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PARAMETER ESTIMATION USING GENERATING FUNCTION BASED 

MINIMUM POWER DIVERGENCE MEASURE 

ABSTRACT 

This research proposes a parameter estimation method that minimizes a probability 

generating function (pgf) based power divergence with a tuning parameter to mitigate 

the impact of data contamination. Special cases arise when the tuning parameter 

approaches zero, resulting in a Kullback-Leibler type divergence, and when it takes on 

the value of one, resulting in a pgf-based 𝐿2 distance. The proposed estimator, BHHJ-

PGF is linked to the M-estimators and therefore inherits the properties of consistency 

and asymptotic normality. The behaviour and performance of the proposed divergence 

was studied through simulations using Poisson and negative binomial distributions.  

Comparison was made with the maximum likelihood method (MLE), the pgf-based 

minimum Hellinger distance and also the pgf-based Jeffreys divergence.  In terms of 

estimation bias and mean squared error from the results of simulations, the proposed 

estimation method performed better for smaller values of the tuning parameter as data 

contamination percentage increases. Application of the proposed method on four sets of 

real life data showed an improvement of fit and also its ability to mitigate the impact of 

outliers.  

Keywords: asymptotic normality, density power divergence, M-estimators, 

probability generating function, robustness 
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PENGANGGARAN PARAMETER MENGGUNAKAN SUKATAN KUASA 

PENCAPAHAN MINIMUM BERASASKAN FUNGSI PENJANA 

ABSTRAK 

Kajian ini mencadangkan satu kaedah penganggaran parameter yang 

meminimumkan pencapahan kuasa berdasarkan fungsi penjana kebarangkalian (fpk) 

dengan parameter penala untuk mengurangkan kesan pencemaran data. Kes-kes khas 

timbul apabila parameter penala mendekati sifar, menghasilkan perbezaan jenis 

Kullback-Leibler, dan apabila ia mengambil nilai satu, menghasilkan jarak 𝐿2 

berasaskan fpk. Penganggar yang dicadangkan dikaitkan dengan penganggar-M dan 

oleh itu mempunyai sifat-sifat konsistensi dan asimtotik normal. Tingkah laku dan 

prestasi penyelewangan yang dicadangkan dikaji melalui simulasi menggunakan 

taburan Poisson dan binomial negatif. Perbandingan dibuat dengan penganggar 

kebolehjadian maksimum, jarak Hellinger minimum dan pencapahan Jeffrey berasaskan 

fpk. Dari segi bias parameter dan min perbezaan kuasa dua dari hasil simulasi, kaedah 

anggaran yang dicadangkan dalam kajian ini adalah lebih baik untuk nilai parameter 

penala yang lebih kecil dengan peningkatan peratusan pencemaran data. Penggunaan 

kaedah yang dicadangkan pada empat set data kehidupan sebenar menunjukkan 

peningkatan yang baik dan juga keupayaannya untuk mengurangkan impak daripada 

outlier.  

Katakunci: normal asimptot, pencapahan ketumpatan kuasa, penganggar-M, fungsi 

penjana kebarangkalian, keteguhan 
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CHAPTER 1: INTRODUCTION 

Parameter estimation is a process of constructing a statistic, typically under an 

optimization method such as maximization of the likelihood function, which can be 

used to estimate the parameters of a statistical model. For example, the sample mean 

and sample variance are statistics, also known as estimators for the population average 

and dispersion, respectively. A method to obtain a good estimator is to minimize a 

certain measure of discrepancy between the estimated parameter and the true parameter 

(of the population model). Desirable qualities of an estimator include unbiasedness, 

consistency and efficiency. 

Well-known classical methods of parameter estimation are method of moments, due 

to Karl Peason (Pearson, 1894, 1902) and maximum likelihood estimation (MLE) 

method formalised by R.A Fisher in 1922 (Fisher, 1922). The method of moments 

estimates are simple to compute and consistent yet may be biased and not efficient. 

MLE is consistent, unbiased for large sample size and asymptotically efficient. Its 

advantages are hampered by the fact that MLE is not robust as it is easily affected by 

the presence of outliers in the data. Other more recent parameter estimation methods 

that have been widely adopted due to the advancement of computing power include the 

Bayesian estimation method. This method differs from the classical methods as it 

considers the parameters as random variables having some distributions, instead of 

unknown constants. This approach requires prior knowledge of the distribution for the 

parameters, which may be updated based on new information from time to time. 

An outlier refers to an observation that is atypical or lies isolated from others in a 

random sample. Retention or exclusion of an outlier is a delicate matter; hence, an 

estimator which is less affected by the presence of outlier is highly desirable. This 

motivates effort to obtain robust estimators. One of the ways to measure robustness of 
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an estimator is through the breakdown point (Hampel, 1971). A higher breakdown point 

indicates higher proportion of abnormal data that an estimator can handle before giving 

an incorrect result.   

As an effort to obtain robust estimators, modifications are proposed to improve the 

performance of existing methods. Field and Smith (1994) suggested the weighted 

maximum likelihood approach, while weighted least squares method is used to forecast 

flood (Zhao et al., 2008). A generalization of MLE known as M-estimation proposed by 

Huber (1964) has greatly enriched the field of robust estimation due to its consistency 

and asymptotic properties. 

Apart from the aforementioned methods, parameter estimation by way of minimizing 

density-based distance is also considered. Hellinger distance proposed in the context of 

count data (Simpson, 1987) proves to be effective in handling possible outliers. Using 

the minimum Hellinger distance, Beran (1977), pioneered the use of density-based 

minimum distance estimation in continuous models. This procedure requires 

nonparametric estimation of the probability density function with a kernel density 

estimator. In order to avoid this, (Basu et al., (1998) introduced the density power 

divergence for estimation to obtain a balance between robustness and asymptotic 

efficiency of parameter estimators through the use of a tuning parameter.  

The use of probability generating function (pgf) in statistical inference was  proposed 

by Kemp and Kemp (1988) as a tool for estimation due to its simplicity, especially 

when the corresponding probability mass function is complicated or intractable. The 

pgf, just as probability mass function (pmf) and probability density function (pdf), is 

unique to each distribution. The idea to equate empirical pgf (epgf) to pgf on a fixed 

finite set of values is investigated (Kemp & Kemp, 1988), and is then extended 

(Dowling & Nakamura, 1997) to include the asymptotic theory for the estimators. 

2
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Recently, parameter estimation by pgf-based Hellinger distance has been applied in 

univariate discrete case (Sim & Ong, 2010) as well as in multivariate discrete case (Ng 

et al., 2013).   

In this research, the aim is to obtain a new pgf-based estimator for the parameters of 

two selected univariate discrete distributions. The method proposed here incorporates 

the pgf into the power divergence measure of Basu et al. (1998) to produce a consistent 

and robust estimator for the model parameters. 

1.1 Aims and objectives  

The objectives of this study are to i) obtain new estimation method that is insensitive 

to outliers in the data, ii) develop a generating function based power divergence 

measure for estimation, iii) examine the consistency and robustness of the estimator 

from the new estimation method and iv) compare the proposed new method with 

existing estimation methods. 

1.2 Scope of the research 

This study dwells into the area of parameter estimation for statistical distributions. In 

particular, a new approach using power divergence measure and probability generating 

function in parameter estimation for discrete distributions is explored. 

Properties associated with the proposed estimator such as consistency and robustness 

against outliers will be investigated. Monte Carlo simulations will be employed to 

assess the performance of the proposed estimator against other well-known estimators 

such as the maximum likelihood estimator and pgf-based Hellinger distance estimator. 

The performance of the estimators will be assessed based on the mean squared errors 

and relative biases of the estimates. 

3
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1.3 Thesis structure 

Chapter 2 contains the literature review, and also brief explanation of terms and 

concepts involved in this research. 

Chapter 3 proposes a new parameter estimation method using a pgf-based power 

divergence measure. Proof of the proposed measure being a divergence is provided. 

Theoretical properties of the proposed estimator such as its link with M-estimators and 

the derivation of its asymptotic properties are considered in this chapter. 

Next, Chapter 4 investigates the behaviour and performance of the proposed 

estimator through simulations. Comparison of performance, in terms of mean squared 

errors and relative biases, against other estimators are carried out and described. The 

efficiency of proposed estimator relative to that of MLE is also investigated.  

Various situations are considered during the simulation runs, including the use of 

different sets of parameter values to give different shapes of a distribution as well as the 

addition of sample contamination in different percentages for estimation to test the 

ability of the proposed estimator in handling outliers. 

Chapter 5 describes the application of proposed estimator in real life data set. The 

applicability of the proposed measure for inference is determined through the 

application to 4 sets of real life data. Calculation of  𝜒2 goodness of fit test-value is 

adopted as a measure to compare the goodness of fit. 

Finally, Chapter 6 concludes and summarizes the findings of the research. 

Suggestions for future work are also included in this section.  
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CHAPTER 2: PRELIMINARIES AND LITERATURE REVIEW 

Parameter estimation is an important process to facilitate the selection of the best-

fitting model according to desired criterion for a data set of interest. Parameter 

estimation is applied in various fields ranging from space studies, engineering, sciences 

to social sciences.  

2.1 Introduction 

In the process of estimating parameters, sample data are first collected to represent 

the population before being fitted with an appropriate distribution. One of the two 

classes of distributions is the class of discrete distributions. A discrete distribution is a 

step function with only an enumerable (a one-to-one mapping with the set of all positive 

integers) number of steps, and can be represented by (Johnson et al., 2005) 

𝑃(𝑋 = 𝑥𝑖) = 𝑝𝑖. 

where 𝑝𝑖 is the probability function and the set {𝑥𝑖}, the support of the random variable 

𝑋. Random variables belonging to this class are called discrete random variables.  

Probability function of a discrete random variable is referred to as probability mass 

function (pmf). Some well-known discrete distributions include the binomial 

distribution, Poisson distribution (𝑃𝑜), negative binomial (NB) distribution and 

hypergeometric distribution.  

As for the class of continuous distributions, its probability function is absolutely 

continuous and can be represented by (Johnson et al., 2005) 

𝐹𝑋(𝑥) = ∫ 𝑓𝑋(𝑥)
𝑥

−∞
 𝑑𝑥. 

Any function 𝑓𝑋(𝑥) for which the equation above is true for every 𝑥 is a probability 

distribution of 𝑋. Random variables belonging to this class are called continuous 

5
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random variables, having the support as a set of possible values, also known as a range. 

Every distribution, regardless of being discrete or continuous, has its own distinct pmf 

or pdf. 

In each distribution, there will be one or more parameters. A suitable estimator is 

hence, needed to evaluate the parameters of the distribution that was fitted over the 

aforementioned data. An estimator serves as a rule to evaluate an estimate for the 

parameters based on observed values (data). Some examples of estimators are the 

maximum likelihood estimators (MLE), method of moments and distance based 

estimators. This process of estimating parameters enables us to make inferences 

regarding the population. 

2.2 Desirable properties of an estimator: Consistency and robustness 

Properties such as unbiasedness, consistency and efficiency are the basic properties 

sought after in an estimator because these properties determine how good an estimate is. 

Consider a random sample 𝑋1, 𝑋2, … , 𝑋𝑛 on a random variable, each having a 

distribution with parameter 𝜃 and let  𝑇𝑛 = 𝑇(𝑋1, 𝑋2, … , 𝑋𝑛) be a statistic. 𝑇𝑛 is said to 

be  

i) an unbiased estimator of 𝜃 if 𝐸(𝑇𝑛) = 𝜃.  

ii) a consistent estimator of 𝜃 if  lim
𝑛→∞

𝑃(|𝑇𝑛 − 𝜃| ≥ 𝜀) = 0 for 𝜀 > 0. 

iii) an efficient estimator of 𝜃 if it is unbiased and the variance of 𝑇𝑛 attains the 

Rao-Cramér lower bound, 𝑉𝑎𝑟(𝑇) =
1

𝑛
𝐼−1(𝜃),  where 𝐼(𝜃) =

𝐸 [(
𝜕 ln 𝑓(𝑥;𝜃)

𝜕𝜃
)

2

].  

In addition, robustness is fast in being recognized as a desirable property of an 

estimator. In a straightforward definition, an estimator is said to be robust if it is not 
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sensitive to outliers in the data. In other words, the ability of an estimator to perform 

reliably despite the existence of extreme values is referred to as the robustness of that 

estimator. Certain scenarios such as mistakes or rounding errors present in collected 

data of an experiment are inevitable regardless of how cautious one is during the 

process. It became crucial to obtain robust estimators. Robustness is a compromise; it 

usually comes with a cost to the efficiency of estimator. However as Anscombe and 

Guttman (1960) put it, it is better to sacrifice some efficiency at the model to be insured 

against deviations from the model.  

Robustness of an estimator can be discussed in terms of influence function or 

influence curve and breakdown points. The influence function (Hampel, 1974) of an 

estimator measures the sensitivity or effect of a contamination at one point 𝑥 on the 

estimate. The influence function of the estimator 𝜃 at 𝑥 is defined as IF(𝑥; 𝜃) =

lim
𝜀→0

𝑇[(1−𝜀)𝐹+𝜀𝛿𝑥]−𝑇(𝐹)

𝜀
, where 𝑇 is a functional, 𝛿𝑥 represents the contamination, and 

(1 − 𝜀)𝐹 + 𝜀𝛿𝑥 is a mixture distribution of 𝐹 and 𝛿𝑥. An estimator is robust if 

|IF(𝑥; 𝜃)| is bounded for all 𝑥. 

Other than influence function, robustness is also determined by obtaining the 

breakdown point of a sequence of estimators (Hampel, 1971). A simple explanation for 

breakdown point is, the point where the smallest number of alteration, 𝑘, to the original 

sample 𝑥1, … , 𝑥𝑛 that an estimator can withstand before the distance between empirical 

distribution 𝑃𝑛 and that of altered data 𝑄𝑛,𝑘 become unacceptable (Davies & Gather, 

2005).  

Some estimators and their properties will be discussed in the following sections. For 

example, the MLE is a consistent and asymptotically efficient estimator but sensitive to 

outliers. There have been attempts to improve the performance of MLE such as 
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weighted MLE (Field & Smith, 1994) and generalized MLE known as M-estimator 

(Huber, 1964). Truncation or trimmed data is also applied to data to remove extreme 

values so as to get a better estimation. Another estimation method, BHHJ divergence 

relies on a tuning parameter to achieve robustness (Basu et al., 1998).  

2.3 Maximum likelihood estimators (MLE) 

One of the most important methods  for parameter estimation is the maximum 

likelihood method (Fisher, 1922) .  The maximum likelihood estimator has many 

desirable properties, such as consistency, asymptotic normality and efficiency. The idea 

is to search for a value in the parameter space that maximises the likelihood function.  

Consider the random variables, 𝑋1, … , 𝑋𝑛, from an unknown distribution 𝑓(𝒙; 𝜃) where 

𝒙 = (𝑥1, 𝑥2, … , 𝑥𝑛) represent observations. The estimate for the unknown parameter 𝜃 is 

obtained by maximizing the natural logarithm of the likelihood function, 𝐿(𝜃; 𝒙) with 

respect to 𝜃.  

2.4  Method of moments 

Method of moments developed by Karl Pearson in 1894 (Pearson, 1894, 1902), 

involves equating theoretical moments (expected value of the powers of random 

variable) to its sample moments before solving for the parameters. In order to do so, the 

number of equations must be more than or equal to the dimensions of parameter. 

However, this method cannot be used on distributions where the moments do not exist 

such as the case for Cauchy distribution. Also, in applied work, the method of moments 

is very seldom used in comparison to the maximum likelihood and Bayesian 

estimations.  

2.5  Minimum distance based estimators  

Minimum distance based estimators are useful in parameter inference and in the area 

of goodness-of-fit (Basu et al., 2011). The estimators are widely applied in parametric 
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inference of continuous and discrete data, particularly in the presence of outliers. This 

method estimates parameters by minimizing the distance between empirical and 

theoretical density functions.  

In the area of parametric inference, one of the familiar measures is the minimum 

Hellinger distance (MHD) estimator, for which Beran (1977) studied its asymptotic 

efficiency and robustness for a continuous parametric model in compact support.  MHD 

estimator between two probability distributions, 𝑔(𝑥) and 𝑓(𝑥), of a random variable, 

𝑋, is defined as,  𝑑(𝑔(𝑥), 𝑓(𝑥)) = 2 ∫ [𝑔
1

2(𝑥) − 𝑓
1

2(𝑥)]
2

 𝑑𝑥. In the context of count 

data, MHD estimator is shown to have a breakdown point of 50% at the model 

(Simpson, 1987). Karlis and Xekalaki (1998) applied MHD estimation for finite Poisson 

mixtures and compared its properties with that of MLE to conclude that MHD method 

gives robust estimates.  

The Kullback-Liebler (KL) divergence is an extension from the idea of treating 

information as a statistical concept to measure the difference or loss in information 

content between two probability density functions, 𝑔(𝑥) and 𝑓(𝑥), of a random 

variable, 𝑋 (Kullback & Leibler, 1951). KL divergence, given by 𝑑(𝑔(𝑥), 𝑓(𝑥)) =

∫ 𝑓(𝑥) ln[𝑓(𝑥)/𝑔(𝑥)]  𝑑𝑥, is non-symmetrical, meaning that, 𝑑(𝑔(𝑥), 𝑓(𝑥)) ≠

𝑑(𝑓(𝑥), 𝑔(𝑥)). In discrete cases, the integration merely becomes summation. 

A symmetrical form of KL divergence was proposed as Jeffreys’ divergence (JD) 

(Jeffreys, 1946). Let 𝑔(𝑥) and 𝑓(𝑥) be two probability density functions, JD is given by 

𝑑(𝑔(𝑥), 𝑓(𝑥)) = ∫[𝑓(𝑥) − 𝑔(𝑥)] ln[𝑓(𝑥)/𝑔(𝑥)]  𝑑𝑥. 

Apart from measuring the distance between probability density functions as studied 

in the mentioned research works, distance between theoretical and empirical distribution 

functions was also investigated. Some well-known ones are the Kolmogorov-Smirnov 
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distance and Cramé r-von Mises criterion. Both distances are widely applied in 

goodness-of-fit tests (Darling, 1957). 

The terms ‘distance’, ‘disparity’, ‘divergence’ and ‘discrepancy’ are often used 

interchangeably to refer to the quantification of the degree of closeness, which is 

nonnegative, and equals to zero if and only if the empirical distribution fits its 

theoretical distribution exactly.  

2.6  Minimum density power divergence  

Basu et al. (1998) proposed an estimator that minimises the density power 

divergence between two probability distributions, 𝑔(𝑥) and 𝑓(𝑥). This divergence, 

defined as 𝑑𝛼(𝑔(𝑥), 𝑓(𝑥)) = ∫ {𝑓1+𝛼(𝑥) − (1 +
1

𝛼
) 𝑔(𝑥)𝑓𝛼(𝑥) +

1

𝛼
𝑔1+𝛼(𝑥)}  𝑑𝑥  

contains a tuning parameter, 𝛼, which takes on nonnegative values. The advantage of 

minimum density power divergence estimator, abbreviated as BHHJ estimator, after the 

name of the authors, Basu, Harris, Hjort and Jones (1998), is that the use of 

nonparametric smoothing can be avoided besides being a robust and asymptotically 

efficient estimator, relative to MLE. Apart from the influence function, the breakdown 

point of the estimator has been used as one of the indicator for the robustness of the 

estimation method (Basu et al., 1998). 

 Nonparametric smoothing such as kernel density estimation is used to estimate the 

empirical density of a continuous random variable. This procedure involves determining 

the appropriate bandwidth for the observations which complicates the parameter 

estimation process. Minimization of BHHJ divergence leads to an expression where the 

empirical density is linear and hence, smoothing by nonparametric density is 

unnecessary. 
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The tuning parameter, 𝛼, in BHHJ divergence can be adjusted to provide a balance 

between robustness and efficiency of the estimator. Increase in 𝛼 value increases 

robustness of the estimator but at the same time, decreases its efficiency.  Although it 

can take on any real values, it is found that there is no substantial gain in robustness or 

efficiency for negative values of 𝛼, compared to the MLE method (Patra et al., 2013). 

As for values of 𝛼 > 1, estimator with high robustness at the cost of its efficiency is 

obtained. Hence, it is preferable to have 0 ≤ 𝛼 ≤ 1. 

Since then, there are several research works proposing different methods to identify 

an optimal 𝛼 value. One of the methods involves equating estimated mean squared error 

to the asymptotic approximation of variance and bias, before minimizing it with respect 

to 𝛼 (Warwick, 2005; Warwick & Jones, 2005). This approach results in the best 𝛼 

value that is distinct for each data set. Hong and Kim (2001) proposed similar 

technique, only without involving asymptotic approximation of bias.  

There are two 𝛼 values that merit special consideration. The BHHJ divergence 

became KL-type divergence when 𝛼 approaches 0 and 𝐿2 distance estimator when 𝛼 =

1. A mathematical connection was found to exist between the power divergences 

(Cressie & Read, 1984) and BHHJ density power divergence. Both divergences contain 

a tuning parameter,𝛼, and a common member, KL divergence when 𝛼 approaches 0 

(Patra et al., 2013). 

Apart from having a tuning parameter to control the trade-off between efficiency and 

robustness, BHHJ divergence also benefits from its link with M-estimator. Generally, 

M-estimators are estimators that solve the equation ∑ 𝜓(𝑋𝑖, 𝑡) = 0𝑖  where 𝜓 is a 

function of the random variables, 𝑋𝑖 with parameter 𝑡. M-estimators are asymptotically 

normally distributed, which makes it a desirable estimator. MLEs are classified as M-
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estimators too (Huber, 1964). With that in mind, BHHJ divergence, with established 

link to M-estimator, inherits the property of being asymptotically, normally distributed. 

BHHJ divergence has been applied to estimate parameters in autoregressive model 

(Kang & Lee, 2014) and in lognormal distribution (Pak, 2014). In the case where 

restriction on observations are relaxed, independent but not identically distributed, 

BHHJ divergence was applied to linear regression (Ghosh & Basu, 2013).  For 

estimation in real life data where outliers are often expected, BHHJ divergence has been 

developed for a generalized linear model by Ghosh and Basu (2016).  

2.7  Probability generating function based estimators 

Generating functions such as characteristic function (cf), moment generating 

function (mgf) and pgf are considered as statistical transforms. They are linked to each 

other; one could obtain cf and mgf from pgf. Feuerverger and McDunnough (1984) 

provided conditions for the estimation methods based on empirical generating functions 

to achieve asymptotic efficiency.  

Let 𝑋 be a discrete random variable with nonnegative integer values where 𝑃(𝑋 =

𝑥𝑖) represents the probability mass function (pmf) of random variable 𝑋. The 

probability generating function (pgf) of 𝑋 is defined in (Johnson et al., 2005) as  

𝑔𝑋(𝑡) = ∑(𝑡𝑥)𝑃(𝑋 = 𝑥) = 𝐸[𝑡𝑋]

∞

𝑥=0

 . 

Every discrete distribution has its own unique pgf. The range of values of 𝑡 corresponds 

to the radius of convergence of 𝑔𝑋(𝑡), which is −1 ≤ 𝑡 ≤ 1.  

There are several useful properties of pgf that makes it versatile and desirable to 

work with, such as the ease in calculating expectations and probabilities via 
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differentiation, obtaining pmf from pgf and vice versa as well as simplifying sum of 

independent and identically distributed random variables.  

One of the earlier research works involves empirical pgf (epgf) obtained by replacing 

the probability mass function in pgf by observed relative frequency. Kemp and Kemp 

(1988) developed a straight forward method of equating theoretical pgf to epgf on fixed, 

finite set of values, within the radius of convergence. It is found that for each part of a 

parameter space, different set of values is required.  

Dowling and Nakamura (1997) extended the idea and developed asymptotic theory 

for the estimators. This theory assists, as a guidance, in choosing appropriate values for 

𝑡. In the example for zero-inflated negative binomial distribution, the choices of 𝑡 is 

suggested to be in the range of 0 < 𝑡 < 1. 

Incorporating pgf and its empirical counterpart into divergences for the purpose of 

estimation was considered. Sim and Ong (2010) applied pgf in a total of 6 generalized 

Hellinger-type divergences in two cases of discrete data, i.e data with and without 

contamination for parameter estimation. Simulation results using the negative binomial 

(NB) distribution for these pgf-based estimation methods were compared to the 

performances of MLE and MHD estimator. Extension to multivariate discrete case  for a 

pgf-based Hellinger-type distance produces robust and consistent estimators (Ng et al., 

2013). 

Apart from the area of parameter estimation, pgf is also proposed to be applied in 

goodness-of-fit tests. A distance based test statistic with pgf and epgf was employed for 

the fitting of Poisson distribution (Rueda et al., 1991) and NB distribution (Rueda & O’ 

Reilly, 1999), with both research concluding that the distance test statistics perform as 

good as, if not better than 𝜒2 test. 
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 Sharifdoust at al., (2016) introduced the pgf-based Jeffreys divergence (JD-PGF) 

estimator, which can be shown to be consistent due to its link to M-estimation. 

Simulation was performed to assess the performance of JD-PGF against that of the pgf-

based MHD (MHD-PGF) and MLE in terms of biases and mean squared errors (MSEs). 

They concluded that the JD-PGF demonstrates better performance than the MHD-PGF 

in cases with outliers and close to the MLE in cases without outliers. In goodness-of-fit 

test, the JD-PGF performs better than 𝜒2 test. 

 

14

Univ
ers

ity
 of

 M
ala

ya



15 

CHAPTER 3: FORMULATION AND PROPERTIES OF BHHJ-PGF 

ESTIMATOR 

This chapter introduces a pgf-based BHHJ estimator, which utilises a power 

divergence measure. The desired properties of an estimator such as consistency and 

robustness against outliers are investigated for this estimator.   

3.1 Formulation of BHHJ-PGF estimator 

Let the divergence between two pgf’s, 𝑓(𝑡) and 𝑔(𝑡), be defined as  

𝑑𝛼(𝑓(𝑡), 𝑔(𝑡)) = ∫ [𝑔1+𝛼(𝑡) − (1 +
1

𝛼
) 𝑓(𝑡)𝑔𝛼(𝑡) + (

1

𝛼
) 𝑓1+𝛼(𝑡)] 𝑑𝑡,   𝛼 > 0.

1

0

 

(3.1) 

Here, the pgf’s have a probabilistic interpretation and are well behaved when 𝑡 ∈ (0,1) 

(Rade, 1972). 

Following Theorem 1 in Basu et al. (1998), this proposed measure (3.1) can be 

shown to be a valid pgf-based divergence measure. 

Theorem:  The measure proposed in equation (3.1) is a pgf-based divergence, where 

it is always non-negative, and equals to zero if and only if 𝑓(𝑡) and 𝑔(𝑡) are exactly 

identical. 

Proof:  Rearranging and simplifying the integrand in equation (3.1), we have  

𝑔1+𝛼(𝑡) { 1 − (1 +
1

𝛼
)

𝑓(𝑡)

𝑔(𝑡)
+ (

1

𝛼
) (

𝑓(𝑡)

𝑔(𝑡)
)

1+𝛼

} . 

Since 𝑔(𝑡) is always positive, it remains to show that  1 − (1 +
1

𝛼
)

𝑓(𝑡)

𝑔(𝑡)
+ (

1

𝛼
) (

𝑓(𝑡)

g(𝑡)
)

1+𝛼

  

is always non-negative. For fixed 𝑡, we let  
𝑓(𝑡)

𝑔(𝑡)
= ℎ, giving  

1 − (1 +
1

𝛼
) ℎ + (

1

𝛼
) ℎ1+𝛼 . 
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By differentiating this expression with respect to ℎ and equating to zero, we obtain the 

point ℎ = 1.  Upon second order differentiation, we can identify that this point ℎ = 1, 

which gives 𝑓(𝑡) = 𝑔(𝑡), is a minimum point that  { 1 − (1 +
1

𝛼
)

𝑓(𝑡)

𝑔(𝑡)
+ (

1

𝛼
) (

𝑓(𝑡)

𝑔(𝑡)
)

1+𝛼

}  

has a value of 0.  This implies that the integrand is always non-negative. Hence, the 

proposed measure that integrates over 𝑡 ∈ (0,1) is always non-negative and equals to 

zero if and only if 𝑓(𝑡) ≡ 𝑔(𝑡).  □ 

The integrand is undefined when 𝛼 = 0. However, as 𝛼 → 0, by l’Hopital’s rule, 

equation (3.1) takes the form of a Kullback-Leibler type divergence as the limiting case, 

that is, 

lim
𝛼→0

𝑑𝛼(𝑓(𝑡), 𝑔(𝑡)) = ∫ 𝑓(𝑡) ln
𝑓(𝑡)

𝑔(𝑡)
+ 𝑔(𝑡) − 𝑓(𝑡)𝑑𝑡

1

0

 . 

In the case of 𝛼 = 1, equation (3.1) becomes  

𝑑1(𝑓(𝑡), 𝑔(𝑡)) = ∫ [𝑔(𝑡) −  𝑓(𝑡)]2
1

0

 𝑑𝑡 . 

This is the pgf-based 𝐿2-distance. The density based 𝐿2-distance gives estimators with 

solid robustness properties against outliers (Patra et al., 2013). 

Consider 𝑋1, 𝑋2, … , 𝑋𝑛 as a random sample of size 𝑛 from a discrete distribution with 

true pgf 𝑓(𝑡). Let the pgf 𝑔𝜃(𝑡) =  𝐸𝜃[𝑡𝑋] , 𝜃 = (𝜃1, 𝜃2, … , 𝜃𝑝) ∈ Θ, 0 < 𝑡 < 1, where 

Θ is the 𝑝-dimensional continuous open parameter space. Also, let 𝑔𝑛(𝑡) =

 
1

𝑛
∑ 𝑡𝑋𝑖𝑛

𝑖=1 , 0 < 𝑡 < 1 be the epgf. Here, the pgf-based BHHJ (BHHJ-PGF) measure is 

proposed as  

𝑑𝛼(𝑔𝑛(𝑡), 𝑔𝜃(𝑡)) = ∫ [𝑔𝜃
1+𝛼(𝑡) − (1 +

1

𝛼
) 𝑔𝑛(𝑡)𝑔𝜃

𝛼(𝑡) + (
1

𝛼
) 𝑔𝑛

1+𝛼(𝑡)] 𝑑𝑡
1

0

, 𝛼 > 0. 

(3.2) 

The proposed BHHJ-PGF estimator 𝜃 will then minimise the measure in (3.2), that is 

𝜃 = arg min𝜃∈Θ {𝑑𝛼(𝑔𝑛(𝑡) , 𝑔𝜃(𝑡))}. 
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3.2 Relation to M-estimation 

M-estimators have attractive asymptotic properties such as consistency and 

asymptotic normality of the estimators (Huber, 1964). From Stefanski & Boos (2002), 

M-estimators �̂�𝑛 satisfies 
1

𝑛
∑ 𝜓(𝑋𝑖, �̂�𝑛)𝑛

𝑖=1 = 0, where 𝜓 must be a known function. By 

assuming that the true parameter 𝑇0 is unique and 𝐸[𝜓(𝑋𝑖 , 𝑇0)] = 0, then there exists a 

sequence of M-estimators �̂�𝑛 such that �̂�𝑛 → 𝑇0 as 𝑛 → ∞.  

Taking the derivative of equation (3.2) with respect to 𝜃 after substitution with the 

epgf,  𝑔𝑛(𝑡) =
1

𝑛
∑ 𝑡𝑋𝑖𝑛

𝑖=1 , we have 

𝜕[𝑑𝛼(𝑔𝑛(𝑡) , 𝑔𝜃(𝑡))]

𝜕𝜃
= (1 + 𝛼) [∫ 𝑔𝜃

𝛼(𝑡)𝑔𝜃
′ (𝑡)

1

0

𝑑𝑡 −
1

𝑛
∑ ∫ 𝑡𝑋𝑖𝑔𝜃

𝛼−1(𝑡)𝑔𝜃
′ (𝑡)𝑑𝑡

1

0

𝑛

𝑖=1

], 

where 𝑔𝜃
′ (𝑡) =

𝜕𝑔𝜃(𝑡)

𝜕𝜃
. Upon equating to the null vector 𝟎, then  

𝟎 =  
1

𝑛
∑ [∫ 𝑔𝜃

𝛼(𝑡)𝑔𝜃
′ (𝑡) − 𝑡𝑋𝑖𝑔𝜃

𝛼−1(𝑡)𝑔𝜃
′ (𝑡)𝑑𝑡

1

0

]

𝑛

𝑖=1

.                    (3.3) 

The BHHJ-PGF estimator 𝜃 is a solution to equation (3.3) since it minimises equation 

(3.2) and hence, satisfies 
1

𝑛
∑ 𝜓(𝑋𝑖, 𝜃)𝑛

𝑖=1 = 0, where 𝜓(𝑋𝑖, 𝜃) = ∫ 𝑔�̂�
𝛼(𝑡)

1

0
𝑔�̂�
′ (𝑡) −

𝑡𝑋𝑖𝑔�̂�
𝛼−1(𝑡)𝑔�̂�

′ (𝑡)𝑑𝑡. Assuming that there is a unique minimum 𝜃0 and 𝐸[𝜓(𝑋𝑖, 𝜃0)] =

0, this enables BHHJ-PGF to be cast as an M-estimator, where 𝜃 → 𝜃0 as 𝑛 → ∞. With 

this link, the BHHJ-PGF estimator, 𝜃 also possesses the properties of consistency and 

asymptotic normality. 

3.3 Asymptotic properties of estimator 

This section shows the proof of consistency and asymptotic normality for the 

estimator 𝜃. For brevity, 𝑔𝜃(𝑡), 𝑔𝑛(𝑡) and true pgf 𝑓(𝑡) will be represented by 𝑔𝜃, 𝑔𝑛, 

and 𝑓, respectively. 

The following assumptions will be made throughout. 
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A1. The pgf, 𝑔𝜃 has common support of all 𝜃.  

A2. There is an open subset of 𝜃 ∈ Θ, containing the best fitting parameter 𝜃𝑐 such 

that 𝑔𝜃 is three times differentiable with respect to 𝜃. 

A3. The integrals ∫ 𝑔𝜃
1+𝛼𝑑𝑡

1

0
 and ∫ 𝑔𝑛𝑔𝜃

𝛼𝑑𝑡
1

0
 can be differentiated three times with 

respect to 𝜃. The divergence is three times differentiable with respect to the parameter 

𝜃. 

A4. The derivatives, expectations and summations can be taken under the integral 

sign. 

A5. There exists a function 𝑀𝑗𝑘𝑙(𝑥) such that |∇𝑗𝑘𝑙 [∫ 𝑔𝜃
1+𝛼1

0
𝑑𝑡 −

(
𝛼+1

𝛼
) ∫ 𝑡𝑥𝑔𝜃

𝛼1

0
𝑑𝑡]| ≤ 𝑀𝑗𝑘𝑙(𝑥) for all 𝜃 ∈ 𝑤, where 𝐸𝑔[𝑀𝑗𝑘𝑙(𝑋)] = 𝑚𝑗𝑘𝑙 < ∞ for all 𝑗, 

𝑘 and 𝑙, and ∇𝑗𝑘𝑙 represents the third order partial derivatives with respect to 𝜃.  

Rewriting equation (3.2), we have 

𝑑𝛼(𝑔𝑛, 𝑔𝜃) = ∫ 𝑔𝜃
1+𝛼(𝑡)𝑑𝑡 − (1 +

1

𝛼
) (

1

𝑛
) ∑ ∫ 𝑡𝑋𝑖𝑔𝜃

𝛼
1

0

𝑛

𝑖=1

𝑑𝑡
1

0

+ (
1

𝛼
) (

1

𝑛
) ∑ ∫ 𝑡𝑋𝑖

1

0

𝑛

𝑖=1

𝑑𝑡. 

Hence, minimizing equation (3.2) is equivalent to minimizing 

𝐻𝑛(𝜃) = ∫ 𝑔𝜃
1+𝛼𝑑𝑡

1

0

− (1 +
1

𝛼
) (

1

𝑛
) ∑ ∫ 𝑡𝑋𝑖𝑔𝜃

𝛼
1

0

𝑛

𝑖=1

𝑑𝑡.                 (3.4) 

To show consistency and asymptotic normality, the following notations will be 

adopted for the rest of the chapter. 

𝜃           = (𝜃1, 𝜃2, . . , 𝜃𝑝),  𝑝-dimensional vector of parameters 

𝐻𝑛
𝑗
(𝜃)   = first order partial derivative of  𝐻𝑛(𝜃) with respect to 𝜃𝑗  

𝐻𝑛
𝑗𝑘

(𝜃)  = second order partial derivatives of  𝐻𝑛(𝜃) with respect to 𝜃𝑗  and 𝜃𝑘 
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𝐻𝑛
𝑗𝑘𝑙(𝜃) = third order partial derivatives of  𝐻𝑛(𝜃) with respect to 𝜃𝑗 , 𝜃𝑘 and 𝜃𝑙 

𝜃𝑐                = best fitting parameter  

3.3.1 Consistency 

With reference to Basu et al. (2011), the consistency of BHHJ-PGF estimator can be 

established in a similar way. To prove the existence of a sequence of solutions that is 

consistent, consider a sphere 𝑄𝑎 with radius 𝑎 and center at the best fitting parameter 

𝜃𝑐.  

We need to show that 𝑃(𝐻𝑛(𝜃) > 𝐻𝑛(𝜃𝑐)) → 1 for all points 𝜃 on the surface of 𝑄𝑎, 

because if that is true, then it meant that 𝐻𝑛(𝜃) has a local minimum in 𝑄𝑎.  

At a local minimum, the minimum density power divergence estimating equation 

𝐻𝑛
𝑗(𝜃) must be satisfied, for any 𝑎 > 0, with probability tending to 1. As 𝑛 → ∞, 𝐻𝑛

𝑗(𝜃) 

has a root or estimate 𝜃(𝑎) within 𝑄𝑎. 

Using Taylor’s expansion to study the behaviour of 𝐻𝑛(𝜃) on 𝑄𝑎, we expand 𝐻𝑛(𝜃) 

around 𝜃𝑐 and obtain 

[𝐻𝑛(𝜃𝑐) −  𝐻𝑛(𝜃)]

1 + 𝛼
 

= ∑(−𝐴𝑗)(𝜃𝑗 − 𝜃𝑗
𝑐)

𝑗

+ 
1

2
∑ ∑(−𝐵𝑗𝑘)(𝜃𝑗 − 𝜃𝑗

𝑐)(𝜃𝑘 − 𝜃𝑘
𝑐)

𝑘𝑗

+  
1

6
∑ ∑ ∑(𝜃𝑗 − 𝜃𝑗

𝑐)(𝜃𝑘 − 𝜃𝑘
𝑐)(𝜃𝑙 − 𝜃𝑙

𝑐)

𝑙

1

𝑛
∑ 𝛾𝑗𝑘𝑙(𝑥𝑖)𝑀𝑗𝑘𝑙(𝑥𝑖)

𝑛

𝑖=1𝑘𝑗

 

where  𝐴𝑗 =
1

1+𝛼
𝐻𝑛

𝑗(𝜃)|𝜃=𝜃𝑐, 𝐵𝑗𝑘 =
1

1+𝛼
𝐻𝑛

𝑗𝑘(𝜃)|𝜃=𝜃𝑐 and 
1

𝑛
∑ 𝛾𝑗𝑘𝑙(𝑥𝑖)𝑀𝑗𝑘𝑙(𝑥𝑖)

𝑛
𝑖=1 =

−
1

1+𝛼
𝐻𝑛

𝑗𝑘𝑙(𝜃)|𝜃=𝜃𝑐 with 0 ≤ |𝛾𝑗𝑘𝑙(𝑥𝑖)| ≤ 1 and 𝑀𝑗𝑘𝑙(𝑥𝑖) as stated in Assumption A5. 

19

Univ
ers

ity
 of

 M
ala

ya



20 

Following the work in Basu et al. (2011), it is found that there exists a sequence of 

solutions 𝜃 such that 𝑃(‖𝜃 − 𝜃‖
2

< 𝑎) → 1 for sufficiently small 𝑎. Let the limit of the 

sequence of solutions be �̈�, and the root closest to 𝜃. Then it can be said that 𝑃(‖�̈� −

𝜃‖
2

< 𝑎) → 1 for all 𝑎 > 0. This proved the existence of a consistent sequence of roots 

to 𝐻𝑛
𝑗(𝜃) with probability tending to 1.  

Detailed proof is included in Appendix A.  

3.3.2 Asymptotic normality 

This section proves the asymptotic normality of the proposed estimator, 𝜃. First, the 

limits for 𝐻𝑛(𝜃), 𝐻𝑛
𝑗(𝜃) and 𝐻𝑛

𝑗𝑘(𝜃) are obtained. Let 𝑢𝑗𝜃 = 𝑢𝑗𝜃(𝑡) =
𝜕

𝜕𝜃𝑗
ln 𝑔𝜃(𝑡). By 

the law of large number, as 𝑛 → ∞,  

𝐻𝑛(𝜃) = ∫ 𝑔𝜃
1+𝛼𝑑𝑡

1

0

− (1 +
1

𝛼
) (

1

𝑛
) ∑ ∫ 𝑡𝑋𝑖𝑔𝜃

𝛼
1

0

𝑛

𝑖=1

𝑑𝑡 

→ ∫ 𝑔𝜃
1+𝛼𝑑𝑡

1

0

− (1 +
1

𝛼
) ∫ 𝑔𝜃

𝛼𝑓𝑑𝑡 = 𝐻(𝜃)
1

0

 

𝐻𝑛
𝑗(𝜃𝑐) = ∫ (1 + 𝛼)𝑔𝜃

𝛼 𝜕𝑔𝜃

𝜕𝜃𝑗
𝑑𝑡

1

0

− (
𝛼 + 1

𝛼
)

1

𝑛
∑ ∫ 𝑡𝑋𝑖𝛼𝑔𝜃

𝛼−1
1

0

𝑛

𝑖=1

𝜕𝑔𝜃

𝜕𝜃𝑗
𝑑𝑡|

𝜃=𝜃𝑐

 

= (1 + 𝛼) {∫ 𝑔𝜃
𝛼+1

1

0

𝑢𝑗𝜃  𝑑𝑡 −
1

𝑛
∑ ∫ 𝑡𝑋𝑖𝑔𝜃

𝛼
1

0

𝑢𝑗𝜃  𝑑𝑡

𝑛

𝑖=1

}|

𝜃=𝜃𝑐

 

→ (1 + 𝛼) ∫ 𝑔𝜃
𝛼+1

1

0

𝑢𝑗𝜃  𝑑𝑡 − ∫ 𝑓 𝑔𝜃
𝛼

1

0

𝑢𝑗𝜃  𝑑𝑡|
𝜃=𝜃𝑐

 

=
𝜕𝐻(𝜃)

𝜕𝜃𝑗
|

𝜃=𝜃𝑐

= 𝐻𝑗(𝜃𝑐) 

= 0 

since 𝜃𝑐 minimises equation (3.4) as well as 𝐻(𝜃). 
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𝐻𝑛
𝑗𝑘(𝜃𝑐) = (1 + 𝛼) {∫ (𝛼 + 1)𝑔𝜃

𝛼+1𝑢𝑘𝜃𝑢𝑗𝜃 + 
1

0

𝑔𝜃
𝛼+1

𝜕𝑢𝑗𝜃

𝜕𝜃𝑘
 𝑑𝑡

−  
1

𝑛
∑ ∫ 𝑡𝑋𝑖 (𝛼𝑔𝜃

𝛼𝑢𝑘𝜃𝑢𝑗𝜃 + 𝑔𝜃
𝛼

𝜕𝑢𝑗𝜃

𝜕𝜃𝑘
)

1

0

 𝑑𝑡

𝑛

𝑖=1

}|

𝜃=𝜃𝑐

 

               → (1 + 𝛼) {∫ (𝛼 + 1)𝑔𝜃
𝛼+1𝑢𝑘𝜃𝑢𝑗𝜃 + 

1

0

𝑔𝜃
𝛼+1

𝜕𝑢𝑗𝜃

𝜕𝜃𝑘
 𝑑𝑡

−  ∫ 𝛼𝑓𝑔𝜃
𝛼𝑢𝑘𝜃𝑢𝑗𝜃 +  𝑓𝑔𝜃

𝛼
𝜕𝑢𝑗𝜃

𝜕𝜃𝑘
 𝑑𝑡

1

0

}|
𝜃=𝜃𝑐

 

              = (1 + 𝛼)𝐽𝑗𝑘(𝜃𝑐) 

where 𝐽𝑗𝑘(𝜃𝑐) = {∫ 𝑔𝜃
𝛼+1𝑢𝑘𝜃𝑢𝑗𝜃

1

0
 𝑑𝑡 + ∫ (𝑖𝑗𝑘𝜃 − 𝛼𝑢𝑘𝜃𝑢𝑗𝜃)(𝑓 − 𝑔𝜃)𝑔𝜃

𝛼 𝑑𝑡
1

0
}|

𝜃=𝜃𝑐
 and 

𝑖𝑗𝑘𝜃 = 𝑖𝑗𝑘𝜃(𝑡) = −
𝜕

𝜕𝜃𝑘
𝑢𝑗𝜃(𝑡). 

Next, expand 𝐻𝑛
𝑗
(𝜃) about the best fitting parameter 𝜃𝑐 using Taylor’s expansion to 

obtain 

𝐻𝑛
𝑗(𝜃) = 𝐻𝑛

𝑗(𝜃𝑐) + ∑(𝜃𝑘 − 𝜃𝑘
𝑐)

𝑘

𝐻𝑛
𝑗𝑘(𝜃′) +

1

2
∑ ∑(𝜃𝑘 − 𝜃𝑘

𝑐)

𝑙

(𝜃𝑙 − 𝜃𝑙
𝑐)𝐻𝑛

𝑗𝑘𝑙(𝜃∗)

𝑘

. 

Evaluating at 𝜃 = 𝜃, we have 

0 = 𝐻𝑛
𝑗(𝜃𝑐) + ∑(𝜃𝑘 − 𝜃𝑘

𝑐)

𝑘

𝐻𝑛
𝑗𝑘(𝜃𝑐) +

1

2
∑ ∑(𝜃𝑘 − 𝜃𝑘

𝑐)

𝑙

(𝜃𝑙 − 𝜃𝑙
𝑐)𝐻𝑛

𝑗𝑘𝑙(𝜃∗)

𝑘

, 

where 𝜃∗ is a point on the line segment connecting 𝜃 and 𝜃𝑐. Rearranging the expansion 

above, we have 

√𝑛 ∑(𝜃𝑘 − 𝜃𝑘
𝑐)

𝑘

{𝐻𝑛
𝑗𝑘(𝜃𝑐) +

1

2
∑(𝜃𝑙 − 𝜃𝑙

𝑐)𝐻𝑛
𝑗𝑘𝑙(𝜃∗)

𝑙

} = −√𝑛𝐻𝑛
𝑗(𝜃𝑐), 

which can be expressed as  
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∑  𝐴𝑗𝑘𝑛𝑌𝑘𝑛

𝑝

𝑘=1

= 𝑇𝑗𝑛,                                                   (3.5) 

where  

𝑌𝑘𝑛 = √𝑛(𝜃𝑘 − 𝜃𝑘
𝑐) 

𝐴𝑗𝑘𝑛 = {𝐻𝑛
𝑗𝑘(𝜃𝑐) +

1

2
∑(𝜃𝑙 − 𝜃𝑙

𝑐)𝐻𝑛
𝑗𝑘𝑙(𝜃∗)

𝑙

} 

𝑇𝑗𝑛 = −√𝑛𝐻𝑛
𝑗(𝜃𝑐).                                              (3.6) 

As noted in Basu et al. (2011), the solution (𝑌1𝑛, … , 𝑌𝑝𝑛) of equation (3.5) tends in 

law to the solutions of  

∑ 𝑎𝑗𝑘

𝑝

𝑘=1

𝑌𝑘 = 𝑇𝑗  , (𝑗 = 1, … , 𝑝), 

where (𝑇1𝑛, 𝑇2𝑛, … , 𝑇𝑝𝑛) converges weakly to 𝐓 = (𝑇1, 𝑇2, … , 𝑇𝑝) and 𝐴𝑗𝑘𝑛 converges in 

probability to 𝑎𝑗𝑘 for fixed 𝑗, 𝑘 = 1,2, . . . , 𝑝. Hence, in the form of matrices, the solution 

𝐘 = (𝑌1, 𝑌2, … , 𝑌𝑝) satisfies 

𝐀𝐘 = 𝐓   or   𝐘 = 𝐀−1𝐓                                                    (3.7) 

where the non-singular matrix 𝐀 = (𝑎𝑗𝑘)
𝑝×𝑝

. 

From the limit of 𝐻𝑛
𝑗𝑘(𝜃𝑐) and the fact that 𝐻𝑛

𝑗𝑘𝑙(𝜃∗) is bounded with probability 

tending to 1 (from Condition A5), the limit for 𝐴𝑗𝑘𝑛 as 𝑛 → ∞ is given by 

𝐀 = ( lim
𝑛→∞

𝐴𝑗𝑘𝑛)
𝑝×𝑝

= ( lim
𝑛→∞

{𝐻𝑛
𝑗𝑘(𝜃𝑐) +

1

2
∑(𝜃𝑙 − 𝜃𝑙

𝑐)𝐻𝑛
𝑗𝑘𝑙(𝜃∗)

𝑙

})

𝑝×𝑝
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= ( lim
𝑛→∞

𝐻𝑛
𝑗𝑘(𝜃𝑐))

𝑝×𝑝
 

= (1 + 𝛼)𝐉,                  (3.8) 

where 𝐉 = (1 + 𝛼) (𝐽𝑗𝑘(𝜃𝑐))
𝑝×𝑝

. 

From equation (3.6), we have 

𝑇𝑗𝑛 = −√𝑛 𝐻𝑛
𝑗
(𝜃𝑐) 

    =  −√𝑛 
1

𝑛
∑(1 + 𝛼)

𝑛

𝑖=1

{∫ 𝑔𝜃𝑐
𝛼+1𝑢𝑗𝜃𝑐

1

0

 𝑑𝑡 − ∫ 𝑡𝑋𝑖𝑔𝜃𝑐
𝛼 𝑢𝑗𝜃𝑐

1

0

 𝑑𝑡} 

     =  −√𝑛 
1

𝑛
∑ 𝑉𝑗𝜃𝑐(𝑋𝑖)

𝑛

𝑖=1

 

The mean of 𝑉𝑗𝜃𝑐(𝑋𝑖) is  

𝐸[𝑉𝑗𝜃𝑐(𝑋𝑖)] = (1 + 𝛼) {∫ 𝑔𝜃𝑐
1+𝛼𝑢𝑗𝜃𝑐

1

0

𝑑𝑡 −  ∫ 𝑓𝑔𝜃𝑐
𝛼 𝑢𝑗𝜃𝑐

1

0

𝑑𝑡} 

= 𝐻𝑗(𝜃𝑐) = 0,                     𝑗 = 1, … , 𝑝, 

which implies that 𝐸[𝑇𝑗𝑛] = 0. 

To find the covariance of (𝑉𝑗𝜃𝑐(𝑋𝑖), 𝑉𝑘𝜃𝑐(𝑋𝑖)), we obtained 

𝑉𝑗𝜃𝑐(𝑋𝑖)𝑉𝑘𝜃𝑐(𝑋𝑖) 

= (1 + 𝛼)2 {∫ 𝑔𝜃𝑐
𝛼+1𝑢𝑗𝜃𝑐

1

0

𝑑𝑡 ∫ 𝑔𝜃𝑐
𝛼+1𝑢𝑘𝜃𝑐

1

0

𝑑𝑡 −  ∫ 𝑔𝜃𝑐
𝛼+1𝑢𝑗𝜃𝑐

1

0

𝑑𝑡 ∫ 𝑡𝑋𝑖𝑔𝜃𝑐
𝛼 𝑢𝑘𝜃𝑐

1

0

 𝑑𝑡

− ∫ 𝑡𝑋𝑖𝑔𝜃𝑐
𝛼 𝑢𝑗𝜃𝑐

1

0

𝑑𝑡 ∫ 𝑔𝜃𝑐
𝛼+1𝑢𝑘𝜃𝑐

1

0

𝑑𝑡

+  ∫ 𝑡𝑋𝑖𝑔𝜃𝑐
𝛼 𝑢𝑗𝜃𝑐

1

0

𝑑𝑡 ∫ 𝑡𝑋𝑖𝑔𝜃𝑐
𝛼 𝑢𝑘𝜃𝑐

1

0

𝑑𝑡}. 
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Then, 

𝐶𝑜𝑣 (𝑉𝑗𝜃𝑐(𝑋𝑖), 𝑉𝑘𝜃𝑐(𝑋𝑖)) 

= 𝐸[𝑉𝑗𝜃𝑐(𝑋𝑖)𝑉𝑘𝜃𝑐(𝑋𝑖)]    

= (1 + 𝛼)2 {∫ 𝑔𝜃𝑐
𝛼+1𝑢𝑗𝜃𝑐

1

0

𝑑𝑡 [∫ 𝑔𝜃𝑐
𝛼+1𝑢𝑘𝜃𝑐

1

0

𝑑𝑡 −  ∫ 𝐸(𝑡𝑋𝑖)𝑔𝜃𝑐
𝛼 𝑢𝑘𝜃𝑐

1

0

 𝑑𝑡]

− ∫ 𝐸(𝑡𝑋𝑖)𝑔𝜃𝑐
𝛼 𝑢𝑗𝜃𝑐

1

0

𝑑𝑡 ∫ 𝑔𝜃𝑐
𝛼+1𝑢𝑘𝜃𝑐

1

0

𝑑𝑡

+  𝐸 (∫ 𝑡𝑋𝑖𝑔𝜃𝑐
𝛼 𝑢𝑗𝜃𝑐

1

0

𝑑𝑡 ∫ 𝑡𝑋𝑖𝑔𝜃𝑐
𝛼 𝑢𝑘𝜃𝑐

1

0

𝑑𝑡)} 

= (1 + 𝛼)2 {𝐸 [∫ 𝑡𝑋𝑖𝑔𝜃𝑐
𝛼 𝑢𝑗𝜃𝑐

1

0

𝑑𝑡 ∫ 𝑡𝑋𝑖𝑔𝜃𝑐
𝛼 𝑢𝑘𝜃𝑐

1

0

𝑑𝑡] − ∫ 𝑔𝜃𝑐
𝛼 𝑓𝑢𝑗𝜃𝑐

1

0

𝑑𝑡 ∫ 𝑔𝜃𝑐
𝛼 𝑓𝑢𝑗𝜃𝑐

1

0

𝑑𝑡} 

= (1 + 𝛼)2𝐾𝑗𝑘, 

since 𝐻𝑗(𝜃𝑐) = 0 implies that ∫ 𝑔𝜃𝑐
𝛼+1𝑢𝑗𝜃𝑐

1

0
𝑑𝑡 = ∫ 𝑔𝜃𝑐

𝛼 𝑓𝑢𝑗𝜃𝑐  𝑑𝑡
1

0
. 

By the Central Limit Theorem and the results above, for sufficiently large 𝑛, 

(𝑇1𝑛, 𝑇2𝑛, … , 𝑇𝑝𝑛) → 𝐓, which has a multivariate normal distribution with mean vector 0 

and covariance matrix (1 + 𝛼)2𝐊, where 𝐊 = (𝐾𝑗𝑘)
𝑝×𝑝

. 

Since we have the solution 𝐘 satisfying equation (3.7) and the result from equation 

(3.8), as 𝑛 → ∞, (𝑌1𝑛, 𝑌2𝑛, … , 𝑌𝑝𝑛) → 𝐘 also has a multivariate normal distribution with 

mean vector 0 and covariance matrix 

𝐀−1(1 + 𝛼)2𝐊(𝐀−1)𝑇 =  [(1 + 𝛼)𝐉]−1(1 + 𝛼)2𝐊[(1 + 𝛼)𝐉]−1 

=   𝐉−1𝐊𝐉−1, 

denoted as 𝑁𝑝(𝟎, 𝐉−1𝐊𝐉−1) distribution. This indicates that the BHHJ-PGF estimator 𝜃 

is asymptotically normal, that is, as 𝑛 → ∞, 

√𝑛(𝜃 − 𝜃𝑐)
𝑑
→ 𝑁𝑝(𝟎, 𝐉−1𝐊𝐉−1), 

where 
𝑑
→ denotes convergence in distribution. 
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CHAPTER 4: SIMULATION AND DISCUSSION 

In this chapter, the behaviour of the proposed BHHJ-PGF estimator is studied 

through simulations. The MHD-PGF estimator, JD-PGF estimator and MLE are 

included as well in the simulation study for comparison purposes. For ease of reference, 

the mathematical formulas of the measure for these estimators of the parameter 𝜃 are as 

follows. 

(i) MHD-PGF (Sim & Ong, 2010): 

�̃�𝑀𝐻𝐷−𝑃𝐺𝐹 = arg min
𝜃∈𝛩

𝑇(𝜃; 𝛼, 𝑛) = arg min
𝜃∈𝛩

∫ [𝑔𝑛(𝑡)𝛼 − 𝑔𝜃(𝑡)𝛼]2𝛽(𝑡) 𝑑𝑡
1

0

,   0 < 𝛼 ≤ 1 

where 𝑔𝑛(𝑡) =
1

𝑛
∑ 𝑡𝑥𝑖𝑛

𝑖=1  is the empirical probability generating function (epgf), 

𝑔𝜃(𝑡) denotes the probability generating function (pgf) and 𝛩 is the parameter space. 

The form of MHD-PGF estimator adopted here has 𝛼 = 1 2⁄   and the weight 

function, 𝛽(𝑡) = 1 as is preferred in  (Sim & Ong, 2010) due to shorter computation 

time and simplicity.  

(ii) JD-PGF (Sharifdoust et al., 2016): 

�̃�𝐽𝐷−𝑃𝐺𝐹 = arg min
𝜃∈𝛩

𝐽(𝑔𝜃, 𝑔𝑛) = arg min
𝜃∈𝛩

∫ [𝑔𝑛(𝑡) − 𝑔𝜃(𝑡)] ln[𝑔𝑛(𝑡) 𝑔𝜃(𝑡)⁄ ] 𝑑𝑡
1

0

 

where 𝑔𝑛(𝑡) is the epgf, 𝑔𝜃(𝑡) represents the pgf and 𝛩 is the parameter space. 

MLE: 

𝜃 = arg max
𝜃∈𝛩

 ln 𝐿(𝜃) 

where ln 𝐿(𝜃) is the log likelihood function.  
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The distributions considered in the simulations are the Poisson distribution, 𝑃𝑜(𝜆), 

and the negative binomial distribution, NB(𝑟, 𝑝), with their respective probability mass 

function (pmf) and pgf given as follows.  

Poisson distribution, 𝑃𝑜(𝜆): 

𝑃(𝑋 = 𝑥) =
𝑒−𝜆𝜆𝑥

𝑥!
,         𝑥 = 0,1,2, … ,       𝜆 > 0  

𝑔𝜆(𝑡) = 𝑒𝜆(𝑡−1) 

Negative binomial distribution, NB(𝑟, 𝑝): 

𝑃(𝑋 = 𝑥) =
(𝑟)𝑥

𝑥!
𝑝𝑟(1 − 𝑝)𝑥,      𝑥 = 0,1,2, … , 𝑟 > 0,        0 < 𝑝 < 1 

𝑔(𝑟,𝑝)(𝑡) = (𝑝/[1 − (1 − 𝑝)𝑡])𝑟 

where (𝑟)𝑥 is the Pochhammer symbol. 

 All simulations are carried out through a Windows 7 (16GB RAM) operated 

computer. Optimization is performed using ‘optim’ package in R programming 

language (version 3.1.0 “Spring Dance”) through its default ‘Nelder-Mead’ 

optimization technique for the pgf-based estimators with NB distribution. This 

technique considers minimization of the function value. As for pgf-based estimators 

with Poisson distribution, ‘Brent’ which is a better method for one parameter case, is 

adopted. MLE is done through ‘mle’ package built in R. In order to evaluate the 

integrations involved, a six-point Legendre quadrature method is used because it is 

found that increasing the number of nodes (up to 12 points) does not improve 

computation accuracy.  
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At the end of each set of simulations, the mean squared error (MSE) and relative 

biases (in bracket) for the parameter(s) are computed as a measure of performance for 

all estimators. 

4.1 Simulation using Poisson distribution 

First and foremost, a one-parameter distribution, the Poisson distribution 𝑃𝑜(𝜆), is 

considered to start off the simulation study. Here, 𝜆 = 1,2,3, … ,10 are taken into 

consideration with the sample size, 𝑛 fixed at 500 which is considered to be a large 

enough sample size and the number of simulation runs fixed at 8000. Other choices of 

numbers for simulation runs are not considered in this preliminary study. 

4.1.1 BHHJ-PGF(𝜶) and other estimators 

In Basu et al. (1998) the parameter 𝛼 provides a bridge between robustness and 

efficiency of the BHHJ estimator. With that as a motivation, simulation is carried out to 

investigate if the same conclusion could be attained in its pgf-based counterpart. Here, 

the performance is explored by varying the values of 𝛼 in the proposed BHHJ-PGF 

estimator. As comparisons, aforementioned estimators, namely MHD-PGF, JD-PGF 

and MLE, are also included. Sample data with and without contamination are taken into 

consideration. For ease of reference, only certain 𝛼 values are shown here, the complete 

tables and figures of results can be found in Appendix B. 

4.1.1.1 Sample data without contamination 

The simulation results for samples without any contamination are presented in Table 

4.1 and Figure 4.1. A general trend can be seen from the MSE values that MLE is the 

most efficient yet negatively biased throughout all the distributions considered. Among 

BHHJ-PGF estimators, the ones with greater 𝛼 leads to better efficiency and smaller 

relative biases. JD-PGF performs close to that of BHHJ-PGF with small 𝛼.    
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Table 4.1: MSE and relative biases (in bracket) for estimators with samples of size 

𝒏 = 𝟓𝟎𝟎, from 𝑷𝒐(𝝀), without contamination. (See Table B1 in Appendix B for 

complete set of simulated 𝜶 values.) 

 

 

 

  

Po(𝜆) 
BHHJ-PGF(𝛼) 

MLE MHD-PGF JD-PGF 
𝛼 = 0 𝛼 = 0.001 𝛼 = 0.5 𝛼 = 1.0 𝛼 = 2.0 

Po(1) 0.0028 0.0028 0.0027 0.0026 0.0026 0.0020 0.0028 0.0028 

 (0.0001) (0.0001) (0.0001) (0.0000) (0.0000) (-0.0006) (0.0001) (0.0001) 

Po(2) 0.0075 0.0075 0.0071 0.0064 0.0064 0.0040 0.0075 0.0075 

 (0.0000) (0.0000) (0.0000) (0.0000) (0.0000) (-0.0005) (0.0000) (0.0000) 

Po(3) 0.0150 0.0150 0.0132 0.0108 0.0108 0.0061 0.0151 0.0151 

 (0.0007) (0.0007) (0.0003) (0.0000) (0.0000) (-0.0003) (0.0007) (0.0007) 

Po(4) 0.0246 0.0245 0.0194 0.0144 0.0144 0.0080 0.0246 0.0246 

 (0.0010) (0.0010) (0.0003) (0.0000) (0.0000) (-0.0005) (0.0010) (0.0010) 

Po(5) 0.0357 0.0356 0.0247 0.0201 0.0171 0.0100 0.0360 0.0360 

 (0.0012) (0.0012) (0.0004) (0.0000) (0.0000) (-0.0004) (0.0016) (0.0016) 

Po(6) 0.0461 0.0460 0.0282 0.0191 0.0191 0.0121 0.0467 0.0469 

 (0.0012) (0.0012) (0.0000) (-0.0002) (-0.0002) (-0.0003) (0.0017) (0.0018) 

Po(7) 0.0532 0.0531 0.0296 0.0234 0.0205 0.0141 0.0533 0.0537 

 (0.0013) (0.0013) (0.0001) (0.0000) (-0.0001) (-0.0003) (0.0021) (0.0021) 

Po(8) 0.0566 0.0565 0.0301 0.0218 0.0218 0.0162 0.0553 0.0560 

 (0.0008) (0.0008) (-0.0001) (-0.0001) (-0.0001) (-0.0002) (0.0017) (0.0019) 

Po(9) 0.0559 0.0558 0.0300 0.0230 0.0230 0.0182 0.0531 0.0541 

 (0.0007) (0.0007) (0.0000) (-0.0001) (-0.0001) (-0.0002) (0.0016) (0.0017) 

Po(10) 0.0522 0.0521 0.0299 0.0241 0.0241 0.0197 0.0491 0.0502 

 (0.0006) (0.0006) (0.0001) (-0.0001) (-0.0001) (-0.0002) (0.0013) (0.0014) 
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Figure 4.1: MSE and relative biases for estimators with samples of size 𝒏 = 𝟓𝟎𝟎, 

from 𝑷𝒐(𝝀), without contamination. 
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4.1.1.2 Sample data with contamination 

A 5% contamination is introduced in the sample by data generating from a Poisson 

distribution with mean, 𝜆𝑐 four times that of the original (𝜆𝑐 = 4𝜆). This is chosen so 

that the generated data are suitably far away from the other data to be considered as 

contamination. The performance of all estimators are presented in Table 4.2 and Figure 

4.2.  

Table 4.2: MSE and relative biases (in bracket) for estimators with samples of size 

𝒏 = 𝟓𝟎𝟎, from 𝑷𝒐(𝝀), with 5% contamination. (See Table B2 in Appendix B for 

complete set of simulated 𝜶 values.) 

Po(𝜆) 
BHHJ-PGF(𝛼) 

MLE MHD-PGF JD-PGF 
𝛼 = 0 𝛼 = 0.001 𝛼 = 0.5 𝛼 = 1.0 𝛼 = 2.0 

Po(1) 0.0068 0.0068 0.0070 0.0072 0.0074 0.0246 0.0068 0.0068 

 (0.0626) (0.0626) (0.0640) (0.0656) (0.0678) (0.1490) (0.0626) (0.0626) 

Po(2) 0.0140 0.0140 0.0144 0.0149 0.0158 0.0940 0.0140 0.0140 

 (0.0390) (0.0390) (0.0415) (0.0440) (0.0475) (0.1495) (0.0390) (0.0390) 

Po(3) 0.0246 0.0246 0.0247 0.0255 0.0277 0.2087 0.0247 0.0247 

 (0.0307) (0.0307) (0.0340) (0.0373) (0.0420) (0.1497) (0.0307) (0.0307) 

Po(4) 0.0381 0.0381 0.0368 0.0382 0.0428 0.3678 0.0382 0.0382 

 (0.0270) (0.0270) (0.0313) (0.0353) (0.0410) (0.1498) (0.0270) (0.0270) 

Po(5) 0.0550 0.0550 0.0506 0.0536 0.0625 0.5727 0.0555 0.0556 

 (0.0254) (0.0254) (0.0306) (0.0354) (0.0416) (0.1498) (0.0258) (0.0258) 

Po(6) 0.0721 0.0721 0.0647 0.0713 0.0874 0.8207 0.0732 0.0735 

 (0.0245) (0.0245) (0.0305) (0.0360) (0.0428) (0.1497) (0.0252) (0.0253) 

Po(7) 0.0878 0.0878 0.0803 0.0933 0.1197 1.1153 0.0891 0.0896 

 (0.0244) (0.0244) (0.0311) (0.0370) (0.0444) (0.1497) (0.0254) (0.0254) 

Po(8) 0.0992 0.0992 0.0970 0.1189 0.1589 1.4538 0.0996 0.1005 

 (0.0241) (0.0241) (0.0316) (0.0379) (0.0458) (0.1498) (0.0251) (0.0251) 

Po(9) 0.1089 0.1088 0.1172 0.1505 0.2075 1.8378 0.1081 0.1094 

 (0.0242) (0.0242) (0.0322) (0.0389) (0.0473) (0.1498) (0.0252) (0.0252) 

Po(10) 0.1163 0.1163 0.1406 0.1884 0.2654 2.2659 0.1154 0.1168 

 (0.0244) (0.0244) (0.0328) (0.0399) (0.0488) (0.1500) (0.0251) (0.0251) 
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Figure 4.2: MSE and relative biases for estimators with samples of size 𝒏 = 𝟓𝟎𝟎, 

from 𝑷𝒐(𝝀), with 5% contamination. 
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estimator. BHHJ-PGF with smaller 𝛼 values, however, perform better compare to those 
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comprehensive study involving multiple percentages of contamination and 𝛼 values is 

carried out using the negative binomial distribution. 

4.2 Simulation using NB distribution 

Negative binomial distribution, with its pgf, 𝑔(𝑟,𝑝)(𝑡) = (𝑝/[1 − (1 − 𝑝)𝑡])𝑟, is 

selected for this section of simulation  to represent a two-parameter discrete distribution. 

It has been successfully used to model data from a wide range of topics, ranging from 

accidents (Arbous & Kerrich, 1951), natural disasters (Banik & Kibria, 2009), and 

biology (Gurland, 1959), making it a versatile and important model. The parameters 𝑟 =

2 and 𝑝 = 0.2 are chosen arbitrarily for this section. Sample size is set at 𝑛 = 500. 

Simulation is done for samples with and without outlier. Similar to the work in 

Sharifdoust et al. (2016), contamination is generated from Poisson distribution with 

𝜆𝑐 = 32, which is four times the mean of NB(2, 0.2). 

Several options (1000, 2000, 5000, 8000 and 10000) were considered before 

deciding on a fixed number of simulation runs. It was found that the difference between 

parameters estimated by 8000 runs and 10000 runs is within 10−4 (this is true for both 

parameters 𝑟 and 𝑝), however the time elapsed increases by 20 to 50 minutes depending 

on the percentages of contamination. Therefore, simulation runs of 8000 is deemed 

sufficient and is adopted throughout the study involving NB distribution.  

4.2.1 BHHJ-PGF(𝜶) and other estimators 

This section would convey how different 𝛼 values affect the performance of BHHJ-

PGF estimator in situation where there is no contamination and also when 

contamination is added in percentages of 1%, 5%, 10%, 20%, 30%, 40% and 50%.  

The values of 𝛼, ranging from 0 to 2.0, are investigated here. Due to space constraint, 

only selected results are tabulated here in Table 4.3 and illustrated in Figure 4.3. The 
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complete table of results can be found in Appendix C. Estimators are compared in terms 

of MSE and relative biases for the parameters 𝑟 and 𝑝 of the NB distribution.  

33

Univ
ers

ity
 of

 M
ala

ya



3
4
 

T
a
b

le
 4

.3
: 

M
S

E
 a

n
d

 r
el

a
ti

v
e 

b
ia

se
s 

(i
n

 b
ra

ck
e
t)

 f
o
r 

es
ti

m
a

to
rs

 w
it

h
 s

a
m

p
le

s 
o
f 

si
ze

 𝒏
=

𝟓
𝟎

𝟎
, 

fr
o

m
 𝑵

𝑩
(𝒓

=
𝟐

.𝟎
,𝒑

=
𝟎

.𝟐
) 

fo
r 

v
a
ry

in
g
 𝜶

 a
n

d
 

p
er

ce
n

ta
g
es

 o
f 

co
n

ta
m

in
a
ti

o
n

. 
 

C
o

n
ta

m
in

at
io

n
 

B
H

H
J-

P
G

F
(0

) 
B

H
H

J-
P

G
F

(0
.0

0
1

) 
B

H
H

J-
P

G
F

(0
.5

) 
B

H
H

J-
P

G
F

(1
.0

) 
B

H
H

J-
P

G
F

(2
.0

) 
M

L
E
 

M
H

D
-P

G
F
 

JD
-P

G
F
 

𝑟 
𝑝
 

𝑟 
𝑝
 

𝑟 
𝑝
 

𝑟 
𝑝
 

𝑟 
𝑝
 

𝑟 
𝑝
 

𝑟 
𝑝
 

𝑟 
𝑝
 

0
%

 
0

.1
1
4
1
 

0
.0

0
1
1
 

0
.1

1
4
1
 

0
.0

0
1
1
 

0
.0

9
4
5
 

0
.0

0
0
9
 

0
.0

9
4
2
 

0
.0

0
0
9
 

0
.0

7
3
8
 

0
.0

0
0
7
 

0
.0

2
7
4
 

0
.0

0
0
2
 

0
.1

1
4
4
 

0
.0

0
1
1
 

0
.1

1
4
2
 

0
.0

0
1
1
 

 
(0

.0
2
7

0
) 

(0
.0

2
2

0
) 

(0
.0

2
7

0
) 

(0
.0

2
1

7
) 

(0
.0

2
2

8
) 

(0
.0

1
7

6
) 

(0
.0

1
5

2
) 

(0
.0

0
9

8
) 

(0
.0

0
9

2
) 

(0
.0

0
4

3
) 

(0
.0

0
8

0
) 

(0
.0

0
5

5
) 

(0
.0

2
7

5
) 

(0
.0

2
2

2
) 

(0
.0

2
7

5
) 

(0
.0

2
2

2
) 

1
%

 
0

.1
0
8
5
 

0
.0

0
1
1
 

0
.1

0
8
2
 

0
.0

0
1
1
 

0
.0

8
9
5
 

0
.0

0
0
9
 

0
.0

8
8
0
 

0
.0

0
0
9
 

0
.0

7
2
2
 

0
.0

0
0
7
 

0
.0

3
0
5

8
 

0
.0

0
0
3

1
 

0
.1

0
9
2
 

0
.0

0
1
1
 

0
.1

0
8
7
 

0
.0

0
1
1
 

 
(0

.0
1
6

5
) 

(0
.0

0
1

5
) 

(0
.0

1
6

5
) 

(0
.0

0
1

6
) 

(0
.0

1
0

5
) 

(-
0

.0
0
5

0
) 

(0
.0

0
1

5
) 

(-
0

.0
1
4

8
) 

(-
0

.0
1
0

2
) 

(-
0

.0
2
7

1
) 

(-
0

.0
4
8

0
) 

(-
0

.0
6
2

5
) 

(0
.0

1
7

0
) 

(0
.0

0
2

0
) 

(0
.0

1
7

5
) 

(0
.0

0
2

5
) 

5
%

 
0

.0
9
5
9
 

0
.0

0
1
2
 

0
.0

9
5
8
 

0
.0

0
1
2
 

0
.0

8
0
4
 

0
.0

0
1
1
 

0
.0

8
0
2
 

0
.0

0
1
1
 

0
.0

9
3
0
 

0
.0

0
1
4
 

0
.1

5
6
5
 

0
.0

0
2
6
 

0
.0

9
6
3
 

0
.0

0
1
2
 

0
.0

9
6
3
 

0
.0

0
1
2
 

 
(-

0
.0

2
3

0
) 

(-
0

.0
7
6

5
) 

(-
0

.0
2
3

0
) 

(-
0

.0
7
6

5
) 

(-
0

.0
3
5

0
) 

(-
0

.0
9
1

3
) 

(-
0

.0
4
9

8
) 

(-
0

.1
0
8

3
) 

(-
0

.0
7
7

4
) 

(-
0

.1
3
9

9
) 

(-
0

.1
9
0

5
) 

(-
0

.2
5
2

5
) 

(-
0

.0
2
2

8
) 

(-
0

.0
7
6

3
) 

(-
0

.0
2
3

0
) 

(-
0

.0
7
6

4
) 

1
0
%

 
0

.0
9
9
7
 

0
.0

0
1
9
 

0
.0

9
9
7
 

0
.0

0
1
9
 

0
.0

9
3
1
 

0
.0

0
2
0
 

0
.1

0
6
1
 

0
.0

0
2
4
 

0
.1

4
8
7
 

0
.0

0
3
3
 

0
.3

2
0
0
 

0
.0

0
6
2
 

0
.1

0
1
5
 

0
.0

0
1
9
 

0
.1

0
0
0
 

0
.0

0
1
9
 

 
(-

0
.0

6
7

0
) 

(-
0

.1
6
6

9
) 

(-
0

.0
6
7

5
) 

(-
0

.1
6
6

9
) 

(-
0

.0
8
5

7
) 

(-
0

.1
8
9

5
) 

(-
0

.1
0
6

8
) 

(-
0

.2
1
4

5
) 

(-
0

.1
4
6

1
) 

(-
0

.2
6
0

0
) 

(-
0

.2
7
9

5
) 

(-
0

.3
9
2

0
) 

(-
0

.0
6
7

5
) 

(-
0

.1
6
7

1
) 

(-
0

.0
6
7

0
) 

(-
0

.1
6
6

8
) 

2
0
%

 
0

.1
4
6
0
 

0
.0

0
4
8
 

0
.1

4
5
9
 

0
.0

0
4
8
 

0
.1

6
3
1
 

0
.0

0
5
5
 

0
.1

9
3
4
 

0
.0

0
6
4
 

0
.2

7
4
6
 

0
.0

0
8
0
 

0
.4

8
3
4
 

0
.0

1
1
5
 

0
.1

4
6
1
 

0
.0

0
4
8
 

0
.1

4
6
0
 

0
.0

0
4
8
 

 
(-

0
.1

4
1

5
) 

(-
0

.3
2
5

9
) 

(-
0

.1
4
1

5
) 

(-
0

.3
2
6

0
) 

(-
0

.1
6
8

1
) 

(-
0

.3
5
8

5
) 

(-
0

.1
9
3

9
) 

(-
0

.3
8
8

5
) 

(-
0

.2
3
9

7
) 

(-
0

.4
3
9

5
) 

(-
0

.3
4
5

5
) 

(-
0

.5
3
6

6
) 

(-
0

.1
4
1

3
) 

(-
0

.3
2
5

7
) 

(-
0

.1
4
1

5
) 

(-
0

.3
2
5

8
) 

3
0
%

 
0

.2
1
4
3
 

0
.0

0
8
8
 

0
.2

1
4
3
 

0
.0

0
8
8
 

0
.2

5
4
3
 

0
.0

1
0
0
 

0
.3

0
1
6
 

0
.0

1
1
1
 

0
.4

4
5
2
 

0
.0

1
3
5
 

0
.4

8
2
3
 

0
.0

1
4
6
 

0
.2

1
4
6
 

0
.0

0
8
8
 

0
.2

1
4
3
 

0
.0

0
8
8
 

 
(-

0
.2

0
0

0
) 

(-
0

.4
5
8

6
) 

(-
0

.2
0
0

0
) 

(-
0

.4
5
8

6
) 

(-
0

.2
3
0

3
) 

(-
0

.4
9
3

0
) 

(-
0

.2
5
7

3
) 

(-
0

.5
2
2

2
) 

(-
0

.3
1
0

0
) 

(-
0

.5
7
3

0
) 

(-
0

.3
4
5

4
) 

(-
0

.6
0
3

7
) 

(-
0

.2
0
0

0
) 

(-
0

.4
3
1

0
) 

(-
0

.2
0
0

0
) 

(-
0

.4
5
8

5
) 

4
0
%

 
0

.2
8
5
4
 

0
.0

1
3
2
 

0
.2

8
5
5
 

0
.0

1
3
2
 

0
.3

3
0
2
 

0
.0

1
4
4
 

0
.3

9
0
4
 

0
.0

1
5
6
 

0
.5

6
4
7
 

0
.0

1
7
9
 

0
.3

7
2
0
 

0
.0

1
6
0
 

0
.2

8
8
1
 

0
.0

1
3
2
 

0
.2

8
5
3
 

0
.0

1
3
2
 

 
(-

0
.2

4
4

6
) 

(-
0

.5
6
7

3
) 

(-
0

.2
4
4

7
) 

(-
0

.5
6
7

4
) 

(-
0

.2
7
2

6
) 

(-
0

.5
9
6

9
) 

(-
0

.2
9
8

8
) 

(-
0

.6
0
0

0
) 

(-
0

.3
5
0

8
) 

(-
0

.6
6
3

8
) 

(-
0

.3
0
2

5
) 

(-
0

.6
3
3

0
) 

(-
0

.2
4
5

1
) 

(-
0

.5
6
7

7
) 

(-
0

.2
4
4

4
) 

(-
0

.5
6
7

1
) 

5
0
%

 
0

.3
4
6
2
 

0
.0

1
7
4
 

0
.3

4
6
3
 

0
.0

1
7
4
 

0
.3

9
3
1
 

0
.0

1
8
5
 

0
.4

5
7
8
 

0
.0

1
9
5
 

0
.6

1
9
8
 

0
.0

2
1
3
 

0
.1

9
1
9
 

0
.0

1
6
2
 

0
.3

4
7
0
 

0
.0

1
7
4
 

0
.3

4
5
9
 

0
.0

1
7
4
 

 
(-

0
.2

7
6

4
) 

(-
0

.6
5
5

3
) 

(-
0

.2
7
6

4
) 

(-
0

.6
5
5

3
) 

(-
0

.3
0
0

7
) 

(-
0

.6
7
7

8
) 

(-
0

.3
2
3

6
) 

(-
0

.6
9
5

8
) 

(-
0

.3
6
8

1
) 

(-
0

.7
2
5

6
) 

(-
0

.2
1
4

0
) 

(-
0

.6
3
5

9
) 

(-
0

.2
7
6

3
) 

(-
0

.6
5
5

3
) 

(-
0

.2
7
6

0
) 

(-
0

.6
5
5

0
) 

34

Univ
ers

ity
 of

 M
ala

ya



3
5
 

  
  

 

  
  

  

F
ig

u
re

 4
.3

: 
M

S
E

 a
n

d
 r

el
a
ti

v
e 

b
ia

se
s 

fo
r 

es
ti

m
a
to

rs
 w

it
h

 s
a

m
p

le
s 

o
f 

si
ze

 𝒏
=

𝟓
𝟎

𝟎
, 

fr
o

m
 𝑵

𝑩
(𝒓

=
𝟐

.𝟎
,𝒑

=
𝟎

.𝟐
) 

fo
r 

v
a
ry

in
g
 𝜶

 a
n

d
 p

er
ce

n
ta

g
es

 

o
f 

co
n

ta
m

in
a
ti

o
n

. 
 

0
.0

0

0
.1

0

0
.2

0

0
.3

0

0
.4

0

0
.5

0

0
.6

0

0
.7

0

0
1
0

2
0

3
0

4
0

5
0

MSE  for  r

%
 o

f 
co

n
ta

m
in

at
io

n

α
 =

 0

α
 =

 0
.0

0
1

α
 =

 0
.5

α
 =

 1
.0

α
 =

 2
.0

M
L

E

M
H

D
-P

G
F

JD
-P

G
F

0
.0

0
0

0
.0

0
5

0
.0

1
0

0
.0

1
5

0
.0

2
0

0
.0

2
5

0
1

0
2
0

3
0

4
0

5
0

MSE  for  p

%
 o

f 
co

n
ta

m
in

at
io

n

α
 =

 0

α
 =

 0
.0

0
1

α
 =

 0
.5

α
 =

 1
.0

α
 =

 2
.0

M
L

E

M
H

D
-P

G
F

JD
-P

G
F

-0
.4

0

-0
.3

5

-0
.3

0

-0
.2

5

-0
.2

0

-0
.1

5

-0
.1

0

-0
.0

5

0
.0

0

0
.0

5

0
1
0

2
0

3
0

4
0

5
0

Relative bias for  r

%
 o

f 
co

n
ta

m
in

at
io

n

α
 =

 0

α
 =

 0
.0

0
1

α
 =

 0
.5

α
 =

 1
.0

α
 =

 2
.0

M
L

E

M
H

D
-P

G
F

JD
-P

G
F

-0
.8

0

-0
.7

0

-0
.6

0

-0
.5

0

-0
.4

0

-0
.3

0

-0
.2

0

-0
.1

0

0
.0

0

0
.1

0

0
1

0
2

0
3

0
4

0
5

0

Relative bias for  p

%
 o

f 
co

n
ta

m
in

at
io

n

α
 =

 0

α
 =

 0
.0

0
1

α
 =

 0
.5

α
 =

 1
.0

α
 =

 2
.0

M
L

E

M
H

D
-P

G
F

JD
-P

G
F

35

Univ
ers

ity
 of

 M
ala

ya



36 

At 0% contamination, among all estimators, MLE has the best performance for both 

parameters. BHHJ-PGF with greater 𝛼 values result in better estimates, nearer to that of 

MLE, compared to smaller 𝛼 values. MHD-PGF and JD-PGF are almost identical to 

each other in terms of their MSEs and relative biases, which resonates with BHHJ-

PGF(0). All estimators perform similarly to the case without contamination when 1% of 

outlier is introduced to the samples.  

When contamination is introduced at 5%, MLE is visibly affected as expected. It is 

known that MLE is an efficient estimator but unable to handle the existence of outlier in 

the data. It can be observed that as the percentage of contamination increases (5%-

50%), the MSEs and relative biases of BHHJ-PGF estimates decrease when the value of 

𝛼 becomes smaller.  

The advantage of BHHJ-PGF(𝛼) occurs in its ability to produce good estimates 

when there is no outlier by using greater 𝛼 values, as well as robust estimates in the 

presence of contamination through the use of smaller 𝛼 values.  

4.2.2 Simulation using different sample size 

In this section, the performance of proposed estimator BHHJ-PGF(𝛼) is examined in 

various sample sizes and 𝛼 = 0, 0.001, 0.5, 1.0. A range from 𝑛 = 20, representing 

small sample size, to 𝑛 = 1000, representing large sample size is considered. The 

number of simulation runs is set to remain as 8000. Simulation is carried out for 

samples without contamination as well as with 5%, 10%, 20% and 30% contamination. 

Also included are the performance of MHD-PGF, JD-PGF and MLE for comparison 

purposes. Simulations are done on the sample data with 40% and 50% contamination 

levels. However, it is noted that at that extreme percentage of contamination, parameter 

estimation ceases to bring meaningful conclusion to the sample data.   
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4.2.2.1 Sample data without contamination 

In the absence of outlier, represented by 0% contamination, MLE outperformed the 

other estimators by giving the least MSEs and relative biases, as expected for all sample 

sizes. A comparison for BHHJ-PGF with different 𝛼 values results in the observation 

that 𝛼 = 1 is generally a better estimator throughout all the sample sizes. As sample 

size increases, all pgf-based estimators have similar performances although BHHJ-PGF 

estimator still gives slightly smaller values for MSEs and relative biases. This shows 

numerically that BHHJ-PGF estimators produce consistent estimates in that as the 

sample size increases, the estimates approach the true parameter values. The results are 

tabulated in Table 4.4 and presented in Figure 4.4. 
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4.2.2.2 Sample data with contamination 

Tables 4.5, 4.6, 4.7 and 4.8 as well as Figures 4.5, 4.6, 4.7 and 4.8 present the results 

for this section. When 5% contamination is introduced, MLE estimates are affected 

particularly in terms of its relative biases for the estimator of 𝑝. For small sample size, 

𝑛 = 20, an obvious fluctuation can be seen on the MSE and biases of MLE compared to 

the case of 0% contamination (Section 4.2.2.1). MSE is negatively biased throughout all 

sample sizes.  

Among BHHJ-PGF estimators, it is found that large 𝛼 value, that is BHHJ-PGF(1.0) 

performs better for smaller sample sizes (𝑛 ≤ 50). As sample size increases from 𝑛 =

100, better estimates are given by smaller 𝛼 in terms of relative biases. Hence, BHHJ-

PGF with large 𝛼 is more robust for small sample size. Comparing all pgf-based 

estimators, BHHJ-PGF performs better for both parameters 𝑟 and 𝑝 when the sample 

size is small (𝑛 < 100) and comparably with, if not better than, MHD-PGF and JD-

PGF as the sample size increases. This is true for the cases of 0%-30% contamination. 

BHHJ-PGF seems to be able to fill the gap of estimating parameter where the sample 

size is small with the presence of outliers.  
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4.2.3 Simulation with different parameter values for NB distribution 

It is of interest to look into the performance of estimators for different parameter 

values for the NB(𝑟, 𝑝) distribution. In addition to long-tailed (𝑝 < 0.5) distribution 

NB(2,0.2) considered above, simulations using NB(32,0.8) and NB(8,0.5) to represent 

short-tailed (𝑝 > 0.5) and moderate-tailed distribution, respectively, are performed for 

BHHJ-PGF(0.001), BHHJ-PGF(0.5), BHHJ-PGF(1.0), MHD-PGF, JD-PGF and also 

MLE. The sample size, 𝑛, is fixed at 500, and the number of simulation runs is set to be 

8000. All three NB distributions are chosen to have the same mean, which is 8. 

4.2.3.1 Sample data without contamination 

At 0% contamination, all six estimators perform generally better for moderate- and 

long-tailed distributions compared to their performances in short-tailed distribution, 

NB(32,0.8) as shown in Table 4.9. Also, for short-tailed distribution, the values of 

MSEs and relative biases for all estimators involve a larger range. It can be observed 

that the estimators BHHJ-PGF(0.001), MHD-PGF and JD-PGF tend to produce 

resembling trend, with MHD-PGF performing better than its counterparts in short-tailed 

distribution. Comparing between MLE, BHHJ-PGF(0.5) and BHHJ-PGF(1.0), MLE has 

a generally better performance.  

Among the proposed BHHJ-PGF estimator, the one with 𝛼 = 1.0 performs better 

than those with 𝛼 = 0.5 and 𝛼 = 0.001. This is true across moderate- and long-tailed 

cases, whereas in the short-tailed case, BHHJ-PGF with 𝛼 = 0.5 performs better.  
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4.2.3.2 Sample data with contamination 

The performance of the proposed estimators in sample data with 1% and 5% outliers 

are investigated. Results of simulations with contaminated data are presented in Table 

4.10 and Table 4.11 for 1% and 5% contamination, respectively.  

In the case of 1% contamination, for the three different types of NB distributions, all 

pgf-based estimation methods behave similarly to the case without contamination. 

However, MLE is affected throughout short-, moderate- and long-tailed NB distribution 

when 1% of outlier is introduced to the sample data. MLE is more drastically impacted 

compared to pgf-based estimators, when the percentage of contamination is increased 

from 1% to 5%. This can be observed from the resulting estimates that give larger 

relative biases. 

BHHJ-PGF(0.001) appears to be performing better than BHHJ-PGF(0.5) and BHHJ-

PGF(1.0) when the percentage of contamination increases from 1% to 5%. It suggests 

that BHHJ-PGF with smaller 𝛼 value is more robust when the percentage of 

contamination increases. This corresponds to the results in Table 4.3, where BHHJ-PGF 

with larger 𝛼 values gives better performance when the percentage of contamination is 

small and as the contamination increase, better estimates are given by BHHJ-PGF with 

smaller 𝛼 values.  
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4.3 Efficiency of BHHJ-PGF against MLE 

Findings from previous sections in this research suggest that in cases without 

contamination, BHHJ-PGF with greater 𝛼 values perform better whereas MLE has the 

best performance among the estimators. It is well-known that MLE is an efficient 

estimator.  

In this section, further analysis is conducted to compare the efficiency of BHHJ-PGF 

relative to that of MLE by crudely comparing the ratio of MSEs of MLE to BHHJ-PGF 

method for a deemed large enough samples of size 500. If the ratio is less than 1, it 

indicates that MLE is more efficient than the other estimator that it was being compared 

to. If the ratio is greater than 1, then the other estimator can be considered as more 

efficient. Only selected results are organized in Table 4.12 and shown in Figure 4.9 due 

to space constraint. Complete results are presented in Appendix D.  

With the absence of outlier, BHHJ-PGF is relatively less efficient than MLE. Among 

different 𝛼 values, BHHJ-PGF with greater 𝛼 values are more efficient by having 

smaller MSEs. At increasing percentage of outliers, the proposed estimators especially 

that with smaller 𝛼 values show higher efficiency relative to MLE for both parameters 𝑟 

and 𝑝.  With 20% contamination to the sample data, the MSEs of BHHJ-PGF(0.001) is 

at least twice smaller than that of MLE. This implies that besides robustness, BHHJ-

PGF with smaller 𝛼 values (𝛼 = 0, 𝛼 = 0.001) appears more efficient than the MLE.  
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CHAPTER 5: APPLICATION TO REAL DATA 

In this section, the proposed estimator BHHJ-PGF(𝛼) is applied to real life dataset, 

along with MHD-PGF, JD-PGF and MLE for comparison purposes. The 𝛼-values 

considered here are 0.001, 0.5 and 1.0. Four sets of real life data (a) Drosophila data 

(Simpson, 1987), (b) European red mites on apple leaves (Bliss & Fisher, 1953), (c) the 

number of ticks counted on each of 82 sheep (Ross & Preece, 1985), and (d) the number 

of thunderstorm events at Cape Kennedy, Florida in June throughout 11-year period 

from 1957 to 1967 (Falls et al., 1971) are considered, where the first will be fitted with 

Poisson distribution and subsequent datasets are fitted with NB distribution. Note that in 

order to calculate 𝜒2 goodness of fit, values for classes with expected frequencies less 

than 5 are grouped and indicated by brackets in the tables.  

5.1 Data set 1:  Drosophila 

Drosophila data, which is also considered in Basu et al. (1998), is one of the results 

taken from an experiment involving the exposure of chemical to male drosophila fruit 

flies, which are then mated with unexposed females. The observed frequency represents 

the number of male flies with 𝑥 daughter flies carrying a recessive lethal mutation on 

the X chromosome. The estimation results are summarized in Table 5.1.  

Among all estimations, �̂� = 0.4184 resulted from BHHJ-PGF(1.0) give the best fit 

with the smallest 𝜒2 value. MLE, however, does not fit the data well. This could be due 

to the data point 𝑥 = 91, which is very likely an extreme outlier. Estimation is 

performed again by using MLE with the possible outlier removed, leaving the counts of 

𝑥 = 0,1 and 2 only. The estimated parameter is �̂� = 0.3939 with the 𝜒2 value of 

0.9094 and 1 degree of freedom.  
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It is noted that this dataset has a sample size of 𝑛 = 34, and contain only a small 

percentage of contamination. Therefore, while the other more robust pgf-based methods 

appear to disregard this point, it can be seen from the expected frequencies in Table 5.1 

that MLE, which is sensitive to the presence of contamination, regards the possible 

outlier as a valid data point to be included as part of the fitted distribution and hence, 

yields a much larger mean parameter estimate of �̂� = 3.0588. Table 5.1 also reveals 

that BHHJ-PGF estimators with greater  𝛼 values perform slightly better by giving a 

better fit with smaller 𝜒2 value. This is consistent with the simulation results in Table

4.1, which shows that BHHJ-PGF with greater 𝛼 value results in better performance in 

the absence of contamination in the Poisson data. 

Table 5.1: Fit of Po(𝝀) distribution to Drosophila data (Simpson, 1987). 

Drosophila 

counts, 𝒙 

Observed 

frequency 

Expected frequency 

BHHJ-PGF 

(0.001) 

BHHJ-PGF 

(0.5) 

BHHJ-PGF 

(1.0) 
MHD-PGF JD-PGF MLE 

0 23 22.48 22.43 22.37 22.48 22.48 1.60 

1 7 9.30 9.33 9.36 9.30 9.30 4.88 

2 3 1.92 1.94 1.96 1.92 1.92 7.47 

3 0 0.27 0.27 0.27 0.27 0.27 7.61 

4 0 0.03 0.03 0.03 0.03 0.03 5.82 

5 0 0.00 0.00 0.00 0.00 0.00 3.56 

6 0 0.00 0.00 0.00 0.00 0.00 1.82 

7 0 0.00 0.00 0.00 0.00 0.00 0.79 

8 0 0.00 0.00 0.00 0.00 0.00 0.30 

9 0 0.00 0.00 0.00 0.00 0.00 0.10 

10 0 0.00 0.00 0.00 0.00 0.00 0.03 

11 0 0.00 0.00 0.00 0.00 0.00 0.01 

12 - 90 0 0.00 0.00 0.00 0.00 0.00 0.00 

91 1 0.00 0.00 0.00 0.00 0.00 0.00 

N 34 34 34 34 34 34 34 

Total 𝜒2
2.0121 1.9771 1.9465 2.0119 2.0119 308.0596 

Estimated 

parameter 
�̂� 0.4136 0.4161 0.4184 0.4136 0.4136 3.0588 

Note: The 𝜒0.05
2  at 1 degree of freedom is 3.841. The curly bracket “}” indicates that the

corresponding expected frequencies were grouped for these 𝑥 values to calculate the 𝜒2 statistic.
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5.2 Data set 2:  European red mites 

The second data set involving European red mites on apple leaves is also utilized by 

(Sim & Ong, 2010), where 𝑇2 in their work corresponds to MHD-PGF mentioned here. 

There is no apparent outlier in this data set. The results for the considered estimators of 

the NB distribution parameters are shown in Table 5.2. All pgf-based methods resulted 

in comparable parameter estimates and gave slightly better fit than MLE. 

Table 5.2: Fit of NB(𝒓, 𝒑) distribution to European red mites on apple leaves data 

(Bliss & Fisher, 1953). 

Number of 

red mites 

per leave, 𝑥 

Observed 

frequency 

Expected frequency 

BHHJ-PGF 

(0.001) 

BHHJ-PGF 

(0.5) 

BHHJ-PGF 

(1.0) 
MHD-PGF JD-PGF MLE 

0 70 70.09 70.07 70.07 70.09 70.09 69.50 

1 38 36.74 36.79 36.79 36.74 36.74 37.59 

2 17 19.73 19.75 19.75 19.73 19.73 20.10 

3 10 10.68 10.68 10.67 10.68 10.68 10.70 

4 9 5.80 5.79 5.79 5.80 5.80 5.69 

5 3 3.16 3.15 3.15 3.16 3.16 3.02 

6 2 1.72 1.72 1.71 1.72 1.72 1.60 

7 1 0.94 0.94 0.93 0.94 0.94 0.85 

8+ 0 1.14 1.12 1.12 1.14 1.14 0.96 

N 150 150 150 150 150 150 150 

Total 𝜒2  2.36 2.36 2.36 2.36 2.36 2.49 

Estimated 

parameter 

�̂� 0.9533 0.9572 0.9575 0.9533 0.9533 1.0237 

�̂� 0.4502 0.4515 0.4517 0.4502 0.4502 0.4717 

Note: The 𝜒0.05
2  at 3 degrees of freedom is 7.82. The curly bracket “}” indicates that the 

corresponding expected frequencies were grouped for these 𝑥 values to calculate the 𝜒2 statistic. 

5.3 Data set 3:  Ticks on sheep 

The data involving number of ticks counted on each of 82 sheep (Ross & Preece, 

1985) is fitted with NB distribution using BHHJ-PGF (𝛼=0.001,0.5,1.0), MHD-PGF, 

JD-PGF and ML estimators. The result is presented in Table 5.3.  

It can be seen that all pgf-based estimators result in similar estimated parameters 

values, but MLE estimates are rather different. Among BHHJ-PGF methods, greater 𝛼 
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gives estimates that fit the data better; the results from BHHJ-PGF (1.0) have the 

smallest 𝜒2-value. BHHJ-PGF (0.001) has 𝜒2-value similar to that of JD-PGF as both 

are KL-type divergences. On the other hand, MLE does not fit this data set, which 

spreads over a wide range of tick counts, appearing to have a long right tail. There may 

also be the possibility of outliers or data contamination for the data set. The results from 

the analysis of this data set appears to be consistent with the simulation results in the 

case of long-tailed NB distribution, where the BHHJ-PGF with larger α values give 

better estimates when there is a small percentage of contamination (Table 4.10). 

Table 5.3: Fit of NB(𝒓, 𝒑) distribution to the number of ticks on 82 sheep (Ross & 

Preece, 1985). 

Tick 

counts, 𝒙 

Observed 

frequency 

Expected frequency 

BHHJ-PGF 

(0.001) 

BHHJ-PGF 

(0.5) 

BHHJ-PGF 

(1.0) 
MHD-PGF JD-PGF MLE 

0 4 3.86 3.87 3.89 3.86 3.86 5.26 

1 5 6.82 6.81 6.80 6.81 6.82 7.35 

2 11 8.44 8.40 8.35 8.41 8.44 8.03 

3 10 8.93 8.88 8.82 8.90 8.93 7.96 

4 9 8.66 8.61 8.55 8.63 8.66 7.48 

5 11 7.94 7.90 7.85 7.92 7.94 6.80 

6 3 6.99 6.96 6.93 6.98 6.99 6.04 

7 5 5.98 5.97 5.95 5.98 5.98 5.28 
8 3 5.01 5.00 5.00 5.01 5.01 4.56 

9 2 4.11 4.12 4.13 4.12 4.11 3.90 
10 2 3.33 3.35 3.36 3.34 3.33 3.31 

11 5 2.67 2.69 2.71 2.68 2.67 2.78 

12+ 12 9.25 9.44 9.65 9.36 9.25 13.25 

N 82 82 82 82 82 82 82 

Total 𝜒2  7.65 7.58 7.52 7.61 7.65 8.77 

Estimated 

parameter 

�̂� 2.5157 2.4878 2.4583 2.5013 2.5157 1.7775 

�̂� 0.2966 0.2932 0.2894 0.2948 0.2966 0.2132 

Note: The 𝜒0.05
2  at 7 degrees of freedom is 14.07. The curly bracket “}” indicates that the 

corresponding expected frequencies were grouped for these 𝑥 values to calculate the 𝜒2 statistic. 

5.4 Data set 4:  Thunderstorms 

There is no apparent outlying data point for this last data set on the number of 

thunderstorm events at Cape Kennedy, Florida shown in Table 5.4. Hence, MLE is 
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expected to perform as one of the best parameter estimation methods to fit the data with 

a NB distribution. This is confirmed in Table 5.4 that shows MLE estimates giving the 

smallest 𝜒2-value and hence, the best fit with its estimated parameters. Pgf-based 

methods perform similarly in terms of estimated parameters values.  

It is observed that the BHHJ-PGF with increasing 𝛼=0.001 to 𝛼=1.0 produces 

estimation result increasingly closer to that of MLE. This echoes the simulation results 

in Table 4.9; in the case of moderate-tailed NB distribution without contamination, 

MLE performs the best whereas BHHJ-PGF (1.0) gives the best performance among the 

pgf-based methods. By tuning the 𝛼 parameter to as large as 3.0, we find that BHHJ-

PGF produces estimated values, �̂�= 1.0255, �̂�= 0.5729, with 𝜒2=1.62 similar to that of 

MLE. Comparing to MLE, BHHJ-PGF (3.0) gives a better fit with closer expected 

frequencies for the first 80% of the data. On the other hand, MLE method produces 

estimates that better represent the tail. Tuning 𝛼 to even larger values produce estimates 

similar to BHHJ-PGF (3.0) but with larger 𝜒2-values.   

Table 5.4: Fit of NB(𝒓, 𝒑) distribution to the number of thunderstorm events at 

Cape Kennedy, Florida, in June from 1957 to 1967 (Falls et al., 1971). 

Thunderstorm 

counts, 𝒙 

Observed 

frequency 

 Expected frequency 

BHHJ-

PGF 

(0.001) 

BHHJ-

PGF 

(0.5) 

BHHJ-

PGF 

(1.0) 

BHHJ-

PGF 

(3.0) 

MHD-

PGF 
JD-PGF MLE 

0 187 186.65 186.60 186.55 186.38 
 

186.65 186.65 184.64 

1 77 80.71 80.91 81.08 81.64 80.71 80.71 84.56 

2 40 35.21 35.23 35.25 35.31 35.21 35.21 35.88 

3 17 15.40 15.36 15.33 15.21 15.40 15.40 14.82 

4 6 6.75 6.70 6.66 6.54 6.75 6.75 6.04 

5 2 2.96 2.93 2.90 2.81 2.96 2.96 2.44 

6 1 2.31 2.27 2.23 2.11 2.31 2.31 1.63 

N 330 330 330 330 330 330 330 330 

Total 𝜒2  1.75 1.72 1.69 1.62 1.75 1.75 1.62 

Estimated 

parameter 

�̂� 0.9828 0.9918 0.9992 1.0255 0.9828 0.9828 1.1724 

�̂� 0.5600 0.5628 0.5651 0.5729 0.5600 0.5600 0.6094 

Note: The 𝜒0.05
2  at 2 degrees of freedom is 5.99. 
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CHAPTER 6: CONCLUSION 

This research intends to find a new robust approach to parameter estimation by 

modifying an existing density based divergence through the introduction of the 

probability generating function to replace the probability density function.  

Theoretical proofs are given to show that the proposed divergence, BHHJ-PGF 

serves as a consistent estimator which is also asymptotically normal. BHHJ proposed by 

(Basu et al., 1998) provides a bridge between robustness and efficiency through its 

tuning parameter, 𝛼. With that in mind, simulation study is conducted to look into the 

effect of the values of 𝛼 and the performance of BHHJ-PGF in various percentages of 

contamination.    

It can be concluded that in cases where there are small percentages of outliers 

present, among BHHJ-PGF estimators, those with larger 𝛼 values performs better. As 

the contamination increases, BHHJ-PGF with smaller 𝛼 values give smaller MSEs and 

relative biases. Hence, BHHJ-PGF with smaller 𝛼 provides more robust estimates for 

larger contamination. In small sample sizes, BHHJ-PGF with large 𝛼 is more robust. 

Here, the tuning parameter 𝛼 serves to mitigate the impact of outliers.  

The real data applications in Chapter 5 mainly involve biological and environmental 

data. The negative binomial distribution, which is the choice distribution for simulation 

study, can represent these data well. These applications clearly demonstrated the 

usefulness of the newly proposed method to provide comparable, robust estimates.  

The contributions of this research could be extended to include other discrete 

distributions as well as to multivariate distributions for future work. Other transforms 

such as moment generating function and characteristic function, in place of the 

probability generating function, may also be considered for further investigations.  
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