW)+ (PXInf)g(Z,W),
(i) g(h(Z,W),0PX)=—g(h(PX,Z),FW)+cos®6(XIn f)g(Z,W),

forany X,Y € I'(TMg) and Z,W € I'(TM ).

Proof. Forany X € I'(TMy) and Z,W € I'(TM_ ), we have
g(h(Z,W),0X) = g(VW, 0X).
From (4.2.3)(1), we get
g(h(Z,W),0X) = g(VzW,FX) — g(V,W,PX)
= g(FV W, X) +g(VzPX,W).
By Lemma 2.4.1 (ii), we derive

g(h(Z,W),wX) = g(VZFW,X)+ (PXIn f)g(Z,W).
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Using (2.3.3), we get

g(h(Z,W), 0X) = —g(ArwZ,X) + (PXInf)g(Z,W)

= —g(h(X,Z),FW) + (PXInf)g(Z,W).

which proves (i). If we interchange X by PX in the above relation and using Theorem

4.2.1, we can easily get the second part, which proves the lemma completely.

Now, we construct the following example of a proper warped product pseudo-slant sub-

manifold in a locally product Riemannian manifold.

Example 4.2.2. Consider a submanifold M of R7 = R? x R* with coordinates

(x1,%2,X3,¥1,¥2,¥3,v4) and the product structure

d d d o .
F(ﬁ) o’ F(a_y]> =gy T dand j=1,2,3,4

Let us consider the immersion f of M into R’ a follows
f(u, @) = (ucos @, usin @, 2u,\/2u, —u,usin@,ucos @), @ #0 u0.
Then the tangent space TM of M is spanned by the following vector fields
d d d d d d
Z = — +sinQ@—+2— 2
1 COS(anI +s1n(pax2 + 9% +\/_8y1 ayz +s1n(pa +COS(pa vl
and

Z> = —usin i4—14003 i—Htcos i—usin i
o (paxl (paxz (Pay3 (pa)’4'

Then with respect to the product Riemannian structure F, we get

FZ = 9 sine2 422 3L 40 Gnel 2
sy s e Yy, T oy, SPgy, Teseg

and

FZ> = —usin i—l— cos i— coS i—Htsin i
2= (paxl ! <Pax2 ! (p3YS (P9y4'

Then, it is easy to see that F'Z; is orthogonal to TM, thus the anti-invariant distribution

is 2% = span{Z,} and the slant distribution is 2° = span{Z;} with slant angle 6 =

8(FZ1,Zy)

W) = arccos ( ) It is easy to see that both the distributions are integrable.

arccos (

If the integral manifolds of 2 and 29 are denoted by M| and My, respectively, then the
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induced metric tensor gy on M is given by
2 2.2 2
gm =9du” +2u"d” = gy, + <\/§u) M, -

Thus M is a warped product submanifold of the form M = Mg X s, M| with warping
function f; = V2u.

Theorem 4.2.2. Let M be a pseudo-slant submanifold of a locally product Riemannian
manifold M. Then M is locally a mixed totally geodesic warped product submanifold if
and only if

(i) ApzX =0, (ii) AppxZ = cos> 0(XA)Z, (4.2.11)

for each X € T(TMp) and a C-function A on M with ZA = 0, for each Z € T'(9™).

Proof. If M is a mixed totally geodesic warped product submanifold of a locally prod-
uct Riemannian manifold M, then for any X € I'(TMg) and Z,W € I'(TM, ), we have
g(ApzX W) = g(h(X,W),FZ) =0, i.e., ApzX has no component in 7M. Also, from
Lemma4.2.1, g(ArzX,Y) =0, i.e., ApzX has no component in TMy. Therefore it follows
that ApzX =0, which is first part of (4.2.11). Similarly, g(AppxZ,Y) =g(h(Y,Z), wPX) =
0, i.e., AppxZ has no component in TMy for any X,Y € I'(TMg) and Z € I'(TM ). There-
fore, the second part of (4.2.11) follows from Lemma 4.2.2 (ii).

Conversely, let M be a proper pseudo-slant submanifold of a locally product Rie-
mannian manifold M such that (4.2.11) holds. Then by Proposition 4.2.1 and the relation
(4.2.11),we find g(VxY,Z) = 0, which means that the leaves of 29 are totally geodesic
in M. On the other hand, for any X € I'(2?) and Z,W € I'(D*) we have

g([Z,W],PX) = g(VzW,PX) — g(VwZ,PX).
From (4.2.3)(i), we get
g([Z,W],PX) = g(VzW,FX) — g(VzW, 0X) — g(VwZ,FX) + g(VzW, 0X).
Using (4.2.2), we obtain

¢([Z,W],PX) = g(VZFW.X) — g(V20X,W) — g(VwFZ,X) + §(Viw 0X, Z).
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Thus by (2.3.3), we derive
g([Z,W],PX) = —g(ArwX,Z) + g(AexZ,W) + g(ApzX , W) — g(AuwxW,Z).

The first and third terms of right hand side are identically zero by using (4.2.11)(i) and the
second and fourth terms can be evaluated from (4.2.11) (ii) by interchanging X by PX, as
follows

8([2,W],PX) = (PXA)g(Z,W) — (PXA)g(W,Z) = 0,

which means that, the distribution 2+ is integrable, thus if we consider M| be a leaf of
2+ in M and b be a second fundamental form of M| in M, then for any Z,W € I'(D*),
we have

g(ArwPX,Z) = g(h(Z,PX),FW) = g(VzPX,FW).

Then by (4.2.2), we derive
g(ApwPX,Z) = g(FV,PX,W).

From (4.2.4) and the structure equation of a locally product Riemannian manifold, we
obtain

2(ArwPX.,Z) = g(VzFPX,W).

Using (4.2.3)(1), we get
g(ArwPX,Z) = g(VzP?X, W) + g(Vz0PX,W).
Thus by Theorem 4.2.1 and (2.3.3), we derive

g(ApwPX,Z) = cos” 0g(V,X W) — g(Awpx Z, W)

= —cos>0g(VzW,X) — g(Awpx Z,W).
As 27 is integrable thus on using (2.3.3), we get
g(ApwPX,Z) = —cos? 0g(h(Z,W),X) — g(Awpx Z,W).
From (4.2.11)(d) and (4.2.11)(ii), we obtain

cos? Og(h(Z,W),X) +cos?0(XA)g(Z,W) = 0.
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Since M is proper slant thus, we find

g(hJ‘(Z,W),X) = _X(l)g(sz)

= —g(Z,W)g(V)L,X),

which means 4+ (Z,W) = —g(Z,W)VA thatis M| is totally umbilical in M with the mean
curvature vector H- = —VA. We can easily see that H is a parallel mean curvature
vector corresponding to the normal connection of M| into M. Hence by Definition 2.4.3,

M is a warped product pseudo-slant submanifold, which proves the theorem completely.

4.2.4 Inequality for warped products in a locally Riemannian product manifold

In this subsection, we obtain a sharp estimation between the squared norm of the second
fundamental form of the warped product immersion and the warping function. In order to
obtain the relation for the squared norm of the second fundamental form, we construct the
following orthonormal frame fields for a proper warped product pseudo-slant submanifold

of the form M = Mg Xy M, .

Frame 4.2.1. Let M = Mg x y M| be a m-dimensional warped product pseudo-slant sub-
manifold of an n-dimensional locally product Riemannian manifold M such that p =
dimMy and g = dimM |, where My and M| are proper slant and anti-invariant sub-
manifolds of M, respectively. Denote the tangent bundles of Mg and M, by 29 and

9+, respectively. Consider the orthonormal frame fields {e1, - ,e,} and {e,+1 = e} =

*

» = sec 9Pe}k,} of 2+ and 29, respectively. Then the orthonormal

sec@Pe],---,e, = e
frame fields of the normal sub-bundles FZ*, @2 and pu, respectively are {e, 1 =
Fey, - emiq=Fey}, {empqgr1 = €1 =cscOwe], - ,emyprq = €p = CSC Ga)e}",}

and {eZm—H;" ’ 7en}~

Theorem 4.2.3. Let M = Mg x f M| be a mixed totally geodesic warped product pseudo-
slant submanifold of a locally product Riemannian manifold M such that M| is an anti-

invariant submanifold and My is a proper slant submanifold of M. Then:
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(i) The squared norm of the second fundamental form h of M satisfies
[1][* > geot® 6]V In £,
where ¢ = dimM | and V®1n f is the gradient of In f along Mp.

(ii) If the equality sign of above holds identically, then My is totally geodesic and M |

is totally umbilical in M.

Proof. From the definition, we have
18112 = [1(2°, 2°)|1? + |2+, 2) | +2||h(2°. 27)| .

Since M is mixed totally geodesic, then the second term in the above relation is identically
zero, thus we find

112 = [1n(2+, 2P+ |r(2°, 2°)| .

Then from (2.3.9), we obtain

|h||2 Z Z g elae] er + Z Z g 17 j )2'

r=m+1ij=1 r=m+li,j=1

The above relation can be expressed in terms of the components of F 2+, ® 29 and p as

follows
2 9 4 ’ P 4q 5
||| Z Z g(h(eiej),Fey) +Z Z g(h(ej,e;j),cscO wey)
r=1i,j=1 r=1i,j=1
n q 2 9 P
+ Z Z g( et;e] er +Z Z g Fer)
r—2m+li,j—l r=1i,j=1
n p
+Z Zg er.ei).e )+ Y. Y g(hef,e)),e). 4.2.12)
r=1i,j=1 r=2m+1i,j=1

As we have not found any relation for g(h(e;,e;),Fe,), forany i, j,r=1,---gand g(h(e}, ej)
forany i, j,r=1i,---,p, therefore we shall leave these terms in the above relation (4.2.12).
Also, the third and sixth terms have p-components therefore we also leave these two
terms, then by using Lemma 4.2.1 and Lemma 4.2.2, we derive
||A]|? > csc? 0 Z Z (PeiInf)? g(e; e;)?.
i,j=1r=1

From the assumed orthonormal frame fields of 2°, we have Pe} = cosOe;, for r =
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1,---, p. Using this fact, we find
9 P
17> > cot® 6 Y Y (efInf)*g(ei,e;)* = geot* 6]V In >
i,j=1r=1
which is inequality (i). If the equality holds in (i), then from the remaining fifth and sixth

terms of (4.2.12), we obtain the following conditions,
nW2°,2% Lw2° w2° 2% Lu, (4.2.13)

which means that

nW2°,2°) c Fo+. (4.2.14)

Also, from Lemma 4.2.1, we get
nW2° 2°) LF9+. (4.2.15)
Then from (4.2.14) and (4.2.15), we get
n2°,2°) =o. (4.2.16)

Then My is totally geodesic in M, by using the fact that My is totally geodesic in M with

(4.2.16). Also, from the remaining first and third terms in (4.2.12), we have
W2+, 21 LF2S, W2+,25) Lu= 2,2 c 0. (4.2.17)
From Lemma 4.2.2 for a mixed totally geodesic warped product submanifold we have
g(h(Z,W),0PX) = cos>0(XInf)g(Z,W). (4.2.18)

Hence, M is totally umbilical in M by using the fact that M is totally umbilical by
M Bishop & O’Neill (1969); Chen (2001) with (4.2.17) and (4.2.18), thus the proof is

complete.

86



4.3 SOME INEQUALITIES OF WARPED PRODUCT PSEUDO-SLANT SUB-
MANIFOLDS OF NEARLY KENMOTSU MANIFOLDS

4.3.1 Motivations

In the present section, we extend the previous idea into a nearly Kenmotsu manifold and
derive the geometric inequalities of non-trivial warped product pseudo-slant submanifolds
which are the natural extensions of CR-warped product submanifolds. As we know that
every CR-warped product submanifold is a non-trivial warped product pseudo-slant sub-
manifold of the forms M| x y Mg and Mg x y M| with slant angle 6 = 0. But such warped
product pseudo-slant submanifold may not generalizes to the study of CR-warped product
submanifold.

4.3.2 Warped product pseudo-slant in a nearly Kenmotsu manifold

We derive the following lemmas to obtain the main inequalities of this section by using

the properties of nearly Kenmotsu manifold and warped product manifolds.

Lemma 4.3.1. Let M = M| X yMpy is a warped product pseudo-slant submanifold of a

nearly Kenmotsu manifold M such that the structure vector field & istangent to M | . Then
1
£(h(X.PX).02) = h(X.2).FPX) + 5 (n(2) - @) ) eo K|, 330
forany X e I'(TMy) and Z € I'(TM ).

Proof. Assume that M = M| X y Mg be a warped product pseudo-slant submanifold of a

nearly Kenmotsu manifold M. Then (2.3.2) gives
g(h(X,PX),9Z) = —g(9VxPX,Z).
From the covariant derivative of ¢, we simplifies as:

g<h(X7PX)7(PZ) :g«%X(P)PX?Z) _g(%X(PPX7Z)'
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Using the structure equation (2.2.16) and Theorem 2.3.8, we derive

g(h(X,PX),0Z) =—g((Vpx @)X, Z) — cos? 0g(VxZ,X)

+g(h(X,Z),FPX).
Lemma 2.4.1(i1) and from (2.3.43), we obtain

g(h(X,PX),(PZ) :_g(€PX¢X7Z) _g(%PXX7(PZ>

+g(h(X,Z),FPX) —cos?0(ZInf)||X||>.
Using the relations (2.3.3) and (2.3.39), we arrive at

2¢(h(X,PX),9Z) =g(VpxZ,PX) — g(%PXanz)

+g(h(X,Z),FPX) —cos>0(ZInf)||X|]*.
Finally, using Lemma 4.3.1(i1) and relation (2.3.55), we get
2¢(h(X,PX),0Z) = g(h(PX,Z),FX))+g(h(X,Z),FPX). (4.3.2)
Moreover, we have
g(h(X,Z),FPX) = g(VzX,FPX),

forany X € I'(TMy) and Z € IT'(TM ). Since, from the fact that & is tangent to M, and
(2.3.2), (2.3.39), we obtain

g(h(X,Z),FPX) = —g(@VzX,PX) + cos® 0g(V X, X).
Then from definition of the covariant derivative of ¢ and Lemma 4.3.1(ii), we can derive
g(h(X,Z),FPX) = g((Vz0)X,PX) —g(Vz0X,PX)+cos> 6(ZIn f)||X||>.
On nearly Kenmotsu manifold (2.2.16) and (2.3.55), one shows that

g(h(X,Z),FPX) =—g((Vx9)Z,PX) — 1(Z) cos® 8||X||> — g(V,PX, PX)

— g(VZFX,PX) +cos®6(Xnf)||Z||%.
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Using Lemma 4.3.1(ii) and relations (2.3.3), (2.3.55), we arrive at

g(h(X,Z),FPX) =—g(Vx@Z,PX) — g(VxZ,pPX)

—1(Z)cos” 0[|X||> + g(h(Z,PX),FX).
The Weingarten formula (2.3.3) and the Theorem 2.3.8, for a slant submanifold, give us

g(h(X,Z),FPX) =g(ApzX,PX)+cos*8g(VxZ,X) —n(Z)cos* 0||X||*

— g(VxZ,FPX) + g(h(Z,PX),FX).
From Lemma 4.3.1(ii) and (2.3.2), we derive
g(h(X,PX),0Z) =2g(h(X,Z),FPX) — ((Zlnf) — n(Z)) cos? 0||X|[?
—g(h(Z,PX),FX). (4.3.3)
Thus from the (4.3.2) and (4.3.3), it follows that
£lh(X,PX).02) ~ g0(X.2).FPX) = 5 (n(2) - @ng) ) cos? O
which is final result. This completes proof of lemma.

Lemma 4.3.2. Let M = M| Xy Mg be a warped product pseudo-slant submanifold of a

nearly Kenmotsu manifold M. Thus

(i) g(h(X,X),9Z) = g(h(Z,X),FX),

(ii) g(h(PX,PX),9Z) =g(h(Z,PX),FPX),
forany X e I'(TMy) and Z € T'(TM ).

Proof. On warped product pseudo-slant submanifold, we have

g(/’l(X,X),(PZ) :g(§XX,¢Z) = _g((p%XXvZ)

= g(VX(p)X7Z) _g(VX(anZ)v
forany X € I'(TMg) and Z € I'(TM ). Then from (2.2.16) and (2.2.8), we obtain

g(h(X,X),0Z) = g(VxZ,PX) — g(VxFX,Z).
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Thus from Lemma 4.3.1(i1) and (2.3.2), the above equation can be written as:
g(h(X,X),9Z) = (ZInf)g(X,PX) + ¢(ArxX,Z).
As X and PX are orthogonal vector fields. Then
g(h(X,X),90Z) =g(h(X,Z),FX), 4.34)

which is the first result of lemma. Interchanging X by PX in (4.3.4), we get the last result

of lemma. This completes proof of the lemma.

Lemma 4.3.3. On a non-trivial warped product pseudo-slant M = Mg X M| of a nearly

Kenmotsu manifold A7I . Then
() g(h(Z,2),FPX) = g(h(Z,PX),0Z) + (n(X) . <x1nf>) cos2 0] 2|,
(i) g(h(Z,Z),FX) = g(h(Z,X),9Z)— (PXInf)||Z|,

for any X € I'(TMy) and Z € T'(TM, ), where the structure vector field & is tangent to

Mp.
Proof. From (2.3.2), and (2.3.39), we find
¢(h(Z,2),FPX) = g(V,Z,FPX) = g(V;Z,0PX) — g(V;Z,P*X).
Follows the Theorem 2.3.8, we obtain
§(HZ.2).FPX) = ~5(9¥22,PX) + 00520 (4(T22.X) - n(X)e(V225) ).

Using the property of Riemannian connection and the covariant derivative of an endomor-

phism, we derive

g(h(Z,Z),FPX) =g((V29)Z,PX) — g(V2Z,PX) —cos’ 0g(VzX,Z)

+cos? 0N (X)g(VZE, Z).
In a nearly Kenmotsu manifold & In f = 1, and Lemma 4.3.1(ii), we arrive at

g(h(Z,2),FPX) = g(h(Z,PX),0Z) + (n(X) — (X 1nf)> cos? 0||Z||?, (4.3.5)
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which is the first part of lemma. The second part of the lemma easily obtain by inter-

changing X by PX in (4.3.5). This completes proof of the lemma.

4.3.3 Inequality for warped products of the forms M| x s My

In this subsection, we obtain geometric inequalities of warped product pseudo-slant sub-
manifold in terms of the second fundamental form such that & is normal to the fiber with
case of mixed totally geodesic submanifold. First of all, we define an orthonormal frame

for later use.

Frame 4.3.1. Assume that M = M| X y Mg be a m-dimensional warped product pseudo-
slant submanifold of a 2n 4 1-dimensional nearly Kenmotsu manifold M with Mg of di-
mension d; = 28 and M, of dimension d» = &+ 1, where My and M| are the integral
manifolds of 29 and 2+, respectively. Then we consider that {e;, e, eq,e4,=q+1 =
S, } and {eqtn = €], -eqipi1 = € eqipia = €f = secOPe], - eq 1108 = €3 =
sec GPeE} are orthonormal frames of 2+ and 29, respectively. Thus the orthonormal
frames of the normal sub-bundles ¢ 2+, F29 and pu, respectively are {e, | = & =
Per,emia=E8o = Pea}, {emrarl =Cur1 =€ =CscOFe], ey 4 =8y p=2E3=
csc 9F€;3»€m+a+ﬁ+1 =Cqip+1 =gy =CsCOsecOFPel, €, qi2p = Eqiop = Erp =

csc O sec GFPeE} and {exn—1 =&m, - eomt1 = éZ(n—m+1)}~

Thus, we are going to prove our main theorem by using above orthonormal frame

Theorem 4.3.1. Let M = M| X f Mg be a m-dimensional mixed totally geodesic warped
product pseudo-slant submanifold of a (2n+ 1)-dimensional nearly Kenmotsu manifold
M such that & € [(TM ), where M| is an anti-invariant submanifold of dimension d,

and My is a proper slant submanifold of dimension d; of M. Then

(i) The squared norm of the second fundamental form of M is given by

2
[1A][* > jﬁcos28<||vilnf|\2—1>. (4.3.6)

(ii) If the equality holds in (4.3.6), then M | is totally geodesic and My is totally umbil-

ical submanifolds into M.
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Proof. The squared norm of the second fundamental form is defined as:
11> =11n(2°,2°)|? +||n(Z+, 2)I1? +2l|h(2°, 2| .
As we have considered M to be a mixed totally geodesic, then
|1l = [In(Z+, 291 +|In(2°, 2°)I. (4.3.7)

Follows the relation (2.3.9) and leaving the first term, we obtain

g
l m+1l7‘] 1

The above equation can be expressed as in the components of @2, F 29 and pu, i.e.,

o 28+a 2B
!h\|2>22g eien).a)’+ Y, Y glhlef,e),a)
=1i,j=1 [=a+11i,j=1
2(n—m+1) 2
+ L Z g(h(ef.5),a). (4.3.8)
I=m ij=1

Leaving all the terms except first, we get

)751)2'

H Mu

o
[1A]f? > Z

Using the components 29 which are defined in orthonormal Frame 4.3.1, we derive

a B
P> 3 X, elhieri).e0t +se0 % WO
i=1rk=1 i=1rk=1
B
—|—seczz Y g(h(e,Pey),e)* + sec GZ Z g(h(Pe*, Pe}),é)>.
i=1 rk=1 i=1 rk=1

Then for a mixed totally geodesic warped product, the first and last terms of the right hand
side in the above equation vanishes identically by using Lemma 4.3.2. Then
||])? > 2sec? OZZg (Pet,er),&;)>.
i=1r=1
Thus from Lemma 4.3.1, for a mixed totally geodesic warped product pseudo-slant and

using the fact that n(e;) =0, i =1,2,---(dy — 1), for an orthonormal frame 4.3.1, we
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arrive at
o B
||A])* > —cos Z Z ilnf)’g(er,er)? (4.3.9)
Now we adding and subtracting the same term & In f in (4.3.9), thus simplification gives
at+l B B
||A]|? > —cos Z Z ejlnf cos Z §1nf (ef,ef)?. (4.3.10)

It well know that £1n f = 1, for a warped product submanifold in a nearly Kenmotsu

manifold. The equation (4.3.10) simplifies as
2 /3 2 1 2
18] 2 —5-cos” 8[|V In f]|"—1

which is the inequality (4.3.6). If the equality sign holds in (4.3.6), we obtain the follow-

ing conditions from leaving terms in (4.3.7), i.e.,
o+, 2+) =0

which means that, M| is totally geodesic in M due to totally geodesic in M. Similarly,

from leaving the second and third terms in (4.3.8), we derive
g(n(2°,9°),F2°) =0, g(h(2°,2°).n)=0,
which implies that
nW2°,2% LF2°, n2° 2° L u=— n2° 2° coo+.

From the above conditions and Lemma 4.3.1 which show that My is a totally umbilical
into M due to totally umbilical in M. This completes proof of the theorem.
4.3.4 Inequality for a warped product pseudo-slant submanifold

of the form Mg x s M |

We will use the same orthonormal frame which defined as Frame 4.3.1 by taking & tangent

to slant submanifold instead of anti-invariant submanifold.
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Theorem 4.3.2. Let M = Mg x y M| be a m-dimensional mixed totally geodesic warped
product pseudo-slant submanifold of a (2n + 1)-dimensional nearly Kenmotsu manifold
M such that & €T'(TMy), where M | is an anti-invariant submanifold of dimension d, = o

and My is a proper slant submanifold of dimension dy =2 + 1 ofﬂ. Then

(i) The squared norm of the second fundamental form of M is given by

||h||2Zacot29<|\Velnf|]2—1>. (4.3.11)

(ii) If equality holds identically in (4.3.11), then My is totally geodesic submanifold and

M | is a totally umbilical submanifold of M, respectively.

Proof. Follows the definition of the second fundamental form with linearity of Hermitian

metric such that
11> =11n(2°,2°)|? +||n(Z, 2|1 +21|h(2°, 2| .
As the hypothesis of the Theorem, M to be a mixed totally geodesic, we obtain
[14][* = [1a(2, 2P +[|n(2°, 2°)] . (4.3.12)

The relation (2.3.9), gives

The above equation can be expressed in the components of 92, F 29 and u defined in

orthonormal frame 4.3.1, and considering £ tangent to My, i.e.,

+ Y g(h(er,er), @) (4.3.13)
e

Leaving all the terms except the second term, then

Zﬁ o
187> ) ) glhlerex),e)*.

I=1rk=1
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Using the components of F 29 for adapted Frame 4.3.1, we derive

||k]|* >csc? 0 Z Zg (er,er), )2

j=1r=

+csc? 0 sec? OZZg (er,er) FPe’j“-)z.
j=1r=

By hypothesis of the theorem M to be a mixed totally geodesic warped product. Hence,
form Lemma 4.3.3 and the fact that n(e j) =0,1< j<d;—1 for orthonormal vector

fields, we arrive at
B«
||R]|* >csc? @ Z Z (Pe; Inf)2g(ere,)

B «
+csc2Bcos’ 0 Z Z e; lnf (er,er).
j=1r=1

Simplification gives

B B
|h]]* > aesc? 0 Y. (PeiInf)* + ocot? 0 ) (efInf)?
j=1 Jj=1

Adding and subtracting the same terms in the above equation, we derive

2B+1
||7]|* >acsc? 6 Z (Pe’; lnf) —ocse 92 (Pe; lnf)
J=1 j=1

B «
—acsc?0(EInf)? + acot? Z Z e; *Inf)2.
Since, & In f = 1, for nearly Kenmotsu manifold, we obtain

[A]* >ecese? 0]|PYO In £ + accot? 6 Y (e In £)?
j=1

acsc? @ — oresc’ 6 ) B(e;‘.+BPV91nf)2.
j=1
After some simplifications. Applying the property (2.3.55) in the above equation, we get

B
Hh||2 > ac0t29||V91an2—acot29+acot29 Z(ej‘-lnf)2
j=1

B
— acesc? O sec’ O Z g(Pej,PVe In f)2.
j=1
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From (2.3.55), it is easily seen that

a
||2]|? > accot? 8]|VO In £1)* + accot® 6 Z’(ejflnf)2
=1

B
—acot’ 0 Z(e}f Inf)? — occot® 6,
=1

which implies that
2 = aco 8 ||V In 2~ 1).

This is the inequality (4.3.11). If the equality holds in (4.3.11) identically, then from the

leaving terms in (4.3.12) and (4.3.13), we obtain the following conditions, such as:
(2, D) =0, &W2",2"),92")=0
and
g2+, 27),1) =0,

where 2 = 29 @ £. It means that My is totally geodesic in M and W2+, 94 c F9°.

Now from Lemma 4.3.3, for a mixed totally geodesic warped product, we have
g(h(Z,W),FX) = (PXIn f)g(Z,W),

for Z,W € I(TM, ) and X € T'(TMg). This imply that M is totally umbilical in M. This

completes the proof of the theorem.

Theorem 4.3.3. Let M = Mg X f M| be a m-dimensional mixed totally geodesic warped
product pseudo-slant submanifold of a (2n+ 1)-dimensional nearly Sasakian manifold M
such that & € T'(TMy). Then the squared norm of the second fundamental form of M is

given by
||h||* > occot® 0 (|| VO In £1[?), (4.3.14)

where o is dimension of M | is an anti-invariant submanifold. If equality holds identi-
cally in (4.3.11), then My is totally geodesic submanifold and M | is a totally umbilical

submanifold of M, respectively.
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CHAPTER 5

POINTWISE SEMI-SLANT SUBMANIFOLDS AND THEIR WARPED
PRODUCTS

5.1 INTRODUCTION

It is well known from Yano & Kon (1985) that the integration of the Laplacian of a smooth
function defined on a compact orientable Riemannian manifold without boundary van-
ishes with respect to the volume element. As we have seen that, B. Sahin (2013), studied
the warped product pointwise semi-slant submanifolds in Kaehler manifolds and later
studied in cosymplectic, Kenmotsu and Sasakian manifolds by Park (2014). They have
obtained a lot of examples on the existence of warped product pointwise semi-slant in
Kaehler, cosymplectic, Kenmotsu and Sasakian manifolds, and derived general inequali-
ties for the second fundamental form involving the warping functions and pointwise slant
functions.

In this chapter, we find out the some potential applications of this notion, and study
the concept of warped product pointwise semi-slant submanifolds in Kaehler, cosym-
plectic and Sasakian manifolds as a generalization of CR-warped product submanifolds.
Then, we prove the existence of warped product pointwise semi-slant submanifolds by
their characterizations in terms of Weingarten operator, tensor fields, and give some ex-
amples supporting to this idea. Moreover, some characterizations results are generalized
to CR-warped product submanifold of this type in different structures.

Further, we obtain some interesting inequalities in terms of the second fundamental
form and the scalar curvature using Gauss equation in the place of Codazzi equation and
then, derive some applications of it with considering the equality cases. We provide many
triviality results for the warped product pointwise semi-slant isometrically immersed into
complex space form, cosymplectic space forms and Sasakian space form in various math-

ematical and physical terms such as Hessian, Hamiltonian and kinetic energy. However
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these triviality results are generalized the study of CR-warped product submanifolds as

well.

5.2 GEOMETRY OF WARPED PRODUCT POINTWISE SEMI-SLANT
SUBMANIFOLDS OF KAEHLER MANIFOLDS

5.2.1 Pointwise semi-slant submanifold in a Kaehler manifold

The concept of semi-slant submanifolds were defined and studied by Papaghiuc (1994)
as natural extension of CR-submanifolds of almost Hermitian manifolds in terms of slant
immersion. Similarly, in terms of pointwise slant function, the pointwise semi-slant con-

tinued into Kaehler manifolds by Sahin (2013). He defined these submanifolds as follows:

Definition 5.2.1. Let M be a submanifold of Kaehler manifold M is said to be a pointwise

semi-slant submanifold if there exists two orthogonal distributions 2 and 2° such that
(i) TM=269°,
(ii) 2 is holomorphic (complex), i.e., J(2) C 2,
(i) 29 is pointwise slant distribution with slant function 8 : TM — R.

Let d; and d; be dimensions of complex distribution & and pointwise slant distribution
29 of pointwise semi-slant submanifold in a Kaehler manifold M. Then, we have the

following remarks:
Remark 5.2.1. M is holomorphic if d, = 0 and pointwise slant if d; = 0.

Remark 5.2.2. If we consider the slant function 8 : M — R is globally constant on M and

6 = 7, then M is called CR-submanifold.

Remark 5.2.3. If the slant function 6 : M — (0, %), then M is called proper pointwise
semi-slant submanifold. It is called proper semi-slant if pointwise slant function is glob-

ally constant.

Remark 5.2.4. If v is an invariant subspace under J of normal bundle T--M, then in the
case of semi-slant submanifold, the normal bundle T-M can be decomposed as TiM =

FP%av.
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For the integrability conditions of distributions involved in the definition pointwise semi-
slant submanifolds and its examples, we refer to Sahin (2013). Now we obtain the fol-

lowing theorem which is important for characterization theorem:
Theorem 5.2.1. Let M be a pointwise semi-slant submanifold M of a Kaehler manifold
M. Then the distribution 9 is defined as a totally geodesic foliation if and only if

h(X,JY) e T(v),

forany XY € T(2).

Proof. LetX,Y € T(2) and Z € T(2?), we have
g(VxY,Z) = g(VxY,Z) = g(JVxY,JZ).
Using (2.3.19), we obtain
g(VxY,Z) = g(VxJY,TZ) + g(VxJY,FZ) — g((VxJ)Y,JZ).

From (2.2.2), (2.3.2) and the definition of totally geodesic foliation, we arrive at the final

result. This completes the proof of the theorem.

5.2.2 Warped product pointwise semi-slant submanifold in a Kaehler manifold

There are two cases for defining to the warped product pointwise semi-slant submanifolds

in a Kaehler manifold, i.e.,
(i) Mg x ¢ Mr,
(11) Mr XfMg.

The following result shows the non-existence of the first type warped product which was

proved by Sahin (2013),

Theorem 5.2.2. There do not exist a proper warped product pointwise semi-slant sub-
manifold M = Mg x y M7 in a Kaehler manifold M such that My is a proper pointwise

slant submanifold and M7 is a holomorphic submanifold of M.

Moreover, for the second type of warped product, Sahin (2013) obtained the following

lemma.
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Lemma 5.2.1. Let M = M7 X y Mg be a warped product pointwise semi-slant submanifold

in a Kaehler manifold M. Then

g(h(X,Z),FTW) = —(JXInf)g(Z,TW) — (X Inf) cos® 0g(Z,W), (5.2.1)
g(h(Z,JX),FW)= (XInf)g(Z,W)+ (IXInf)(Z,TW), (5.2.2)
g(h(X,Y),FZ) =0, (5.2.3)

forany X € I'(TMr) and Z,W € I'(TMy), where My and My are holomorphic and point-

wise slant submanifolds of M, respectively.
Also, he gave the following characterization theorem.

Theorem 5.2.3. Let M be a pointwise semi-slant submanifold of Kaehler manifolds M.
Then M is locally a non-trivial warped product submanifolds of the form M = Mt x y Mg
such that Mt is a holomorphic submanifold and My is a pointwise slant submanifold if

and only if
AprzX —ApzJX = —(1+cos*0)(X1)Z,
where A is a function such that ZA = 0 for any Z € T'(TMr).

Motivated by above study and from V. A. Khan & Khan (2014), we derive the following

important lemmas to prove the characterization theorems..

Lemma 5.2.2. On a non-trivial warped product pointwise semi-slant submanifold M =

M7 x y Mg in a Kaehler manifold M , we have

(VxT)Z =0, (5.2.4)
(V2T)X = (JXInf)Z— (XInf)TZ, (5.2.5)
(VizT)X = (JXInf)TZ +cos? 0(X In f)Z, (5.2.6)

forany X €e I'(TMr) and Z € I'(TMy).
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Proof. From (2.3.21) and Lemma 2.4.1(ii), we derive

(VxT)Z =VxTZ—TVxZ
= (XInf)TZ— (XInf)TZ
=0,
for any X € I'(TMr) and Z € I'(TMy). Again from (2.3.21) and Lemma 2.4.1(ii), we
obtain
(VzT)X = V;TX — TVzX
= (JXInf)Z—(XInf)TZ,

which is (5.2.5) of lemma. If we replace Z by 7Z in (5.2.5) and using Theorem 2.3.6, we

get the last result of lemma. This completes proof of the lemma.
Similarly, we prove the next result;

Lemma 5.2.3. Assume that M = My X y Mg be a warped product pointwise semi-slant

submanifold in a Kaehler manifold M. Then

(VyT)X = (JXInf)CU — (XIn f)TCU, (5.2.7)
(VyT)Z=g(CU,Z)JVinf—g(CU,TZ)VInf, (5.2.8)
(VyT)TZ = g(CU,TZ)JVn f + cos® 0g(CU,Z)VIn f, (5.2.9)

forany U € ['(TM), X e I'(TM7) and Z,W € I'(TMy).
Proof. Thus from using (2.3.25), it follows that
(VxT)Y =th(X,Y),

for X,Y € ['(TMr). As the hypothesis of warped product submanifold, M7 is being totally
geodesic in M, this means that the term (%XT)Y lies in My and its second fundamental
form should be identically zero. Equating the components along M7 in the last equation,

we get th(X,Y) = 0, which implies that #(X,Y) € I'(v). Thus the last equation becomes

(VxT)Y =0. (5.2.10)
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Now apply (2.3.32) into (%U T)X to derive
(VuT)X = (VeuT)X + (VeuT)X,

for U € I'(TM). The first part of right hand side in the above equation should be zero by

virtue (5.2.10) and the second part of the above equation follows by (5.2.5). Again taking
help from (2.3.32), we find

(VuT)Z = (VeuT)Z+ (VeuT)Z, (5.2.11)

for Z € T'(TMp) and U € I'(TM). Taking the inner product with X € I'(TM7) in (5.2.11)

and using (2.3.21), we obtain

¢(VuT)Z,X)=g(VeuTZ,X) — g(TVeuZ,X)
= g(VCUZ7JX) - g(VCUX7 TZ)

= _g(VCUJX7Z) Y g(VCUX, TZ)
From Lemma 2.4.1(ii), we get

¢((VyT)Z,X) = —(JXInf)g(CU,Z) — (XInf)g(CU,TZ)

=g(CU,Z)g(JVInf,X)—g(CU,TZ)g(VIn f,X),
which implies that
(VyT)Z =g(CU,Z)JVInf —g(CU,TZ)VInf.

This implies (5.2.8) of lemma. Replacing Z by T'Z in the result (5.2.8) and using Theorem

2.3.6 for pointwise slant submanifold Mg. The above equation takes the form
(VyT)TZ = g(CU,TZ)JVIn f +cos> 0g(CU,Z)Vinf,

which is the last result of lemma. This completes proof of the lemma.

Now we give the characterization theorems of this Chapter in term of VT,

Theorem 5.2.4. Let M be a pointwise semi-slant submanifold of a Kaehler manifold M

whose pointwise slant distribution is integrable. Then M is locally a warped product
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submanifold of type M = Mt X ¢ Mg if and only if

(VyT)V = (JBVA)CU — (BVA)TCU

+¢(CU,CV)JIVA — g(CU,TCV)VA, (5.2.12)
for every U,V € T(TM) and a C*-function A on M with ZA = 0, for each Z € T'(2?).

Proof. Assume that M be a warped product pointwise semi-slant submanifold in a Kaehler

manifold M. Then using (2.3.32), it can be easily derived that
(VyT)V = (VyT)BV + (VyT)CV,

for U,V € T'(TM). Thus the first part directly follows to (5.2.7)-(5.2.9) of Lemma 5.2.3
and setting In f = A in the above equation . Let us prove the converse part, consider that
M is a pointwise semi-slant submanifold of a Kaehler manifold M such that the given

condition (5.2.12) holds. It is easy to obtain the following condition such as:
(VxT)Y = 0. (5.2.13)

By setting U = X and V =Y in (5.2.12), for each X,Y € I'(2). Taking the inner product
in (5.2.13) with TZ € T'(2?) and using (2.3.21), we derive

g(VxJY,TZ) = g(TVxY,TZ).

As TZ and JY are orthogonal, then from the property of Riemannian connection, we
derive

g(VxTZ,JY) = —g(VxY,T?Z).

From the covariant derivative of an almost complex structure J and Theorem 2.3.6, it is

easily seen that
g((VxJ)TZ,Y) — g(VxJTZ,Y) = cos® 0g(VxY,Z).

Thus using the tensorial equation of Kaehler manifold and (2.3.19), we arrive at
g(VxT?Z,Y)+g(VxFTZ,Y) = cos® 0g(VxY,Z).

Using Theorem 2.3.6, in the first part of the above equation for pointwise slant function

103



6 and also from (2.3.2), we obtain
sin20X (0)g(Z,Y) —cos? 0g(VxZ,Y) = g(h(X,Y),FTZ) +cos> 0g(VxY,Z),
which implies that
g(h(X,Y),FTZ) =0.

The above relation indicate that 2(X,Y) € I'(v) for all X,Y € I'(Z). Hence, from The-
orem 5.2.1, it shows that the distribution & defines a totally geodesic foliations and its
leaves are totally geodesic in M. Furthermore, by setting U = Z and V =W in (5.2.12),
we derive

(V2T)W = g(Z,W)JVA+g(TZ,W)VA,

for Z,W € I'(29). Taking the inner product in the above equation with X € I'(2) and

using (2.3.19), we obtain
8(VzTW,X) —g(TVW,X) = =(XA)8(Z,TW) — (JXA)g(Z,W).

By hypothesis of the theorem, as we have considered that the pointwise slant distribution
is integrable. It is obvious, My be a leaf of 29 in M and h® be the second fundamental

form of Mg in M. Then
g(h®(Z,TW),X) +g(h®(Z,W),JX) = —(XA)g(Z,TW) — (JXA)g(Z,W).  (5.2.14)
Replacing W by TW and X by JX in (5.2.14) and from the Theorem 2.3.6, we derive

—cos?0g(h®(Z,W),JX) —g(h®(Z,TW),X) =cos> 0(JXL)g(Z,W)

+(XA)g(Z,TW). (5.2.15)
Thus from (5.2.14) and (5.2.15), it follows that
sin? 0g(h® (Z,W),JX) = —sin> 0(JXA)g(Z,W).
which implies that

g(h®(Z,W),JX)=—(JXA)g(Z,W).
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The property of gradient function provide that
he (Z,W) = _g(Z7W)VA>

From the above relation, we conclude that My is totally umbilical in M such that H® =
—VA is the mean curvature vector of My. Now, we can easily show that the mean curva-
ture vector H is parallel corresponding to the normal connection V/ of Mg in M. This
means that My is an extrinsic spheres in M. From result of Hiepko (1979), M is called a
warped product submanifold of integral manifolds Mz and My of & and 29, respectively.

This completes proof of the theorem.

The following proposition provides another simple characterization of warped product

pointwise semi-slant immersions in terms of VF.

Theorem 5.2.5. A pointwise semi-slant submanifold M of a Kaehler manifold M with

integrable distribution 2° is a locally warped product submanifold of the form M =

M7 x y Mg if and only if
(VyF)V = fh(U,BV) —h(U,TCV) — (BVA)FCU, (5.2.16)
for every U,V € T(TM) and a C*-function A on M with ZA = 0, for each Z € T'(2?).

Proof. Assume that M is a warped product pointwise semi-slant submanifold in a Kaehler

manifold M. Then using (2.3.32) in (%UF )X, we derive
(VuF)X = (VayF)X + (Veu F)X,

foreach U € I'(TM) and X € I'(TMr). The first term of the above equation is identically
zero by using the fact that M7 is totally geodesic on M and last term follows from (2.3.22).

Thus from Lemma 2.4.1(ii), we obtain
(VyF)X = —FV¢yX — (XInf)FCU. (5.2.17)
From (2.3.45), we derive

(VuF)Z = fh(U,Z) —h(U,TZ), (5.2.18)
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for any Z € I'(TMy). Furthermore, again taking account of (2.3.32), it is easily seen that
(VyF)V = (VyF)BV + (VyF)CV. (5.2.19)

Hence, using (5.2.17), (5.2.18) in (5.2.19), we get required result (5.2.16).

Conversely, let us assume that M is a pointwise semi-slant submanifold of a Kaehler
manifold M with integrable distribution 29 and (5.2.16) holds. Then, it follows from
(5.2.16), i.e., —FVxY =0, for any X and Y are tangent to holomorphic distribution Z,
which implies that VxY € I'(Z), thus the leaves of Z are totally geodesic in M. On the
other hand, the pointwise slant distribution 2 is assumed to be integrable. Then we can
consider My to be a leaf of 2 and h? to be the second fundamental form of immersion M
into M. Thus replacing U = Z and V = X, in (5.2.16), for any Z € ['(2?) and X € I'(2)

and using the fact that CX = 0, we derive
(VzF)X = —(XA)FZ.

Taking inner product with FW for W € T'(29) and using relation (2.3.31), then it follows

as
g((VZF)X,FW) = —sin> 0(XA)g(Z,W). (5.2.20)
Apply (2.3.38) in left hand side of (5.2.20), we obtain
g(—FVzX FW) = —sin> 0(X1)g(Z,W).
Then by virtue (2.3.31) and definition of gradient of In f, we arrive at
—sin?0g(VzX,W) = —sin? 0g(VA,X)g(Z,W),
which implies that
h(Z,W) = —g(Z,W)VA. (5.2.21)

The meaning of the equation (5.2.21) shows that the leaf Mg ( of 29) is totally umbilical
in M such that H® = —V A, is the mean curvature vector of My. Moreover, the condition

ZA =0, for any Z € I'(2?) implies that the leaves of 29 are extrinsic spheres in M,
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i.e., the integral manifold Mg of 29 is totally umbilical and its mean curvature vector
is non zero and parallel along Mg. Thus immeditely follows to Definition 2.4.3, i.e.,
M = M7 x y Mg is alocally warped product submanifold, where M7 is an integral manifold

of Z and f is a warping function. This completes proof of the theorem.

Remark 5.2.5. As an immediate consequences of Theorem 5.2.4 and Theorem 5.2.5 by
using Remark 5.2.2, then TCU = TCV = 0, for totally real submanifold M. Thus a
warped product pointwise semi-slant submanifold M = My x y Mg is turn into CR-warped
product submanifold in a Kaehler manifold of the type M = M7 x y M| such that M7 and
M | are invariant and anti-invariant submanifolds, respectively. In other words, Theo-
rem 5.2.4 and Theorem 5.2.5 generalize the non-trivial characterization for CR-warped

products which were proved by V. Khan et al. (2009), 1.e,

Theorem 5.2.6. V. Khan et al. (2009) Let M be a Kaehler manifold and CR-submanifold

M of M is locally a CR-warped products if and only if
(VyT)V = (JBVA)CU + g(CU,CV)JVA,

for each U,V € T(TM) and a C*-function A on M with ZA = 0, for each Z € T(2").

Furthermore, B and C are orthogonal projections on 9 and 97, respectively .

Theorem 5.2.77. A CR-submanifold M of a Kaehler manifold M is CR-warped product

submanifold of the form M = M7 x y M | if and only if
(VyF)V = fh(U,BV) — (BVA)FCU,
for every U,V € T(TM) and a C*-function A on M with ZA = 0, for each Z € T(2).

Note. In this sense, the warped product pointwise semi-slant submanifolds are natural

generalization of CR-warped product in Kaehler manifold.

5.2.3 Some inequalities of warped product pointwise semi-slant submanifold in

Kaehler manifold

In view of Chen (2003) studied, we construct some geometric properties of the mean

curvature for the warped product pointwise semi-slant submanifolds and using these result
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to derive a general inequality. A similar inequality has been obtained for the squared
norm of the second fundamental form for contact CR-warped product submanifolds in
Kenmotsu manifolds by Mustafa et al. (2015). We are able to obtain such an inequality
in a Kaehler manifold due to the warped product exists only in the case when fiber is
pointwise slant submanifold. In this sequel, we study some geometric properties about
submanifolds. Now we are ready to prove the general inequality. For this, we need to
define an orthonormal frame and present some preparatory lemmas.

Let M = My x y Mg be an n = (n| + ny)-dimensional warped product pointwise semi-
slant submanifold of 2m-dimensional Kaehler manifold M with My of dimension n| = 2d;
and My of dimension ny, = 2d>, where My and M7 are integral manifolds of 29 and
9, respectively. Hence, we consider that {ey,e2,---eq4,,eq4,+1 = Jei, €4, = Jeg, } and
{exs, 41 =€, e2d,1a, = 622,€2d1+d2+1 =ey | =secOTej, - en 1n, =€, =sec OTej‘b}
are orthonormal frames of TM7 and T Mg respectively. Thus the orthonormal frames of
the normal sub bundles, F 2% and v respectively are, {e,,1 = & = csc OF el entd, =
éq, = cscOFe}, e, 4,41 = €4,+1 = cscOsecOF Te}, - e, 24, = €24, = CsC O sec 6FTej12}

and {e,12d,+1," " €2m}-

Lemma 5.2.4. Let M be a non-trivial warped product pointwise semi-slant submanifold

of a Kaehler manifold M. Then

g(h(X,X),FZ) =g(h(X,X),FTZ) =0, (5.2.22)
g(h(JX,JX),FZ) = g(h(JX,JX),FTZ) =0, (5.2.23)
g(h(X,X),&) = —g(h(JX ,JX),E), (5.2.24)

forany X e I'(TMy), Z € T(TMgy) and & € T'(v).
Proof. From relation (2.3.2), we have
g(h(X,X),FTZ) = g(VxX,FTZ) = —g(VxFTZ,X).

Thus from relation (2.3.19) and the covariant derivative of almost complex structure J,

we obtain
g(h(X,X),FTZ) = g(VxTZ,JX)+g((Vx)TZ,X) + g(VxT?Z,X),
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Using the structure equation (2.2.2) and Theorem (2.3.6) for pointwise semi-slant sub-

manifold, we get
g(h(X,X),FTZ)=—g(VxJX,TZ)+sin20X(0)g(Z,X) — cos? 0g(VxX.,Z).

Since, M7 is totally geodesic in M with these fact, we get result (5.2.22). For other part,
interchanging Z by TZ and X by JX in the equation (5.2.22), we get the required result
(5.2.23). Now for (5.2.24), from Kaehler manifold (2.2.2), we have %XJX = J%XX, by

Gauss formula (2.3.2), this relation reduced to
VxJX +h(JX,X)=JVxX +Jh(X,X).

Taking the inner product with J& in the above equation by considering & € T'(v), we

obtain
g(h(JX,X),JE) =g(h(X,X),&). (5.2.25)

Interchanging X by JX in (5.2.22) and the fact v is an invariant normal bundle of T-M

under an almost complex structure J, we get

From (5.2.25) and (5.2.26), implies to equation (5.2.24). This completes proof of lemma.

Lemma 5.2.5. Let ¢ : M = M7 Xy Mg — M be an isometrically immersion of a warped
product pointwise semi-slant submanifold into Kaehler manifold M. Then the squared
norm of mean curvature of M is given by
5 1 2m 2
HIP == Y (im0 |
n r=n+1
where H is the mean curvature vector. Moreover, ny, ny, n and 2m are dimensions of

M7, Mg, M7 X f Mg and M, respectively.

Proof. From the definition of the mean curvature vector, we have

5 1 2m 2
1P = ¥ (s eti)

r=n+1
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Thus, from consideration of dimension n = ny +ny of My X y Mg such that n; and n; are

dimensions of M7 and My, respectively, we arrive at

1 2m 2

2

G W (R PR SR
r=n

Using the frame of Z and coefficient of n; in right hand side of the above equation, we

get
2
( €1+"'h21n1+h21+1n1+1+”'+hfm> = ( 1t hga g a1t aaoa,

2
+h:11+1n1+1 ++h:zn> : (5.2.27)

From the relation h{j =g(h(ei,ej),er), for 1 <i,j<nandn+1 <r <2m and orthonormal

frame components for &, the equation (5.2.27) take the form

2
( }{1+”'h:lln1+h:l1+1n1+1+'”+h:m> = (g(h(€1,61>,€,~)+"'

+g(h(ed1ved1)7er)
+g(h(Jey,Jey),ep) - -
+g(h(Jeq,,Jeq, ), er)
2
+"'+h21+1n1+1 +"'+h2n) .
(5.2.28)

Thus e, belong to normal bundle T+M for ever r € {n+ 1---2m}, it means that there are

two cases such that e, belongs to F(TMg) or v. !

"Due to length of equation, the cases are defined in the next page
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Case 5.2.1. If ¢, € T(F2?), then from using of normal components for pointwise slant

distribution 29 which is defined in the frame. Then equation (5.2.28) can be written as:
2
( ’il +- 'h21n1+h21+1n1+1 +ee +h:m>

= {csc@g(h(el,el)aFe]k)+“'

+cscOg(h(eq,,eq, ), Fey,)+cscOsecOg(h(er,er), FTey)
-+ +cscOsecOg(h(eq,,eq,),FTe,, ) +cscOg(h(Jey,Jer), Fey)
+cscOg(h(Jeq,,Jeq, ), Fey,) +cscOsecOg(h(Jey,Jer ), FTey)

+ -+ +cscOsecOg(h(Jeq ,Jeq, ), FTe,,)
2
+h1}:ll+1n1+1 +ee +h:m} :
Now from virtues (5.2.22) and (5.2.23) of Lemma 5.2.4, we get
(R By B g )P = (g o B (5:2.29)

Case 5.2.2. If e, € T'(v), then from relation (5.2.24) of Lemma 5.2.4, the equation (5.2.28)

simplifies as:
2
( ql ++h}’:11n1 +h;11+1n1+1 ++hl':ln> = {g(h(€1,€1),€r)+"'+g(h(€dl,€d1)7€r)
_g(h(ehel)aer)“'_g(h(edlvedl)aer)
2
+-~~+hzl+1nl+1+~~+hzn} ,
which implies that
2 2
< ’il +h;]n1 +h1”’l]+1n]+1+”.+h}’;n) = (h21+1n1+1+”'+h;};n) . (5230)

From (5.2.29) and (5.2.30) for every normal vector e, belong to the normal bundle

T-M and taking the summing up, we can deduce that

2m 2 2m 2
Z ( ql+"'h21n1+h21+1n1+1+'”+h:'ln) - Z <h21+1n1+1+'”+hrrzn) .
r=n+1 r=n+1

Hence, the above relation proves our assertion. This completes proof of the lemma.
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In point of view of Lemma 5.2.5, we may give the following theorem.

Theorem 5.2.8. Let ¢ : M = My xy Mg — M be an isometrically immersed from a
warped product pointwise semi-slant submanifold Mt X y Mg into Kaehler manifold M.

Then M7 is minimal submanifold of M.

Note. 1t is easily derived from the Lemma 5.2.5 such that the complex (holomorphic)
submanifold is a M7 —minimal submanifold of warped product pointwise semi-slant sub-
manifold in a Kaehler manifold. We are going to derive next theorem by using the mini-
mality of base manifold of warped product submanifold, and minimality is the necessary

condition to obtain the following inequality.

Theorem 5.2.9. Let ¢ : M = My xy Mg — M be an isometrically immersion of an
n-dimensional warped product pointwise semi-slant submanifold Mt x y Mg into 2m-

dimensional Kaehler manifold M. Then
(i) The squared norm of the second fundamental form of M is given by
[[A][*> > 2 (nzl V(I f)[]? +T(TM) = T(TMy) = T(TMg) — nzA(lnf)> , (5231
where ny is the dimension of pointwise slant submanifold My.

(ii) The equality holds in the above inequality if and only if M7 is totally geodesic and

My is totally umbilical submanifolds of M. Moreover, M is minimal submanifold of

M.

Proof. Putting X =W =e¢;, and Y = Z = ¢; in Gauss equation (2.3.6), we obtain
R(eiej,ej,e)) = R(ejej,ej e) +g(h(eie;), hlej,er) —g(h(eie.), h(ej,e;)). (5.2.32)
Over 1 <i,j <n(i+# j), taking summation up in (5.2.32) and using (2.3.10), we derive
25(TM) = 2p(TM) — | |H|* + || |*.

Then from (2.4.3), we derive

ni n
18l[> = n?||H|*+28(TM) -2 Y K(eine;)—2p(TMr) —21(TMp). (5.2.33)
i=1 j=n;+1
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The fourth and fifth terms of the equation (5.2.33) can be obtained by using (2.4.3), thus

||1]|? =n?||H||> +27(TM) 22 Z K(eiNej)
i=1j=n1+1

—27(TMr) -2 Z Y (h;h{t—(h?,)z)

r=n+11<i#t<m

—27(TMp) —2 Z Y (h;_,.h,’l—( ;l)2>. (5.2.34)

r=n+1n;+1<j#I<n
Now we use the formula (2.4.4), for general warped product submanifold in (5.2.34).

Then (5.2.34) implies that

- A
P = H| P+ 22(T0) — 22

—27(TMy) -2 Z ) (h{ih{,—(h{,)2>

r=n+11<i#t<nm;

2T (- 05

r=n+1n+1<j#l<n

—2p(TMp)

After adding and subtracting the same terms in the above equation, we find that

- A
hIP = H| P + 25 (TM) — 225

R > (vt~ ) - Y (5744 05°)

r=n+11<i#t<m r=n+1

+ Z ( 24 +(h:m)2>

r=n+1

2m
ropr r\2
—2 Z Z (hjj 11— jz) )
r=n+1n;+1<j#I<n

The above equation is equivalent to the new form

—25(T'Mg) — 25(TMy)

[lf* = n?[|H|* +2p(TM) — 227]( —2p(TMp) —2p(TMr)

2m np 5 2m 2
+2 Y Y () - ) (h11+---+hfm)

r=n+1it=1 r=n+1

2m
-2y X (h§jh?z—( §1)2>~ (5.2.35)

r=n+1n;+1<j#I<n

Again adding and subtracting the same terms for last term in (5.2.35). Then the equation
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(5.2.35) modified as;

_ A _ _
\|h||? =n?||H||> +27(TM) — 222 f—ZT(TMg)—ZT(TMT)
2m np 5 2m )
+2 Y Y () =), (Wt
r=n+1it=1 r=n+1
2m ) )
-y ((hzlﬂm +-~-+<h;n>)
r=n+1

2y ¥ (w5 157

r=n+1n;+1<j#I<n

b 3 (s 52). 5236

r=n+1

Thus using Lemma 5.2.5 in (5.2.36). The equation (5.2.36) changes into a new form

~ A ~ h
Hth :2T(TM)—2n2ff—21(TM9)—2’L’(TMT)
2m ni 5 2m n )
+2 ) Y )42 Y Y (W) (5.2.37)
r=n+lit=1 r=n+1jl=n;+1

The equation (5.2.37) implies the inequality (5.2.31) by using relation (2.4.8). The equal-
ity sign in (5.2.31) holds if and only if

Z Z h(ei,e)),e)? = ||h(2,2)|* =0, (5.2.38)
r=n+1i,j=1
Z Z h(es,er),er))? = [|n(2°,2°)|]* = (5.2.39)

r=n+lst= n1+1
As the fact that M7 is totally geodesic in M, from (5.2.22), (5.2.23) and (5.2.38), it implies
that M7 is totally geodesic in M. On the other hand, (5.2.39) implies that & vanishes on
2°. Moreover, 29 is a spherical distribution in M, then it follows that My is totally

umbilical in M. This complete proof of the theorem.

Remark 5.2.6. 1t was difficult to obtain the inequality for the second fundamental form by
means Codazzi equation which relate to constant holomorphic sectional curvature ¢ and
its warping functions with in the fact of pointwise slant immersions as case study of Chen
(2003) . Therefore, the Theorem 5.2.9 is very useful to construct Chen’s type inequalities

in terms of pointwise slant immersions.
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5.2.4 Applications of Theorem 5.2.9 to complex space forms

We give some interesting applications of the previous Theorem 5.2.9.

Theorem 5.2.10. Assume that ¢ : M = My X Mg — M(c) is an isometrically immersion
of an n-dimensional warped product pointwise semi-slant submanifold Mt x y Mgy into
2m-dimensional complex space form M (¢) with constant holomorphic sectional curvature

c. Then

(i) The squared norm of the second fundamental form of M is given by
2 2 nc
1P > 20519101+ %47 - aing) ). (5:2:40
where ny is the dimension of pointwise slant submanifold Myg.

(ii) The equality holds in the above inequality if and only if Mt is totally geodesic and
My is totally umbilical submanifolds of M (¢). Moreover, M is minimal submanifold

in M(c).

Proof. The Riemannian curvature of complex space form with constant sectional curva-

ture c is given by

R(X,Y,Z,W) = <g(Y,Z)g(X,W) —g(Y\W)g(X,Z)+g(X,JZ)g(JY,W)

10

—g(Y,JZ)g(JX,W) +2g(X,JY)g(JZ,W)> : (5.2.41)

for any X,Y,Z,W € F(TM) (see Chen (2003)). Now substituting X =W =¢; and Y =

Z =e¢;in (5.2.41), we get

R(eisej,ej,e) = (g(ei» ei)glej,ej) —gleiej)g(ei ej) +glei,Jej)g(jej,ei)

A~ 0

—glei,Jei)g(ej,Jej)) +2g2(Jej,e,~)>. (5.2.42)

Taking summation up in (5.2.42) over the basis vector of TM such that 1 <i# j<n, it

is easy to obtain that

2T(TM) =

o

<n(n—l)+3 Z gz(Tei,ej)). (5.2.43)

I<i#j<n

115



Let M be a proper pointwise semi-slant submanifold of complex space form M (¢). Thus

we set the following frame, i.e.,

er,ex =Jey, - ,exq,—1,€2q, = Je2q,-1

€2d,+1,€2d,+2 =€cOTerg 11, €24, 42d>—1,€2d,+2d, = S€C 0T €2y, 124, 1-
Obviously, we derive from the above frame

gz(Je,-,e,-H) =1, forie{l,---2d,—1}

—=cos?@ for ie{2dy+1,---2d; +2dy —1}.

Thus, it is easy to find that

n
Y &*(Tei,e;) =2(dy +dacos ). (5.2.44)
i,j=1

From (5.2.43) and (5.2.44), it follows that

_ 3
2T(TM) = gn(n —1)+ ?C(d1 +drcos6). (5.2.45)

Similarly, for TM7, we derive
2T (TMy) = §<n1(n1 —1) +3n1> - %(nl(nl +2)). (5.2.46)

Now using fact that ||T||> = n cos? 8, for pointwise slant submanifold Mg, we derive
~ ¢ 2 c(2 2
2H(TMe) = 5 (nz(nz “ 1) 4 3nac0s 9) -2 <n2 +no(3c0s20 — 1)). (5.2.47)

Therefore using (5.2.45), (5.2.46) and (5.2.47) in (5.2.31), we get the required result. The
equalities can be proved as Theorem 5.2.9 (i1). This completes proof of theorem.
5.2.5 Applications to compact orientable warped product pointwise

semi-slant submanifold

We consider compact orientable Riemannian manifolds without boundary in this subsec-

tion. Using integration theory on manifolds, we obtain some characterizations.
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Theorem 5.2.11. Let M = My X y Mg be a compact warped product pointwise semi-slant

submanifold of complex space form M (¢). Then M is a Riemannian product if and only if

nin»>c
||| > ’22 : (5.2.48)

where ny and ny are dimensions of Mt invariant submanifold and Mg proper pointwise

slant submanifold, respectively.

Proof. Let us assume that, the inequality holds in Theorem 5.2.10, we get

ninac

+m|[Vinf| > = [[A][* < mpA(In ). (5.2.49)

From the integration theory on manifolds, i.e., compact orientable Riemannian manifold

without boundary on M, we obtain by using (2.3.16)

/ (””2126 Y o||VInf]]? — Hth> dv < n2/ A(In f)dV = 0. (5.2.50)
M M

If [|A||* > ™22¢, then

[ (v fiP)av <o.
M

which is impossible for a positive integrable function and hence Vinf =0, i.e., f is a
constant function on M. Thus M becomes a Riemannian product. The converse part is

straightforward. This completes the proof of the theorem.

Theorem 5.2.12. Let ¢ is a Mg-minimal isometric immersion of a warped product point-
wise semi-slant submanifold My X r Mg into Kaehler manifold M. If Ny is totally umbilical

in M, then ¢ is Mg-totally geodesic.

Proof. Let us assume that the second fundamental forms of M and M are denoted by h*

and h, respectively, we defines the following

h(Z,W) + 1 (Z,W) = h(Z,W). (5.2.51)

for any vector fields Z and W are tangent to Mg. Thus from the above hypothesis and the
definition of warped product submanifold show that My is totally umbilical in M due to

the totally umbilical in M. Then follows to the Lemma 2.4.1(iii), the equation (5.2.51)
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can be written as
h(Z,W)=g(ZW)(E+V(nf)). (5.2.52)

where the vector field & is normal to I'(TMp) and § € I'(TM). Assume that {e7,---e; }
be an orthonormal frame of the pointwise slant submanifold Ny, then taking summation
over the vector fields of My in the equation (5.2.52), we get
Z h(ef,ef) = (£ +V(Inf)) Z g(e (5.2.53)
i,j=1 i,j=1
The left hand side of the above equation identically vanishes due to the 2 —minimality

of ¢ such that Z%:] h(ej,e;) = 0. Then the equation (5.2.53) takes the form

m(&+V(Inf)) =

It implies that fact My is nonempty such as:

E=—V(nf). (5.2.54)

Thus from (5.2.52) and (5.2.54), it follows that h(Z,W) = 0, for every Z,W € I'(TMy).

This means that ¢ is Mg —totally geodesic. This completes the proof of the theorem.

Theorem 5.2.13. Let M = M7 X f Mg be a compact orientable proper warped product
pointwise semi-slant submanifold in a complex space form M (¢). Then M is Riemannian
product of Mt and My if and only if

ny n

)y Z v (eie))l|* = nlnzc (5.2.55)
i=1j=

where hy is a component of hin I'(v).

Proof. Suppose that the equality sign holds in (5.2.40) and linearity of second fundamen-

tal form in almost Hermitian metric, then we have

ninpc

11l> = 11n(2,2)|I” +|1n(2°, 2°)| +2/1h(2,2°) | == +2m2| [V In f]|?

—2mA(In f).
Following the equality case of the inequality (5.2.40) implies that M7 is totally geodesic
in M, and this means that h(ei,ej) =0, forany 1 <i,j <2d;. Also My is totally umbilical
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and it can be written as h(e;,e}) = g(e;,el)H, forany 1 <t,s < 2d,. Since, M is minimal
submanifold of M , then its mean curvature vector H should be identically zero, i.e, H =0,
hence h(e},el) =0, forevery 1 <t,s < 2d, by using the Theorem 5.2.12. Applying these

facts in the last equation, we get

n1naC

+m||VInf| > = mA(In f) + | |h(2, 2°%)|)%. (5.2.56)

As we assumed that M is compact orientable submanifold, i.e., M is closed and bounded.
Hence, integrating the equation (5.2.56) over the volume element dV of M and using

(2.3.16), we find

S, (g Javeem [ (ImsP)av = | (@, 27iP)av. G257

Letus define X =e; and Z =¢; for 1 <i<nj and 1 < j < n, respectively, we have

n+ny 2m

ehe] Z g ehe] er)er+ Z g(h<eivej)>er>€r-
r=n+1 r=n+ny+1

The first term in the right hand side of the above equation is F 2°-component and the
second term is v-component. Taking summation over the vector fields on M7 and My and

using adapted frame fields, we get

n n

l 2
ZZg (eiej),h(ei,ej)) =csc 92 Z g(h(ej,e j Fek)

i=1j= i=1jk=1
dy dy

+esc?Osec?0) Y g(h (ei,Te}) ),Fe})?
i=1 j k=1

di  dy
+csc? B sec? GZ Z g(h(Jei,e; ),FTe})?
i=1j k=1

dy d

+csc? B sec? GZ Z g(h(Jei,e; ),FTe})?
i=1jk=1

d
+csc? O sec? 0) Y s h(Je;, Te7) ),FTe})?
i=1jk=1
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4 d
+esc?Osec”0 Y. Y g(h(Jei, Te}), Fef)?

i=1j k=1
d
+csc 92 Y, g(h(Jei €] ),Fe})?
i=1j k=1
d
+csc? O sec? GZ Y s(h(e;,Te}),FTer)?
i=1j k=1

+Y ), Y, slhleie)).e)

i=1 j=1lr=n+np+1
Then using Lemma 5.2.1, we derive
ny np
1h(2,2°)|)> = na(1+2cot? 0)|VInf| >+ Y Y [y (eire;)| > (5.2.58)
i=1 j=1

Then from (5.2.57) and (5.2.58), it follows that

d W 2 2 2 ninac
/ Y'Y iy (enne;)][2+2mco 0] Vin f]| dV:/( )V, (52.59)
M M

i=1j=1
If (5.2.55) holds identically, then from (5.2.59), we either f is constant on M or cot@ =0,
1.e., M is a proper pointwise semi-slant submanifold. Converse part follow immediately

from (5.2.59) Hence, the theorem is proved completely.

Now we give direct consequences of the inequality (5.2.40) by using Remark 2.3.5, then
the Theorem 5.2.11 and Theorem 5.2.13 are generalized to the results for CR-warped

products into complex space forms M (¢) which follows:
Corollary 5.2.1. Let M = My X y M | be a compact orientate CR-warped product subman-
ifold into complex space form M(c). Then M is CR-product if and only if

2 nynic
> > ==,

where ny and ny are dimensions of Mt and M |, respectively.

Corollary 5.2.2. Assume that M = My x s M| be a compact orientable CR-warped prod-
uct submanifold in complex space form M (¢) such that My is holomorphic and M| is

totally real submanifold in M (¢). Then M is simply a Riemannian product if and only if

n np

Y Z v (ese) | = 2=

i=1j=
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Base on the Laplacian property of positive differential function defined on any compact

Riemannian manifold, we obtain a corollary with help of Egs (5.2.40),

Corollary 5.2.3. Assume that M = Mt X y Mg be a warped product pointwise semi-slant
submanifold in a complex space form M (¢). Let My is compact invariant submanifold

and A be non-zero eigenvalue of the Laplacian on My. Then

/ | 2dVy > / (M22)avr +2ma [ (nf)%avr. (5.2.60)
Mt Mr 2 Mr

(i) Alnf=Alnf.

(ii) Inthe warped product pointwise semi-slant submanifold both My and Mg are totally

geodesic.

Proof. Taking account of the minimum principle property, we obtain

/ |VInf|[2dVy > A/ (In f)%dV7. (5.2.61)
Mt My
From (5.2.40) and (5.2.61) we get required the result (5.2.60). This completes the proof

of corollary.

Corollary 5.2.4. Assume that M = M = M7 X y Mg be a warped product pointwise semi-
slant submanifold in a complex space form M (¢). Let My is compact invariant submani-

fold and A be non-zero eigenvalue of the Laplacian on My. Then

/Mr (i f" Hh“(ei’ej)Hz) dvr Z/MT <§ann1>dVT

i=1j=1
—2mA <cot2 6 (In f)2> dvy. (5.2.62)
My
(i) Alnf=Alnf.

(ii) In the warped product pointwise semi-slant submanifold both Mt and Mg are totally

geodesic.

Proof. The proof of the above theorem follows from Eqs.(5.2.58) and the minimum prin-

cipal properties.

Corollary 5.2.5. Let In f is a harmonic function on My. Then there does not exist any

warped product pointwise semi-slant My X y Mg into complex space form M (¢) withc¢ <0.
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Proof. Let us consider that there exists a warped product pointwise semi-slant subman-
ifold M = M7 X f Mg in complex space form M (¢) with In f is a harmonic function Mr.

Thus, the inequality (5.2.40) gives ¢ > 0. This completes the proof of the corollary.

Corollary 5.2.6. There does not exist a warped product pointwise semi-slant submani-
fold My Xy My into complex space form M (¢) with ¢ < 0 such that Inf be a positive

eigenfunction of the Laplacian on My corresponding to an eigenvalue A > 0.

5.2.6 Applications to Hessian of warping functions

Throughout of these study, as new results, we try to find some fundamental applications
of derived inequality in terms of Hessian of positive differentiable function by taking both
inequality and equality cases. We derive some necessary and sufficient conditions under
which a warped product pointwise semi-slant isometrically immersed into complex space

form to be a Riemannian product manifold or trivial warped product.

Theorem 5.2.14. Let ¢ : M = M7 X Mg be an isometric immersion of a warped product

pointwise semi-slant into a complex space form M (¢). If the following inequality holds
2 ne & 1 1
Al = 2ny ( 55+ Y (H™ (eiveq) + H™ (Jey Jer)) | (5.2.63)
i=1

where H™ is Hessian of warping function In f, then M is a trivial warped product point-

wise semi-slant submanifold.

Proof. In view of (2.3.14), it can be expanded as:

n

A(nf) ==Y g(Vegradinf,e;)
i=1
2d, 2d,

=— g(Vel.gradlnf, el-) + Z g(Vejgradlnf, ej),
i=1 j=1

for every 1 <i < njand 2 < ny < ny. More simplification by using orthonormal compo-

nents corresponding to M7 and My which defined in the previous study, respectively, we
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have

di
A(ln f) = Zg egradlnf,e, Zg(VJeigradlnf7Jei)
i=1 i=1
dy

— Zlg(Vejgradlnf, ej)
J:

dy
—sec”0 Y ¢(Vre,gradinf,Te;).
i=1
Taking account that V is Levi-Civitas connection on M and (2.3.15), we derive

d,

A(lnf) = Z (Hlnf e, e —|—Hlnf(Je,-,Je,~)>

dy
— Z ( ejg(gradnf,e;) — (Veje_,-,gradlnf)>.

—sec’ 0 Z <Tejg(gradlnf, Tej) —g(VTejTej,gradlnf)> .

j=1
Using the gradient property of function (2.3.12), we arrive at

dy

A(lnf) = Z (Hlnf ei,e; —|—H1nf(Je,,Je,)>

—Z ( (ejlnf)— (Vejejlnf)>

=

—sec’ 6 Z (Tej(Tejlnf) - (VTejTejlnf)> :
Thus more simplification gives,
d;

A(ln f) = Z <H1nf ei,e))+H™ (Jel,Je,)>

_Z< (%M) ;g(Vejej,gmdf)>

_seclo Z ( <M) _lg(VTejTej,gmdf)).

f f

By hypothesis of warped product pointwise semi-slant submanifold, M7 defines as totally
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geodesic in M. It implies that grad f € I'(TMr), and Lemma 2.4.1(ii), we obtain
d

A(ln f) =— Z (Hlnf(ei,€i> —|—H1nf(.]€i,.]€i)>

i=1
—Z( g(ej e;)||Vinf||* +sec? Gg(TeJ,TeJ)HVlanz)

Finally from (2.3.37), we obtain
d ‘ ‘
A(nf)+Y (Hlnf (e, ei) + H™/ (Jel-,Jei)) +2my||VIn £]]* = 0. (5.2.64)
i=1

Thus (5.2.10) and (5.2.64), follows

c
Hth > 2np (an + (n2 —|—2)HV1an2

d
+ ; (Hlnf(ei,ei) —l—Hlnf(Jei,Jei))) . (5.2.65)

If the inequality (5.3.38) holds, then (5.2.65) implies that ||VIn f||?> < 0, which is im-
possible by definition of norm of a positive function. Thus it can be concluded that
gradln f = 0, this means that f is a constant function on M. Hence M becomes a trivial

warped product pointwise semi-slant submanifold. This completes proof of theorem.

Theorem 5.2.15. Let ¢ : M = M7 X Mg be an isometric immersion of a warped product
pointwise semi-slant My X r Mg into complex space form M (¢). Assume that the following
equality satisfies for warped product submanifold M

i=1

ny dy
nic
Z Z |7y (ei,e; H =ny (Z (Hlnf(ei,ei) —I—Hlnf(Jei,Jei)) + %) (5.2.66)

Then at least one of the statement is true for M.

(i) The non-trivial warped product pointwise semi-slant Mt X y Mg is a trivial warped

product (or M is simply Riemannian product)

(ii) The pointwise slant function satisfies @ = cot™! (« /nz) of warped product pointwise
semi-slant submanifold My X y Mg into complex space form M (¢).
Proof. Assume that the equality holds in the inequality (5.2.40), then we have

ninyc
E2 —2mA(In f) + 2|V in £ = |||
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By the definition of the components 2 and 2?, the above equation can be expressed as:

ninac

—2mA(In f) + 2m||VIn f||> =||h(2, 2)|* + ||n(2°, 2°)|?
+2(|h(2,2%)|%. (5.2.67)

Taking account of (5.2.58) for the equality case of the inequality, we find that

nin)c

+mo||VIn f||* =na (1+2cot? 0)|[VIn f| |2

2d) 2d,

+ZZ||hv ei,e’) ) [> + naA(In f),

i=1j=
which implies that

2d; 2d,
=mA(Inf) +2mcot® 0||VInf|*+ Y Y v (e e})]]*. (5.2.68)
i=1j=1

ninac

4

From the relations (5.2.68), and (5.2.64), we derive

L35 ntene 1P = 3 [ e+ 10 )
2= 1j=
+2<n2—c0t 6>HV1anz ”f (5.2.69)

By the hypothesis of the theorem, if (5.2.66) holds, then (5.2.69) indicate that (nz —
cot?0)||VIn f||> = 0, which implies that either ||VIn f||* =0 or (n, —cot? @) = 0. For
the first case if ||VIn f||> = 0, then f is a constant function on M, i.e., M is simply a
Riemannian product of M7 and Mg (M is trivial) which proves (i). Similarly, for the
condition (nz — cot? 9) = 0, it proves the second statement (ii) of the Theorem. This

completes the proof of theorem.

Theorem 5.2.16. There does not exist warped product pointwise semi-slant M = Mr X ¢
My into complex space form M (¢) with ¢ < 0 such that Mt is a compact holomorphic

submanifold and Mg is pointwise slant submanifold of M(c).

Proof. Assume there exists a warped product pointwise semi-slant M = M = My X y Mg
in a complex space form M (¢) with ¢ < 0 such that My is compact. Then the function In f
has an absolute maximum at some point p € My. At this critical point, the Hessian H™/
is non-positive definite. Thus (5.2.63) leads to a contradiction. Thsi completes the proof

of theorem.
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5.2.7 Applications to kinetic energy functions, Hamiltonian and

Euler-Lagrangian Equations

This subsection is devoted to presentation of the essential results of research on connected,
compact Riemannian manifolds with nonempty boundary, i.e., dM # 0. As applications
of Hopf lemma. Of particular interest is the new information on the non-existence of
connected, compact warped product pointwise semi-slant in complex space form with the

terms of kinetic energy, Hamiltonian of warping functions. and Euler Lagrange equation.

Theorem 5.2.17. Assume that ¢ : M = My X y Mg is an isometric immersion of a warped
product pointwise semi-slant into complex space form M (¢). A connected, compact
warped product My X f Mg is simply Riemannian product of My and My if and only if
the kinetic energy function satisfied

E(Inf) = —tan 6[/ (ngmc_ifuhv ei.e;)| )

n i=1j

—8n2/M <csc2900t9($)E(lnf)> dav

where E(In f) represent the kinetic energy of the warping function In f and dV is volume

(5.2.70)

element on M.

Proof. From the Egs. (5.2.58) for the equality case of the inequality (5.2.40) such that
R 2 2
annl —mA(nf) = 2‘1,21 |1y (eise;)])* + 2na cot® 8] |V In £1|2. (5.2.71)
Taking integration along M over the volume element dV with nonempty boundary in the
above equation, we can easily find that

/M(4nznl )dv = / (if ||hy(eire;)]| )dV—l—nz/M(A(lnf))dV

i=1j
+2n2/M(cot20(||V1nf||2)>dV. (5.2.72)

Using the property of partial integration of last term in above theorem due to nonconstant
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slant function 0, i.e.,

/M(4n2n1 )dv = / (ithv eie;)] )

i=1j

+n2/M(A(lnf))dV

+2n2cot29/M (||V1nf||2)dV

+4n2/ (csc 80059 / [|VInf]| )dV)
M

Then (2.3.17) and (5.2.72), it follows that

, Grav = /(inflm e, ||>

i=1j
+ /M A(In f)dv

+4cot? OE(In f)

+38 / <csc39cose(§)E(1n f)) dv. (5.2.73)
M

If equality (5.2.70) satisfies if and only if that, we get the following condition from

(5.2.73). 1.e.,
/ A(lnf)dV =0 on M,
M

which implies that
A(In f) = 0. (5.2.74)

As we have assumed that, M is connected, compact warped product pointwise semi-slant
submanifold, then (5.2.74) and the Theorem 2.3.1, implies that In f =0 = f = 1, which

means that f is constant on M. Hence, the theorem is proved completely.
Similarly, we derive some characterization in terms of Hamiltonian such that;

Theorem 5.2.18. An isometric immersion ¢ : M = M7 X y Mg of a non-trivial connected,
compact warped product pointwise semi-slant submanifold My X y Mg into complex space

form M (¢) is called trivial warped product if and only if it satisfies

H(d(Inf),p) = 4 29("2210—22 iy (er,e)| > (5.2.75)

i=1j
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where H(d(lnf),p) is the Hamiltonian of warping function In f at point p € M.
Proof. Let the equality holds in (5.2.40), then using (2.3.13) in (5.2.58), we derive

nynic

—4n; cot® 0H (d(Inf), p)
ny np
=mA(nf)+ Y Y |y (eie))]*. (5.2.76)
i=1j=1
Since, the equation (5.2.75) implies <= A(In f) = 0 on M, thus follow the Theorem 2.3.1,

then M is a trivial warped product submanifold. This completes the proof of theorem.

Theorem 5.2.19. Assume that ¢ : M = Mt x y Mg is an isometric immersion of a compact
warped product pointwise semi-slant into complex space form M (¢). Let the warping
function satisfies the Euler-Lagrange Equation. Then, the necessary condition of M to be

a trivial warped product, i.e.,

nonic

||h||* > (5.2.77)

Proof. If the warping function satisfies the condition of Euler-Lagrange equation, then

from Theorem 2.3.1, we obtain
A(lnf) =0, (5.2.78)

Thus from (5.2.40) and (5.2.78), we derive

nynic

[1A]]* > +m||Vinf| 2. (5.2.79)

Suppose the inequality (5.2.77) hold, then (5.2.79) implies that the warping function must

be constant on M. This completes the proof of the theorem.

Theorem 5.2.20. Assume that ¢ : M = My X r Mg be an isometric immersion of a com-
pact warped product pointwise semi-slant into complex space form M (¢). Let the warping
Jfunction satisfies the Euler-Lagrange Equation. Then the necessary and sufficient condi-
tion the warped product My X y My is trivial, i.e.,

n m

Y Y liay(erel? =20 (5.2.80)

)
i=1j=1 4

Proof. The proof of the above theorem same as the Theorem 5.2.19 by using (5.2.80),

(5.2.68) and Theorem 2.3.1. This completes the proof of the theorem.
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5.3 GEOMETRIC APPROACH OF WARPED PRODUCT POINTWISE SEMI-
SLANT SUBMANIFOLDS OF COSYMPLECTIC MANIFOLDS

5.3.1 Pointwise semi-slant submanifold of cosymplectic manifold

As we have given the definition of pointwise semi-slant submanifold of almost contact
metric manifold in the second Chapter (see Definition 2.3.19). In this sequence, we obtain

some integrability theorem for later use in characterization results.

Theorem 5.3.1. Assume that M be a pointwise semi-slant submanifold of a cosymplectic
manifold M. Then the distribution 9P < & > is define as a totally geodesic foliations if

and only if,
h(X, oY) € T(p),
forany XY e T(2® < & >).

Proof. Let X,Y € T(2® < & >) and Z € T(29), we have g(VxY,Z) = g(VxY,Z) =
2(@VxY,9Z). Using (2.3.39) and (2.3.2), we obtain

g(VxY,Z) = ¢(Vx@Y,PZ) + g(Vx9Y,FZ) — g((Vx @)Y, 9Z).

From (2.2.9), (2.3.40) and the definition of totally geodesic foliation, we arrives the final

result.

Theorem 5.3.2. On a pointwise semi-slant submanifold M in a cosymplectic manifold M,

the distribution 2° defines totally geodesic foliation if and only if
g(h(X,2),FW) = —sec? 0g(h(Z, pX),FPW),
forallZ e T(2°%) and X € T(2® < £ >).
Proof. Taking account of (2.2.9)(ii) and fact that & is tangent to M7, we obtain
2(V2W,X) = g(pVzW, X).

For any Z € I'(29) and X € I'(2@® < £ >). For a tensorial equation (2.2.9)(i) cosym-
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plectic manifolds, we have QD%ZW = %Z(pW, and using (2.3.39), we derive
g(VZW,X) = g(VzPW,9X) +g(VZFW, pX).

Thus from relation (2.3.3) and again using the structure equation (2.2.9)(i) of cosymplec-

tic manifold, then
8(V2W,X) = g(V2P*W.X) +g(h(X,Z),FPW) —g(h(Z, pX),FW).
With the help of the Theorem 2.3.9 for pointwise slant submanifold, we obtain

g(VzW,X) =sin20Z(0)g(W,X) — cos? 0g(VzW,X)

+8(h(X,Z),FPW) —g(h(Z,9X),FW),
which implies that
Sin2 eg(VZWaX) :g(h<sz)aFPW) _g(h(za (pX)aFW)

Hence, interchanging W by PW in the above equation, we get required result. This com-

pete the proof of the theorem.

5.3.2 Warped product pointwise semi-slant submanifold in cosymplectic manifolds

Follows the definition of pointwise semi-slant submanifold, in such case we define two

type of warped product pointwise semi-slant submanifold such that
(i) Mg x s Mr
(11) Mt X fMg

For the first opportunity if the structure vector field & tangent to Mg, Park (2014) proved

the following non-existence Theorem. i.e.,

Theorem 5.3.3. There do not exist proper warped product pointwise semi-slant subman-
ifolds M = Mg X y Mt in a cosymplectic manifold M such that My is a proper pointwise

slant submanifold with tangent to & and My is an invariant submanifold.

Now for the second type of warped product submanifold, we have the lemma, that is,
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Lemma 5.3.1. Let M = M7 X y Mg be a warped product pointwise semi-slant submanifold
of a cosymplectic manifold M such that & is tangent to M7, where M7 and My are invariant

and proper pointwise slant submanifolds of M, respectively. Thus

g(h(X,Z),FPW) =— (¢XInf)g(Z,PW) — cos’> (X Inf)g(Z,W), (5.3.1)

g(M(Z,9X), FW) =(XIn f)¢(Z,W) — (X In f)g(Z, PW), (5.3.2)
forany X € I'(TMr) and Z,W € I'(TMy).

We define an example with help of Sahin (2013) which shows the existence of warped

product pointwise semi-slant in cosymplectic manifold

Example 5.3.1. Consider M'" = C> x R be a Riemannian product of Euclidean space
C> with line R such that the structure vector field & = %, I-form 1 = dt and metric
g = g1 +dr?, where g is the metric on Euclidean space. Then (Ml Lp,E,n.g) is called
cosymplectic manifold. Let ¢ : M°> — M be a pointwise semi-slant submanifold such

that 0 < u,v < 1 and 0 < 61,6, < 7 is define as

e1 =ucos B, e =vcos 0y, e3 =ucos by, e4 =vcos 0, es = usin 6

€6 =vsin91, ey = uSil’lez, eg =vsin62, €9 = 91, el = 92, e11 =0.

The tangent space 7'M is spanned by the vector fields X1, X5, X3, X4, X5 such that

Xl—sm@z8 +sm918 +cos928 +c0s9182
0 0 0 0
X2:sineza—ev—i—sinela—es—1—005928—63—1—005918—61,
0
X = = —
3 g atv
X +vcos O +ucos6 J sin O sin 6 J
% u —v —u
* " e Mes 1es 1e, 1er’
X +vcos 0O J +ucos 6 J sin 6 J sin 0
= % —+tu — =V ——u
> 8e10 2867 2868 2864 2863

Then 2% = span{X,,Xs} is pointwise slant distribution with slant function cos ! (m)
and invariant distribution 2 = span{X{,X»,X3}. Thus M> = My x Mg be non-trivial

warped product pointwise semi-slant submanifold of M!! with warping function f =

Vu?+v2+1.
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We are going to prove characterization theorem which in an important result of this sub-

section.

Theorem 5.3.4. Every proper pointwise semi-slant submanifold M in a cosymplectic man-
ifold M is locally a warped product submanifold of the from M = Mt x y Mg if and only
if

Arz@X —AppzX = (1 —}—COS2 9) (X)»)Z, (5.3.3)

forany X e T(2® < & >) and Z € T(2°%). Moreover, C*-function A on M with ZA = 0,
foreach Z € T(29).

Proof. Let us assume that M be a warped product pointwise semi-slant submanifold of
a cosymplectic manifold M. Then, the Eqgs (5.3.3) directly follows by Lemma 5.3.1 and
setting In f = A.

Conversely. Suppose that M be a pointwise semi-slant submanifold of a cosymplectic
manifold M such that the given condition (5.3.3) holds. Then from (2.2.8), (2.2.9)(1)
and (2.3.39), we derive g(VyY,Z) = —g(VxZ,Y) = —(9VxZ,9Y) = —g(VxPZ,@Y) —
g(%XFZ, @Y), forany X,Y € (2@ < & >) and Z € T'(2?). We derive the following by
using (2.3.43), (2.2.9)(1), (2.3.39), (2.3.3), and Theorem 2.3.9, i.e.,

g(VxY,Z) =sin(20)X(0)g(Z,Y) — cos* 0g(VxZ,Y)

+8(ArzX, 0Y) +g(VxFPZY).
Again using (2.3.3), we obtain
sin” 0g(VxY,Z) = g(Arz0X — AppzX,Y).

Thus (5.3.3), implies that sin> 6 g(VxY,Z) = 0. As M be a proper pointwise semi-slant
submanifold which implies that g(VxY,Z) = 0. It means that VxY € T'(2® < & >) for
all X,Y € I'(2® < & >). Hence, the distribution & < & > defines a totally geodesic
foliations and its leaves are totally geodesic in M. Moreover, pointwise slant distribution

is concerned, i.e., from (2.2.8), (2.2.9) and (2.3.39), we obtain
g(V2W,X) = (9V,W, 9X) = g(VzPW, X) + g(VZFW, 9X),
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forany X € ['(2® < £ >) and Z,W € I'(29). Taking account of (2.2.9)(i), (2.3.39) and
(2.3.3), it follows that

g(VzW.X) = —g(VzP*W.X) — g(VzFPW.X) — g(ArzZ, 9X).
Theorem 2.3.9 and virtue (2.3.3) imply that

g(VzW,X) =—sin20Z(0)g(W,X) + cos 0g(VzW,X)

+8(ArpwZ,X) — 8(ArzZ, 9X)
The simplification gives
sin® 0g(V,W,X) = g(ArpwX — Arz0X 7). (5.3.4)
Interchanging Z and W in (5.3.4), we get
sin? 0g(VwZ,X) = g(AppzX —Apz0X,W). (5.3.5)

Hence, from (5.3.4)-(5.3.5) and then, using (5.3.3), we find that sin’ 0g([Z,W],X)=0.1t
indicate that [Z,W] € T'(2?), for proper pointwise semi-slant submanifolds. It easily to
see that the pointwise slant distribution 29 is integrable. Thus, we consider My be a leaf
of 29 in M and h? is the second fundamental form of Mg in M. Then (2.3.2), (5.3.3) and

(5.3.4) implies that
sin® 0g(h®(Z,W),X) = — (1 +cos?0) (X1)g(Z,W).
which means that
g(h®(Z,W),X) = —(csc? 0 +cot? 0) (XA)g(Z,W).
Finally, the property of gradient of function gives
h(z,w)=— (Csc2 6 + cot? 6)g(Z,W)VA.

This means that My is totally umbilical in M with mean curvature vector H® = — (0502 0+
cot? 9) V. Further, we will prove that the mean curvature H? is parallel along the normal

connection V® of Mg into M. For this object, we choose X € T'(2® < £ >) and Z €
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F(.@e), ie.,

csc? @ +cot? 0) g(Vograda.,Y)

csc? 0 +cot? 0) g(VzgradA,Y)

csc? 0 +cot? 0) g(Zg(grad A, X))
+ (csc? 0 +cot? 8) g(gradA,VzX)

csc? 0 +cot? 0) g([X, Z], grad )

+

csc? 0 +cot® 0) g(VxZ, grad.)
csc? 6 + cot? 0)(

= )
— )
— )
( )
=—(csc? O +cot? ) (Z
( )a(l
= )s(
= )(X
— )s(

csc? 0 +cot? 0) g (VxgradA,Z).

From the hypothesis of the Theorem is that ZA = 0, for each Z € F(.@e) and gradA lies

in 2@ < £ >, thus last equation becomes
01576 _
g(VzH",X) =0, (5.3.6)

which means that VOH® € I'(29). This implies that the mean curvature H% of My is
parallel. Hence, the condition of spherical is satisfied. Thus the Definition 2.4.3 gives
that, M is locally a warped product submanifold of integral manifolds M7 and My of

9@ < E > and 29, respectively. This complete the proof of the Theorem.

5.3.3 Inequalities for warped product pointwise semi-slant in a cosymplectic man-

ifold

In in the direction of cosymplectic space form, we describe geometric properties of the
mean curvature of a warped product pointwise semi-slant submanifolds and using this
properties to derive a general inequality which represent an intrinsic invariant which is
called Chen invariant by using Gauss equation instead of Codazzi equation. Actually, we
study some geometric aspect of these submanifolds. We are required to define a frame

and some important lemmas.

Frame 5.3.1. Let M = My X f Mg be an n = ny + ny-dimensional warped product point-
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wise semi-slant submanifold of 2m + 1-dimensional cosymplectic manifold M with My
of dimension n; = 2d; + 1 and My of dimension ny = 2d,, where My and M7 are integral
manifolds of 2% and 2@ < £ >, respectively. Then, we assume that {ey, ez, - -- €d, ed+1=
Per, ey = Qegy enq 11 =8, and {ea 2 = €], €1 14dy = €35 €2d)+dy+2 =
€y, 11 = SecOPe], ey n, = €, = sec OPe; } are orthonormal frames of & < & >and
29, respectively. Similarly the orthonormal frames of the normal sub-bundles, F 29 and
U, respectively are, {e,41 = &; =cscOFe], - eprq, = €4, = csCOFe],epyg,41 = Eay11 =
cscOsecOF Pe],- - ey 104, = €24, = CsC O sec 9FPe:}2}

and {€n+2d2+la eunyl )

Lemma 5.3.2. On a non-trivial warped product pointwise semi-slant submanifold M in a

cosymplectic manifold M. Then

g(h(X,X),FZ) =g(h(X,X),FPZ) =0, (5.3.7)
g(h(9X,0X),FZ) =g(h(¢X,0X),FPZ) =0, (5.3.8)
g(h(X,X),7)+g(h(@X,0X),T) =0, (5.3.9)

forany X,Y € I'(TMr7), Z € I'(TMg) and T € I'(1).

Proof. From the Gauss formula (2.3.2), one derives g(h(X,X),FPZ) = g(%XX,FPZ) =

— g(%XF PZ,X). Then the covariant derivative of endomorphism ¢ and (2.2.9)(i), gives
8(h(X.X),FPZ) = g((VxPZ,0X) +8((Vx9)PZ.X) +(VxP’Z.X),

Taking account of cosymplectic manifold (2.2.9) and the Theorem 2.3.9, for pointwise

slant submanifold, one derives
g(h(X,X),FPZ) = g(Vx@X,PZ) +sin26X(0)g(Z,X) — cos* 0g(VxX,Z). (5.3.10)

As, M7 being a totally geodesic submanifold in M invariantly, then, we get required result
(5.3.7) from (5.3.10). On the other part, we interchanging Z by PZ and X by ¢X in
equation (5.3.10), we find the second result (5.3.8). For the last result, by cosymplectic

manifold, we have %x 0X = (p%xX , these relation reduced to
VxoX +h(0X,X) = oVxX + ¢oh(X,X).
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Taking the inner product with ¢7 in above equation for any 7 € I'(ut), we obtain

g(h(9X,X),97) = g(h(X,X),1). (5.3.11)

Interchanging X by ¢X in the above equation and making use of (2.2.5) and the fact that,

L is an @-invariant normal bundle of T+M, we get

—g(h(X,0X),pt) = g(h(0X, 0X),T). (5.3.12)

Thus, (5.3.11) and (5.3.12) implies (5.3.9). It completes proof of lemma.

Lemma 5.3.3. Let ¢ : M = M7 Xy Mg — M be an isometrically immersion from warped
product pointwise semi-slant M7 X r Mg into cosymplectic manifold M such that My is an
invariant submanifold tangent to & of M. Then the squared mean curvature of M is given

by

2
|H||> = izfl ( +---+h’) (5.3.13)
) n1+1n;+1 nn ) o
=n+

where ny, ny, n and 2m+ 1 are dimensions of M7, Mg, Mt X f Mg and M , respectively.

Proof. Taking account that the definition mean curvature vector is defines as
) 1 2m+1 2
HIP=— Y (B )
n- -
r=n-+1
Thus from consideration of dimension n = ny +ny of My X f Mg such that n; and n; are
dimensions of M7 and Mg, respectively, thus, it can be expanded as
5 1 2m+1 2
IHIP = —5 Y (BB, B+ )

r=n+1

Using the components of 29 in right hand side of the above equation, we derive
r r r r 2
(hll +-- 'hnlnl +hn1+ln1+l +- +hnn>

= ( Tt hga, g g o Rag oa, +h2§

2
+h;1+1n1+1 T+ +hfm> .

Since, h(&, &) = 0 and from the relation ij; = g(h(e;,e;),e,) , for 1 <i,j<nandn+1<

r <2m+ 1. Taking account of frame 5.3.1 for components of &, the above equation take
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the form
r r r r\?
(hll + 'hnlnl +hn1+1n1+1 t+o +hnn)

Z{g(h(el,el),er) + -+ g(h(eq,,eq,), er) + g(h(@er, per),e;)

2
+"'+g(h((Ped|7(Ded|)aer)+"'+h:z]+1nl+1+'--+h,rm} . (5.3.14)

It is well known that e, belong to normal bundle 7--M for ever r € {n+1---2m+ 1}, so
there are two cases such that e, belong to F(TMpy) or .

Case 1: If ¢, € ['(F 29), then, using the normal components for pointwise slant distribu-
tion 29 which is defined in the orthonormal frame 5.3.1. Then equation (5.3.14) can be

modified as;
r r r r 2
< 11 + - +hn|n1 +hn1+1n1+1 4 +hnn>
:{ cscOg(h(er,er), Fey) +---+cscOg(h(eq . eq, ), Fey,)

+cscOsecOg(h(er,er),FPej)+ - +cscOsecOg(h(eq,,eq ), FPey,)
+cscOg(h(per, per),Fey) + - +cscOg(h(peq,, peq,), Feg,)

+cscOsecOg(h(@er, ey ), FPey) + - +cscOsec 0g(h(pey,, ey, ), FPe,,)
2
+h21+1n1+1 T+ +h;n} :
Finally, from virtues (5.3.7) and (5.3.8), we get
r r r r 2 r r 2
(hll + 'hn1n1 +hn1+ln1+l T+ +hnn) = (hn1+ln1+l T+ +hnn> . (5.3.15)
Case 2: If ¢, € I'(i), Thus from (5.3.9), the equation (5.3.14) becomes
r r r r 2
( 1t 'hnlnl +hn1+1n1+1 +- +hnn)

:{g(h(ehel);er) —|—---—|—g(h(€d1,ed1),€r) _g<h(elael)7er)_

2
"'_g<h(ed17ed1)7er>+"'+h1’;1+1n1+1 ++h2n} >
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which implies that

2 2
<h'il + 'h:zln] +h1’;1+1n1+1 +o +hir1n) = ( 21+1n1+1 +- +hlr1n) ) (5.3.16)

From (5.3.15) and (5.3.16), for every normal vector field e, belongs to the normal bundle

T-+M, and by taking summing up, we can deduce that

2m+1 2 2m+1 2
Z (h,]‘I+."h21n1+h21+1n1+1+'.'+h:ln) = Z <h21+ln1+l+"'+h:ln> .
r=n+1 r=n+1

Therefore, the above relation proves our assertion. It completes proof of lemma.

Theorem 5.3.5. Let ¢ : M = My x Mg — M be an isometric immersion from an n-
dimensional warped product pointwise semi-slant My X y Mg into 2m + 1-dimensional

cosymplectic manifold M. Then

(i) The squared norm of the second fundamental form of M is given by

nzAf) ,

Hmﬁzz@mwn—aTMﬂ—%qu—-f

(5.3.17)

where ny is the dimension of pointwise slant submanifold Mg into M.

(ii) The equality sign holds in (5.3.17) if and only if Mt is totally geodesic and My is
totally umbilical submanifolds in M, respectively. Moreover, M is minimal subman-

ifold of M.

Proof. We skip the proof of this theorem as it is similar to the proof of the Theorem 5.2.9

for warped product pointwise semi-slant submanifolds in a Kaehler manifold.

The following corollary is generalized by using the Remark 2.3.5 and the Theorem 5.3.5

for contact CR-warped product submanifold such as:

Corollary 5.3.1. Let ¢ : M = Mr Xy M| — M be an isometrically immersion of an n-
dimensional contact CR-warped product submanifold M into a 2m+-1-dimensional cosym-

plectic manifold M. Then

(i) The squared norm of the second fundamental form of M is given by

] > z(ﬁ(rw—ﬁ(mf)—ﬁ(mu— ”Z?f ) (53.18)

where nj is the dimension of anti-invariant submanifold M | .
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(ii) The equality sign holds in (5.3.18) if and only if M7 is totally geodesic and M | is
totally umbilical submanifolds in M. Moreover, M is minimal submanifold of M.
5.3.4 Applications of derived inequality to cosymplectic space forms

Theorem 5.3.6. Assume that ¢ : M = M7 X s Mg — M (¢) be an isometrically immersion of

a warped product pointwise semi-slant submanifold into cosymplectic space form M (¢).

Then

(i) The second fundamental form is defined as

A
141 = 20 (5~ 1) ==L,
or,
1|2 > 2n2(||Vlnf\|2 + (%(m 1) —A(lnf)), (5.3.19)

where ny = dimM7 and n, = dim M.

(ii) The equality sign holds in (5.3.19) if and only if Mt is totally geodesic and My
is totally umbilical submanifolds of M (c), respectively. Moreover, M is minimal

submanifold in M(c).

Proof. A cosymplectic manifold is said to be a cosymplectic space form with constant
¢-sectional curvature c. Then the Riemannian curvature tensor R for cosymplectic space

form is given by

R(X,Y,Z,W) =

&~

(g(Y,Z)g(X,W) —g(X,Z)g(Y,W) _n(Y)n(Z)g(XaW)

+nX)n(2)g(Y,W)+n(W)n(¥)g(X,2) —n(X)g(¥,Z)n(W)

+2(0Y,Z)g(pX, W) — g(0X,Z)g(pY, W)

+28(X,<PY)g((PZ,W)>7 (5.3.20)
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forany X,Y,Z,W € I'(TM). Putting X =W =¢;, and Y =Z = e; in (5.3.20), we derive

R(ej,ej,ej,e) =

N oY

(g(eivei)g<ej7€j) —8leiej)glej,ei) —n(ej)n(e;)g(eiei)
(e (e)glenes) +nler) (nley)sleie;) —nleglee)))
+8(pej ej)g(@eirei) — g(@eiej)g(@ej, ei)

—|—2g2(ei,(pej)>. (5.3.21)

Taking summing up in (5.3.21) over the orthonormal vector fields of 7M7, we obtain

~ C 2
27(TM7) = 1 [n1(n1 —1) —2(n; — 1) + 3]|P||*] .
Since, & (p) is tangent to n1-dimensional invariant submanifold My, then, we find ||P||*> =

n; — 1. Thus,

23(TMy) = %(n% —1). (5.3.22)

Again taking summing up in (5.3.21) over the orthonormal frame corresponding to M,

i.e.,

2%(TM) = 2(n(n—l)—2(n—l)—|—3 Z gz((pei,ej)>. (5.3.23)
ij=1

Let M be a proper pointwise semi-slant submanifold of cosymplectic space form M (c).

Thus, we define the following frame, i.e.,

ej,ex =0Qey, -, €24, —1,€24; = Pe24, 1,
€2d,+1,€2d,+2 = secOPeyq 11, -~
€2d,—1,€2d, = SeCOPery 1, -,
“+-€d,+2dy—1,€2dy +2d, = S€C OPesq, 1,

€2d,+2dy 5 €2d1+2dpr+1 = é :

With the help of the above orthonormal frame, we easily derive that

g (peieir1) =1, forie{l,--2d;—1}

=cos®0 for i € {2dy+1,---2dy +2dy —1}.
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It follows that
n
Y %(pei,ej) =2(d +dacos®6). (5.3.24)
i,j=1

From (5.3.23) and (5.3.24), it implies that
2T7(TM) = %n(n —1)+ 2 (6(d1 +dycos?0) —2(n— 1)) . (5.3.25)
Similarly, for pointwise slant submanifold My, we obtain ||P||> = na cos? 6, then
2H(TMg) = 2(1/12(1’12 —1) +3n2c0329>. (5.3.26)

Hence, substituting the values (5.3.26), (5.3.25), and (5.3.22) in Theorem 5.3.5, we derive
the required result (5.3.19), and the equality case follow as usual of the Theorem 5.3.5(ii).

This completes the proof of the theorem.

Remark 5.3.1. By assuming that 6 = 7 with globally constant pointwise slant function
0 in Theorem 5.3.9. Then, Theorem 5.3.9 generalizes to contact CR-warped products in

cosymplectic space forms which obtained by Uddin & Algahtani (2016),

Corollary 5.3.2. Assume that ¢ : M = M7 x ;M| — M(c) be an isometrically immersion
of a warped product pointwise semi-slant submanifold into cosymplectic space form M (c).

Then

(i) The second fundamental form of M is defined as

Af ) (5.3.27)

P = 20 (G = 1) = =

(ii) The equality sign holds in (5.3.27) if and only if Mt is totally geodesic and M |
is totally umbilical submanifolds of M (¢), respectively. Moreover, M is minimal

submanifold in M(c).

5.3.5 Applications as a compact orientable Riemannian manifold

For simplicity of presentation, we always consider that M is a compact orientable Rieman-
nian manifold without boundary in this subsection. We now describe briefly the methods
to prove the triviality of warped product pointwise semi-slant submanifolds in both cases

inequality and equality.
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Theorem 5.3.7. Let ¢ is a 2° —minimal isometric immersion of a warped product point-
wise semi-slant submanifold Mt X y Mg into cosymplectic manifold M. If My is totally

umbilical in M, then ¢ is Mg—totally geodesic.
Proof. The proof is similar as the proof of the Theorem 5.2.12.

Theorem 5.3.8. On a compact orientate warped product pointwise semi-slant subman-
ifold M = Mt X y Mg in a cosymplectic space form M (c) with the following inequality
holds, i.e.,

C
||h[|* > Sma(n —1) (5.3.28)

where ny and ny are dimensions of Mt and My, respectively. Then M is a Riemannian

product manifold.

Proof. Let us consider that, the inequality holds in Theorem 5.3.6 and the fact that ATf =

A(In f) — ||VIn f||?, we obtain

C
(Sm2m = 1)+ 2m||Vin £ = [|A][2) < 2n24(In f).

From the integration theory on manifolds, i.e., compact orientate Riemannian manifold

without boundary on M, we derive

/ (Sl = 1)+ 20| Vin £~ |4l )av < / A(In f)dV =0 (5.3.29)
M \2 M

Assume that the inequality (5.3.28) holds, then, from (5.3.29), we find that

| (v fiP)av <o.
M

Since, integration always be positive for positive functions. Hence, we derive ||V In f||> <
0, but ||VIn £||?> > 0, which implies that VIn f = 0, i.e., f is a constant function on M.
Thus, M becomes simply a Riemannian product manifold of invariant and pointwise slant

submanifolds. The proof is completed.

Theorem 5.3.9. Let ¢ : M = My X Mg — M (¢) be an isometric immersion of a compact

orientable proper warped product pointwise semi-slant submanifold in a cosymplectic
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space form M (¢). Then M is simply a Riemannian product if and only if satisfies

ny n

Z Z thi el7ej = an(n] - 1) (5.3.30)

i=1j=
where hy is a component of h in I'(W). Further, ny and ny are dimensions of My and Mo,

respectively.

Proof. Let us consider the equality case holds in (5.3.19). Then, we estimate

16(2, D)I? +|1n(2°,2°)|1* +2|ln(2, 2°)|7

= %nz(nl —1)+2m(||[VInf|[*—A(nf)). (5.3.31)

As by hypothesis of Theorem 5.3.6, My is totally geodesic in M(c), i.e., h(2,2) =
and My is totally umbilical in M(c), then h(Z,W) = g(Z,W)H. But, M is minimal sub-
manifold in M. Hence, H = 0 and immediately follows the Theorem 5.3.7, it implies that

h(Z,W) = 0. This means that ||2(29, 29)||?> = 0, thus (5.3.31), becomes
2||(2,2°)|]> + 2nA(In f) = —nz(nl —1)+2n||VInf] % (5.3.32)

LetX =¢;andZ=¢;for 1 <i<mnjand 1 < j < ny, respectively and using the definition
from (2.3.9). Then,
ny 2m+1
h(ei,ej) = Zg(h(e,-,ej),Fef)Fef + Z g(h(ei,ej), te;)Tey.
r=1 =1

for T € I'(u). Taking summing up over the vector fields on M7 and My, then using adapted

frame 5.3.1 for pointwise semi-slant submanifolds, we derive

ny np di dp
ZZg (ei,ej),hiei,ej)) =csc OZ Z g(h(ei,e] Fek)
i=1j= i=1j k=1
di dp
+csc? @ sec? 92 Y s(h(ei,Pe}), Fep)?
i=1j k=1

] 2
+csc? @ sec? OZ Y s(h(pe;,et),FPe;)?
i=1j k=1
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d  d

+esc?Osec” 0. Y g(h(pe;,e}),FPe;)
i=1j k=1

] 2
+ csc? O sec 92 Y. s(h(ge;,Pe}), FPe})*.

i=1j k=1
d &b
+csc? @ sec? GZ Y s(h(ge;, Pe}), Fep)?
i=1j k=1
d &
+csc OZ Y s(h(@eie ; ),Fe;)?
i=1 j k=1
d d
+csc? O sect OZ Z g(h(e;, Pej;) ),FPet)?
i=1jk=1

ny np 2m-+1

LY L slhlene)e)

i=1j=1r=n+ny+1

In view of Lemma 5.3.1, it can be easily seen that

ny np
11(2,2°)|* = na(csc® 0 +cot? 0)[|VInf|* + Y Y [|hueie))]|*. (5.3.33)
i=1j=1
Then (5.3.33) and (5.3.32) implies that
ny np
) Z ||y (eie)||* — —nz(m — 1) =mA(In f) +nycot® 6||Vin f| 2. (5.3.34)

i=1j=
Now taking the integration over the volume element dV of compact orientate warped
product pointwise semi-slant M. Then (2.3.16) gives

/ <if”hu (ei,e)] >dV /<4n2(n1—1)>dv

i=1j=

+2n2/ (cot? 6][VIn f|?)dV. (5.3.35)
M

for the first case, if (5.3.30) is satisfied, then from (5.3.35) implies that f is constant
function on proper warped product pointwise semi-slant submanifold M. It means that
M is a Riemannian product of invariant and pointwise slant submanifolds M7 and My,
respectively.

Conversely, suppose that M is simply a Riemannian product, then warping function
f must be constant, i.e., VIn f = 0. Thus from (5.3.35) implies the equality (5.3.30). This

completes proof of the theorem.
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Remark 5.3.2. If we consider 8 = 7 in Theorem 5.3.9 with globally constant function
0. Then, Theorem 5.3.9 generalizes the result for contact CR-warped products in cosym-

plectic space forms.

Corollary 5.3.3. Assume that M = M7t X y Mg be a warped product pointwise semi-slant
submanifold in a cosymplectic space form M (¢). Let Mt be a compact invariant subman-

ifold and A be non-zero eigenvalue of the Laplacian on My. Then

/ Hh||2dVTz/ ("mm —1))avVr +2004 [ (Inf)dvy. (5.3.36)
Mr Mt 2 My

(i) Alnf=Alnf.

(ii) Inthe warped product pointwise semi-slant submanifold both Mt and Mg are totally

geodesic.

Proof. Thus, using the minimum principle property, we obtain

/ ||V1nf||2dVTz7L/ (Inf)*dVr. (5.3.37)
My Mt

From (5.3.19) and (5.3.37) we get the required result (5.3.36). This completes proof of

the corollary.

Corollary 5.3.4. Let In f be a harmonic function on My. Then there does not exist any
warped product pointwise semi-slant M X y Mg into cosymplectic space form M (c) with

c<0.

Proof. Let us consider that there exists a warped product pointwise semi-slant subman-
ifold My X r Mg in cosymplectic space form M (c) with In f is a harmonic function M.

Thus, Theorem 5.3.6 gives ¢ > 0. This completes the proof of the corollary.

Another straightforward characterization of the Theorem 5.3.5.

Corollary 5.3.5. There does not exist a warped product pointwise semi-slant submanifold
M7 Xy Mg into cosymplectic space form M (¢) with ¢ <0 such that In f be a positive

eigenfunction of the Laplacian on My corresponding to an eigenvalue A > 0.
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5.3.6 Consequences to Hessian of warping functions

Throughout study of this subsection, we construct some applications in terms of Hessian
of positive differentiable warping functions. We derive some necessary and sufficient
conditions under which a warped product pointwise semi-slant submanifold into a cosym-

plectic space form becomes a Riemannian product manifold with non-compactness.

Theorem 5.3.10. Let ¢ : M = M7 X Mg be an isometric immersion of a warped product
pointwise semi-slant into a cosymplectic space form M (¢). If the following inequality

holds, i.e.,
Hh||2>2n2{ (n1—1) +Z(H1“f eiei) +H™ (@e;, ge; >)} (5.3.38)

where H™/ is Hessian of warping function In f. Then M is trivial warped product point-

wise semi-slant submanifold of Mt and My.

Proof. Thus from (2.3.14), we have

M=

A(lnf) =—) g(Vegradinf,e;)

1
2d, 2d,

=_ Zg(Veigradlnf, e;)+ Z g(Ve,gradinf,e;) +g(Vegradinf,&).
i=1 =1

The warped product submanifold of cosymplectic manifold is defines such that

g(Vegradin f,€) = 0, by follows the fact (§In f) = 0. Thus, we arrive at

d;
A(lnf) = Z g(Vegradinf,e;) — Z 8(Voe,gradin f, e;)
i=1 i=1

dy
- Z g(vejgradlnfa ej)
j=1
dp

—sec’ 0 Z g(Vpegradin f,Pe;).
i=1

Due to the fact that V is Levi-Civitas connection on M and taking account (2.3.13), we
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derive

d
Anf) ==Y [H" (er,e0) + H™ (gei, pes)]
i=1

dp
Z lejg(gradln f,e;) — (Vejej,gradlnf)] :
j=1
dy
—sec’ 6 Z [Pejg(gradin f,Pej) — g(VpejPej,graidlnf)] .
j=1
We arrive at with the help of gradient property warped function (2.3.12), thus

di
A(lnf) = Z [Hlnf ej,e Hlnf(q)en(oez)}

dz
Z ej(ejlnf)— Vejejlnfﬂ

dp
—sec’O Z [Pej(Pejlnf) — (VPejPejlnfﬂ
j=1

d
Z [Hlnf ei,e; —l—Hlnf((pe,,goe,)}
dp

Z’[ < grajff&ﬂ) ;

—sec’o Z { (%’Pgﬂ) — %g(gradf, VpejPej)} .

g(Ve,-ej,gmdf)}

By hypothesis of warped product pointwise semi-slant submanifold, M7y defines as totally

geodesic in M. It implies that grad f € I'(TMy ), and Lemma 2.4.1(ii), we obtain

di
A(lnf) = Z [Hlnf ei,e;) Hlnf((Peivq)ei)

dz
Z g(ej,e;)||VInf|[* +sec’ Bg(Pe;, Pe;)||VInf|] }

Using (2.3.58) in the last term of right hand side, finally, we obtain
d
A(lnf) = Z [Hlnf er,ei) + H™ (ge;, <pe,-)} —2ns||VIn f[2. (5.3.39)
It follows from (5.3.19) and (5.3.39) that

d
I = 2n, <4<n1 )4 DIV fIP Y [ ere) +H™ (g ger) ) .
i=1

(5.3.40)

147



If the inequality (5.3.38) holds, then,(5.3.40) implies that ||VIn f ||2 < 0, which is im-
possible by definition of norm of a positive function. Thus it can be concluded that
gradln f = 0, then it means that f is a constant function on M. Hence M becomes a
trivial warped product pointwise semi-slant submanifold. This completes the proof of the

theorem.

Theorem 5.3.11. Let ¢ : M = M7 X Mg be an isometric immersion of a warped product
pointwise semi-slant into cosymplectic space form M (¢) such that a slant function 6 #
arccot \/@ . Then M is a trivial warped product if and only if provided the condition
ny m
IZIJZI 1y (eie))|I? —n24(n1 —1) +n22 [ (ei,ei) +H™ (pei, 0e;)| . (5.3.41)
Proof. From the relations (5.3.34) and (5.3.39) with considered equality of inequality
5.3.19, we derive
| mom
& L [(eres)| = y (H™ (e1,e5) + H™ (9ei, pe;)

llj i=1

—|—2<n2—cot 9>HVlnf||2 S —1). (5.3.42)

By the hypothesis of the theorem, if (5.3.41) holds, then (5.3.42) indicates that ||V n f||* =
0, which implies that f is a constant function on M, i.e., M is simply a Riemannian prod-
uct of My and My (M is trivial). Similarly, the converse part can be proved by using

(5.3.42) and (5.3.41). This completes the proof of theorem.

Theorem 5.3.12. There does not exist a warped product pointwise semi-slant Mt X ¢ Mg
into a cosymplectic space form M (¢) with ¢ < 0 such that Mr is a compact invariant

submanifold tangent to & and My is a pointwise slant submanifold of M (¢).

Proof. Assume there exists a warped product pointwise semi-slant M7 X r Mg in a cosym-
plectic space form e M (¢) with ¢ < 0 such that M7 is compact. Then the function In f has
an absolute maximum at some point p € My. At this critical point, the Hessian H'™/ is

non-positive definite. Thus (5.3.38) leads to a contradiction.
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5.3.7 Applications to Kkinetic energy functions, Hamiltonian

and Euler-Lagrangian equations

In view of connected, compact Riemannian manifolds with nonempty boundary, i.e.,
dM # 0, and applications of Green lemma, we apply these to warping function for deriv-
ing geometric necessary and sufficient conditions of warped product pointwise semi-slant
submanifolds of cosymplectic space form to be Riemannian products in terms of kinetic

energy, Hamiltonian and Euler Lagrange equation of warping function.

Theorem 5.3.13. Assume that ¢ : M = My x y My is an isometric immersion of a warped
product pointwise semi-slant into cosymplectic space form M (¢). A connected, compact
warped product My X y Mg is simply Riemannian product of My and My if and only if the
kinetic energy satisfies

ny n

E(nf) =t 9{/M<nic(n1—l =Y Y lihulerep)l?)av

4ny i=1j=1
a0
2
_8n2/M(csc ecote(W)E(lnf))dv}, (5.3.43)

where E(In f) represents the kinetic energy of the warping function In f and dV is volume

element on M.

Proof. The above theorem can be easily prove by using (5.3.34), (2.3.17), and the same

method we have used in the Theorem 5.2.17.
Similarly, we derive some characterization in terms of Hamiltonian.

Theorem 5.3.14. An isometric immersion ¢ : M = M7 X y Mg of a non-trivial connected,
compact warped product pointwise semi-slant submanifold My x Mg into a cosymplectic

space form M (¢) is a trivial warped product if and only if it satisfies

1 ny np
H(d(Inf),p) = Etanze (an ny—1) Z Z ||y (eise;) H2> (5.3.44)

i=1j=

where H(d(lnf),p) is the Hamiltonian of warping function In f at point p € M.
Proof. The proof is follows to the Theorem 5.2.18.

Another interesting application of Theorem 5.3.6 is the following.
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Theorem 5.3.15. Assume that ¢ : M = M7 X r Mg be an isometric immersion of a compact
warped product pointwise semi-slant into a cosymplectic space form M (¢). Suppose that
warping function satisfies the Euler-Lagrange equation. Then, the necessary condition of

M to be a trivial warped product is

|R])? > =na(ny —1). (5.3.45)

[\

Proof. The above theorem can prove easily with taking the help of the Theorem 5.2.19

and Eqgs (5.3.19).

Theorem 5.3.16. Assume that ¢ : M = My X r Mg be an isometric immersion of a com-
pact warped product pointwise semi-slant into a cosymplectic space form M (¢). Suppose
that the warping function satisfies the Euler-Lagrange equation. Then the necessary and
sufficient condition of the warped product Mt X ¢ Mg to be trivial is
ny np ) c
Y Y llhu(eie))l)” = an(nl —1). (5.3.46)
i=1j=1
Proof. Similarly, the proof is similar as the proof Theorem 5.2.20. This completes the

proof of the theorem.

5.4 GEOMETRY OF WARPED PRODUCT POINTWISE SEMI-SLANT
SUBMANIFOLDS OF SASAKIAN MANIFOLDS

Following the previous sections of this Chapter, we prove the existence of warped product
pointwise semi-slant submanifolds by it characterizations in terms of Weingarten operator
and then, we obtain a geometric inequality for the second fundamental form in terms of
intrinsic invariants by using Gauss equation. Moreover, we give some applications of
these inequality for Sasakian space forms and compact Riemannian submanifolds as well.
As results, we provide some conditions which are necessary and sufficient to prove the
non-existence of compact warped product pointwise semi-slant submanifolds in Sasakian
space forms in terms of Hamiltonian, Hessian of warped functions. The same results, we

generalizes for contact CR-warped products into Sasakian space forms.
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5.4.1 Warped product pointwise semi-slant submanifold in Sasakian manifold

If the two factors of warped product submanifold are invariant and pointwise slant sub-
manifolds, then it is called warped product pointwise semi-slant submanifold. Therefore,
there are two type warped product pointwise semi-slant submanifolds in Sasakian mani-

fold
(a) Me XfMT (b) MT XfMQ.
In such cases the following results proven by Park (2014) are;

Theorem 5.4.1. There do not exist proper warped product pointwise semi-slant subman-
ifolds M = Mg X y Mt in a Sasakian manifold M such that My is a proper pointwise slant

submanifold tangent to & and My is an invariant submanifold of M.

Lemma 5.4.1. Let M = M7 X y Mg be a warped product pointwise semi-slant submanifold

of a Sasakian manifold M such that & is tangent to M7. Then

g(h(X,Z),FPW) =— (X 1In f)g(Z,PW) —cos?0(XIn f)g(Z,W)

+n(X)g(W,PZ),

(5.4.1)

g(h(Z,0X),FW) =(XInf)g(Z,W) — (¢XIn f)g(Z,PW), (5.4.2)
g(h(Z,X),FW = —sin>6n(X)g(Z,W) — (X In f)g(Z,W)

+(XInf)g(Z,PW), (5.4.3)

forany X € I'(TMr) and Z,W € X (T Mp).

Now we give the following main characterization theorem of warped product pointwise

semi-slant submanifolds:

Theorem 5.4.2. Let M be a proper pointwise semi-slant submanifold of a Sasakian man-
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ifold M. Then M is locally a warped product submanifold if and only if
Arz0X —AppzX = (1 +cos? 0)(XA)Z+n(X)PZ, (5.4.4)
for each X € T(TMr) and a C*-function A on M with ZA = 0 for each Z € T(29),

Proof. First, we consider that M be a warped product pointwise semi-slant submanifold
of a Sasakian manifold M. Then the first part is directly proved by (5.4.1) and (5.4.3) of
Lemma 5.4.1.

The converse part can be prove as similar of the Theorem 5.3.4 by using structure

equation of Sasakian manifold (2.2.10)(a)-(b). This complete proof of the theorem.

5.4.2 Chen type inequality for warped product pointwise semi-slant

in Sasakian manifolds

In this section, we derive some geometric properties of the mean curvature for warped
product pointwise semi-slant submanifolds, and applying these result to construct a gen-
eral inequality by means of Gauss equation. For this, we shall use the same orthonormal

Frame 5.3.1 with replacing d; = a and d, = 3, and give some preparatory propositions.

Proposition 5.4.1. On a non-trivial warped product pointwise semi-slant submanifold M

in a Sasakian manifold M. Then

g(h(X,X),FZ) =g(h(X,X),FPZ) =0, (5.4.5)
g(h(9X,0X),FZ) =g(h(¢X,0X),FPZ) =0, (5.4.6)
g(h(X,X),7) =—g(h(@X,0X),1), (5.4.7)

forany X e I'(TMy), Z € I'(TMg) and T € I'(u).

Proof. We left the proof of the above proposition for verification to reader due to simi-
larity of Lemma 5.3.2 as base manifold is a Sasakian manifold instead of cosymplectic

manifold. This completes proof of proposition.

Proposition 5.4.2. Let ¢ : M = My Xy Mg — M be an isometrically immersion of a
warped product pointwise semi-slant M7 X r Mg into a Sasakian manifold M such that

M7y is invariant submanifold tangent to & of M and My is a pointwise slant submanifold
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of M. Then the squared norm of mean curvature of M is given by

2m+1

1
2 E 2
||H|| - n2 (hlijll+ln1+l """" h:m) )
r=n+1

where H is the mean curvature vector and ny, np, n and 2m + 1 are dimensions of

My, Mg, M7 X y Mg and M respectively.
Proof. The above proposition can be proved in similar as of Lemma 5.2.5.

Theorem 5.4.3. Let ¢ : M = My <y Mg — M be an isometrically immersion of an n-
dimensional warped product pointwise semi-slant My X y Mg into an 2m+ 1-dimensional

Sasakian manifold M. Then

(i) The squared norm of the second fundamental form of M is given by
[h][2 > 2 (ﬂz\ Vin f|P+ F(TM) — E(TM7) — F(TMq) — nzA(lnf)> (548
where ny is the dimension of pointwise slant submanifold M.
(ii) The equality sign holds in (5.4.8) if and only if Mt is totally geodesic and My is

totally umbilical submanifolds in M. M is minimal submanifold of M.

5.4.3 Some interesting applications of the Theorem 5.4.3 to Sasakian space forms

Theorem 5.4.4. Assume that ¢ : M = Mr x f Mg — M(c) be an isometric immersion of a

warped product pointwise semi-slant My X y Mg into a Sasakian space form M (¢). Then

(i) The squared norm of the second fundamental form of M is defined as

3 —1
HhHZEan(HVlnf\|2+c: p—c4 —A(lnf)), (5.4.9)

where ny and ny are the dimensions of invariant Mt and pointwise slant submani-

fold My, respectively.

(ii) The equality sign holds in (5.4.9) if and only if Mt is totally geodesic and My
is totally umbilical submanifolds of M (¢), respectively. Moreover, M is minimal

submanifold in M(c).
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Proof. A Sasakian manifold is called Sasakian space form with constant ¢-sectional cur-

vature c if and only if the Riemannian curvature tensor Ris given by

_ 3
RX,Y,Z,w) = <&

<g(Y,Z)g(X,W) _g(X7Z)g<Y7W))

c—1

Ty

<n (X)n(2)g(Y,W)+n(W)n(¥)g(X,Z)
-n¥)n(2)gX,W)-n(X)g(Y,Z)n(W)+g(eY,Z)g(¢X,W)
—8(0X,Z)g(oY, W) +2g(X, <PY)g(<PZ,W)> : (5.4.10)

Substituting X =W =¢;, Y = Z = ¢; in the above equation, we derive

~ c—3
R(@i,@j,@j,ei) = 4 <g<ei,€i)g(ej,ej)_g<ei,ej>g(ej,ei)>

c—1

T (n(ei)n(ej)g(eiaej)_n(ej)n(ej)g(eiaei)

+n(e)n(e;)gleie;) —nle)n(e)gle;,e;)

+8(@ejej)g(@eiei) — g(@eiej)g(@ej,ei)
+2¢% (e, Wj)) :
Taking summing up over the vector fields on 7M7r, one can show that

c+3 c—

#TMr) = S (g — 1)) — 41{2(n1—1)—3||P||2}.

Since & (p) is tangent to T My for n;-dimensional invariant submanifold, we have ||P||?> =

np — 1, then we get

c—1
4

c+
4

2%(TMT) = 3{1’11(1’11—1)}-}- (I’ll—l).

Similarly, for pointwise slant submanifold TMjy, we put ||P||> = ny cos> 6, then

c+
4

p(TMy) = 3{n2(n2—1)}+%(3nzcosze),

Taking summing up over basis vectors of TM such that 1 <i# j < n, itis easy to obtain
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that

+3 1
¢ n(n—l)+c4 (3 y gz(Pe,-,ej)—Z(n—l)>. (5.4.11)

1<i#j<n

2T(TM) =

As M be a proper pointwise semi-slant submanifold of Sasakian space form M (¢). Thus,
the following relation comes from (5.3.24) by changing indices

n

Y &*(Pei,e;) =2(a+ Pcos®6). (5.4.12)

i,j=1

From (5.4.11) and (5.4.12), it follows that

-1
C+3n(n—1)+c4

27(TM) = [6(ct+ Bcos?8) —2(n—1)]. (5.4.13)

Therefore, using the above relations in (5.4.8), we derive the required result (5.4.9). The
equalities cases directly follow the Theorem 5.4.3(i1). This completes the proof of the

Theorem.
Some immediately consequences of the Theorem 5.4.4 the following,

Corollary 5.4.1. Let M (¢) be Sasakian space forms with ¢ < —3. Then there does not exist
a warped product pointwise semi-slant Mt X y Mg into M (¢) such that f is eigenfunction

of Laplacian on My with respect to eigenvalue A > 0.

Corollary 5.4.2. Let M (¢) be Sasakian space forms forthwith ¢ < —3. Then there does not
exist a warped product pointwise semi-slant M1 X y Mg into M (¢) such that f is harmonic

function on invariant submanifold Mr.

Corollary 5.4.3. Assume that ¢ : M = My xy M| — M(c) be an isometrically immer-
sion of an n-dimensional contact CR-warped product My X f M | into 2m+ 1-dimensional
Sasakian space form M (¢) such that M| is anti-invariant submanifold and My is an in-

variant submanifold tangent to & of M(c). Then

(i) The squared norm of the second fundamental form of M is given by

3 1
C: nl—c4 —A(lnf)>, (5.4.14)

HMsznQWmﬂF+

where ny is the dimension of anti-invariant submanifold M | .
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(ii) The equality sign holds in (5.4.14) if and only if My is totally geodesic and M | is

totally umbilical submanifolds in M(c). Moreover, M is minimal in M(c).

5.4.4 Applications to compact warped product pointwise semi-slant

This subsection give the brief discussion of compactness to warped product pointwise
semi-slant submanifold, and using integration theory on manifold, we give some charac-

terizations.

Theorem 5.4.5. Let M = My x y Mg be a compact orientable non-trivial warped product
pointwise semi-slant submanifold of Sasakian space form M (¢). Then M is trivial warped

product if and only if

c+3 c—1
nny ———ny,

2

[1A][* >
where ny and ny are dimensions of Mt and My, respectively.

Proof. From the integration theory on manifolds, i.e., compact orientable Riemannian

manifold without boundary on M, then (5.4.9) and (2.3.16) implies that

3 -1 1
/ (2 2nin - n2+|]Vlnf\|2——|]hH2>dVS/ A(In f)dV = 0.
M 2 2 2n; M

Let us consider the following inequality holds

c+3 c—1
niny —

h||? >
HH_2 5

ny.

Then
[ (vmgav <o.
M
Since, integration always be positive for positive functions. Hence, we derive ||V 1n f||> <
0, but ||V1nf||2 > 0, which implies that VIn f = 0, i.e., f is a constant function on M.

Thus M becomes Riemannian product manifold of M7 and My respectively. Converse

part is straightforward. This completes proof of theorem.

Theorem 5.4.6. Assume that ¢ : M = Mr x f Mg — M(c) be an isometric immersion of a

compact orientable proper warped product pointwise semi-slant My X y Mg into Sasakian
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space form M (¢). Then M is simply a Riemannian product if and only if

m 3 -1
Y Y lhulene) P =m (S 2m — = —sino), (5.4.15)

i=1j=1

where 0 is a real value function define on T*M and its called a slant function. More-
over, ny and ny are the dimensions of invariant Mt and pointwise slant submanifold My,

respectively.

Proof. We assume the equality holds in the inequality (5.4.9) of the Theorem 5.3.10,

simplification gives

(c+3) _(e—1)
2 MmT T

+2m{||VInf|[> = A(nf)}. (5.4.16)

162, D)|]? +1(2°,2°)|1* +2|ln(2,2°)|* =

na

Similarly, the following equality can obtained by using same arguments of equation
(5.3.32) and fact that ¢ be a Mg-minimal isometric immersion of a warped product point-
wise semi-slant submanifold M7 X y Mg into Sasakian manifold M , if My is totally umbil-

ical in M , then ¢ is My-totally geodesic. That is from (5.4.16), one derives

AL (2, 9°) P + |V in I = Al ). 5.417)

As we assumed that M is compact orientable submanifold, then M taking integration over

the volume element dV of M, using (2.3.16), we arrive at

c+3 -1 _ 0\/12 2
/M< = nz)dV—/M<Hh(@,@ )I|? = na|[VIn f]] )dv. (5.4.18)

Now let us define X =¢; and Z=¢; for 1 <i< pand 1 < j < ¢, respectively. Taking

summation over the vector fields M7 and My and using adapted frame for pointwise semi-
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slant submanifolds, we can expressed to second fundamental form as:

] ny

ZZg (eirej),h(ei ej)) =csc GZ Z g(h(ej,e j Fek)
i=1j= i=1 j k=1
a B
+csczeseczez Z gl e,,Pe}f),Fe;)2
i=1jk=1

s

I
—_
~

+csc? sec’ O g(h((pe,~,e;“),FPe}';)2

—_

g(h(@ei, ;) FPep)?

™=
-

= 7= M= 1= T

+csc?Osec? O

—

+csc? sect 0 g(h((pei,Pej),FPe,’;)z.

™=
-

+csc? O sec’ O g(h((pe,~,Pe}f),Fe,’z)2

&

i=1j k=1
a B
+esc? ) Y glh(peie}), Fep)®
i=1 j k=1
B
+csc? O sec? 92 Y g(h(ei,Pe}), FPef)?
i=1jk=1

+Y ) ), slhleie)).e).

i=1 j=1r=n+ny+1
Applying the Lemma 5.4.1 in the above equation, it easily obtain

n ny

|1(2,2%)|*> = na(csc® @ +cot? 0)||VIn f||> + ny sin® 6 + Yy |y (eiyef)]])?
i=1j=1

(5.4.19)
Now putting the above value in (5.4.18), ones get
ny no

3 —1
/M<C: nlnz—c4 nz—nzsin29>dV /(ZZHh# (eirej)]| )dV

i=1j=

+2/ (cot?@||VInf|[*)dV.  (5.4.20)
M

If the condition (5.4.15) is satisfied, then from (5.4.20) implies that f is constant function
on proper pointwise semi-slant submanifold M. Thus M is a Riemannian product of
invariant and pointwise slant submanifolds My and My, respectively.

Conversely, assume that M is simply a Riemannian product then warping function f

must be constant, i.e., VIn f = 0. Thus from relation (5.4.20) implies the equality (5.4.15).
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This completes the proof of theorem.

Note:- Similarly, we can generalize some results for contact CR-warped product subman-
ifolds in Sasakian space forms. If slant function 6 becomes globally constant and then we

setting 0 = % in Theorems 5.4.5, 5.4.6. Thus, we give the corollaries.

Corollary 5.4.4. Let M = My Xy M| be a compact orientate CR-warped product sub-

manifold in Sasakian space form M (¢). Then, M is trivial CR-warped product if and only
if

where ny and ny are dimensions of Mt and M |, respectively.

Corollary 5.4.5. Assume that M = My x y M| be a compact CR-warped product subman-
ifold in Sasakian space form M (¢) such that My is invariant submanifold tangent to &

and M | is anti-invariant submanifold in M (¢). Then M is simply a Riemannian product

if and only if

ny np 3 _1
ZZ|th(ei7€j)||2=n2<c+ ny < —1).
i=1j=1 4 4

where ny and ny are dimensions of Mt and M |, respectively.

Theorem 5.4.7. Assume that M = M7 X f Mg be an isometric immersion of a warped prod-
uct pointwise semi-slant into Sasakian space form M (¢). Let Ay be non-zero eigenvalue

of the Laplacian on compact invariant submanifold Mt. Then

c+3 c—1
[ eiPave > [ (S Emm — < )ave

4 2moAy / (In f)2dVy, (5.4.21)
M

where dVr is volume element on Mr.
(i) Aln f = Alnf.

(ii) Inthe warped product pointwise semi-slant submanifold both Mt and Mg are totally

geodesic.

Proof. Thus using the minimum principle property, we have
/ |VInf||dVr > Ar / (Inf)?dVr. (5.4.22)
M M
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From (5.4.22) and (5.4.9), we required the result (5.4.21). It complete proof of corollary.

Theorem 5.4.8. Let M = M7 X y Mg be a warped product pointwise semi-slant into Sasakian
space form M (¢) such that My is compact submanifold and Ay be non-zero eigenvalue of
the Laplacian on Mt. Then

o +3 c—1
.22 >/ <C - o - 2 )
/M(ZZthi(el?ej)H )dVT_ o\ 4 niny 1 ny —npsin“ 0 ) dVr

i=1j=1

+ 25 cot2 O / (In f)2dVy. (5.4.23)
M
(i) Alnf=2Alnf.

(ii) Inthe warped product pointwise semi-slant submanifold both Mt and Mg are totally

geodesic.

Proof. The proof follows from (5.4.20) and (5.4.22).

5.4.5 Applications to Hessian of warping functions

Throughout study of this subsection, we shall construct some applications in terms of Hes-
sian of warped function. We derive conditions under which a warped product pointwise
semi-slant isometrically immersed into Sasakian space form to be a Riemannian product

manifold.

Theorem 5.4.9. Let M = M7 X ¢ My is a warped product pointwise semi-slant submanifold

into a Sasakian space form M (¢). If the following inequality holds

c+3 c—1 &
||A|]> > 21y ny — +
4 4 =

((Hlnf(ei,ei) +H™ (ge;, ‘Pei)> }’ (54.24)

where H™/ is Hessian of warping function In f. Then M is a simply Riemannian product.
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Theorem 5.4.10. Let ¢ : M = My X f Mg — M (¢) be an isometric immersion from a
non-trivial warped product pointwise semi-slant submanifold into Sasakian space form
M (¢) such that a slant function 6 # arccot/ny. Then necessary and sufficient condition

for M to a trivial warped product is given by

m, 3 —1
ZZWM eief)l? —C+ mnz—c4 ny —nysin” 6
i=1j=

+n22[H1f er,ei) -+ H™ (per, per) | . (5.4.25)
i=1

Note. The proof of the Theorem 5.4.9 and Theorem 5.4.10 can be derived by following

the Theorem 5.3.10 and Theorem 5.3.11, respectively.

5.4.6 Applications to kinetic energy and Hamiltonian

In this section, we considered warped product pointwise semi-slant submanifold as a
connected, compact warped product pointwise semi-slant submanifold with a nonempty
boundary, that is, dM # 0. Thus, we constructed some necessary and sufficient condi-
tions in terms of kinetic energy and Hamiltonian whose positive differentiable function
is warping function, and classify non-trivial warped products turning into trivial warped

product, which isometrically immersed into a Sasakian space form.

Theorem 5.4.11. Assume that ¢ : M = My x f Mg — M(c) be an isometric immer-
sion from a connected, compact warped product pointwise semi-slant submanifold in a
Sasakian space form M (¢). Then M is a Riemannian product of M and My if and only if
the kinetic energy satisfies following equality

c+3 c—1 G
E(lnf) = —tan 6{/M< My —sin 6__ZZHhM e, ej) ||)

ll]

46
_3 (csc3 6cos 6 (W)E(lnf)>dv}, (5.4.26)

MVL
where E(In f) represent the kinetic energy of the warping function In f and dV is volume

element on M.
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Similarly, we derive some characterization in terms of Hamiltonian.

Theorem 5.4.12. Let ¢ : M = M7 Xy Mg — M(c) be an isometric immersion from a
warped product pointwise semi-slant into Sasakian space form M (¢). If M is connected,
compact submanifold, then M is a trivial warped product pointwise semi-slant if and only

if the Hamiltonian of warping function satisfies the following equality

c+3 c—1

H(d(lnf),x) :%tanze{ 1 ny— Z _sin2 6
1 ny np
pe Y I (eise)I (5.4.27)

i=1j=1

where H (d(In f),x) is Hamiltonian of warped function In f.

The proof of above theorems can be derived by following the Theorem 5.2.17 and Theo-

rem 5.2.18, respectively.
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CHAPTER 6

SOME INEQUALITIES OF WARPED PRODUCT SUBMANIFOLDS FOR
DIFFERENT AMBIENT SPACE FORMS

6.1 INTRODUCTION

The following well-known result of Chen (2002), a sharp relationship between the squared
norm of mean curvature and the warping function f of the warped product M X r M,

isometrically immersed into real space form.

Theorem 6.1.1. Let ¢ : My x s M, — R™(c) be an isometrically immersion of an n-
dimensional warped product into a Riemannain m—manifolds of constant sectional cur-

vature c. Then

Af  n? 5
L < ||H
7 _4n2!| ||*+nic

where nj = dimM;, i = 1,2 and A is the Lapalcian operator of M. Moreover, the equality
holds in the above inequality if and only if ¢ is mixed totally geodesic and n1H, = nyH,

such that Hy and H, are partial mean curvature.

Motivated from Chen (2002) result several inequalities were obtained some other
geometers for warped products and doubly warped products in different setting of the
ambient manifolds such as Chen (2004); Murathan et al. (2006); Olteanu (2010, 2014);
Yoon et al. (2004); Yoon (2004).

In this Chapter, we establish some inequalities for warped product semi-slant isomet-
rically immersed into Kenmotsu space form in terms of the squared norm of mean curva-
ture vector which relate to the squared norm of warping function. Similary, for C—totally
real doubly warped product isometrically immersed into locally conformal almost cosym-
plectic manifold with pointwise ¢ —sectional curvature ¢ following by case study of Chen

(2002). The equality cases in the statement of inequalities are also considered. Moreover,
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some applications from obtained results are derived.

6.2 INEQUALITIES FOR WARPED PRODUCT SEMI-SLANT SUBMANIFOLDS
OF KENMOTSU SPACE FORMS

6.2.1 Existence of warped product semi-slant submanifold in a Kenmotsu manifold

It is well known that, M. Atceken (2010) studied the non existence of warped product
semi-slant submanifolds of Kenmotsu manifold such that structure vector & is tangent to
fiber. While, Uddin et al. (2012) and Srivastava (2012) were proved that the warped prod-
uct semi-slant submanifold of Kenmotsu manifold exists of the forms M = M7 x r Mg
and M = Mg X f Mr, in case when the structure vector field & is tangent to M7 and My,
respectively. Moreover, we found that Cioroboiu (2003) and Aktan et al. (2008) obained
some inqualities for semi-slant submanifolds by constructing its orthonormal frame. But
overlooks the suitable conditions for inequalities of warped product semi-slant submani-
fold, there a need to derive the inequalities for the mean curvature and warping functions
with slant angles of warped product semi-slant in Kemotsu space forms. In the current
study, we are extending the case studies of Cioroboiu (2003) to warped product semi-slant
submanifolds in a Kenmotsu space form. We also generalize some other inequalities for

CR-warped product submanifolds by special cases.

6.2.2 Main Inequalities

We obtain an inequality for warped product semi-slant isometrically immersed into Ken-
motsu space form such that & tangent to first factor of warped product. First, we recall

the following lemma which is useful to derive inequalities and its given by Chen (1993).

Lemma 6.2.1. Letay,ay, -+ ,a,,a,+1 be n+1 (n > 2) be real numbers such that

M=

( ai)2:(n—1)(i‘ia$+an+l). (6.2.1)

1 =

~.

Then 2aja; > a3 with the equality holds if and only if a; +a, = a3z =--- ,a,.

Now we construct the following result next page.
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Theorem 6.2.1. Assume that ¢ : M = Mr x y Mg — M (¢) be an isometric immersion from
a warped product semi-slant My X f Mg into Kenmotsu space form M (¢) such that c is

@ —sectional constant curvature and & is tangent to My. Then

(i) The relation between warping function and the squared norm of mean curvature is

obtained
Af _ n? , ¢—3 ¢+l )
ATy _ {3d dr(2+3cos> 0 } 6.2.2
7S nzH 17+ ——m dmy 00T 2(2+3cos”0) (6.2.2)

where nj =dimM;, i=1,2and j =T, 0 and A is the Laplacian operator on Mr.

(ii) The equality case holds in (6.2.2) if and only if n\Hy = nyHg, where Hy and Hy
are partially mean curvature vectors of Mr and My, respectively. Moreover, @ is

mixed totally geodesic immersion.

Proof. Let M7 x y Mg be a warped product semi-slant submanifold in a Kenmotsu space

form M(c) and its curvature tensor R is defined as;

ROy, ZW) =2 <g<x,w>g<n 2) —g(X,z>g<Y,W>>
AL <g<x, OW)5(Y,97) ~ (X, 92)g(¥, oW)

—2g(X,0Y)g(Z,oW) —g(X,W)n(Y)n(2)

+e(X,Z)n(X)n(W) —g(¥,Z)n(X)n(W)
+g(Y,W)TI(X)77(Z)> ; (6.2.3)
where c is the function of constant ¢@—sectional curvature of M (c) (see Murathan et al.

(2006). By substitute X =Z = ey, and Y =W =ep for any 1 <A,B < n in (6.2.3).

Hence, based on the Gauss formula (2.3.2) and (6.2.3), we derive

2p:c;3n(n—1)+(c+l)<3 Z gz(PeA,eB)—2(n—1)>

4 1<A#B<n

+n2||H2— AP (6.2.4)

165



From (5.3.25) and (6.2.4), it follows that

-3 1
2p :CTn(n— 1)+ (CZ ) (d1 +dy(3cos> 0 —2))
+n?||H|)* —||h]*. (6.2.5)
Now we consider that,
B c—3 (c+1) ) n s
§=2p—“n(n—1)—-= (dl +dy(3c0s20 —2)) — SIIH|P. (6.2.6)

Then from (6.2.5) and (6.2.6), it implies that
n?|[H|]> =2(8+|h|%). (6.2.7)

Now consider a locall orthonormal frame {ej,ep,---e,} such that the equation (6.2.7)

takes the form

2m+1 n 2m+1 n 2m+1 n
(Y ZhAA) —2<6+ Y Y+ Y Y ()
r=n+1A= r=n+1A=1 r=n+1A<B=1

2m+1 n
+ Y Y (M) ) (6.2.8)

r=n+1A,B=1

which more simplfying as:

(hn-l—l Zhn+l+ Z hn—H) _6_|_(h111—1§—1)2+ i(hﬂl)z

B=n;+1 A=2
n+1 n+1zn+1
+ Z (g Y
B=n;+1 2<jAI<n,
_ Z hg—glhg+l+ Z hl’H—]
n1+1<B#S<n A<j=1
2m+1 n )
+ Y ) (my)* (6.2.9)
r=n+1A,j=1
Assuming that a; = h’ﬁrl, a=Y,, hﬁXl and a3 = Yp_, 4y hZ}Zl. Taking account of

Lemma 6.2.1 in (6.2.9), we derive

S n 2m+1 n
n+1 n+1yn+1 n+1yn+1
5t Y, () + Y ) (Myp)* < Y MY mgeg
A<B=1 r n+1A,B=1 2<A7él§n1 ni+1<B#s<n

(6.2.10)
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with equality holds in (6.2.10) if and only if satisfies

Zh”“_ Z iy (6.2.11)

B=n1+1

Furthermore, (2.4.4) and (2.3.10) implies that

nyA
28 _ 5 Y K(eahe)— Y K(eghey). (6.2.12)
f 1<A#k<ny n1+1<B#s<n

Taking help from (6.2.3), we obtain

A -3 1
nsz:p_cg ”1(”1—1)+(c: )(”1—1)
3(C+ 1) e r r r
- Y FPeaer)— Y, Y (Huahp— (Ry)?)
1<A#k<n; r=1 2<A#k<n
3(c+1 c—3
— ( 2 ) g2(PeB,es) — ny(np —1)
n1+1<B#s<n
2m+1 )
=Y Y (hpghl—(hpy)?). (6.2.13)

r=1 nj+1<t#s<n

Taking into account of (6.2.10) and (6.2.13), it is easily observed that

A - . |
nsz SP—C83n(n—l)+C43n1n2+C: (1 —1)
3(c+1 3(c+1 5
—(‘:TJr)(nl—l)—ancosze—E. (6.2.14)

Therefore using (6.2.7), then the inequality (6.2.14) reduce to

c—3 +c—|—1
nn
4 2Ty

I’lef
f

2
< %||H||2+ <—3d1 —3d200529—2d2>. 6.2.15)

This is implies the inequality (6.2.2). The equality sign holds in (6.2.2) if and only if the

leaving terms in (6.2.10) and (6.2.11) satisfies that

2m+1 n 2m+1 ny
) ZhAA_ Y )Y =0, (6.2.16)
r=n+2A= r=n+2B=n;+1

and n| Hr = noHy, where Hr and Hy are partially mean curvature vectors on M7 and Mg,

respectively. Moreover, from (6.2.10), we find that
hup =0, foreach 1 <A<n;, mi+1<B<n n+1<r<2m+1. (6.2.17)

This means that ¢ is mixed totally geodesic immersion. But converse of (6.2.17) may not

be true in warped product semi-slant in Kenmotsu space form. This completes the proof
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of theorem.

If we reverse the factors of warped product semi-slant subamnifold, we get the following

result.

Theorem 6.2.2. Let ¢ : M = Mg X f My — M(c) be an isometric immersion of a warped
product semi-slant Mg X y My into Kenmotsu space form M (¢) such that & is tangent to

Myg. Then

(i) The relation between warping function and the norm of squared mean curvature is

given by
A -3 +1
ff < m HHH2 1 nl—c4 <3a’2+d1{2+3cos 9}) (6.2.18)

where n; = dimM;, i = 1,2 and j =T, 0 and A is the Laplacian operator on Mg.

(ii) The equality case holds in (6.2.18) if and only if n\Hr = noHg, where Hr and Hy
are partially mean curvature vector fields on Mt and Mg respectively and ¢ is

mixed totally geodesic immersion.

Proof. The proof of Theorem 6.2.2 is similar as the Theorem 6.2.1 by considering the

structure vector field £ is normal to fiber.

The generalization of CR-submanifolds in the sense of Papaghiuc (1994), we directly
obtain the following corollaries by using Theorem 6.2.1, and Theorem 6.2.2 with 6 = 7,

such that,

Corollary 6.2.1. Assume that ¢ : M =Mr xy M, — M(c) be an isometric immersion of
a CR-warped product My X y M | into Kenmotsu space form M (¢) with c is @—sectional

constant curvature such that & is tangent to Mr. Then

-3 c+1
n
Y,

Af _
Fe

IIH >+ (3d1 +2d), (6.2.19)

4

where n; = dimM, i = 1,2 and j =T, L, rsepectively, and A is the Laplacian operator

on Mr.
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Corollary 6.2.2. Let ¢ : M =M, xyMr — M(c) be an isometric immersion of a CR-
warped product submanifold M| x s My into Kenmotsu space form M (¢) such that & is

tangent to M | . Then

c—3 c+1
n
4 T 4n,

2
el

<3d2 + 2d1) (6.2.20)

where n; = dimM;, i = 1,2and j =T, L, respectively, and A is the Laplacian operator

onM,.

! Follows the case study of Chapter 5, some of the following results for the second fun-
damental form 4 can be proved easily of warped product semi-slant submanifold in a

Kenmotsu space forms. That’is,

Theorem 6.2.3. Assume that ¢ : M = Mr x y Mg — M(c) is an isometric immersion of a

warped product semi-slant M X y Mg into a Kenmotsu space form M(c). Then

(i) The squared norm of the second fundamental form of M is defined as

y 1
4] > 202 <\|V1nf||2+ - —A(lnf>>, (6221)

where ny and ny are the dimensions of invariant Mt and slant submanifold My,

respectively.

(ii) The equality sign holds in (6.2.21) if and only if Mt is totally geodesic and My is
a totally umbilical submanifold in M (¢). Moreover, M is a minimal submanifold in

M(c).

Moreover, we are giving some applications of above theorem based on the minimum

principal properties.,

Theorem 6.2.4. Assume that ¢ : M = M7 Xy Mg — M(c) is an isometric immersion of

a warped product semi-slant submanifold into a Kenmotsu space form M. Let A7 be a

I'We skip the of the theorem 6.2.3 due to similar methods which we used in chapter 5. Moreover, others
results which are applications of this theorem easily seen that, just replacing semi-slant submanifold instead
of pointwise semi-slant submanifold and change the ambient space forms.
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non-zero eigenvalue of the Laplacian on the compact invariant submanifold My. Then

3 —1
/ ||7]|*dV 7 2/ et niny — ¢ ny |dVy
My Mt 2 2

+2mdy / (In £)2dV7, (6.2.22)

My

where AV is the volume element of Mr.

Theorem 6.2.5. Assume that ¢ : M = My x s Mg — M(c) is an isometric immersion of a
compact orientable proper warped product semi-slant submanifold M = My X f Mg into

a Kenmotsu space form M (¢). Then M is simply a Riemannian product if and only if

) -3 1
ZZ\|hu(e,-,ej)\|2:n2<c4 nl—cl— +200t29+1>, (6.2.23)
i=1j=1

where 0 is a slant angle defined on TM and hy, is the component of the second fundamen-

tal form hin T(w).

Theorem 6.2.6. Let ¢ : M = My X f Mg — M (¢) is an isometric immersion of a compact
orientable proper warped product semi-slant submanifold M = M7 X f Mg into a Ken-

motsu space form M (¢). Then M is a trivial warped product if

c—3 c+1
niny —

2
>
Wl > < :

ny,
where ny and ny are dimensions of Mt and Mg, respectively.

Similarly, we generalizes some results from the above theorem for contact CR-warped

product submanifolds into Kenmotsu space forms.

Corollary 6.2.3. Let ¢ : M = M = Mr x s M, — M(c) be an isometric immersion of a
compact orientable CR-warped product submanifold into a Kenmotsu space form M (¢).

Then, M is trivial CR-warped product if and only if

c—3 c+1
niny, —
D)

1Al > na,

where Mt and M | are invariant and anti-invariant submanifolds, respectively.

Corollary 6.2.4. Assume that Y : M = Mg x M| — M(c) is an isometric immersion of a

compact orientable CR-warped product submanifold into a Kenmotsu space form M such
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that My is an invariant submanifold tangent to & and M | is an anti-invariant submanifold

in M, then M is simply a Riemannian product if and only if

o, o 3 —1

hy(eiei)|]> = na et n1—c +1),
ZZH H J 4 4
i=1j=1

where hy, is the second fundamental form of component in I'().
The following results are direct consequences of the Theorem 6.2.3,

Corollary 6.2.5. Let M (¢) be a Kenmotsu space form with ¢ < 3. Then there does not
exists a warped product semi-slant M X y Mg into M (¢) such that In f is the eigenfunction

of the Laplacian on My with respect to the eigenvalue A > 0.

Corollary 6.2.6. Assume that M (¢) is a Kenmotsu space form with ¢ < 3. Then there does
not exist a warped product semi-slant submanifold My X y Mg into M (¢) such that In f is

a harmonic function on the invariant submanifold Mr.

Theorem 6.2.7. Let M = Mr X s Mg — M (¢) be a warped product semi-slant submanifold

into a Kenmotsu space form M(c). If the inequality

c—3 c+1
||h||222n2{ -

4

+) (H“‘f (ei,ei) +H™ (pei, <pel-)) } (6.2.24)

i=1
holds, where H™ is Hessian of warping function In f, then M is simply a Riemannian

product of Mt and My, respectively.

Theorem 6.2.8. Let M = M7 X y Mg be a non-trivial warped product semi-slant subman-
ifold into a Kenmotsu space form M (¢) such that a slant angle 6 # arccot\/n;. Then

necessary and sufficient condition of M to be a trivial warped product is given by

o 2 -3 1
ZZHhﬂ(ei,ej)Hz 264 nlnz—c: n2+1+n2(1+2cot20)
i=1j=1

[0
+m Y <H1nf (ei,e;) +H™ (@e;, <pe,~)> : (6.2.25)

Theorem 6.2.9. Assume that M = Mt X y My is a connected, compact warped product

semi-slant submanifold in a Kenmotsu space form M (¢), then M is a Riemannian product
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of Mt and My if and only if the kinetic energy satisfies the following equality

1 3 -1
E(lnf):ZtanZG{/M(C: n1—c4 +2cot?6 +1

1”2 2

Y ) My (ei,ej)||2> dV}, (6.2.26)

2 =1 j=1

where E(In f) represents the kinetic energy of the warping function In f and dV is ithe
volume element on M"

In similar way, we derive a characterization in terms of Hamiltonian operator.

Theorem 6.2.10. Let M = M7 X f Mg be a warped product semi-slant into a Kenmotsu
space form M (¢). If M is connected compact, then M is a trivial warped product semi-

slant if and only if the Hamiltonian of warping function satisfies the following equality

1 3 —1
H(d(lnf),x):ztanze{cl_ nl—c4 +2cot>0+1

1 n np )
==Y Y llhulene)ll® ;- (6.2.27)
oy
6.3 CURVATURE INEQUALITIES FOR C— TOTALY REAL DOUBLY
WARPED PRODUCT OF LOCALLY CONFORMAL ALMOST
COSYMPLECTIC MANIFOLDS

6.3.1 Motivations

We study C—totally real doubly warped product isometrically immersed into a locally
conformal almost cosymplectic manifold. The inequalities which we obtain are fascinat-
ing and provide upper bound and lower bound for warping functions in terms of squared
mean curvature, scalar curvature and pointwise constant ¢ —sectional curvature c. The
obtained results generalize some other inequalities as special cases.

The idea of doubly warped product manifolds studied by B. Unal (2001). He defined

these manifolds as follows:

Definition 6.3.1. Let M| and M, be two Riemannian manifolds of dimensions n; and
ny endowed with their Riemannian matrics gjand g, such that f; : M} — (0,0) and f5 :

M, — (0,00) be positive differentiable functions on M| and M, respectively. Then doubly
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warped product M =g, My X 7, M5 is defined to be the product manifold M; x M, with
equipped metric g = f22g1 + f12 g2. Moreover, If we consider ¥ : M; x M, — M and
P> : My X My — M, are natural projections on M| and M,, respectively. Then the metric g

on doubly warped product is defined as:

gX.Y) = (o) a1 (nX, 1Y)+ (fion) e (X, nY), (6.3.1)

for any vector fields X,Y tangent to M, where % is the symbol of the tangent map. Thus,
the functions f1 and f, are called warping functions on M| and M,, respectively. If both
f1i=1and f, =1, then M is called a simply Riemannian product manifold. If either
fi=1lor f, =1, then M is called a (single) warped product manifold. If f; # 1 and
f> # 1, then M is said to be a non-trivial doubly warped product manifold. Further,
let M =7, My X s, M be a non-trivial doubly warped product manifold of an arbitrary

Riemannian manifold M. Then

VxZ =VzX = (le’lfz)X + (X hlfl)Z, (6.3.2)
2
Vy¥ = VLY — %gl(x,y)(lnfz), (6.3.3)
1

for any vector fields X,Y € I'(TM;) and Z € T'(TM,). Further, V' and V? Levi-Civitas
connections of induced Riemannian metrics on Riemannian manifolds M; and M>, re-

spectively.

Assuming that ¢ : M =7, My X s, My — M be isometric immersion of a doubly warped
product z,M; X 7, M> into a Riemannian manifold M with constant sectional curvature c.
Moreover, let ny, np and n be the dimensions of My, M, and M| X y M, respectively. Then

for unit vector fields X and Z tangent to M and M, respectively, we have

K(X /\Z) = g(V2VXX — vazx,Z)

LX) f - XA+ U(VB2) o - 2 fo) 6.3.4)
f f

If we consider the local orthonormal frame {ej,e2,---,eu,,€n,+1, - ,€n} such that

er,ey, - ey and e, 11, -+, e, are tangent to M and M,, respectively. Then the sectional
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curvature in terms of general doubly warped product is defined by

A A
Z Z K(eine;) = AL fi Lm zfz, (63.5)
1<i<nyn+1<j<n N f2

foreach j=n;+1,--- ,n.

6.3.2 Existence and non-existence of doubly warped product submanifold

A (2m+ 1)-dimensional smooth manifold M is called locally conformal almost cosym-

plectic manifold with almost contact structure (qo7 &, n, g) which satisfies the following:

(Vug)V = 0 (g<<pv,v> - n<v><pu) , 6.3.6)

Vyé =9 (U —-n(U)E), (6.3.7)

for any U,V tangent to M and © = Un, where ¥ : M — R is locally conformal function
(see Yoon et al. (2004). Let the conformal function ¥ = 0 and % = 1, then M becomes
cosympelctic manifold and Kenmotsu manifold, respectively (see Yoon (2004); Murathan
et al. (2006)). For an almost contact metric manifold M , a plane section o0 in T,,]\7I of M
is said to be a @ — section if ¢ L & and @(c) = o. The sectional curvature K (o) does
not depend on the choice of the ¢—scetion ¢ of TpM at each point p € M, then M is
called a manifold with pointwise constant ¢ — sectional curvature. In this case for any
p € M and for p—scetion & of T,M, the function ¢ defined by c(p) = K(p) is said to be
¢ — sectional curvature of M. Thus for a locally conformal almost cosymplectic manifold

M of dimension> 5 with pointwise ¢—sectional curvature c, its curvature tensor R is
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defined as:

ﬁ(X,Y,Z,W): 4 (g(X,W)g(Y,Z)—g(X,Z)g(Y,W))

+c+192
4

(g(X ,OW)g(Y,0Z) — g(X,0Z)g(Y,oW)

—28(X,9Y)g(Z, <PW)>

c+v%
—(—— %) [ X W)n(¥)n(2) — (X, Z)n(X)n(W)

+g(Y,Z)71(X)71(W)g(Y,W)(X)n(Z)> : (6.3.8)

for any X,Y,Z,W tangent to M (¢), where ¥ is the conformal function such that @ = 91
and ¥ = £¥. Moreover, ¢ is the function of pointwise constant @ —sectional curvature of
M. If we consider the function ¥ = 0 and ¥ = 1, then M (c) generalizes to cosymplectic
space form and Kenmotsu space form, respectively (see Yoon et al. (2004); Murathan et
al. (2006)).

On the other hand, first we analyze general doubly warped products in locally con-
formal almost cosymplectic manifold such that M =7, My x5, M — M be an isometric
immersion from a doubly warped product ;M X, M, into a locally conformal almost
cosymplectic manifold M. Assume that & € T(TM;) and X € T'(TM,) and from (6.3.7),

we obtain
Vx& = 9{X -n(X)&}, (6.3.9)
which implies by using (2.3.2) and n(X) = 0, that
Vx&=9X, h(X,)=0. (6.3.10)
Using (6.3.2) in the first relation of above equation, we find
(XInfr)E+ (Enf)X = 0X. (6.3.11)

Thus taking the inner product with & in (6.3.11), we obtain X In f, = 0, i.e., f> is constant
on M,., it means that, there is no doubly warped product in a locally conformal almost

cosymplectic manifold with & tangent to M. Moreover, if & € I'(TM,) and Z € T'(T M),
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then again from (6.3.7), we have
V,E =192, (6.3.12)

From (2.3.2), we get

VzE =92, h(Z,E)=0. (6.3.13)

Again using (6.3.2) in (6.3.13) and then taking inner product with &, it is easy to see
that f| is also constant function on M;. Therefore, in both cases, we find that any one
of the warping function is constant. Thus, we conclude that there does not exist doubly
warped product submanifold in a locally conformal almost cosymplectic manifold with
& tangent to submanifold. If we choose & normal to submanifold M, then there is a
non-trivial doubly warped product in a locally conformal almost cosymplectic manifold
which is called C—totally real doubly warped product. In the next section, we obtain some

geometric inequalities for such type doubly warped product immersions.

6.3.3 Main inequalities of C—totally real doubly warped products

Theorem 6.3.1. Let M(c) be a (2m+ 1)—dimensional locally conformal almost cosym-
plectic manifold and ¢ : y, My X , My — M (¢) be an isometric immersion of an n-dimensional
C—totally real doubly warped product into M (¢) such that c is pointwise constant ¢—sectional

curvature. Then

(i) The relation between warping functions and the squared norm of mean curvature is

given by

A niA n? c— 392
mALfL 2f2§—HHH2+
i 2 4

niny, (6.3.14)
where n; = dimM;, i = 1,2 and A' is the Laplacian operator on M;, i = 1,2.

(ii) The equality sign holds in the above inequality if and only if ¢ is mixed totally
geodesic immersion and niHy = noH, where Hy and H, are partial mean curvature

vectors on M| and M», respectively.

Proof. Assume that ;,M; X s, M, be a C—totally real doubly warped product submani-

fold in a locally conformal almost cosymplectic manifold M (¢) with pointwise constant
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¢—sectional curvature c. Then from Gauss equation (2.3.6) and (6.3.8), we derive

_3192
20 = S nn— 1)+ HIP - | 63.15)
By assuming
— 392 2
8 =2p — “—nln—1) = T||H|I". (63.16)

Then from (6.3.15) and (6.3.16), it follows that

n?||H||> =2(8 +||h|*). (6.3.17)
Thus from the orthonormal frame {e;, e, - - ,e,}, the above equation takes the form
2m+1 n 2m+1 n ) 2m+1 n 5
Y Zh =296+ Y Y (hp)*+ Y (1))
r=n+1i= r=n+1i=1 r=n+1i<j=1
2m+1 n
+ Y Y @)y, (6.3.18)
r=n+11i,j=1

which simplifies as:

2
<hn+1 Zhn—H Z hn—H) :5+(hr]z?—1)2+2 hn—H + Z 6n+l
i=2

t=n1+1 t=n1+1
o Z hlﬁ*lhn‘f’l o Z hn+lhn+1
1 tt ss
2<j#I<m Y Ni+1<t#s<n
n -~ 2m+1 n 5
+ ), WYY ()% (6.3.19)
i<j=1 r=n+1i,j=1

Assume that a; = h’ﬁr] car =Y, hZ-‘Ll andaz=3};_, | R Then applying the Lemma

6.2.1 in (6.3.19), it is easily seen that

S n ) 2m+1 n | | | )
2t X ) + YooY s ) Wt} kA
j=1 r n+1i,j=1 2<j7£l§n1 n1+1<t#s<n
(6.3.20)
The equality holds in (6.3.20) if and only if satifies
Zh"“ Z A (6.3.21)

t=n1+1
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On the other side, from (6.3.8), we find that

A A
mALf mAsfy p— Y Kleira)— Y Klene). (6.3.22)
S P 1< j#k<n n+1<t#£s<n

The equations (6.3.5) and (6.3.22) imply that

A WA C—3l92 2m+1
2 1f1Jr 142 f2  — mm—1)-Y Y (kg —( ;k)z)
h ) r=1 2<jFk<n
C—37.92 2m+1

o mm ==Y ) (ki = ()% (6.3.23)

r=1 n+1<t#s<n

After combining (6.3.20) and (6.3.22), it can be easily seen that

A A —39? —30? 0
ny 1f1+n1 2f2 <p-° 3 n(n—1)+°< 30 Ny — —. (6.3.24)
fi f2 4 ’

Hence, from (6.3.16), the inequality (6.3.24) reduce to

— 392

naA fi n nlAzfz

I’l
T b

niny, (6.3.25)

which is the inequality (6.3.14). On the other hand, the equality sign holds in (6.3.14)
if and only if from (6.3.21), we get nH; = npH,. Moreover, from (6.3.20), we find that
h{j =0,foreach1 <i<n,n+1<j<nandn+1<r <2m+ 1, which means that ¢ is
a mixed totally geodesic immersion. The converse part is straightforward. This completes

the proof of the theorem.

Now, we have the following applications of Theorem 6.3.1

Remark 6.3.1. If we substitute either f; = 1 or f> = 1 in Theorem 6.3.1, then Theorem

6.3.1 turn into C—totally real warped product, i.e.,

Corollary 6.3.1. Let M(c) be a (2m+ 1)—dimensional locally conformal almost cosym-
plectic manifold and ¢ : My X y M) — M (¢) be an isometric immersion of an n-dimensional
C—totally real warped product into M (¢) such that c is pointwise constant @—sectional

curvature. Then

(i) The relation between warping function and the squared norm of mean curvature is

given by

niny, (6.3.26)
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where nj = dimM;, i = 1,2 and A is the Laplacian operator on M.

(ii) The equality sign holds in the above inequality if and only if ¢ is mixed totally
geodesic immersion and n1Hy = noHy, where Hy and H, are partial mean curvature

vectors of My and M, respectively.

Remark 6.3.2. If we put either fj =1 or f, =1 and ¥ = 0 in Theorem 6.3.1, then it is

the same inequality Theorem 3.2 which obtained by Yoon et al. (2004).

Remark 6.3.3. If we consider either fj =1 or f, =1 and ¥ = 1 in Theorem 6.3.1, then
the Theorem 6.3.1 is exactly same as Lemma 2.1 which also derived by Murathan et al.

(20006).

Corollary 6.3.2. Let ¢ : M =y, My Xy, My — M(c) be an isometric immersion of an
n-dimensional C—totally real doubly warped product into a locally conformal almost
cosympelctic manifold M (¢) with ¢ a pointwise constant @ —sectional curvature such that

the warping functions are harmonic. Then, M is not a minimal submanifold of M with

c
v =.
>\/g

Corollary 6.3.3. Let ¢ : M =5, My Xy, My — M(c) be an isometric immersion of an

inequality

n-dimensional C—totally real doubly warped product into a locally conformal almost
cosympelctic manifold M (¢) with ¢ a pointwise constant ¢ —sectional curvature. Suppose
that the warping functions fi and f> of M are eigenfunctions of Laplacian on M\ and M,

with corresponding eigenvalues Ay > 0 and A, > 0, respectively. Then M is not a minimal

c
v >4/
—\/g

Corollary 6.3.4. Let ¢ : M =y, My x5, My — M(c) be an isometric immersion of an

submanifold of M with inequality

n-dimensional C—totally real doubly warped product into a locally conformal almost
cosympelctic manifold M (¢) with ¢ a pointwise constant @ —sectional curvature. Suppose
that one of the warping function is harmonic and other one is eigenfunction of Laplacian

with corresponding eigenvalue A > 0. Then M is not minimal in M with inequality

c
v >/ =
—\/;
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Now motivated from Chen (2004) study, we establish the following sharp relationship for
the squared norm of the mean curvature vector in terms of intrinsic invariants and the

scalar curvature.

Theorem 6.3.2. Let M(c) be a (2m + 1)—dimensional locally conformal almost cosym-
plectic manifold and ¢ : M =y, My X s, My — M (c) be an isometric immersion of an n-
dimensional C—totally real doubly warped product into M (¢) such that c is pointwise

constant @ —sectional curvature. Then

(i)

<A1f1> +<A2f2> Zp—nz(n_z)llHllz— <C—3192

nifi na f2 2(n—1) 4 >(”+1)(”_2)7 (6.3.27)

where n; = dimM;, i = 1,2 and A' is the Laplacian operator on M;, i = 1,2.

(ii) If the equality sign holds in (6.3.27), then equalities conditions (6.3.40) holds auto-

matically.
(iii) If n =2, then equality sign in (6.3.27) holds identically.

Proof. Assume that ;,M; X s, M be a C—totally real doubly warped product in a locally
conformal almost cosymplectic manifold M (¢) with pointwise constant ¢ —scetional cur-

vature c. Then from Gauss equation, we find

c—39?
2p = ( >n(n— 1) +n2||H|* — ||h]|* (6.3.28)
Now we consider that
c—39? n*(n—2) )
5:2p—< )(n+1)(n—2)——||H|| . (6.3.29)
n—1
Then from (6.3.28) and (6.3.29), it follows that
c—302
n?||H|)? = (n—1) [||h||2+6— ( 5 )} : (6.3.30)

Let {e},e2, -+ ,e,} be an orthonormal frame for M, the above equation can be written at
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the following form

2m+1 n 2 2m+1 n 2m+1  n
( Y Zh) (n—1) {5+ Y Ym)r+ Y Y )

r=n+11i r=n+1i=1 r=n+li<j=l1
2m+1 n 3192
r\2 c—
+Z Z(hij)_( > ) ;
r=n+21i,j=1

which implies that

t=n+1 t=n1+1

2
(hrlli‘—l‘i—Zhn—i_l—f— Z hn+1> :6+(hr1110—1)2_’_22 h}’l-i-l + Z hl’H—l
i=

+1pn+1
o Z h;lj hn

2< j#I<n;
D M Z hn+1
AN
ni+1<t#s<n i<j=I
2m+1 n [ 4 C—3192
YY) —< : ) 6.3.31)
r=n+11i,j=1

Now we setting a; = A, ay = Y1, ™" and a3 = Y7, | k™', Then from Lemma

6.2.1 and equation (6.3.31), we get

_ 2 n 2m+1 n
() b E Sunre T ot

i<j=1 r n+1i,j=1 2<j7él§n1

D DR ALY VAR (6.3.32)

n1+1<t#£s<n

with equality holds in (6.3.32) if and only if

ny n
Y it =Y (6.3.33)
i=1 t=n;+1

On the other hand, from (6.3.32) and (2.3.10), we have

2m+1 2m—|—1 i#j ) 2m+1 5
KleiAewr1)> Y, ), ( + Yo Y G+ Y Y ()
r=n+1jEPy 41 r n+1jEPy, 41 r:n+1j€P1n1+1
1 2mtl | 2mtl ni+1
Y Yo + Y Y (6.3.34)
r n+]l]€P1n1+1 r n+11i,j=1

where Py, 41 ={1,---,n} —{1,n; + 1}. Then it implies that

K(el/\enhq) > (6.3.35)

5.

As M =¢, My X ¢ M> is a C—totally real doubly warped product submanifold, we have
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VxZ =VzX = (XInf1)Z+ (ZIn f,)X for any unit vector fields X and Z tangent to M,

and M5, respectively. Then from (6.3.4), (6.3.29) and (6.3.35), the scalar curvature derive

as;
I 1 (n=2
p < E{(Velel)fl —e%f1}+E{(Vezez)fz—egfz}Jr%HHHZ
2
N (“‘jﬁ )(n+1)(n—2).

(6.3.36)

Let the equality holds in (6.3.36), then including all leaving terms in (6.3.32) and (6.3.35),

we obtain the following conditions, i.e.,

1;=0, Wy 41 =0, hj;=0, wherei+# j, and r € {n+1,--- ,2m+1};
L: ;n1+l:h;jzo, andhql+h21+lnl+1:0, i,j€P1n1+1, r:n+2,,2m+1

(6.3.37)

Similarly, we extend the relation (6.3.36) as follows

P < {(Vasead =} +{(Vepep)fo— o} + o2
fi f2 2(n—1)
(=22 s -2,
(6.3.38)
forany x =1,---,n; and B =n;+1,---n. Taking the summing up & from 1 to n; and
up B from n; + 1 to ny respectively, we arrive at
2
i LU T
+ (C_jﬁ2>n1n2(n+ D(n—2). (6.3.39)

Similarly, the equality sign holds in (6.3.39) identically. Thus the equality sign in (6.3.39)

holds for each & € {1,--- ,n1 } and B € {n; +1,--- ,n}. Then we get the following;

hg; =0, hi;=0, hi;=0, wherei# j, andr € {n+1,--- 2m+ 1};
h&]:h{]:hszo, andhfxa—i—hfm :O7 i7j€P1n1+17 r:n+2’,2m+1
(6.3.40)

Moreover, If n =2, then n; = ny = 1. Thus from (6.3.4), we get p = A f1 + A2 f>. Hence,
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the equality in (6.3.27) holds. This proves the theorem completely.

We also have the following applications of Theorem 6.3.2.

Remark 6.3.4. If either f| =1 or f, =1 in Theorem 6.3.2, then we get following corollary

for a C—totally real warped product.

Corollary 6.3.5. Let M(c) be a (2m+ 1)—dimensional locally conformal almost cosym-
plectic manifold and ¢ : M = My Xy M, — M (¢) be an isometric immersion of an n-
dimensional C—totally real warped product into M (¢) such that c is pointwise constant

¢—sectional curvature. Then

(i)

Af n’(n—2) c—30?
(W) ZP %) ”H||2—< 4 )(n+1)(n—2>, (6.3.41)

where nj = dimM;, i = 1,2 and A is the Laplacian operator on M.

(ii) If the equality sign holds in (6.3.41), then the condition (6.3.40) holds automati-

cally.
(iii) If n =2, then equality sign in (6.3.41) holds identically.
We also have the following special cases of Theorem 6.3.2.

Corollary 6.3.6. Let ¢ : M =7, My X s, M) — M (¢) be an n-dimensional C—totally real
doubly warped product into a locally conformal almost cosympelctic manifold M (c) with
¢ a pointwise constant @—sectional curvature such that the warping functions are har-

monic. Then M is not minimal in M with inequality

4p 2
C>m+3ﬁ .

Corollary 6.3.7. Let ¢ : M =p, My X, M) — M(c) be an n-dimensional C—totally real
doubly warped product into a locally conformal almost cosympelctic manifold M (c) with
¢ a pointwise constant @ —sectional curvature. Suppose that the warping functions f| and
f2 of M are eigenfunctions of Laplacians on M\ and M, with corresponding eigenvalues

A1 > 0and Ay > 0, respectively. Then M is not minimal in M with inequality

4p 2
> .
= F D=2 Y
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Corollary 6.3.8. Let ¢ : M =p, My X, M) — M(c) be an n-dimensional C—totally real
doubly warped product into a locally conformal almost cosympelctic manifold M (c) with
¢ a pointwise constant @ —sectional curvature. Suppose that one of the warping function is
harmonic and other one is eigenfunction of the Laplacian with corresponding eigenvalue

A > 0. Then M is not minimal in M with inequality

4p 2
> .
= F D=2 Y

If we combine both Theorem 6.3.1 and Theorem 6.3.2, then we get the following inter-

esting result.

Theorem 6.3.3. Assume that ¢ : M =y, My x5, Mr — M(c) be an isometric immersion
of an n-dimensional C—totally real doubly warped product into a (2m+ 1)-dimensional
locally conformal almost cosymplectic manifold M (¢) such that c is pointwise constant

¢—sectional curvature. Then
n(n=2) o [c=30° Afi\ , [ Aef
——— | H|)? - n+)(n—2)< | —= |+ ==

2 2

n 2 c—39
< H||“+ .
_4n1n2|| || ( 4 )

Remark 6.3.5. Theorem 6.3.3 present an upper and lower bounds for warping functions

of a C—totally real doubly warped product submanifold.

Remark 6.3.6. If either f| =1 or f, =1 in Theorem 6.3.3, then we get following corollary

for a C—totally real warped product.

Corollary 6.3.9. Assume that ¢ : M = M; X s M, — M(c) be an isometric immersion of
an n-dimensional C—totally real doubly warped product into a (2m + 1)—dimensional
locally conformal almost cosymplectic manifold M (¢) such that c is pointwise constant
¢—sectional curvature. Then

I’lzl’l— C— 2 n2
p—ﬁufluz—( = ><n+1><n—z>s (ﬁ) < |||
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CHAPTER 7

CONCLUSION AND FUTURE WORK

7.1 INTRODUCTION

The present chapter mainly focus to summarize the work done in this thesis and to pro-
pose some open problems related to all previous chapters. We divide this chapter into
two different sections. The first section summarizes some research findings in this the-
sis. In the second section, we provide some future work of this research in geometric of

Riemannian submanifolds and their warped products.

7.2 SUMMARY OF FINDINGS

We consider some significantly important findings related to CR-warped product subman-

ifolds and some characterizations of CR-warped products.

7.2.1 CR-warped product submanifolds of the form M7 x s M|

It should be noted that CR-structures are so important from a mathematical and physi-
cal point of view, particularly general relativity theory. Thus CR-structure form to CR-
products. A CR-submanifold is called a CR-product if it is a Riemannian product of a
holomorphic (invariant) submanifold and a totally real (anti-invariant) submanifold. Sim-
ilarly, a CR-warped product is the product of holomorphic and totally real submanifolds
with non-constant warping function. Numerous characterizations of CR-warped products
can be found in Chen (2013) for different ambient manifolds in terms of shape opera-
tor. In the present thesis, we use the properties of tensor fields P and F to characterise
CR-submanifold to be a CR-warped product in nearly Sasakian manifolds. Moreover, we
define a new structure as T —manifold which generalizes to Kaehler manifold and cosym-
plectic manifold under some special cases. In this sequel, we also define T —space form

with constant sectional curvature ¢ which also generalize to complex space and cosym-

185



plectic space from. It can be concluded that the results which we obtain for CR-warped
product in 7—manifold and T —space forms are generalized to Kaehler and cosymplec-
tic manifolds, and complex space form and cosymplectic space form, respectively, (see

Chapter 3).

Result 1: We notice that in Chapter 4, it is difficult to obtain the first inequality of Chen for
the squared norm £ of warped product pseudo-slant submanifolds of any kind of structures
which relate to warping function and slant immersions. Alternatively, the mixed totally
geodesic warped product submanifold idea comes out in the Riemannian geometry. First,
Sahin (2009b) gave the characterization of warped product pseudo-slant submanifold in a
Kaehler manifold and obtain an inequality for extrinsic invariant in case of mixed totally
geodesic. Following Sahin (2009b), we develope some geometric inequalities for mixed
totally geodesic warped product pseudo-slant submanifolds in locally Riemannian prod-
uct manifolds and nearly Kenmotsu manifold which are the classes of almost Hermitian
and almost contact metric manifolds, respectively. Also, we give a characterization theo-
rem and establish some examples on warped product pseudo-slant of locally Riemannian
product manifolds. Hence, our results achieved the objective of finding some inequalities

in the Riemannian geometry.

Result 2: It is well known that the semi-slant submanifolds were introduced as a gener-
alization of proper slant and proper CR-submanifolds. It is more interesting to see that
the warped product semi-slant submanifold does not succeed to generalize CR-warped
product submanifolds in most the structures such as Kaehler, cosymplectic and Sasakian
manifolds. Based on our study in Chapter 5, we find a contradiction toward warped
product semi-slant submanifold. That is the notion of pointwise slant submanifold in-
troduced as the generalization of slant, invariant and anti-invariant submanifolds. It fol-
lows that the warped product pointwise semi-slant submanifold with pointwise slant fiber
was studied by many mathematicians which successtfully generalize to CR-warped prod-
ucts in Kaehler, cosymplectic and Sasakian manifolds such as Sahin (2013); Park (2014,

2015). By the isometrically embedding theorem of Nolker (1996), we extend the notion of
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warped product pointwise semi-slant isometrically immersed into Kaehler, cosymplectic
and Sasakian manifolds, then obtain geometric inequalities Theorem 5.2.9, 5.3.5, 5.4.2 for
the second fundamental form in terms of scalar curvature and Laplacian of submanifold
by using Gauss equation. Applying these Theorems to complex space form, cosymplec-
tic space form and Sasakian space form, we establish the relation between the second
fundamental form, Laplacian of warping function and constant sectional curvatures. The
chapter is an attempt to study the geometry of the second fundamental form of a compact
orientable Riemannian submanifold isometrically immersed into complex, cosymplectic
and Sasakian space forms, when a submanifold M is product manifold and the first fun-
damental form of the immersion i : M — M (c) is a warped product. The proof of the
results are based on the so called Bochner technique (see Yano & Kon (2012)). We use
Green theorem on a compact manifold M and the given a smooth function f : M — R,
one has [;,AfdV = 0. We attribute the result of Yano & Kon (1985), immediately fol-
lows: Af = —div(Vf) and from Green lemma ), div(X)dV = 0, where X is any arbitrary
vector field. We derive geometric necessary and sufficient for warped product pointwise
semi-slant submanifolds to be Riemannian products by using the definitions of Hessian,
Hamiltonian, Kinetic energy function and Euler-Lagrangian equation. Therefore, this the-
sis is providing some fascinating applications in physical sciences and finding magnificent

applications in applied geometry as well.

Result 3: The doubly warped product submanifold is a new concept in differential geome-
try. This concept arises from the comparison between differents kind of warped products.
By considering the C— totally real submanifold case, we discover that some of doubly
warped product exist as the name of C—totally real doubly warped product submanifolds
in locally conformal almost cosymplectic manifolds. Taking this concept in Chapter 6,
we establish very interesting inequalities in terms of the warping function, the squared
mean curvature, and scalar curvature which we can see both the upper bound and the

lower bound of the functions ATf.
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7.3 FUTURE WORK

Although our research has achieved its objectives, we find that there are many open prob-
lems that we hope to solve in our future work. Taking a quick look to the existence of
CR-warped products in nearly Sasakian and 7 —manifold in terms of endomorphisms, one
can conclude that some characterization for CR-warped product submanifolds are left to

be proved. Referring to this situation, some of the open problems that may arise are:

Problem 7.1. What are the necessary and sufficient conditions for the existence of CR-
warped product submanifold of type M = M7 x M| in nearly Kenmotsu and nearly Trans-

Sasakian manifolds in terms of endomorphisms?.

Problem 7.2. Do the characterization of proper warped product semi-slant submanifold

of types M7 X y Mg in a nearly cosymplectic and a nearly Trans-Sasakian manifolds?.

For the next problems, we believe that warped product pseudo-slant submanifolds of the
types Mg x y M| exist in locally conformal Kaehler and nearly Trans-Sasakian manifolds.

If they eist, it is not proven yet.

Problem 7.3. To obtain the geometric inequalities for mixed totally geodesic warped
product pseudo-slant submanifold Mg X s M| in locally conformal Kaehler and nearly
Trans-Sasakian manifolds in the form the second fundamental form and slant immer-

sions?.
Taking into account of Chapter 5, we may find the following problem.

Problem 7.4. To obtain the inequality for second fundamental form with constant curva-
ture ¢ for warped product semi-slant submanifolds of locally conformal almost complex

space forms by using Gauss method?.

These open problems shall remain as an on-going research in this study of Riemannian

submanifold and their warped products.
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