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INTRUUCTIOR

The ;robability for a situation may, eonceivebly, be served
by any set of valuesn ;g, Xy eeo s and corresjondiing ;robabilities
pl whére
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But thers are a few particular models which are important because

of the large numbor of instances in dhich they are useful., The
Joisson Jistribution is ome of such models which is useful in eertiain
situations in which same kind of eventi ocoeurs repeatédly, Wt
haphagardly, such as ls shown in the figurs belowiw
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(s2ch x rejresents an ocourrence of the event)

Indeed, the Foisson Uistrilution is one of the few dimtribu~
tions (besides the tinocmial and normal distritutions) of great
universality which ocours in a remarkably great variety of problems.
1% ariees frecusntly in diverse fields. Since demands for servioce,
irrespective of whether on the cashiers or salesmen of a department
store, the stock clerk of a factory, the ocargo-handling facilities
of 8 port, the maintenance man of a machine shop, as well as the rate
at which service is rendered, often lead to random phenomena eithor
approximately or exactly obeying a Poisson Probability Lavw. BHencs
the Joisson Distribution is of great utility in fields of commerTon,
physics, wedicine, management science and so forth.

These random events or random phenomena may arise in
connection with the occurrence of accidents, errors, breakdowns
and other similar calamities. Theee random evenis, us sean from
above, are quits veried in rature. There axre some which do not
occour as the ocutcomes of definite trials of an expyeriment. Instead,
the; way ocour at random points in time, or at points along a wire
or chain, or at points in & plans regicn or space. Therefore, the
voigson .Mstritution arises in practice, whenever a Lrocess ieg such
tLkut the probability of exactly k events ocourring within an interval
4t is approximately, or exsotly given by

where, » t may be interpreted as the mean rate of occurrence (of
ﬁ?’ﬁtﬂ) i.e.



Nt = average or expected number of cccurrences in an
interval of length (space) %.

md’ sattlné: t - l,

N\ = average number of oceurrence in a unit interval.
Moreover N 1s a constant which charscterises the' partiocular process
concerned.




DERIVATION OF POISSOR DISTRIBUTION

Having defined ihe Poisson Distribution, let us examine
the conditions under whichL one may cxpect that the number of
ocourrences of a random event oocurring in time or space, obeys a
Foigson PFrobability Law. The Poisson Distrilution arises when it
may be considered that the following postulates hold:~

Poisson Positulates

1. Events concerning changes in non~overlapping intervals are
independent.

2. The probability of a given number of changes in an interval
depends on the sigze, not the location of the interval.

3. For any saall positive mumber h, and any time interval of length h,
there exists & positive quantity )\ such thati-

(a) the probability that exactly ome event occurs in the
interval is approximately equal to Abh. This means it is
equal to Ah + r.(h) and
rl(h)/h —-0 as B —0.

(b) the probability that exactly sero event ocours in the
interval is approximstely equal to l— Ak, in the sense that
it is equal to 1= Ah + r,(h),

and r,(h)/h —C as h—02

(¢) the probability that two or more evente ocour in the
interval is equal to a quantity r,(h) such that the quotient
rl(h)/h —>0, a8 the length h, of the interval —>0.

The positive quantity), , that is, the A may be interpreted as
the mean rate at whioh events ocour per unit time (space ). Therefore,
we may refer to”Nas the mean rate of ococurrence (of events). Putting

the basic assumptions of the existence of the parameteri, in
mathematical formulation:-

3(a) Pl(h)& N\ i.e. Pl(k) =\b + 1k

(v) P(n)=x1-%\h i.e. P (b) =1~k + r,(h)
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3ic) where n 2 2y
i (h) = ry(h)e

The syabol 1'1(32) onr be rend as “seme functics of a smaller
order thar h", aud is Used to0 denote ar wnspecified function k)
baving the ;ropert; that ‘
&

(ll&

h—0
Tnig means that r,(h) represerts any cuantity which for small h is
negligiblie em;:zr&?d to he Thus '

(8%, o, sin’h) are all =, (b).

“ho latl property of the ;aramcter (I3.a.) states that
ths ;robability of exaotly I event ocowrring im & snall interval (h)
is approximately jroportionsl to the width of the interval (h), when
h> ismall. For the 3rd yroperty stated, (73, c.) it mesns that the
probability of more than one ovcurrence ¢f the event in an interval
of sidth, h, is negligible when compared with the probability of a
gingle occurrenss »f the event, for emull (h).

hoturning tc the first two ‘oclsson postulates, let us
exazine the implication cf the first prostulate, which states that
events concerning chanj;es in non-overlspping intervals are indepandent.
This is $0 say that if an intervsl of time \sgpanoce) ie divided into m
gub-inteivals and, for 4 = 1,2 .. n, il dsnotes the ewent that st
lenst one event of tho kind under nonsideration ocours in thse 1th
intorval, toem for any integer n, Al, /i2 ces An are independent
evernts. From what we have discussed, it is obvious that the probability
of a chan/ e cannot be ;roportional to the width of the interval for
large intervais, since ,robability is bounied by unity. For small
intervais, Lowsver, halving the eige of the interval halves tlLe
probabiiity of rindipyg a change thers lisnoe the jrobability of a
given number of changes in am interval is subjected to the size of
the interval 2ui noct to its location.

Undex the foregcing assumptions, ore may show that the
ruxber of occurrences of tis event in a périod of time (or myuce) of
length {or eres or volune) t obeye a ‘ocisson irobability Law with
jerameter At;l.e. the probability that exectly k events ovour in @
time jeriod of lengsh + io
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s such, one may Jdescridbe a seyuenceof events which ovcurs
in a time (or spice) and satisfying ithe above assumptions, as the
aventas obeying a Poisson irobability Law at the rate of nevents jer
unit time (or unit space). ,
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Proof
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To prove the above I%iason foraula, one musj divide the time
period of length t into n time periods of length h = Therefore,
the probability of k events occurring in the time t i8 approximately
the probability that oxacily one event hus ooocurred in exactliy k of
the n sub-intervals of time of the original time period, 4, Under
the above assumptions, this is equivalent to the probability of
obtaining exactly k successes in n independent repeated Bernouli.
trials. It is equal %o

@) AhE - ABE-E L. (2)
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k b S n is only an approximation to

the probability that k events ocour in time t. o get an exact

evaluation, one must let the number of sub-intervals (_g% increase
n

to mfinity’ then as 1"‘)2 y le.e,
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In order thut the above Poisson formula gives a legitimate
distribution of probability, the sum of the probabilitises of all
possible values should be unity. This sum of the probabilities is
an infinite sum, as shown below:i-
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But it can Je shown that,

2 k
At 3 24 A%

(1 + )¢ +

Hence, sum of the probabilities is equal to
0-}\‘:0 .xt - "9‘1
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Here we have used that for any number x

-4
x o =x
] tu;———*k!
Therefore, it will surely apply for x = A4,
The Foisson Distribution function is obtained by adding up

the propsr nusber of loisson probabilities:—
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is defined as the jrobability of finding exactly k ocourrences in an
. fixed interval of length t. Thus the prodability of no ooscurrences
in an interval of length t is

p(0, At) =e” MY

and the probability of one or more ocourrencss is
1'0..)\* 000000000(3)

ine paramoter ) is a physiocal conmstant which deternmines
the density of occurrences on the t—axis. Al though one is able to
state assumptions under which a randoa phenomenon will obey a
Poisson probability law with some parametexr A, the value of this
physical constant A cannot be deduced theoretically. It must bs
determined empirically, and this determination is a slatistical
yroblem. If )\ is large, the obunce of finding no ocourrence is small
as (3) sbows. Suppose that a physical experiment is repeated N number
of times, when N is very large. E _oh time one counts the number of
evente in an interval of fixed length t. For each integer k=0, 1, 2,
3, eee lat~Kk be the number of times that exactly k evente are observed.

mn R°4’Ni*32+,na Nk-r'.. -H
The total number of events obaerved in the N experiments (N intervals
of length %) is

01‘5@ + 1.31 + 2032 + oo + kﬁk 4 eoe T cecccees (4)
Hence Q/H is the average, i.e. it ndpresantn the observed average
mumber of events ocourring per time interval of length t. Since K
is large, one car expect that



Ekﬁ:np(k’ At) ¢ o » = o @ 0‘ s o (5)
Substituting from equation (5) into (4), one finds

P AN ip(l; At) + 2p(25 A%) + 3p(35 ) + oo. + kp(ky At)

- At At 4)2 A )3 ( )k
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Thepefore, A\t L-T/N
A
As an estimate ) of the value of the parameter A ,one takes

0
X = T/H =l/F Y '
Ea / /;E:eu"

Hence if one believes that the random phenomenomn under observation
obeys a Poisson probability law with parane ter A s then one may
compute the probability p(k; A ) that in a time interval of length %,
exactly k successes will ocour, This relation, ( A\t), gives one a
means of estimating A from observations and of comparing theory
with experimenta.

Expected Value and Variance of the Foisson Distribution

B(X) = g f(x)px

- 2} k=1 )1
G)\‘c

o MY, At = A%

Therefore, Zt = the mean or expected number of occcurrences (or changes )
in an interval of length $%.

Setting ¢t = 1,

'\ = the mean or expected mumber of ooourrences in a unit
interval.

With this interpretation of (A ) and Nt%, one observes
that specifying the expected rumber of ooocurrTences in an interval of
any size completely determines the distribution of probability
among the various possible number of oocourrences in an interval of
any other size. Thue, if the size of the Dbasic interval under consideration
is doubled, the expected number of ocourrences is also doubled.

The variance cf'a Poisson Distribution may be computed as
followsi=




ixpectation of (x2 - X)a-
B - x) = 3 (2 - k) £(h)
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Henoce the varianee is
52 - E(x%) -/uz ;

- B(x% = X) + B(x) -/BxT®

c(rt)2+ t-(A0)2

; nt.

Tims one observes that the Toissonm Distribution has the distinet
characteristic of having its exjpected value equal %o its wavriance.




